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Abstract

The Supplementary Materials are organized as follows. In Section S.1, we present
the additional results for sparse DR, paralleling with the results for sparse SAVE in
the paper. The additional assumptions required by Theorem 4 is given in Section S.2.
In Section S.3, we provide a toy example illustrating the phenomenon in Assump-
tion (A5). In Section S.4, we provide the improved rate of estimation error of sparse
SAVE. The thorough comparison with existing literature is given in Section S.5. In
Section S.6, we illustrate the integrated formulation of our two-step procedure. The
extension of our sparse SDR framework to the third-order method is described in
Section S.7. Summaries of our algorithms and the tuning parameter selection details
are provided in Section S.8. In Section S.9, we demonstrate the effect of nuclear-norm
regularization with empirical findings. Additional numerical results, complementary
to those presented in the main paper, are displayed in Section S.10. In Section S.11,
we provide the analysis of spaceflight data. The technical proofs for the theoretical
results in the paper, namely, Theorems 1-4 and Corollary S.1, are presented from
Section S.12 to Section S.17. In Section S.18, we provide the proof for Theorem S.2.
In each section, the proof of the auxiliary lemmas is given in subsections. Some

auxiliary definitions and lemmas are provided in Section S.19.

S.1 Extension: sparse DR

The directional regression (DR; Li and Wang, 2007) method is another second-order SDR
method, proposed to integrate the strengths of SIR and SAVE. In the paper, we thoroughly
developed the estimation procedure (Section 3) and theoretical properties (Section 1) for
the sparse SAVE method. We have also demonstrated the empirical performance of the
proposed sparse DR through the numerical studies. Due to the space limit of the paper, we

relegate the the complete procedure and theoretical properties of sparse DR in this section.



Recall that (X', Y”) denotes an independent copy of (X,Y), and Y and Y’ denote the
discretized versions of Y and Y’, taking values in {1,...,H}. For h,h' € {1,..., H} and
h > k', we define the new index h = (h —1)(h —2)/2+ K’ such that (h, h’) correspond to h
one-by-one. For 1 < h < H, where H = H(H —1)/2, define A;, = E{(X - X)(X —=X/)T |
Y =h,Y' =k} and ©; = A; — 2%. The DR subspace is

Spr = span(X7'0,..., 2 7'0z). (S.1)

Our development of sparse DR is parallel to that of sparse SAVE, including parsimonious
reparameterization, variable selection, and subspace estimation.
Let M; = X7'@j, for h =1,..., H. The DR subspace can be expressed as

Spr = span(My, ..., Mp).
Given the group sparsity assumption for the central subspace Sy|x = span(/3) such that
B=(840")",
and the equivalence Spr = Sy|x under the linearity condition and the constant variance

condition, each matrix Mj exhibits row-wise sparsity as follows,

M; = (M{ .00, h=1,... H (S.2)

Furthermore, the non-zero component Mj, 4, possesses an intrinsic low-rank structure in
the sense that span(Mj, 4.) = span(Mj 44). The combination of row-wise sparsity and
low-rank structure facilitates the parsimonious reparameterization of the DR subspace as

follows.

Theorem S.1. Let A denote the active set. We have My 44 = (344) 'Of 44 and
My aae = (Baa) 'Op aue. Furthermore, we have

M, M4, -, Mp
span(Mj) = span { < BAA> } , Spr = span { < bAd 0 ’ H’AA> } :

The proof of Theorem S.1 follows similar arguments to the proof of Theorem 1 for the
SAVE subspace and is thus omitted. As indicated by Theorem S.1, the reparameterization
of the DR subspace leads to a reduction in the number of parameters from p?H(H — 1)/2
to s?H(H — 1)/2. Moreover, the parameterization of the DR subspace involves only the
variables indexed by A. Under the parsimonious reparameterization of the DR subspace,
our sparse DR proposal also comprises of two steps, namely, variable selection in the first

step and subspace estimation in the second step.

Variable selection. With some abuse of notation, we still use M € RE*P*P o denote
the tensor parameter of sparse DR, constructed by stacking H blocks Mj along the third

direction. The optimization problem we solve in the first step follows a similar form to that



in sparse SAVE, as shown below,
H 1/2

argmin Z {%tr <g%7:7:]§g[57:,;]> — tr(g£7:7:}@h } + X\ Z Z (Z Q[h”]> . (S.3)

GeERHxpxp h=1 i=1 j=1

where (:)h = Kh 2% is the sample estimate of ®;, with A,—l =K, +Ky— XhXZ, —Xhziz,
K, = S XX (Y = 1) fr, Xy = 300, X (Yi = h) /g, and g, = STV, = h).

Let M € RHEH-1/2xpxp denote the solution of (S.3). The important variables are
selected by 1dent1fy1ng non-zero slices ./\//\l i, 1 = 1,...,p. We estimate the active set A
via A = {i | ||/\/l ||2C>O > 0}, where ||/\/l 1]l2,00 = max; ||/\/l ijlll2, and the estimated
sparsity level 5§ = ]A\ The optimization problem (S.3) can also be solved by SMORE
algorithm in Algorithm 1, where we only need to replace & = (vec(Ay), ..., vec(Ay)) €
RPXH with & = (vec(©y), ..., vec(Oy)) € RF ¥,

Subspace estimation. In the second step, with the estimated active set .Zl\, we shift the
focus to the estimation of the lower-dimensional matrix (M, zz,...,Mpy 77). We solve the
following nuclear-norm penalized optimization problem,
7oy R R
argmin 2{2 r(B; 3 ;17B;) — tr(B; ©; f)} + X||(By,...,Bg)ll.,
By, BgeRS T
and denote the solution by B = (]§1, o ,ﬁg) Let 5; and 7); € R® denote the j-th largest
eigenvalue and the corresponding left singular vector of B. The structural dimension d is

estimated by
d= )15 2 O} A duas; (S.4)
for some user-defined constants § > 0 and dya.x. Then, we expand the vector 7; to the
p-dimensional vector ,6], such that ﬁ j A= =1, and B] 2=0,7=1,. d. The estimate of
the basis B is given by B = ([31, . ,Bd) € Rexd.
Parallel to the theoretical development of sparse SAVE, we establish the corresponding
properties for the sparse DR proposal. Specifically, we provide variable selection and sub-

space estimation consistencies for sparse DR under technical assumptions similar to those
used in sparse SAVE.

Theoretical properties. The following assumption is a revised version of Assump-

tion (A3) adapting to ©; in sparse DR.

(A3’) Assume that ||(Z44) oo [|Zaca

from above.

s, Maxy, ||Of s |lmax, maxy ||©7 44[/1 are bounded

With the adapted Assumption (A3’) and some other assumptions used in Theorem 2, we

establish the variable selection consistency for sparse DR, stated in the following theorem.



Theorem S.2 (Variable selection consistency for sparse DR). Suppose Assump-
tions (A1)(A2)(A3)(A4) hold and that n > cis*logp for some large enough constant
c1 > 0, there exist constants ki, ko, C, C" > 0 such that, by taking k1\/s*logp/n < A\ <

Koy/s%log p/n, with probability at least 1 — Cp=©, we have

(i) AC A,

(i1i) A = A if we further assume that Assumption (A5) holds.

Moreover, under the extra Assumption (A7), sparse DR also achieves the consistent

subspace estimation.

Theorem S.3 (Subspace estimation consistency for sparse DR). Under Assump-
tions (A1)(A2)(A3) and (A4)-(A7), there exist constants k3, C,C' > 0 such that, by tak-
ing the thresholding value 6 = o/2 and 0 < Ay < Kg\/m, with probability at least
1—Cp= %, we have

(i) d=d,

(ii) D(B,B) < \/s*logp/(na?).

The proof of Theorem S.2 is provided in Section S.18. The proof of Theorem S.3
is similar to that of Theorem 3 and is omitted. By comparing Theorems S.2-S.3 and
Theorems 2-3, we establish exactly the same consistency results and convergence rates for
sparse DR and sparse SAVE under nearly the same assumptions. Therefore, Theorems 2,
3, 5.2, and S.3 together provide a unified understanding of the theoretical properties of our

second-order sparse SDR methods.

S.2 Additional assumptions
The following are additional assumptions required by Theorem 4.

(A8) There exists a constant m > 0 such that m™ < Vi (Zr) < Cmax (k) < m, ||pr —
pilo <mfork=1,... K.

(A9) There exists some constant 7' > 0 such that | ;' = 27 |r < T, for k=2,... K.

(A10) Denote Qi (X) = Qr(X) — Qu(X), 1 < k < k' < K, and let fq, ,, denote the
density function of Q@ (X). Assume that for some constants §, M > 0, we have

SUP|y<s5 fQ, . () < M.



S.3 A toy example illustrating Assumption (A5)

We provide a toy QDA example illustrating the phenomenon in Assumption (A5) that
the signal for identifying an active variable may be weak inside Mj 44 but strong inside

M}, 44, presented in the following lemma.

Lemma S.1. Let Y ~ Unif{1,2} and X = (X1, X2, X3)" € R3, and assume that (X1, X5)" |
(Y =1) ~ N(0,%; 44) and (X1, X2)" | (Y =2) ~ N(0,X3 44), where Xy 44 = I + 7Jo,
Soaa=L—7Jy, Jo =151, 1, =(1,1)7, and 7 > 0. Define X3 = (X, + Xo) + ¢, where
¢ >0 and e ~ N(0,1) is independent of (X1, Xs,Y). Then:

(1) Y 1L X5 | (X1, X3), and hence A= {1,2} and A° = {3};

M[;JJ]HQ = 2\/§€T

(2) For each i € A, maxjea |Mpjl2 = V27 and maxje

(3) Let r, = c\/s2logp/n. If 0 < 1 < r,/V/2 and £ > 1,/(2v/27), then
M ll200 = max Mgl > cv/s?logp/n,  Vie A

and

max Mgl < ev/stlogp/n, Vie A
J

The proof is presented in Section S.16. This example shows that though (X, X5)
contribute to the distribution of Y, it is nearly independent of Y as 7 gets close to zero
and the signal for identifying the active set A = {1,2} can be weak inside Mj,_44. Though
X3 is not contributory in inferring Y, X3 has a strong correlation with (X7, X5) when /¢
is large, which enhances the signal of A inside My, _44c. Therefore, this lemma provides a
toy example illustrating the cases where an active variable may have weak signal in Mj, 4.4
but strong signal in M, a4c. Hence Assumption (A5) is strictly weaker than a condition
requiring the signal to come only from M}, 44, and this weakening is practically meaningful

rather than merely technical.

S.4 Improved rate of estimation error

~

The convergence rate of the sparse SAVE estimator span(3) in Theorem 3 (ii) can be further
improved under a weaker constraint on the eigen-gap o, as described in the following variant
of Assumption (A7).

(A7) There exists a constant ¢ that depends on parameters m, 0y, m1, H, ms, || X;||4,, and
\|Xj[(17 = h)||yy, for j=1,...,and p,h =1,..., H, and does not depend on s,n and

p, such that o > 2¢,/s?log s/n.



Corollary S.1. Suppose Assumptions (A1)-(A6) and (A7) hold and that n > c3s*logp
for some large enough constant c3 > 0, there exist constants ki, ko, ke, C,C" > 0 such

that, by taking ki1\/s*logp/n < A\ < kgy/s?logp/n, 0 < Ay < kgy/slogs/n, and the

thresholding value § = /2, with probability at least 1 — Cs=C", we have (i) d = d;: (i)

D(B,B) < \/s*log s/(no?).

According to Corollary S.1, when s is diverging, a sharper rate O{s?logs/(no?)} for sub-
space estimation is achieved. As n,p, s approach to infinity simultaneously with the rates
s?logs = o(no?) and s*logp = o(n), the estimated subspace Span(B) converges to the
true parameter asymptotically. We remark that the sharper convergence rate should be
interpreted as a refinement under diverging sparsity, whereas Theorem 3 remains a more

meaningful non-asymptotic result in the fixed-s or moderate-s regimes.

S.5 Detailed comparison with existing literature

S.5.1 Comparison with Qian et al. (2019) and Yu et al. (2016)

Qian et al. (2019) developed a unified framework of sparse SDR methods based on the
penalized minimum discrepancy approach. Specifically, their approach solves the following
optimization problem:

1 —~ o~ ~ o~ o~
min 5tr{(M —3TV)'Q(M — XT'V)} 4 pen(T'), subject to VVT =1,

TeRrxd VeRdxl

where M € RP* is a method-specific kernel matrix for some [ such that d <[ < p. Their
approach relies on the introduction of a constrained parameter V, which makes their proce-
dure non-convex. Thus, the attainment of the global optimum is not guaranteed. Moreover,
the parameter V is itself redundant since only the solution of I' is the target, i.e., the es-
timator of basis matrix of Syx. The redundancy in parameters increases the computation
burden. Theoretically, though they established variable selection and subspace estima-
tion consistency, their second-order SDR requires more assumptions than ours, such as the
sub-Gaussianity of X | (Y = k) and (approximate) sparsity on Cov(X | Y = h).

Another related work is Yu et al. (2016), which proposed a model-free variable selection
approach via constructing test statistics based on both first- and second-order SDR meth-
ods. For high-dimensional scenarios, their method enjoys the variable screening property:
the selected set of variables contains the truly relevant variables with probability goes to
one under the normality assumption of the predictors. However, our method only requires

sub-Gaussianity for achieving the variable selection consistency.



S.5.2 Comparison with Jin and Luo (2025)

We elaborate on the differences between our work and Jin and Luo (2025) in terms of
subspace estimation error rates and regularity assumptions. For ease of reference, we
prefix all theorems, propositions, and assumptions from Jin and Luo (2025) with “JL-".
In addition, we adopt the notation system used in our paper to facilitate a consistent

comparison.

(I) Convergence rate. Jin and Luo (2025) showed in their Theorem JL-3 (ii) that
D(B,8) = O,{(HY252 4 s)(log p/n)/?n¢}. For a fair comparison, we assume that H is
bounded for both methods. Thus, the error bound in Jin and Luo (2025) becomes

D(B,B) = Op{s(logp/n)'*n‘},
where the constant ¢ < (/ min{2, d}. According to Assumption (JL-A5), (Hs+s*)logp/n =

O(n=2%), then n=¢ = O({+/s2log p/n}*/ ™24} " In our Theorem 3, we establish the sub-
space estimation consistency rate that

D(B, B) = O,{s(logp/n)"/?c~1}.
Under our Assumption (A7), we further assume that ¢ = O(y/s2logp/n). Therefore,
0 =0(n"%) when d =1 and ¢ = o(n™%) when d > 2.

Consequently, when d = 1, our subspace estimation rate D(B, (3) matches the rate in Jin
and Luo (2025). When d > 2, our rate becomes slightly slower due to the weaker subspace
signal 0. However, if a stronger signal condition is imposed such that ¢ = O(n~¢%) =
O({/s2log p/n}!/mn{2d}) "then our convergence rate matches that of Jin and Luo (2025)

for any value of d.
(IT) Regularity assumptions.

(i) Distribution and moment assumption (Al vs. JL-A4). Assumptions (Al)
and (JL-A4) concern the distributional and moment properties of the predictors. Our
Assumption (Al) imposes a slightly stronger vector-wise sub-Gaussianity of X, whereas
Assumption (JL-A4) assumes uniform sub-Gaussianity for individual elements X, i =
1,...,p. Moreover, the finite moment assumption max; E(X?) = O(1) in Assumption (JL-
A4) is used to derive that || X||max = O(1), a condition weaker than our bounded eigenvalues

assumption ||3]| = O(1) in Assumption (Al).

(ii) Consistency of moment matrix (Al vs. JL-A7). Assumption (JL-A7) imposes
a requirement on the error bound for the estimation of the moment matrix (Aq,..., Agy),
which holds under the sub-Gaussianity of X; | (Y = h) (cf. Proposition JL-1). In fact,
the sub-Gaussianity of X; | (Y = h) is needed to derive the error bound of ||, — 2 |l max,
a key component of the error bound of (Ay,...,Ay) (cf. (B.8) in Jin and Luo (2025)).



In contrast, we derive the error bound of ||§3h — 35 ||max Without additionally assuming
the sub-Gaussianity of X; | (37 = h). Instead, we only require the bounded eigenvalues
assumption for Cov{XI(Y = h)}, as stated in Assumption (A1).

(iii) Boundedness assumption (A3 vs. JL-A6). Assumption (JL-A6) is required
for deriving the estimation consistency of each individual column of the kernel matrix
(My,...,Mp). Since each column M}, ,; = 371 A,,;, by assuming the eigenvalues of 3 are
bounded above in Assumption (A1), Assumption (JL-A6) is equivalent to the boundedness
of maxy, ; || Ap «j|l2. However, our Assumption (A3) only requires that maxy, || Ap s« |lmax 18

bounded above, which is weaker than Assumption (JL-AG6).

(iv) Variable-wise signal (A5 vs. JL-S1 & JL-S3). Assumptions (JL-S1) and (JL-
S3) regulate the row-wise signals of the kernel matrix (M;, ..., Mp), which is crucial for
establishing variable selection of their proposal (cf. Theorem JL-1(ii) & Theorem JL-3(iii)).
In fact, Assumption (JL-S3) is a relaxed version of (JL-S1). In comparison, we impose
Assumption (A5) to achieve variable selection in Step 1 (cf. Theorem 2). By rephrasing
Assumption (JL-S3) in our notation, it states that

||M[:,i,:] ||max > C\/(HS + 32) logp/n, Vi € Aa

for some constant C' > 0, where ||M.; j|lmax = maxy ; My j|, while our Assumption (A5)
states that

”M[:,i,:]HQ,oo Z Cy/ 52 lng/n7 Vi € A?

for some constant ¢ > 0, where |[M; ll200 = max; [|[My;jll2. Since [[Mpll2,00 >

| M.i.q||max, our Assumption (A5) is weaker than Assumption (JL-S3).

(v) Subspace signal (A7 vs. JL-S2). Assumption (JL-S2) is imposed for column se-
lection to ensure that the selected columns span the central subspace at the population
level (cf. Theorem JL-2), which is a key result for establishing subspace estimation con-
sistency in Theorem JL-3 (i) & (ii). Recall that in our paper, o > 0 denotes the minimal
non-zero singular values of the matrix (Mj a4,..., Mpg.a4). Proposition JL-2 states that
Assumption (JL-S2) is satisfied for SAVE- and DR-based methods if

7 = O({y/(Hs + 52 Tog pfu} /™20 175) /%),

In contrast, to guarantee the subspace estimation consistency in Step 2 of our proposal, we

only require in Assumption (A7) that

o= 0(y/s*logp/n).

Thus, we impose a weaker assumption on ¢ than Jin and Luo (2025).

(vi) Symmetry condition (JL-A3) Assumption (JL-A3) is the symmetry condition,

specifically required by the inverse third moment method. Since our paper only focus on

8



the SAVE and DR based methods, we do not impose this assumption.

(vii) Dimensionality assumption (JL-A5). By assuming the bounded H, Assumption
(JL-A5) implies that s?logp = O(n'~%) for some constant ¢ > 0. In comparison, we
assume that s?logp = o(n). Therefore, for the same values of s and n, our assumption

permits a higher dimensionality for X.

(viii) Irrepresentability condition (A2). Our Assumption (A2) is akin to the irrepre-
sentability condition (Zhao and Yu, 2006), which is a standard assumption for establishing
variable selection consistency. In contrast, Jin and Luo (2025) avoids this condition by

employing the adaptive (group-) Lasso penalty in their penalized optimization problem.

(ix) Other regularity conditions (A3 & AG6). To derive variable selection consistency
in Theorem 2, we additionally require the boundedness of ||(Z44) e and || 4e4l/oo in
Assumption (A3). Furthermore, to guarantee subspace estimation consistency in Theorem
3, we impose Assumption (A6), which assumes the boundedness of maxy, || Ay 44]/1. These
assumptions are the cost we incur for handling the large p x (pH) matrix (My,..., M)
in proving Theorem 2 and the matrix (Mj 44, ..., Mpg 44) in proving Theorem 3.

In contrast, these regularity assumptions are not required in Jin and Luo (2025), since
all variable selection results (cf. Theorem JL-1 (ii) & Theorem JL-3 (iii)) and subspace
estimation error bounds (cf. Theorem JL-1 & Theorem JL-3 (i)(ii)) are established based on
selected columns of the matrix (My, ..., Mpg), where the number of columns are bounded

above.

(x) Assumption of the priors (A4). On page 4, line 1, Jin and Luo (2025) assumed
Pr(Y = h) = 1/H, while we assume in Assumption (A4) that Pr(Y = &) is bounded below
to simplify the proof. If a diverging H is in demand, Assumption (A4) can be replaced

with Pr(Y = h) = O(1/H). By doing this, H will explicitly appear in all rates in the

assumptions and error bounds.

S.5.3 Comparison with Zeng et al. (2024)

In the following, we prefix all theorems, propositions, and assumptions from Zeng et al.
(2024) with “ZMZ-".

(i) Distribution assumption (A1l vs. ZMZ-A3). The sub-Gaussianity of X and the
bounded eigenvalue assumption of ¥ in Assumption (A1) are also required by Zeng et al.
(2024) (cf. Assumption (ZMZ-A3)). Nevertheless, the bounded eigenvalues assumption of
Cov(XI(Y = h)) in Assumption (A1) is uniquely required by sparse SAVE/DR, since it is
used for establishing the error bound of ||§Jh — 31 ||max, which is not needed in sparse SIR
method.



(ii) Irrepresentability condition (A2 vs. ZMZ-A10). The irrepresentability As-
sumption (A2) is also required by Zeng et al. (2024) (cf. Assumption (ZMZ-A10)), while
Assumption (A2) is stronger than that in Zeng et al. (2024) for simplifying the proof.

¥;A(Za4) 7M1 =1 — « for some constant «, while
ZjA(EAA)ilRHQ < 1— «a for
some constant 0 < a < 1, where R is a sub-gradient of the Ly -norm penalty. Since
12,4(Z44) 'Rz < |Zj4(X44) "Y1, our Assumption (A2) is stronger.

Specifically, we assume that max;c4e

Assumption (ZMZ-A10) assumes that such that max;eae

(iii) Variable-wise signal (A5 vs. ZMZ-A2). Assumption (A5) is similar to Assump-
tion (ZMZ-A2), both of which regulate the variable-wise signal but differ in the parameter

matrix and the signal rate, due to different SDR framework the two works are based on.

(iv) Subspace signal (A7 vs. ZMZ-A1). Assumption (A7) is similar to Assumption
(ZMZ-A1). These two assumptions concern the subspace signals for establishing the sub-
space estimation consistency. They only differ in the parameterization of signal and signal
rate.

(vi) Boundedness assumption (A3 & A6 vs. ZMZ-A9). The boundedness of
the quantities ||(Z44) o and ||Xgcalloc in Assumption (A3) are similar to Assump-
tion (ZMZ-A9), which states that ||X4c4(Za4) oo < 00. Since [|Zgea(Zaa) Moo <

1 4callooll (Zaa) oo, our Assumption (A3) is stronger. However, both assumptions re-

strict that the association between X 4 and X 4 is not arbitrarily large and are used for
establishing variable selection consistency.

The boundedness of maxy, [|Ap a«||max in Assumption (A3) and maxy [|Ap 441 in As-
sumption (A6) are uniquely required by sparse SAVE/DR since the parameters Ay only
appears in the SAVE and DR methods.

S.6 Integrated formulation

To provide a unified picture of our proposed two-step procedure, we integrate it into the
formulation as follows,
(1
min Z {§tr (gﬁ:’:]zg[h,:,:]) — tr(QJL’:,:]Ah)} + pen(G).

RHXpXp
ge 1

Obviously, in Step 1, the penalty function pen(G) is taken as the pen(G) = pen, (G) =
Ao ?:1(2111{:1 Ghi)'/?. Given the (leqstimated active set A from Step 1, the penalty
function pen(G) in Step 2 is pen(G) = > 11 L14(Gm.) + A2ll(Gpyigs - - > G|+, where
I;7: RPXP j {O/,\oo} is an indicator function, defined as I3 7(Gjn,: ) :9 if %h,i’j] = 0 for
all (1,7) € Ax A, and I33(Gjnij) = 00 if Gpij) # 0 for some (7,7) ¢ A x A. Therefore,
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the formulation in each step is essentially a quadratic objective function regularized by a
task-specific convex penalty function.

S.7 Extensions to third-order methods

Our sparse SDR framework can be also extended to the third-order method. For h =
1,..., H, define the tensor 7, = E{(X — ptn) o (X — pp) o (X —pp) | Y =h}, h=1,..., H,
and define the h-th tensor block D;, € RP*P*P as D), = T5, x; X! such that

Dy = S7B (X = pa) o (X = ) o (X = ) | ¥ =],
where p, = E(X | Y = h) € R?, x; denotes the 1-mode product of a tensor and a matrix,
and “o” denotes the outer-product. We further define
Dh - (Dh,[:,:,1]7 cee 7Dh,[:,:,p]) € Rpxp2’
which concatenates all slices of Dy, at the third mode, where each slice of Dy, is Dy, .. 4 =
S B[(X = pn) (X —pn) T (X —pins) | Y = h] € RP*P_ k= 1,... p. Then the third-moment
subspace is defined as

Stm = span(Dy, ..., Dg).

Under the linearity, constant variance and symmetry conditions, it has been shown that

Stm = Syjx (Yin and Cook, 2003). Similar to subspaces Ssayve and Spr, the sparsity

structure of Sty is equivalent to the row sparsity of the matrix (Dy,...,Dpy).
We reformulate the basis (Dy,...,Dy) as a high-order tensor M € RH*PXPXP by stack-
ing H blocks Dy, h =1,..., H, along the first mode, such that My, .., = Dy,. Therefore,

the second mode of M corresponds to the elements of predictors. Specifically, the i-th slice
M € RIxPXP stacks all vectors Dy jiypy, for h=1,...,H, and k = 1,...,p, together,
corresponding to the i-th row of the matrix (Dy,...,Dpy). Consequently, the important
variables can be identified by seeking non-zero slices My.;.,;. We provide a toy example
with H =2, p =5, and A = {1,2,3} to illustrate the correspondence between the impor-
tant variables and the sparsity structure of tensor parameter M in Figure S.1. The colored
slices in Dy and D, indicate the positions of important variables.

Since My .. 1) = 2‘1771,[:7;,@ for each h and k, the tensor parameter M can be recovered

from the following quadratic optimization problem,
H p

. 1
M = argmin Z Z {§tr(g£7:,:’k]§3§[h7:7:,k}) — tr(gﬁz,:’k]ﬁl,[:mk})} .

H
GERTXPXPXP 1 k=1

To encourage the sparsity structure in M, we propose to adopt the group-Lasso type

11



Figure S.1: (Left) The illustration of the parsimonious reparameterization of the third-
moment subspace, with H = 2, p =5, and A = {1,2,3}; (Right) The illustration of the

tensor M € RH*P*PxP and its sub-tensor M., corresponding to predictors.

penalty on each slice M.; ., which corresponds to the i-th predictor Xj, i.e.,

1/2
pen(M) = \; Zpen M) =M Z ZZ <Z M[h z,j,k])

=1 = j=1 k=1

This penalization is similar to the group-Lasso type penalty in our sparse SAVE/DR

method. Then, we solve the following penalized convex optimization problem in the first

step,

- L& (1

M = argmin ZZ{2tr(g k200 0) — T (g£7:7:7k]ﬂ7[:7:7k})}

GERIXPXPXP ) 1 k=1
1/2
N3 (S )
= 7=1 k=1 =

The active set A is defined by A = {i | ||./\/l inill2.e > 0}, where ||.K4\[;,i,:,;]||2,w =

max; g Mg -
Similar to Theorem 1, once we are given the oracle active set A, the third-moment

subspace can be reformulated as

DWW ... DW
STM:span{< 1 ’07 H s

where DYV = (Dy (4411, -, Dhjaag), for h=1,... H. Tt can be shown that Dy 4 4x =
2;‘}4771,[ AAx- The non-zero part (DEA), cee Dgf)) can be further recovered by the following
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optimization problem,
H p

. 1
(DgA), . ,Dgf)) =  argmin Z Z {Etr(B;kZAABhk) — tT(B;kﬁ,[A,A,kD} .

Bi1,....BgpeRs*s h=1 k=1

In the second step, once we obtain the estimated active set A from the first step, we

estimate (DgA), e ,D%)) by solving the following nuclear-norm penalized problem,
H p

) 1
argmin ~ » ) {§tr<B;k2ﬁﬁBhk) - tr(BZkE,m,z,k})}

Bu, Bap€R™E 23 oy
+ Xal|(Bi1, ..., Bip, -, But, o, By ||

Let B = (]§11, e ,]§Hp) denote the solution, where ﬁhk eR> h=1,...,H, and k =
1,...,p. Letm; € R® denote the j-th leading left singular vector of B. We then expand each
7/1\3- to the p-dimensional vector Bj, such that Bj,ﬁ =n; and Bj,ﬁc =0,j=1,... ,c?, where
d is the estimated structural dimension. The estimated basis matrix of Sty is defined as
B=(B,....0;) e R

The variable selection consistency of the third-order sparse SDR can be similarly derived
utilizing the proof techniques similar in our work, subject to appropriate assumptions on
the parameter space and the tail distribution of X. Specifically, the definitions of Aj, and
M in Assumptions (A3) and (A5) should be updated to those in the third-order SDR.
Moreover, under the same high-dimensional setting that s*logp = o(n) as in our paper, it

is essential to verify that with high probability, we have
max  max HAM — Ay jllmax S V1ogp/n. (S.5)
p

h=1,....H j=1,...,
Since Ah,j involves the product of three random variables, which has heavier tails than the
product terms we bound in sparse SAVE/DR, the stronger distribution assumption on X
is needed for establishing (S.5). For example, (S.5) can be derived under the assumption

that X is a bounded random vector.

S.8 Algorithms and implementation details

S.8.1 Full description

We solve two penalized optimization problems in sparse SAVE: the group-Lasso-type convex
optimization (5) and the nuclear-norm penalized convex optimization (G). This section
provides the complete description of algorithms for solving these two problems, along with
the implementation details of the algorithms. For two matrices A = (a;;) € RP*? and
B € R***, the Kronecker-product of A and B, denoted by A ® B € R®9)x(4) ig the block

matrix composed of p x ¢ blocks, with the (7,j)-th block being a;;B, for i = 1,...,p,
7=1,...,q.
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We first rewrite (5) in the vectorized form and develop a blockwise coordinate descent al-
gorithm similar to an existing algorithm (Pan and Mai, 2020) for sparse estimation problems
in multiple differential networks and quadratic discriminant analysis. Let &n = VGC(&h),
h=1,..., H, where VGC(Ah) denotes the vectorization of Ah by concatenating its columns,
and denote § = (5\1, . ,SH) € RP**H  Also, we vectorize Gin,:,] into g, = vec(Gpp..) € RP
and denote g = (g1, ...,gx) € R?”*H_ The vectorized form of (5) is

2

! S ~ c
argmin ~tr{g" (I, ® 2)g} — tr(g"6) + M > _ [|gju 2. (S.6)
gERPZXH j=1
We introduce the new index k& which has a one-to-one corresponding to (i,5) € {1,...,p} X

{1,...,p} such that k = i+ (j — 1)p. The following lemma provides the update of each

row g, while fixing all other rows of g.

Lemma S.2. For index pair (i',j") € {1,...,p} x {1,...,p}, denote k' =i + (' — 1)p.
For k€ {1,...,p*}, given gu. for all k' # k, the solution to (S.6) is the same as
o1 ~ A - ~ P =
argnin _Hgk* - gk*”% + A_1||gk*||27 where Ehx = (6k* - Z Ez’zgk’*)/zu (87)
gk*eRH 2 Z’LZ k’;ﬁk
The solution to (S.7) is Bre = 8x{l — M/ (Sl &eull2) Yo, where the operator (z)4 = = if

x>0 and (z); = 0 otherwise.

By Lemma S.2, gy, is updated by solving a group-Lasso problem. Since problem (S.6)
is convex, according to Pan and Mai (2020), the algorithm converges to the global solution
while the computation cost is relatively low (scaling well with p).

We solve (6) by the accelerated proximal gradient descent algorithm. Denote T =
(AI’XA, R AH,AA.Z) € R%UH9 and B = (By,...,Bgy) € R®UH9 then (6) is rewritten as

argmin 1tr(BTflJ&ZB) — tr(BTT) + Ao B]..

BeR?X(HE)
In the initialization step, we set B(®Y) = 0 and define the auxiliary matrix C(®©) = 0. At the
t-th iteration, for t = 0,1,..., we update B¢*1 as B+ = §_, {C®) — st(iﬁc@) —~T)}.

Here, s; > 0 is the stepsize, the operator S, ,(A) = ?:1

(0;—5¢A2)1u;v] for some matrix
A € RP*P| where Z?=1 Ujujva denotes the singular value decomposition of A. Then, we
take the acceleration step and update the auxiliary matrix C*1) by Ct+1) = BU+D 1-4¢ /(¢+
3) B — B®). The iteration stops when [|[CHY) — C®||, ., < 6 is met, where § > 0 is
some user-defined small value. We set § = 1072 in our numerical studies. We take a fixed
stepsize s = s; = 1/L in this algorithm, where L = Hf) a4ll, which guarantees a linear rate
of algorithmic convergence (Nesterov, 2013). The blockwise coordinate descent algorithm
and accelerated proximal gradient descent algorithm are summarized in Algorithm 1 and

Algorithm 2, respectively.
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Algorithm 1 Blockwise coordinate descent

1. Initialization: g(® = 0.

2. For t = 1,2,..., repeat the following until the convergence of g®: For each k =

1,... ,p2,
. ~(t—1 ~(t—1 S _ o S t S t—1
(i) Update g V: 859 = (80) 7 {8k — (Xpop S + S pos S 1.

.. (1), ) _ =1 2
(ii) Update g”: g = &{. (1—u—)

gk*

3. Output M: At termination, let g denote the converged solution. We stack each
column of g back to the p-by-p matrix My, and stack H blocks M}, along the first

mode, resulting M.

Algorithm 2 Accelerated proximal gradient descent

1. Initialization: B® = C©® =0,§ >0, s = s, = 1/L, where L = ||§XXH‘

2. Fort = 0,1,..., repeat the following steps until the criteria |@¢) — @®|| . <6

1S met:

(i) BGD = S, {cw — si(E44C0 — f)}.

(jj) Cc+l) — B+1) H_Lg(B(t+1) . B(t)).

3. Output B = B® at convergence.

S.8.2 Tuning parameter selection

Our algorithms involve two tuning parameters: \; for encouraging sparsity and facilitating
variable selection in the first step, and Ay employed in the second step to encourage a low-
rank structure. While the optimal tuning parameters can be determined through a grid
search, we propose a sequential selection procedure to reduce the computation time. We
first fix Ay at a predetermined value Ao > 0 and identify the optimal value for A\;, denoted
as A\]. Then, with \; fixed at A}, we tune Ay to determine the optimal value, denoted as Aj.
Consequently, A} and A} serve as the optimal tuning parameters. The criterion for tuning
parameter selection in our methodology is based on distance covariance (Székely et al.,
2007), which has been shown effective in parameter estimation in SDR problems (Sheng
and Yin, 2016; Zeng et al., 2024). Let Y™ € R™ and X'"n ¢ R™*P bhe the training
set, while Y'' € R"™ and X'' € R"2*? denote the testing set. For a given pair A =
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(A1, A2), let ,@)\ be the estimated basis of Ssavg computed from the training set, and Sitest
be the sample covariance matrix obtained from the testing set. Construct the matrix
m = Ba(BI £t¢3,)~Y/2 such that span(n,) = span(3,) and i, Xy, = L. The tuning
parameter \ is chosen to maximize the distance covariance between Y and X'ty .

We also compare our sequential tuning strategy with the grid-search tuning strategy.
We record the overall execution time for two strategies, which includes the time required
for the tuning parameter selection process and the final model fitting. We also compare
the two strategies from the perspective of subspace estimation and variable selection ac-
curacy. The comparison results under Models (M1)-(M5) with n = 300 and p = 700 are
presented in Table S.17. The results imply that the sequential tuning strategy yields almost
identical results to the grid-search tuning strategy in terms of both subspace estimation
and variable selection accuracy, but is computationally more efficient. We remark that
though the sequential tuning strategy is faster than the grid-search tuning strategy, but
the improvement in computation time is not orders of magnitude. The reason is that our
algorithm is a two-step procedure. The computationally expensive first step for variable
selection is implemented the same number of times in both strategies. Only the second
step for subspace estimation, which is essentially a low-dimensional problem and is much
cheaper, is implemented much more times in the grid-search tuning strategy.

Moreover, in our sequential tuning strategy, a predetermined value Xg > ( is needed for
identifying the optimal value for A;. We examine the performance of our proposed methods
under a wide range of choices of Do Specifically, we consider Xo over {0.01,0.1,0.5,1,5}
under all forward Models (M1)-(M5) and discriminant Models (Q1)—(Q4), where we fix
n = 300 and p = 700. The subspace estimation errors are reported in Table S.19. It is
implied by Table S.19 that when Xg = 0.5, 1, sparse SAVE/DR give the best performance in
almost all models. Even when Xz = 0.1, the estimation error does not greatly deviate from
the best results. We additionally record the optimal value A} selected by our algorithm
given different initialization values Ao in Table S.20. The results suggest that A} is located
in [0.1, 1.5] for both sparse SAVE and sparse DR in most of settings, once the initialization
value Xg is properly selected. Therefore, in practice, we suggest to try with Xg € [0.1,1.5]

for our proposal.

S.9 Effect of nuclear-norm regularization

Recall that we incorporate the nuclear-norm penalty in the optimization problem (6) to
encourage the low-rankness of B. Therefore, we begin with comparing the dimension deter-
mination accuracy between our proposal and oracle methods. For the sake of completeness,
we also include SEAS-SIR and Lasso-SIR in the comparison. For oracle-SAVE, after we
compute B= (fJAA)*l(ALAA, . AH,AA% the estimation of d is similar to the procedure
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in our proposal. It is given by d = {j | 6 > 0} Admax, where 7; is the j-th largest singular
value of ]§, and 0 and d,., hold the same meanings as those in our selection procedure.
The selection of d by oracle-DR is conducted in a similar fashion.

The dimension determination results are reported in Tables S.5 and S.6, where we vary
p and n, respectively. It can be seen that our proposal provides the estimated structural
dimension closest to the true value in almost all settings. TC-SAVE overly selects the
structural dimension in Models (Q1) and (Q3). Sparse SIR methods completely break
down in all models except for Models (M2) and (Q3), limited by its first-order nature. The
oracle methods, across all settings, show the lack of ability to identify the correct low-rank
structure. Therefore, our proposal indeed benefits from the nuclear-norm regularization in
identifying the true structural dimension.

We also examine the subspace estimation error and the singular values of the estimator
B for our proposal and oracle methods. For illustrative purposes, we run one replicate for
sparse SAVE and oracle-SAVE under Models (M1)—(Mb5) with sample sizes n = 200, and
2000. The results are displayed in Figures S.3 and S.4. We assume that A and d are given,
eliminating the bias from the variable selection and dimension determination and directly
assess the specific effect of the nuclear-norm penalty. In the left penals, we display the
singular values of the estimator B for oracle-SAVE and those of the best B on the solution
path for sparse SAVE. In the right panels, we present the ratio of the estimation errors for
sparse SAVE and oracle-SAVE over a sequence of \,.

The left panels of Figures S.3 and S.4 reveal that all singular values of B from oracle-
SAVE are non-zero, even when n is as large as 2000. With the nuclear-norm regularization,
singular values of sparse SAVE are greatly shrunken, resulting in sparse singular values with
the first two being non-zero. This observation underscores the role of the nuclear-norm
penalty in identifying the low-rank structure and correctly determining the dimension.
Additionally, the nuclear-norm penalty also enhances the efficiency of the estimation. The
right panels of Figures S.3 and S.4 clearly demonstrate that sparse SAVE, with a properly
chosen Ay, produces a more accurate subspace estimator compared to oracle-SAVE. As n
increases, the curve is stretched and the advantage of sparse SAVE is weakened.

By introducing the nuclear-norm penalty, our proposed method utilizes the low-rank
structure, somehow reducing the effect of H, which determines the number of parameters.
In comparison, the performance of oracle methods should be highly related to the choice of
H. We investigate the subspace estimation performance of oracle methods and our proposal
with various H’s in forward models (M1)—-(M5), reported in Table S.8. We assume that .4
and d are given. It is observed that the oracle methods are sensitive to the selection of H.
In contrast, our approach has almost the same performance in subspace estimation with
various H’s. Though the oracle methods achieve the best performance with H = 3 in most

settings, they are still worse than our proposal.
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S.10 Additional simulation results

S.10.1 Non-sub-Gaussian settings

In this section, we examine the performance of our sparse SAVE/DR methods under non-
sub-Gaussian distributions, with particular attention to heavy-tailed predictors. Based on
our observations, the proposed methods are sensitive to heavy-tailed predictors, but when
the heavy-tailedness is mild, they can still provide favorable estimators.

In Tables S.10 and S.11, we report the subspace estimation and variable selection re-
sults for all methods under Models (M3)—(M5), where X follows either a multivariate ¢
distribution or a multivariate normal distribution. Since the proposed methods deterio-
rate and may fail to produce reliable estimators when the multivariate ¢ distribution has
very heavy tails, we consider the degrees of freedom v € {5,6,7,8,00} (the multivariate
t reduces to multivariate normal when v = c0). As shown in Tables S.10 and S.11, when
v = 5, accurate variable selection is challenging for the proposed methods, which in turn
leads to poor subspace estimation performance. As v increases, that is, as the tails of
the t distribution become lighter, the proposed methods yield more accurate estimators.
In addition, Model (M3) is particularly challenging for the proposed methods, especially
when v is small. This is mainly due to inaccurate variable selection, as indicated by the
results in Table S.11.

S.10.2 Higher structural dimension

We consider five Models (Q5-1)—(Q5-iv), where the structural dimension is increased from
3 to 6. Specifically, we first generate the complete basis matrix (3, ...,3s) € RP*¢ where
the first s = 10 elements of its each column is from the uniform distribution supported

n [0.5,1] and the rest of the elements is zero. We then normalize the complete basis
matrix such that [|B;]ls = 1 and B/3; = 0 for i # j. In each model, we construct
the basis matrix B by taking the first d columns of the complete basis matrix such that
B = (Bi,...,Bq4) € RP*? Then, the generation of Y and X are similar to that in Model
(Q2). Recall that X = BZ + ByZ¢ such that Z = 37X and Z, = 3] X. The distribution

of Z in each model is as follows, where 0; € R? denotes the all-zero vector:

(Q5-1) (d=3)Z | (Y =1) ~ N(0J],0.1L;), Z | (Y = 2) ~ N((0,0,0.5),0.5I3), and
Z| (Y =3)~ N((1,1,0.5)T, 3L);

(Q5-ii) (d=4)Z | (Y = 1) ~ N(0],0.1L), Z | (Y = 2) ~ N((0,0,0.5,0)T,0.5L), and

(Q5-iii) (d=5)Z | (Y =1) ~ N(0J,0.1I;), Z | (Y = 2) ~ N((0,0,0.5,0,0)7,0.5I5), and
Z | (Y =3) ~ N((1,1,0.5,0,0)7, 3I;);
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(Q5-iv) (d=6)Z | (Y =1) ~ N(04,0.1L), Z | (Y = 2) ~ N((0,0,0.5,0,0,0)7,0.5I4), and
Z| (Y =3)~N((1,1,0.5,0,0,0)", 3T¢).

In Tables S.12-S.15, we report the subspace estimation errors, classification errors, variable
selection results, and execution time, respectively. It can be seen from Table S.12 that our
sparse methods still dominate other methods, except for the oracle methods. Based on
the results in Table S.13, our methods achieve the most accurate predictive performance,
and are the closest to the Bayes error. Table S.14 suggests that sparse SAVE/DR achieve
better variable selection results over other methods. The results in Table S.15 show that
sparse SAVE /DR enjoy fast computational speed and their execution times are comparable

to SQDA.

S.10.3 Non-sparse models

We examine the performance of all competitors under the non-sparse version of Models
(M1)—(M5) in this section. Let 84 € R**? denote the non-zero signal matrix of the basis
B € RP*4. We construct a non-sparse 3 by adding an additional non-zero signal n € R*'*¢
to B such that 3 = (8),n",0")", where s’ is set as s’ = 0.2n. In our studies, we fix p = 700
and n = 300, then the overall sparsity level is s + s’ = 66. To construct the additional
signal matrix 7, we first generate the auxiliary orthonormal matrix n in a similar way to
B4, and then take n = pm, where p is the signal factor. We vary the signal factor p over
{0.1,0.15,0.2,0.3,0.5,0.7} to investigate the effect of additional signal strength. Note that
for the oracle methods, we still input A = {1,...,s} as the active set.

The subspace estimation errors under the original sparse Models (M1)—(Mb5) and the
their non-sparse versions are presented in Table S.16, and the corresponding error plots are
displayed in Figure S.7. The results show that as the additional signal gets stronger, the
performances of all methods get worse. Moreover, our sparse SAVE/DR methods remain
accurate in subspace estimation even when models get denser. However, if we further
increase the signal factor of the additional component 1, such as p = 1, all methods lose

efficiency and fail to provide an accurate estimator of subspace.

S.10.4 Sensitivity of dimension selection to ¢

To examine the sensitivity of dimension selection to this practical threshold, we conducted
an additional sensitivity analysis by varying

§€ {107, 5x 107 1073 5 x 107*, 1072}
under Models (M1)—-(M5), with (n,p) = (300,700). The results for sparse SAVE and
sparse DR are reported in Table S.18. The new results show that the estimated structural

dimension is highly stable over this range of §. For example, under Model (M3), the average
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selected dimensions of sparse SAVE and sparse DR remain 2.08 and 2.01, respectively, for
all five choices of . Under Model (M4), both sparse SAVE and sparse DR consistently
select dimension 1.00 across all thresholds. Under Model (M5), sparse DR consistently
selects dimension 2.00, while sparse SAVE only fluctuates slightly between 1.98 and 2.00.
Similar stability is observed under Models (M1) and (M2). These results suggest that
the dimension selection performance is not sensitive to the particular choice of § within a
reasonable range.

We therefore use § = 1072 as the default numerical threshold in our implementation,

since it lies in this reasonable range.

S.10.5 Additional results

To save the space, we present additional simulation results in this part.

e (Additional models) Besides the models presented in the paper, we have considered

additional forward and discriminant models, listed in the following.

(M4) Y = (8'X)* +¢;

(M5) Y =2(8] X)? + 58, X + ¢;

(Q3) Y ~ Unif{1,2}, Z | (Y =1) ~ N(0,0.1) and Z | (Y =2) ~ N(2,3);

(Q4) Y ~ Unif{1,2,3},Z | (Y =1) ~ N((0,0)7,0.1L,), Z | (Y =2) ~ N((0,0.5)T, 0.5L,),

and Z | (Y = 3) ~ N((1,1)7, 3L,);

In Model (M4), d = 1 and one symmetric component is involved. In Model (M5), d =
2 and both symmetric and asymmetric components are considered. For discriminant
models, (K,d) = (2,1) in Model (Q3) and (K,d) = (3,2) in Model (Q4). The
complete results for subspace estimation error, classification error, and estimated

structural dimension are shown in Tables S.1, S.3, and S.5.

e (Complete results) The complete results for subspace estimation error and classi-
fication error with p = 700 and n = 300,600 are shown in Tables S.2 and S.4. The
variable selection results under Models (M1)—-(M5) and (Q1)-(Q4) are presented in
Table S.7.

e (Results with different number of slices) The subspace estimation errors for
oracle methods and our proposal with H = 3,5,8 under Models (M1)-(M5) are
reported in Table S.8.

e (Misspecification of active set) The subspace estimation error of sparse SAVE
with a misspecified active set from the first step is reported in Figure S.5, where

d is given and n = 300. The results for sparse DR are similar and are omitted.
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We consider different active sets {1,...,a} with a = 3,...,10. When a < 6, some
important variables are missed. When a > 6, all important variables are included,

but some false positives are present.

e (Execution time) The execution times of our proposal and other competitors, in-
cluding TC-SAVE, sparse SIR methods (SEAS-SIR, Lasso-SIR), and sparse QDA
methods (DA-QDA, SQDA) are recorded in Table S.9, where n = 300 and p =
700, 1500. Since the HOPG method relies on a fast variable screening step to reduce
the dimension to n/log(n), essentially dealing with low-dimensional data (p < n),
we exclude it from the comparison of computational efficiency. Meanwhile, we only
consider discriminant models (Q1)—(Q4) such that sparse QDA methods can be in-
cluded into comparison. For each method, we record the time for implementing the
algorithm once, while the time for tuning parameter selection is not included. More-
over, for a fair comparison, the execution time of sparse SIR method is multiplied
by p since the parameters to be estimated in SIR methods are on the order of O(p),
while those for second-order SDR methods are on the order of O(p?).

e (Word cloud) The word cloud of the top 30 words most frequently selected by
sparse SAVE on the news report data is displayed in Figure S.6. The size of each

word represents its relative frequency.

S.11 Spaceflight biological data analysis

On September 15, 2021, the SpaceX Inspiration4 mission launched from the Kennedy Space
Center, sending four civilian astronauts into low Earth orbit. During the three-day mission,
they faced several challenges inherent to spaceflight, such as radiation exposure, prolonged
microgravity, and hostile space conditions. To understand the biological impacts of these
conditions, various biological samples, including blood, saliva, skin swabs, skin biopsies,
and capsule swabs, were collected from the crew at three distinct phases: pre-flight, in-
flight, and post-flight. These samples underwent multiple assays to generate integrative
multi-omics data, which revealed molecular changes across different biological levels.

One key focus of this research is to investigate the m6A RNA modification at differ-
ent stages of the mission. The m6A RNA modification has been documented to play a
crucial role in regulating RNA splicing, translation, stability, translocation, and high-level
RNA structure (Yang et al., 2018). Recent studies have demonstrated that m6A mod-
ifications are essential for physiological and pathological processes in the hematopoietic,
central nervous, and reproductive systems. Furthermore, regulators of m6A RNA methy-
lation have been implicated in several human diseases, including nonalcoholic fatty liver

disease, azoospermia, heart failure, and various cancers (Jiang et al., 2021). Therefore,
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it is of vital importance to understand how spaceflight affects m6A methylation. In this
study, our primary objectives are to identify differentially methylated m6A sites and to
characterize the underlying patterns of m6A modification before and after low Earth orbit
spaceflight using the discriminant analysis model.

During the Inspiration4 mission, whole blood samples were collected via venipuncture
at three pre-flight timepoints (L-92, L-44, L-3) and four post-flight timepoints (R+1, R+45,
R+82, R+194). Total RNA was extracted from these samples, and mRNA sequencing was
performed using Oxford Nanopore Technologies’ direct RN A-sequencing kit on the Prome-
thION platform. These data were used to generate differential gene expression profiles and
to identify m6A modification sites. The resulting m6A modification data comprises n = 28
observations, representing the four crew members at three pre-flight and four post-flight
timepoints. Each observation records the probability that a given transcript contains an
m6A modification at a particular site. The m6A modification data is publicly available
via the Open Science Data Repository (OSDR) (https://osdr.nasa.gov/bio/), with the
identifier OSD-5609.

During data preparation, we identify many missing values that correspond to transcript
positions with insufficient coverage to make a prediction (i.e., fewer than 20 reads). To
address this, we keep only transcript positions where at least half of the records were
available, resulting in a dataset of 6,540 genes. The remaining missing values are imputed
using the sample mean. Following this, we retain the top 300 most relevant variables for
further analysis based on distance correlation (Li et al., 2012).

The dataset is divided into two classes: pre-flight and post-flight data. We split the data
into training, validation, and testing sets in an 6:2:2 ratio using stratified sampling. Each
method is fitted to the training set, with tuning parameters selected based on the validation
set. To ensure a fair comparison, all methods are constrained to the same level of sparsity,
with a maximum of 10 selected variables. We first determine the structural dimension for
the sparse SAVE, sparse DR, and TC-SAVE methods. Based on 100 data replicates, the
average estimated dimensions are 2.4, 2.1, and 2.5, respectively, with standard errors are
all less than 0.1. Consequently, we fix d = 2 for the second-order SDR methods in the
subsequent analysis.

Then, we record the variables selected by sparse SAVE, sparse DR, HOPG, TC-SAVE,
SEAS-SIR, and LassoSIR. The average sparsity levels are 7.0, 6.7, 10.0, 10.0, 7.7, and 8.3,
with standard errors all below 0.4. To further assess the performance of variable selection,
we measure the stability of variable selection using the Jaccard similarity coefficient (Jac-
card, 1901), which are 0.26, 0.08, 0.14, 0.05, 0.10, and 0.07, respectively. Notably, sparse
SAVE demonstrates a much higher stability value than the other methods, indicating its
greater consistency in selecting variables.

Moreover, the literature confirms that m6A modifications in some genes frequently se-
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Figure S.2: The scatterplot of the first two reduced predictors in spaceflight data. The
dashed circle represents the elliptical contour covering 85% of data, and the blue line
means the decision boundary under the QDA model. Means of the classification errors of
these methods followed by QDA classifier are 26.3%, 35.0%, 35.0%, and 37.0%, and the

standard errors are less than 2.7%.

lected by our method are associated with the development of various human diseases. For
example, the top five genes most frequently selected by sparse SAVE include FGL2, PCGF),
UBE2R2, TXNIP, and RPLS. Xiao et al. (2022) demonstrated that a deficiency in FGL2
prevents fulminant hepatitis following MHV-3 (Murine hepatitis virus strain 3) infection.
In addition, Yang et al. (2024) revealed that PCGFS promotes neural induction by regulat-
ing gene expression. Ceccarelli et al. (2011) found that silencing the ubiquitin-conjugating
enzyme UBE2R2 significantly inhibits cell proliferation, potentially contributing to disor-
ders such as glutathionuria and subglottic angioma. Furthermore, Choi and Park (2023)
identified the multifunctional role of TXNIP in the pathogenesis of diseases such as dia-
betes, chronic kidney disease, and Alzheimer’s disease. Lebaron et al. (2022) reported that
variants of RPLS encode functionally deficient proteins, which impact ribosome production
and are linked to Diamond-Blackfan anemia.

Next, we analyze the discriminant patterns of m6A modification before and after low
Earth orbit spaceflight. We make scatterplots of the first two reduced data from the sparse
SAVE, sparse DR, HOPG, and TC-SAVE methods. To save the space, the density plots
of the one-dimensional reduced data from SEAS-SIR and Lasso-SIR are omitted. The
visualizations are presented in Figure S.2. All plots indicate a change in the distribution
of m6A modification data after the spaceflight. In particular, in the sparse DR plot,
two directions reveal the location and variation differences between the pre- and post-
flight stages, separately. Notably, the post-flight m6A modification probabilities exhibit
smaller variation. Regarding other methods, we have the following remarks. The first-
order SDR methods, i.e., SEAS-SIR and Lasso-SIR, only capture the location difference
between the two stages, failing to account for variance differences due to their inherent
first-order limitations. As a result, these methods provide a limited view of the underlying
patterns. The HOPG method fails to clearly capture variance differences between the two
stages. The SAVE-based methods, specifically sparse SAVE and TC-SAVE, focus more on
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variation rather than location. In contrast, sparse DR combines the strengths of both SIR
and SAVE, successfully capturing both location and variance distinctions, which has also

been observed in classical DR method.

S.12 Proof of Theorem 1

Since M, = ¥7'A,,, then ¥M;, = Aj,. By the sparsity structure such that M, ge. = 0,
we have My, = (M, 4,,0")" and

SaaMp pe = Ap s, BacaMp ax = Ap gen. (5.8)
Therefore,
Mjae = (Zaa) " A (5.9)
By (S.8), it follows that
YaeaMpan = Apaca.
According to (S.9), we have
My a4 = (Zaa) " Apaa

Since Aj, and X are symmetric, then Ajp gc4 = AZ’AAC, e = Z;Ac, and

Apase =My 1S ane = Apaa(Zaa) " Sase. (S.10)
Therefore, according to (S.10), we have
span{(EAA)_lAh’AAc} - span{(EAA)_lAh,AA}. (S.ll)

By combining (S.9) with (S.11), it follows that

span(My, 4.) = span{(Xa4) " Ap 4.} = span{(X.a4) " Ap aa}.

This completes the proof.

O
S.13 Proof of Theorem 2
For easy reference, we recall the necessary assumptions in the following:
(A1) The predictors Xy, ..., X,, € RP arei.i.d. centered sub-Gaussian random vectors with

covariance matrix 3. That is, E(X;) = 0 and sup,ecg ja,<1 |2 Xilly, < 00, where
1 Z]|p, = inf{t > 0 : E{exp(Z?/t*)} < 2} denotes the sub-Gaussian norm for any
random variable Z € R. Assume there exists a constant m > 0 such that m™' <
Pmin(E) < Pmax(T) < m and m! < @uin(Cov{XI(Y = h)}) < @max(Cov{XI(Y =
h)}) <mforh=1,..., H.

24



(A2) Assume that o = 1 — maxjesc || Z;4(X44) 1 > 0.

(A3) Assume that |[(Z44) oo, |Zacallco, and maxy, || Ay, a+|/max are bounded from above.

(A4) There exists a constant a > 0 such that 7, = Pr(Y =h) >aforh=1,... H.

(A5) There exists a constant ¢ > 0 that does not depend on s,n and p, such that

|Miill2,00 > cy/s%logp/n for all i € A.

(A6) Assume that maxy, [|Ap a4]/1 is bounded from above.

(A7) There exists a constant ¢’ > 0 that does not depend on s,n and p, such that o >
d\/s?logp/n.
Define the following notations,
0o = (Zaa) oo 61 =[Zaca

€y = Hi\]_zumam EA :m}?XHAh_AhHmax'

|o<>7 o = m}?‘X HAh,A*Hmaxa

For some constant ¢ > 0, define the event

E = {max{sg,sA} < \/clogp/n}. (S5.12)
We show that the results in (i)-(iii) hold under event E.
(Part I) We verify that the following two Conditions hold under event E.
(C-i) bpsex < 1/3;

(C-ii) sexby {1 + % (0190 + %)} < Mamin{\, 1}, where M = (04)\1+\/ﬁ(04—2)5A)(\/ﬁ77004)\1+
aly +VHepa)™!

Since we assume that n > ¢;s?logp for some large enough constant ¢; > 0 and that 6, is

bounded from above by Assumption (A3), by taking
n > 903cs® log p,

we have .
Oosex < Bpsy/clogp/n < 3

which gives Condition (C-i). Furthermore, by Assumption (A3), 6y, 61, and 7y are bounded,

we take

3 1 3 1 clogp 1
142 R 1+2 ~) e/ <
88290{ + 9 (9190+ 3>} ~ 890{ + 9 (9190+ 3)} 0 ~ 2(\/ﬁ770_|_ 1)0()\1,
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and

4VHep < 4VH\/clogp/n < a). (S.14)

It is known that aA; + \/Fno&)\l > al — 2\/F€A, then

aN — 2\/HEA + \/ﬁasA > ar — 2\/F€A
ai + VHomoh +VHaea — ol + \/ﬁnoo&\l.
According to (S.14), we have

1
M>——. S.15
(W + 1) .
By combining (S.13) and (S.15), we have
1
88290 {1 + g <9100 + g) } < MO()\l. (Sl6>

Meanwhile, by taking

3 N\
n > 43 (VHig + 1)%6? {1 + 3 (9190 + —) } cs?log p,

3
we obtain
3 1 clogp 1
sOp1+—=1{6:6y)+ = < a< M.
o5 (004 ) W < s
Hence,
3 1 3 1 clo
8626‘0 {1 + 5 (9190 + §)} S 890 {1 + 5 (9190 + g)} ngp S Mo (817)

By combining (S.16) and (S.17), we obtain
1
88290 {1 + ; ((9190 -+ g) } < Mo min{)\l, 1}

Hence, Condition (C-ii) holds.

(Part IT) We show that statements (i)—(iii) holds under Conditions (C-1)(C-ii). Let m =
(my,...,mpg) € RP*H where my, = vec(My) for h=1,...,H, and let m € RP**H denote
the solution of (S.6). Define the set S ={i+ (j —1)p:i e A, j € {l,...,p}}. We need

the following result.

Lemma S.3. Assuming Assumption (A2) and Conditions (C-i)(C-ii) hold, we have Mge =
0 and |m — mljg0 < (A + VHep)0 + 355298()\1 +VHny + \/ﬁeA).

According to the definition of A\, by the result mg. = 0 in Lemma S.3, we have AC Ain
statement (i). Moreover, by (S.14), we have vVHea < al;/4 < A\ /4, and by Condition (C-
i), we have fysex, < 1/3, it follows that

N 3 3
[ — mlo00 <(A + VHen) (6 + 586293) + 593\/ﬁ7708€2

15 3
§§90)\1 + 593\/?770862.
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Since we further take \; < kysy/logp/n for some constant ko > 0, and under event F,
ex < y/logp/n, then it follows that

. s?logp
I8 — e S el
n
Since
[max Mg — Migllzee = i]gla?fp M) — Mpiglle = M — ml)s o,

where the last equality comes from the correspondence between M and m, we have state-
ment (ii) that
s?logp

Jnax | Mg = Mpigllae S/ — ==

If we further assume Assumption (A5), then by taking large enough constant ¢, we have
HM[:,Z',:]”Q,OO 2 "M[:,i,:]||2,oo - HM[:J,:] - M[:,i,:]||2,oo > 07 Vi € A

Therefore, A C A. Combined with the result that A C A we have established in state-
ment (i), we obtain statement (iii) that A=A

(Part IIT) Lastly, we show that event E holds with high probability by the following two

lemmas.
Lemma S.4. Assume that Assumption (A1) holds. There exist some constants C,C’" > 0
such that, for any 0 < e < C" we have
Pr(|| = 2max > €) < Cp? exp(—C'ne?).
Lemma S.5. Assume that Assumptions (A1) & (A4) hold. There exist some constants
C,C" > 0 such that, for any 0 < e < C" we have
Pr(|£) = Zhllmax = €) < Cp* exp(—C'ne?).

By Lemmas S.4 and S.5, under Assumption (A1), there exist some constants C, C’, ¢ > 0
such that, with probability at least 1 — Cp~%", we have

max{ex,ea} < y/clogp/n,

where c¢ is a constant depending on ||X;||y,, [|X;1(Y = h)||y,, and 7, for j =1,...,p, and
h=1,...,H. This completes the proof. 0
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S.13.1 Proof of Lemma S.3

Part 1 Let@zI@E,@zI@ﬁ, and & = (8y,...,0y) € RP”*H_ Recall that m is the
(

solution of the following optimization problem,

H
1
argmin Z {—aZ(I ® X)a, — ay, 0y, (S.18)
(a1,...am) — (2
h=1
an€RP” h=1,...H
We consider the oracle estimator m = (mJ,,0")", where mg, is the solution of
2
! ~ ~ -
argmin —tr (gT@33g> —tr (gT55*> + A\ Z || ;]| 2- (S.19)
gERS X H le

We prove mge = 0 by showing that m = m. Due to the convexity of (S.18) in the main
paper, we only need to show that the derivative of (S.18) is zero at m. Equivalently, we
need to show that
||®J*Iﬁ—6j*||2 S)\l, ijl,,pQ
Since mge, = 0, it is equivalent to show that
||@jsﬁls* - 3]‘*”2 <A, Vi=1,...p"
Since (S.19) is convex, by taking the first derivative of (S.19), we obtain
égsﬁls* — 35* +Nz=0 = I/lv’lg* = (@)Ss)_l(gs* — )\1Z), (820)
where z = 0||mg.||21. And it follows that
||éj8ﬁj18* - gj*”2 S /\17 V] - S
Then, it remains to show that
1©;sMs, — 8,ulls < A1, Ve S (S.21)
By (S.20), we have
10515, — 8]l = [©5(Os5) ™" (850 — M) — 8yl
<Ai[1©5(Oss) "'zl + [©5(Oss) ™ 05w — Gjull2 + (054 — Fjullo-

Since M, = X7'A;,, then my, = (I®@ X714, = ©71§;, and § = Om = O,smg,. It follows
that
6j = ®j3m3*, 65* = @3511’13*, (822)

which gives us 8, = O,;5(Oss) s, for all j € 1,...,p>. For any j € & and h €
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{1,..., H}, we have
18,55, — 8;.ll2 <M1 [0;5(Oss) 2|2 + ©;5(Os5) 05 — ©;5(Oss) " dsulla + 185 — 8l
<A110;5(Oss) Ml + 0;5(Oss) ! — ©,5(Oss) ! [[1]|ds. |2
+110,5(055) 111052 — Isullze + 110, — 8l
<\i1©;5(@ss) Ml + VEN©,5(Os5) ™ — ©,5(Os5) "1
+VHep||©;5(Oss) 7Yy + VHea.
Consequently, (S.21) is true if
max VHi|©;5(Oss) ™! — ©;s(Oss) ! 1 + VHea(1 4 [85(Oss) " [l) < (1= M)k,

0,5(0ss) Hh <1—(1— M)a.

max
jese

(S.23)
We have

1855 = Bjslli = {1 @ (£ = 2)}slli < slIE — = flmax < 523
To proceed, we need the following lemma.
Lemma S.6. Assume that Oyses < 1/3, we have ||(©ss) ' —(Oss) o < 352205+ sex07.
By Lemma S.6, given that ysex, < 1/3, it follows that
~ 3
1(O@ss) ™! = (Bs5) o < 532€§‘93 + sexty.
Then, for any j € S¢,
18;5(6ss) ™" — ©;5(Os5) "' [
<[(Bjs — ©;s)(Oss) "' [1 + [©5{(Bss) ™" — (Os5) ' Hh + 1(®s5 — ©;5){(Os5) ™" — (Os5) ' HIr
<[10;s — ©;s[1ll(Oss) oo + [1©;sl1[(Oss) ™" — (Oss) oo + 105 — Ojs[l1][(Oss) ™" — (Oss) oo

3
<sesby + (61 + sex) (53252293 + 3520§>
3
SS&“EQO + 8629()(9190 + 85290) (585290 + 1)

SSEEQO {1 + ((9190 + 86200) (;S&“Eeo + 1) }

Under Conditions (C-i)(C-ii), it follows that

~ o~ 3 1 .
||®j8(®$8)71 — ng((")gg)ilul S 58290 {1 + 5 (0160 + g)} S MCY m1n{>\1, 1},
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where the last inequality follows from (S.16). Consequently, by Assumption (A2), we obtain
©5(Oss) ™! — ©5(Oss) " [l + max | ©;5(Oss) !
< max[[©;s(Oss) ™" — ©;s(Oss) s + max|Z4(Za) I
jeS®e JEAC

<Mamin{\,1} +(1—a) <1—(1-M)a.

Q. (0.1
max [|©;s(Oss) ™ |1 < max

Sc

M +VH(a—2)ea
For M = =22
VHnoa i +ari+VHepa

max VH|©;5(Oss) " — ©5(Oss) 1 + VHes(1+6;5(Oss) " [1)

, we have

<VHnyaMM +VH {2 — (1= M)a}ea = (1 — M) a.

Hence, (S.23) is proven and we have mge = 0.
(Part IT) From Part I, we have m = m. By (S.20) and (S.22), we have
10— |50 =[[(Os5) ™ (5. — M2) — () s la.oc

<N[[(@s5) ! flso + (@55) ™" (8. = 852120 + [{(O55) ™" = (Os5) ™o lac

<1+ VL) [(Os5) oo + VEM|(Oss) ™ = (Oss) |

<M+ VHza) [ (Oss) oo + (M1 + VHng + VHen)[[(Os5) ™ — (Os5) ™l
According to Lemma S.6, since we have fysex, < 1/3 in Condition (C-i), then

~ _ 3
1(@ss)™" = (Oss) ' [low < 55”56 + sexbl.

Consequently, we have

. I 3
”1’11 — mHgm E()\l + HSA)HO + <§SQE2298 + 88298> ()\1 + Vv H770 + V HEA)
3
S()\l + Vv HéA)eo + 56290 (55829(2) + 90) ()\1 + Vv H770 + Vv H{:‘A)

3
S(/\l + \/ﬁEA)QO + 588298()\1 + \/ﬁ’ﬂo -+ \/E€A).

S.13.2 Proof of Lemma S.4
We cite the following lemma from Cai et al. (2022).

Lemma S.7. (Cai et al., 2022, Lemma 6) Suppose that X;, i = 1,...,n, are i.i.d. centered
sub-Gaussian random vectors with parameter k* > 0. Denote X = Cov(X;), we also assume
that m™ < ppin(B) < Omax(B) < m for some positive constant m > 1. For any e > 0 and

any fixed non-zero vectors u,v € RP, we have

N
P > clulllivlls | < 2exp (~enmin{ &, £
kY K

for some constant ¢ > 0.
30
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Let e; € R? denote the standard basis in R” with the j-th element being one and other

elements being zero. Then, by Lemma S.7, taking u = e; and v = e;, we obtain

R 2
Pr(|¥;; — ;| >¢) <2exp (—cnmin {%, %}) :

Further taking ¢ < k2, we obtain
Pr(|i,~j — Y] > ¢) < Cexp(—C'ne?).
Hence,
Pr(|£ — Sllmax > €) < Cp* exp(~Cne?),

and the proof is completed. O

S.13.3 Proof of Lemma S.5

Let ny = S0 I(Y; = h) and X), = n; ' S2%  X,I(Y; = h), for h = 1,...,H. And we
denote p, = B(X | Y =h), for h=1,... H. ¢, = B{XI(Y = h)} for h=1,...,H. We

have
1 ~
2 :W—E{XXT[(Y =h)} — unpy,
h
~ 1 <& ~ o
Xy =— Y XX]I(Y, =h) - XX}
(L —
Rewrite X, as
1 ~
3, = W—hCov{X](Y =h)}+ (7 — Dpnpsy, -

Define the matrix Ej, as

Zn: (KT (Vi = h) = mu ) { KT (Vi = ) th}T7

(11

h:

S|

and we rewrite f]h as
~ n _ — — n —
p=—5&8,+ Xhﬁhu,; + WhHhXZ — —F,%p,h[,l,; — XhX;.
Np Np
Then, for any j,k=1,...,p,

Pr(‘ih,jk =Yk >e) <L+ + I
where

£
Il_PI'( 25),

— € — £
I, = Pr (}Xh,jﬂh,uh,k — Whﬂh,j,u«h,k‘ > 5) , Is3=Pr <‘7Thﬁbh,th,k — Whﬂh,j,uh,k‘ > g) ;

€ - - 5
> 5) , Is=Pr <|Xh,th,k — ,uh,j,uh,k‘ > 5) ,

n—hej Erep — F—hej Cov{XI(Y = h)}ey

n
2
I, =Pr (‘n—ﬂhuh,jﬂh,k — Thfbh,j A,k
h

and e; denote the jth standard basis vector in RP.
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(Part I) We first show the following two useful results,
(i) Pr(|n/n, —1/m,| > ) < Cexp(—C'ne?), for h=1,..., H.
(i) Pr (|)_(h,j — Mh,j| > 5) < Cexp(—C'ne?), for h=1,...,H,and j =1,...,p.

According to Hoeffding’s inequality, under Assumption (A4), by taking small £, we have

n 1
Pr{ng < =Pring —nm, < —n|m —
(’“ w;1+s) { S (’“ w;1+6)}

2
3
S exp <—2n {W} ) S eXp(—C'n62).

for some positive constant C'. Similarly,

1
Pr (nk > _ln > =Pr {nk —nmE > n ( — — 7Tk) } < exp(—Cne?).
T, —€ T, —¢

Therefore, we obtain that for any h=1,... H,

of

n 1

g Th

> 5) < Cexp(—C'ne?). (S.24)
Meanwhile, we have

[ X i — tin]

1 < ~ 1 ~
= > X I(Y; = h) = —BE{X;I(Y = h)}
hi=1 Th

e En:Xi,jI(f/i = h) — “E{X,I(Y = h)}| + ‘EE{X]-I()N/ = h)} — iE{Xj](f/ =)}
nh ‘= np N, Th

-]

> npe, np, > ﬂhn/Q} + Pr(ny, < mpn/2)

(S.25)
For the first part in (S.25), we have

1 — ~ . _
Pri{|— X,.I(Y;=h)— —E{X.I(Y =h
{nz A= h) =BG = h)}

<Pr { zn:XLjJ(}Z — h) — nB{X;I(Y = h)}

By Hoeffding’s inequality stated in Lemma S.16, under Assumption (A4), we have
Pr(n, < mpn/2) = Pr(n, — mpn < —mpn/2) < exp(—Chn). (5.26)

for some positive constant C'.

Since X ; is sub-Gaussian, then

(X, 1(Y: = h))? X2
E : <E > <2
eXp{ I i N oA

2
JH@
implying that
[ X L(Ys = h) |y < [ Xijllw, < o0
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Hence, Xm-l(?; = h) is sub-Gaussian. Therefore, by Lemma S.17,

Pr{ Z = h) — nE{X; 1Y = h)}| > npe, ny, > ﬂhn/Q}

§Pr{ Z = h) — nB{X;I(Y = h)}| > 7rhn5/2}
<C exp(—C'ne?).
It follows that

1 & ~ n ~
Pr<|— X [(Y;,=h)— —FE{X;[(Y =h)}| >
{ o>t = - ety = )

We now derive the second part in (S.25). Since Xi,j[(f/i = h) is sub-Gaussian, then
|E(Xj.f()7 = h))| is bounded from above. It follows that,
> C’e) )

Pr (‘QE{XJJ(Y/ — B} — LSBT = h)}’ > g) < Pr ( no
np Th np Th

According to (S.24)

Pr ( LER{XI(Y = h)} — iE{XjJ(? = h)}‘ > 6) < Cexp(—C'ne?). (S.28)
np Th

for some positive constants C' and C’. Combining (S.25)—(S.28), it follows that
Pr (| Xn; — png| > €) < Cexp(—C'ne?). (S.29)

5} < Cexp(—C'ne?). (S.27)

Therefore, we have proved results (i) and (ii). Next, we derive the upper bounds for I;—I;

using these two results.

(Part IT) For I;, we have

I, <Pr ( lejTEhek - iejTCov{XI(}7 =h)}ey| > 5/10)
np Nk
1 ~
+ Pr (‘ (ﬁ — —) e] Cov{XI(Y = h)}e;| > 6/10) . (S.30)
ng Th
For the first term on right-hand side of (S.30),
Pr ( ﬁeT_hek — —eTCov{XI(Y h)}ey| > 5/10)
np ng
<Pr ( e; TEer — eTCov{X](EN/ = h)}ek’ > 7110£’nh > %) + Pr (nh < %)
n
<Pr (‘e Ener, — e; TCov{XI(Y = h) }ek’ > Whg) + Pr (nh < %) .

Under Assumption (A1), we are given that m™" < ¢;(Cov{XI(Y = h)}) < m for all i € [p]
(

and h € [H]. Then, according to Lemma S.7 and under Assumption (A4), we obtain

Pr ( e; Ene; — eTCOV{XI< =h) }ek’ > ) < Cexp(—C'ne?)
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for 0 < e < C'. And by (S.26), we have
n
—) < !
Pr <nh <5 > Cexp(—C'n).
Thus,

EeTHhek - —eTCov{XI(Y h)}ey
T

Np

Pr < > 6/10) < Cexp(—C'ne?). (S.31)
Since

o] Cor{XI(Y = h)}ew| <IBLX XY = h)} + [ELGIY = WHIE{X(T = )}
<SE(1X;Xk|) + E(X; D E(1 Xk ),
then |e] Cov{X[ (Y = h)}ey| is bounded from above. The second term on the right-hand

side of (S.30) is
Pr <‘ (i — i) eJTCov{XI(? = h)}e,| > 8/1()) <Pr ( 2 05>
<Cexp(—C'ne?), (S.32)

n 1

g Th

ny Th

where the second inequality follows from statement (i). Combining (S.30)—(S.32), we have
I < Cexp(—C'ne?).
Since |ppk| = |7T,:1E{Xkl(§7 = h)}| < m,'E(]X.]), under Assumption (Ad), |up4| is

bounded from above. Then we have
I, =Pr (P_(h,ﬂhuh,k — Whﬂh,j,uh,k‘ > %) < Pr (’)_(h,j — ,Uh,j‘ > 05) .
By statement (ii), it follows that
I, < Cexp(—C'ne?).

Similarly, we can derive

I3 < Cexp(—C'ne?).
For I,, by statement (i), we obtain
I =Pr ( "
np

€
— TR b Mk — Thlth | = g) <Pr (
For I,

- - £
Is =Pr (‘Xh,th,k — [ jbn| = —)
£

<Pr (‘()_(h] ,U,hj th—uhk | —5) + Pr (}/Lh,j()_(h,k_,uh,kﬂ >

> C’s) < Cexp(—C'ne?).

)

Glo

— £
+Pr<‘ﬂh,k(th [ ) _15>

<Pr (| Xn; — pnj| = CVE) + Pr (| Xy — pn| = CVE)
+ Pr (‘)_(f%k — ,U/h,k‘ > C€) + Pr (P_(h,j — /th’j| > C€) .
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Using statement (ii), it follows that
Is < Cexp(—C'ne?).
By combining the upper bounds for I1—I5, we obtain
Pr(|§]h7jk — Y| =€) < Cexp(—C'ne?),

and it follows that
Pr(Hf]h — X lmax > €) < Cp? exp(—C'ne?),

which completes the proof.

S.13.4 Proof of Lemma S.6

LtE=0-0=1I3(2-%)and R = (Ogs+Ess) ! — (Ogs) "' + (Oss) 'Ess(Oss) .

We show that 5
[IMEREY

(S.33)

and the techniques used in the following arguments are similar to those used in the proof

of Lemma 5 of Ravikumar et al. (2011). For any j € [p?], we have
[Ejslli = [{T® (35 = %) }sll < 5]135 = Xlmax < ses,

and then
|Essloo < sex.

Consequently, by the assumption that dysey; < 1/3, we have
_ _ 1
[(@ss) " Essllo < [(Oss) ™ [lool[Esslloc < osex < 3
Then, by convergent matrix expansion,

(Oss + Ess) ™

—[@ss{I + (Oss) 'Bss}| " = {1+ (Oss) 'Ess} ' (Oss) ™' =Y (-1)*{(Oss)”
=(0s5)"' — (Oss) 'Ess(Oss)” Z {(Oss) 'Ess} (Oss) ™"

=(Oss) " — (Oss) 'Ess(Oss) ' + (@Ss) 'Ess(Oss) 'Ess¥(Oss) ™,
where ¥ = > (—=1)*{(©ss) 'Ess}*. Therefore,
R = (Oss) 'Ess(Oss) 'Ess¥(Oss) "
Then,
IRlloe < [[(@s5) I3 1 Ess 121 -
And for ||®||«, by (S. 34) we have
1

3
Ul < (O@ss) 'Ess|t, < <-.

35

(S.34)

) 'Ess}"(Oss) ™!

(S.35)

(S.36)



Combining (S.35) and (S.36), we obtain (S.33).
Since (égs)_l — (@55)_1 =R — (@53)_1E55<@35)_1, then

1(©@ss)™" = (Oss) Moo < | R|oe + [|(Oss5) 'Ess(Oss) ™[l

3 3
§§52€2293 + |Esslloll(®ss) %, < 55282293 + sexdy-

S.14 Proof of Theorem 3

Define the event F := {gpmin(iAA) > K~'} for some K > 0. Let
I=ENF,

where the event E is defined in (S.12). We show that under event I, we have

~ ~ s?logp
d=d, D S/ :
Y (/B’ﬁ)r\./ n0_2

(Part I) Recall that B = (By,...,By) € R™(9 ig the minimizer of the nuclear-norm
penalized optimization problem (6). Denote B = (M 4, ..., My_44) € R*H) and let

m = maxy, || Ay a4l/1. We have the following result.

Lemma S.8. Under conditions that A = A and gpmin(f]AA) > K~ for some K > 0, we
have that |B — B||p < 2K{(8omes + £a)V2H + Aay/5}.

According to the proof of Theorem 2, under event E and Assumptions (Al)—(A5), we
have A = A. Therefore, under event I and Assumptions (Al)—(A5), the conditions in
Lemma S.8 hold. Moreover, by Assumptions (A3) and (A6), 6y and 7, are bounded, and

under event F, we have max{ey,ea} < y/clogp/n. Then, by taking 0 < Ay < /slogp/n,
we obtain from Lemma S.8 that

IB = By < d/s?logp/n, (S.37)

where ¢ > 0 is a constant depending on parameters m, 6y, 1, H, 7, || X;||y,, and ||le(}~/ =
)|y, for j=1,...,p,and h=1,... H.

Then, it follows that |B — B|| < |B — B||p < ¢/+/s?log p/n. By Assumption (A7), we
have |[B — BJ|| < 0/2. By Weyl’s inequality stated in Lemma S.20, we have

64> 04— ||[B=B||>0/2, G441 <041 +]|B-B|<o/2. (S.38)
Recall the definition of c?, that is,
d=[jl0; =06} A dmax.

Since we take § = /2 and let dy,.x > d, we obtain that d=d.

(Part II) Let n € R**¢ be the matrix consisting of top-d left singular vectors of
B and construct 3 = (n',0")". Then B is the basis matrix of Ssavg. Recall that 7;
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is the left singular vector of B corresponding to the jth largest singular value and that
Bj = (AJT,OT)T. Let § = (M1,...,m;) € RSx4, According to Part I, A=Aandd=d
under event I, then ) = (71, ...,M4) € R**?. Since the size of 7 matches that of n under
event I, then D(B, () is reduced to D(m,n), that is,

D(B.B) =[Pz — Pgllr/V2d = |P7 — Py|lr/V2d. (S.39)

We define the principal angles between the subspaces spanned by i and n as (0y,...,6;) =

(cos™twy,...,cos7 wy), where wy > -+ > wy are the singular values of n'n. Define

sin @(B\, B) = diag(sinfy,...sinf;) € R4 According to Lemma 1 in Cai and Zhang
(2018), ||P7 — Pyllr/v2d = || sin ©(7,n)||r/V/d, then we have

D(B,B) = || sin©(#,n) || r/Vd. (S.40)
By Wedin’s sin-© theorem stated in Lemma S.21, we have

w6, < o 2lr BBl

= |Ga— oas1] oF

(S.41)

Therefore,

IB - Bllr
Vdo,

According to (S.37), we have ||]§ —B||r < /s?logp/n, and by (S.38), 64 > 0 /2. It follows

that
~ s?logp
D < :
(B.8) s\ =%

(Part IIT) We show that event I holds with high probability. Since we have shown that
event F holds with probability at least 1 — Cp~¢", it remains to show the high probability

D(B.B) < (5.42)

of event F.
By applying Theorem 10.5.11 in Vershynin (2018), we obtain that

0.9 < ¢Z(s) < Zuls) < 1.1

with probability at least 1 — C exp(—C"n) for some constants C, C’ > 0, if cslog(ep/s) <n
for some sufficiently large constant ¢ > 0. Since we assume that n > cys?logp, by taking

large enough constant ¢ > 0, we have cslog(ep/s) < n for some constant ¢ > 0. Therefore,
mein(iA-A) 2 @ﬁin(s) 2 0.9
with probability at least 1 — C'exp(—C’n). Then, by the union bound, event [ holds with

probability at least 1 — Cp~©".
]
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S.14.1 An intermediate result for subspace estimation

The following proposition makes explicit the interaction among the subspace estimation
error D(3,3), the bias induced by the nuclear-regularization \oy/s, and the signal gap

o= o0y

Proposition S.1. Under the same conditions as in Theorem 3, with probability at least
1—Cp= %, we have
~ 2K{(0 Vs?H 4+ A
DB, B) < {(Bomiex +€i> s°H + 2\/5}
Proof of Proposition S.1. The proof is similar to that of Theorem 3. Let I = E'N F, where
the event E is defined in (S.12), and the event F' := {(pmin(iAA) > K~} for some K > 0.
Under event I, by (S.42), we have

- IB — Bl|r
D(B,ﬁ)s—\%d :

Moreover, by (S.38), 64 > /2. Then, by Lemma S.8, it follows that
2K{(bomes +ea)Vs2H + Aay/s}

g

D(B,B) S

which completes the proof.

S.14.2 Proof of Lemma S.8

Under the assumption that A= A, we have
H

. _ 1 . -
B = argmin E {étr(BZEAABh) — tr(BgAh’AA)} + Xo||(By, ..., By)|l,
Bi,..., BpyeRsxs h=1

AISO, recall that Mh,AA = (EAA)flA}LAA. We define B = (Ml,.A./b cee ,MH,AA) € RSX(Hs)v
A = (A a4, Ay an), and AL = (Al,AA, e AH’AA). Since B is the minimizer,
then

Ao(|IBll = [IBIl+)

1 < ~ 1 =ra =& PP

§§tr(BT2 aaB) —tr(BTAW) — 5tr(BTz aaB) + tr(BTAW)
sH 1 N N 1 o N N

- Z (iBijAAB*k - B*TkA£?) - §BIkEAAB*k‘ + B*TkAS::))
k=1

sH
1~ S . SN
= {—5(]3*k — B.t) S4Bk — Bup) — (ZauBu — Al By — B*k>} . (S43)
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Rearranging (S.43), we obtain

sH
> (Buk — Bu) "Zaa(Bux — Bup)
k=1
sH
< — 2Z<ZAAB*k — AS:/?);B*k — Bux) — 2X(]|B]« — [|B]]+)
k=1
sH R N N N
<2) ||ZaaBi — A B — Bugll + 222 B - B, (S.44)
k=1

For HfJAAB*k — Bi“:)ﬂoo, we have
S ~ (A S ~ (A
1Z44Buk — A% oo <IZ44Bik — ZaaBuk + ZauBur — A
S A ~ (A
< SauBik — Bl + (A5 — ALl
SHE - EHmaXHB*kul + m}iax HAh - Ah”max>
where we used the fact that A = 3 4B in the second inequality. Moreover,
— A — A _
Bkl = [[(Zan) AR [ < 1(Ba) M IAS 1 < 1(Zan) AW < G

Hence, we obtain

IZ44Bu — ALYl < bomnes + ea. (S.45)
By plugging (S.45) into (S.44), we obtain
sH N N N
Z(B*k - B*k)TE.AA(B*k - B*k)
k=1
<2(Bgmes, + en)Vs2H||B — Bl|p + 2X24/5|| B — B|| . (S.46)

On the other hand, we assume that

Spmin(iAA) 2 K_l-

Then,
sH N R N N sH N N
Z(B*k - B*k)TEAA(B*k - B*k) Z@min(zA.ﬁo Z(B*k - B*k>T<B*k - B*k)
k=1 k=1
>K B — B|3. (S.47)
By combining (S.46) and (S.47), we have
IB — Bl|p < 2K{(Gomes +ea)Vs2H + Aov/s}. (S.48)

]

S.15 Proof of Theorem 4

Additional assumptions are listed in the following:
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(A8) There exists a constant m > 0 such that m™ < Vi (Zr) < Cmax (k) < m, ||pr —
pilo <mfork=1,... K.

(A9) There exists some constant 7' > 0 such that | ;' = 27 |r < T, for k=2,..., K.

(A10) Denote Qi (X) = Qr(X) — Qu(X), 1 < k < k' < K, and let fq, ,, denote the
density function of Qg (X). Assume that for some constants §, M > 0, we have
SUP|yi<s fQ, 0 (T) < M.

For the new observation X*, denote the SAVE variates given the true 8 as Z* = 8" X*.
We rewrite the kth discriminant function Q(Z*) = Qr(X*) as

QuZ) =5 (X — ) B{ATRB) — (875,8) 187 (X" — pu)
(e ) BBTSB) BT (X — )+ g — 1) BBTSB) BT (s

1 ’BTEIB‘ T
Tl (Wzkm) M (H) |

The estimated discriminant function @k(i*) can be expressed as

=S (X ) TBUATEA) ! — (BTB) AKX — i)

(i — i) BBTEB) BT (X" — i) + (i — i) BBTSB) BT (i — i)

2
) A8 (%_)
2 g(!m km)mg 7))

We prove the consistency for the classification error by recognizing that for some gq > 0,
R(¢) — R(¢") < Pr(¢(X") # ¢"(X"))

< 1—Pr(|Qu(Z") — Qu(Z")| < 20, |QK(Z") — Qu(Z")| > 260, 1 <k < K < K)
K

K K
U (1Q(Z7) = Qu(Z")] > o) + | Pr(|Qk(Z%) — Qr(Z7)] < 2&0)

k=1k'=k+1

~

Qw(Z)

(S.49)

Since Qi(Z*) — Qu(Z*) = Qr(X*) — Qu (X*) = Qrw (X*), according to Assumption (A10),
by taking ¢y < 9, we have

Pr(]Qk(Z*) — le(z*)‘ < 250) = Pr(\Qk’kf(X*)\ < 2€0> < 4M80. (S50>

To show the high-probability upper bound of Pr(|Q(Z*) — Qx(Z*)| > ), we require
the following conditions:

(D-i) A= A;
(D-ii) [P35 —Pgllr < v/s*logp/(no?);
(D-iii) || Zpaa — Spaul < V/SPlogp/n, k=1,..., K;
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(D—iV) ||ﬁ/€ - l-'l’kHOO 5 V logp/n’ k = 17 cee 7K
(D-v) |7p — m| S /logp/n, k=1,..., K

The following lemma is needed.

Lemma S.9. Under Conditions (D-i)-(D-v) and Assumptions (A4)(A8)(A9), we have
Pr(|Qk(Z") — Qu(Z")] > <)

2 2]
oo cmin(L G logp/ (n0?)
ogp/(n0?)" /s logp(no®) ) | {20 — v/5logp](noD) 2

By Lemma S.9 and the results in (S.49) and (S.50), we have
R(9) = R(#")

2 2]
Sexpq —Cmin | — 0 50 0 5" logp/(no”)
s?logp/(no?)’ \/s2logp/(no?) {50 — /s?logp/(no?) }2
By taking g = C{s?log p/(no?)}'/? for some constant C' > 0 such that g9 > 21/s2logp/(no?),
it follows that

~ . s2logp\/? s2logp ~/° s2logp\/?
R(¢>—R<¢>5( %) +exp —c( %) 5( %) .
no no no

It remains to prove that Conditions (D-i)—(D-v) hold with high probability.
We first show that under QDA model, Assumption (A1) is implied by Assumption (AS).

Under QDA model, X follows the gaussian mixture model, which is clearly the sub-Gaussian

distribution. And according to Lemma S.22, under Assumption (A8), the eigenvalues of
Cov{XI(Y = h)} are bounded. For X, since

3 = B{Cov(X | V)} + Cor{E(X | Y)} = > mZk+ Y melpun — o) (s — 1)

k=1 k=1
Therefore,
K
mein(z)) Z Zﬂ-k(pmin(zk) Z m—l)
k=1
and
K K
@maX(E) < Zﬂ-kgpmax Ek + Zﬁknﬂk - M’HQ <m+ 4m
k=1 k=1

Therefore, Assumption (A1) holds.
Under Assumptions (A2)—(A8), by Theorems 2 and 3, we have that A = A and that

2]
IP;—Pgllr S/ P

no?

with probability at least 1 — Cp~¢". For Hik,AA — X a4l|, since

15k aa — Skaall < 812k — Zkllmas-
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By Lemma S.5, we obtain that
s2logp

1544 — Zpaall S -
with probability at least 1 — Cp~¢". Similar to the proof of (S.29), we derive

Pr(|fik; — sl > €) < Cexp(=C'ne?).

— lo
I — plloo S ) 22
n

with probability at least 1 — Cp~¢". Moreover, under Assumption (A4), by Hoeffding’s

Then

inequality stated in Lemma S.16, we have that
Pr(|7, — | > ) < 2exp(—Cne?).
Then, we have

logp
n

T — | S

with probability at least 1 — Cp~¢".
Therefore, Conditions (D-i)—(D-v) hold with probability at least 1 —Cp~¢", which com-
pletes the proof. O

S.15.1 Proof of Lemma S.9
Recall that 7, = ny/n, \ilk = B\Tika, and 1, = B\Tik. Define following notations,
U, =428 D,=0.'-¥;' D,=0;'-¥' O0=0,0],

where O, O, € R4 are matrices composed of left and right singular value vectors of Er 3.

We first introduce the following helpful lemmas to facilitate the proof.

Lemma S.10. Let Oy, Q4 denote the matrices composed of left and right singular vectors
of ,@Tﬁ, and O = 0,07, then we have

|8~ 8Os < [P5—Pgllr.
Lemma S.11. Under Assumption (A8), we have
(WL <m, ¥ <m, k=1,...,K.
Moreover, by further assuming Assumption (A9), we have
IDillr <m*M, k=1,... K.

Lemma S.12. Under Conditions (D-i)—(D-iii) and Assumption (A8), assuming that c;s*logp <

no? for some sufficiently large constant ¢, > 0, we have

AT _ s%lo
18,87 L, BT <37 55 k=1 K
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Lemma S.13. Under Conditions (D-i)-(D-ii1), assuming that c1s*logp < no? for some

sufficiently large constant ¢y > 0, we have

~ 2]
1B, — 0T W0l S /2L

—h k=1L K.

Moreover, by further assuming Assumption (A8), we have

~ 21
1, -0 %, 0 S/ 2P k=1, K
no

Pr(|Qx(Z*) — Qu(Z)| = 20) = Y mw Pr(Qu(Z7) — Qu(Z")| 2 20 | Y* = }),  (S51)

we decompose Q1(Z*) — Qi(Z*) as
Qu(Z) = QuUZ") = M (X*) + ho(X*) + g1+ g2 + gs + ga + g5 + gs + 91,
where
m(X") =, [(X° — ) T(BDLAT — BDBTI(X" — ) — r(SLA(BDLAT — pDLBTIEYY]
ha(X*) =(X* — ) {(pr — 1) TBDRBT — (pw — 1) TBDRBT — (fir — fin) B, 18T
+ (e — ) ' BY' BT,
g = [{SHHBDBT — BDLBT)S}) — r{(Dy ~ 0TD,0)(0"w,0)}]
92 25{(%/ — 1) BDB (i — fin) — (s — 1) BDKB (i — )},
s =5 — Fin) BB (i — in) — (s — o) BB (e — g}
g1 == (A — ) ' BYB (1 — i),
g5 = = {(fn — ) BE' BT — (e — 1) BB (b — ),
go = 5 [108(1 %11/ Bs]) — loa(1%1]/| %)) — tx{(Ds ~ OTD,0)(0Tw,0)}]
g7 =log (71/7) — log (m1 /me)
It follows that

Pr(|Qk(Z*) — Qu(Z")| > e | V" = K
7

ha(X) + Zgj

J=1

SPI’(‘hl(X*” Z 80/2 | Y* = ]{7,) —|—PI’ <

> 60/2‘Y* = k/>

—:Ly + Lo. (5.52)

Part I: Upper bound of L.
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Rewrite X* | (Y* = k') = gy + X1/°U, where U ~ N(0,L,), and let
M = 3,/(BD,8" - BD,87)%,/,
then
(X" = ) (BD4BT — BDLBT) (X — ) | (V" = k) ~ UTMU,
Moreover,
E(U™™U) = tr(M) = tr{,*(8D,8" — BD:8")%,/*}.
Therefore, by Hanson-Wright inequality stated in Lemma S.19, we have
Ly =Pr(|h(X*)| > g0/2 | Y* = k) = Pr(JU'MU — E(U'MU)| > &)
2 5
< 2exp {—C’ min (m, m> } . (S5.53)
In addition,
IM|[% < 1BDxB" — 8D}
and
IM|| < IBDB" — BD:BT .

According to Lemma S.12, it follows that
IBDB" — BDUAT 1 < |BE T — B+ |1BETET - e 5 ) T
Then,

. g2 €o
o - , S.54
1 < 2exp { o <82 logp/(no?)" \/slog p/(no 2)> } o

Part 1I: Upper bound of L.

Given Y* = k', we have
hao(X*) | (Y* = K') ~ N(0,0), . Zw O 1),
where
Ou . = BDLB sy — ir) — BDKB (par — 1) + BB (1 — fix) — BY BT (11 — ).
Then, by Markov inequality, when | Z;Zl gl < €0/2, which will be shown later, we obtain
that

y 00, T80k _ [Bwl3ISel
Col2 = ISl (Eof2— | S o))

(.55)

ha(X*) + Zgj

J=1

Z 50/2'}/* = ]{Z/> S
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(1) Upper bound of ||y x||2. Under Condition (D-i) that A= A, we have
1B, BT (i — i) — BB (11 — pue)2
=8B {( — i) = (w1 = )} + (BE, BT = BB (1 = )
<IN (s — p1.40) — (Froas — pias) 2l (Bas P Bl — Ba®; ' BL) + Ba T BL|
Ll = pello| B BT — BT
Since ||ftg ax — praxll2 < VS| Bk — prlloo, then by Condition (D-iv), we have

||ﬁk,,4* - Mk,A*HQ SV slogp/n.

By Assumption (A8), we have ||pr 4. — p1 a4]|2 < [tk — p1]|2 < m. And by Lemma S.11,
under Assumption (A8), we have ||B4. % ' BL| < [[®:']| < m. Moreover, according to
Lemma S.12, we obtain

s?logp
no?

1849, B — Ba®; 8L < 18987 — B,'BT|r S

Thus,

s?logp

1BY; 8" (i — i) — BY BT (1 — pa)l|2 S (S.56)

no?
In addition,

IBDB" (px — Fix) — BDkB” (b — paa)l2
<|BDyB" — BDiB" lkew — pill2 + (1BaDiBhs — BaDiB|l + [1B4DiB Al 1,4 — B
By Lemma S.12, we have

N o B PPN 3 s?logp
IBDA — B8 | < |BE BT — U BT+ |BETB — puT e < /2P
By Lemma S.11, under Assumption (A9), we have
[B4-DifB ]| < D]l < Dyl < m" M.
Then, it follows that
~n N s?logp
1BDB" (prr — 1) — BDBT (b — pr)[l2 S R (S.57)
Therefore, by combining (S.56) and (S.57), it follows that
s2logp
10k k]2 S >
no

(ii) Upper bound of |g1|. Since
tr{=}/*(BD;8" — BDB1)E,/*} = tr(D,8" T B) — tr{(0"D,0)(0T ¥, 0)}

=tr{Dy(8 — BO) "Ey (B — BO)} + 2tr{Dx(B0) " Ey(8 — BO)}
+tr{(D; — 0'D,0)(0"¥,,0)}.
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Then,

o = [ir {SVA(BDBT - BDLETISY} — 1{(D, — 0TD,0)(07W,0)}

<5 |[r{B(B ~ B0) S(B ~ FO)} + 2(D1(B0) S (B ~ FO))
+r [(ﬁk — 0D, 0){0T (¥, — \111)0}} ‘
<5|(Bi — 0™D,0) + 07D,0] 1B ~ O £/} ~ BO S|
+1/(Dy — O'D,O) + O"D,O||||BO|||Zx |8 — BO||r
+ %Hﬁk — O'DO|p||Tw — Ty .
By Lemma S.11,
|OTDyO||r < Dyl <m'M,  [[Sp | < m,
and
1@y — O1|[p < [ CpDyp®||r < [ @Dy p[|©1]] < m°M,

According to Lemma S.10, under Condition (D-ii), we have

~ s?2lo
18— BO|lr < |P5 —Pgllr < 5P

no?

And by Lemma S.13, under Assumption (A8), we have

N o7 -1 _ OTp-! -1 _ OTwg-! < s?logp
[Bs ~ 0" DOllr < [F;" ~ O Oflr + [F7' — O Of[r < /= 5L

Collecting all pieces above, we have

2
01] < o) 282
no?

(#i) Upper bound of |g2|. Under Condition (D-i) that A= A, we have
92| = 1\(#1« fir)" BDBT (i — fir) — (ptr — p1) " BDRBT (e — poa)|
§§|(Mkf — 1) (BDBT — BDB") (ptrr — pa)| + |(p1 — i) BDLBT (b — 1)
+ %KM - ﬁ1)TBﬁkBT(I~L1 — )|
<l — wiZIBDBT ~ ADT|
+ |1, a5 — B, ael|2]| o1y ax — IJJ1,A*H2(HBA*]51€B,T4* — Ba:DiBL| + [|1B4DiBal)

1 ~ I
+ 5”.&1,,4* — fi1 4| 2(1B4DiB L, — BaDiBL + |1 B4DeB L)
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According to Lemma S.12,
1B4DiB k. — BaDiBLll < |BDB" — BDLA |k

<|B¥;'8" - BB [r+ BB - BY Bk S
By Condition (D-iv), we have
| Bk e — Bre,axll2 < \/§||ﬁk — Pilloos S V/slogp/n,

and by Assumption (A8), || 4« — p1.44l[2 < ||x — pall2 < m. According to Lemma S.11,
under Assumption (A9), ||B4:DrBL. || < [|Dil| < m*M. Therefore,

2
92l S () 82,
~ no?

(iv) Upper bound of |gs|. Under Condition (D-i) that A = A
(A — i) B BT (A — fin) — (e — ) BB (i — pu1)

={ (i — ) = (A — )} {(BL'B" — BL,'BT) + BB} (i — i)
+ (e — ) {(BY' BT = Y BT) (B — i) + BB { (B — ) — (fr — p1)}}

={(Bas — Bras) — (Bras — w140} {(BaC 8L — BT BL) + Ba¥y ' BLLY (s — Biras)
+ (e — 1a0) (B B, — Bar¥; Ba) { (Brae — Brae) — (e — p1ae) + (hae — p1a0)}
+ (peas — p1,40) B ¥ B A (Brar — pran) — (B1,ae — p1.44) }-

Then,
(i — A1) B BT (B — i) — (e — 1) BB (i — ) |

< (g, ae — pgae) — (1,40 — porae) 2 ([[(Br,ae — Bi1ae) — (B4 — a2 + [k, a0 — p1,44]|2)
(1B Bl — BT B+ 1842 B L)
ke = B 2B B, — Bac W' BL
(ke — B2, 40) — (B4 — B1,40) 2+ |1k, ax — 11, 44]]2)
ke — 101 a2 1848 BN Bk ae — B, ae) = (Brae — pr,a0)]]2-

s?logp
no?

Similar to arguments in Part (iii), we have

2
90l S 1/ 82,
~ no?
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(v) Upper bound of |g4|. We have
(= ) BB — )
= ’{(ﬁl,A* — Broa) — (140 — teas) + (B1as — )}
{(BaT; Bl — BaY BL) + Bac W Bl 1 s — fir as)
<[lper,a = By acllo (11,40 = Biras) = (Brae = pa) 2 + | 1,20 = poac]2)
(BT B, — BT Bl + 1842 BN
Similar to arguments in Part (iii), we obtain that

slogp

|94\ N .
n

@Z) Upper bound of |gs|. Similar to arguments in part (iv), under Condition (D-i) that
A=A, we have
(A — 0) BT BT — (e — ) BT, B7
={(x = ) = (A — )} {(BELBT - B;1BT) + B, BT)
(e — ) (BB pEBT)
={ (e = ) = (Bras = pa)} {(Bac ¥y Bh, — Ban ¥ BL) + Ba ¥y B4}
+ (e — ) (BB - pELBT).

We obtain that
/s2log p
95 S 5 -
no
(vii) Upper bound of |gs|. Since

{(0"D,0)(0"¥,0)+ 1} =0"(D,¥, +1)"'0 = 0" (I - D,¥;)O
=I - (0'D;0)(0"¥,0),

then according to Lemma 8.7 in Cai and Zhang (2021), we have

log(|®1]/|®x]) — log(|W:|/|Wk]) = log |Dy¥; + 1| — log |(0TD;0)(0TW,0) + 1]
<tr[{(0"D,0)(07w,0) + T} {D; ¥, ~ (0 D,0)(0"¥,0)}
—tr [{I — (0"D,0)(0T¥,0)}{D, ¥, — (oTDkO)(oT\Iflo)}]
=tr{D,¥; — (0" D,0)(0"¥,0)} — tr | (0"D,0)(0T¥,0){D,;¥, — (0"D,0)(0"¥,0)}
=tr{D,¥; — D;(0T¥,0)} + tr{(D; — 0"D,0)(0" ¥,0)}

Ctr [<0TDk0)(onko>{ﬁk@1 - (oTDkO)(onlo)}} .
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Hence,
log(|1]/|Wy|) — log(|W1/|®]) — r{(Dy — 0'D,0)(O"¥,0)}
<tr{D,¥; — D,(0"¥,0)} — tr |(0"D,0)(0"¥,0){D,¥; — (0’ D,0)(0" ¥,0)}
<tr{Dy ¥, — D(0O"¥,0)} + ||Dy || €4 ]| DT, — (0" D, 0)(O" ¥, 0)| . (S.58)
For |D, ¥, — (O"D,0)(0OT®,0)| s, we have
|D, ¥, — (0TD,0)(0T¥,0)|»
<D ¥, — Dx(O"¥,0)||r + [|(Dy — O'D,0)(O" ¥,0)|
<(|Dx — 0'D,O||r + |0 "DO| )| ¥, — O"¥,0] + D), — 0" D,0||s]|0" ¥, 0]

According to Lemma S.13, under Assumption (A8), we have

- . 2]
1, - 0T ®,0| < || -0 ¥,0]r S \/ 2L,
no

D, 0" -1 AOTg-! =1 ATa-L < s?logp
Dy — O ' DiOllr < | ¥, —O ¥ "Of[p + ¥, =0 ¥, Ofr 5

)
no?

And by Lemma S.11, we have
|O™D:Olr < Dyl < m'M,  [OT%,0] < [ &]| < m.

~ o~ 2]
IDx¥, — (0"D,0)(0"W,0)||r < /L. (S.59)
no
For tr{D;¥; — D,(OT®¥,0)}, we have

tr{D,¥; — D,(0T¥,0)}

Therefore,

N ~ s2lo
<(|Dx — 0'D,O| ¢ + [0 D,O||#)[|¥), — O ¥, 0| < 5P

(S.60)

no?
By combining (S.58)—(S.60), we have

o8]/ F4)) — log(| .|/ |]) — 1r{(Dy ~ 0'D,0)(0",0)} < 1/ BL.
Following the similar arguments, we obtain that
tr{(Dy, — 0" D40)(0"¥,0)} — {log(|W,|/|¥]) — log(|®4|/|¥y])}
<tr{D,(0T®,0) — D,¥,} — tr [ﬁk@k{(OTDkO)(OT\PlO) - ﬁ,ﬁq}}

[ o2
<. /8 logp.
~ no?

Therefore,

2
90l S 1/ 8,
~ no?
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(viii) Upper bound of |g7|. We have
|log (71 /7)) — log (m1 /7)) | < |logm — log mi| + | log T, — log x|,
and

~ 1 1) -~
|logm —logm| < maxq—,— ¢ |m — m).
T T

Under Condition (D-v),

m — Cy/logp/n <7 < m + Cy/logp/n,

and

1 1 1
maX{W_175T\_1} < — C\/W'

Then, under Assumption (A4), we have that

|logm —logm| < |m — m.
Similarly, we obtain

|log T — log 7| < Tk — 7kl
and it follows that

|log (71 /7k) —log (m1/mi) | S |m1 — mi| + [T — me| S V/logp/n.

Then,

lg7] S V/1ogp/n.

According to (S.55), we have

Pr ( > 50/2’Y* - h) < s*logp/(no) (S.61)

™ {eo — \/s?logp/(no?)}?
By combining

Pr(|Qxl

ha(X7) + Zgl

=1

.52)(S.54)(S.61), we have
)= Qr(Z7)| 20 | Y =h)

(S
7

< exp {—C min ( i 0 ) } + s logp/(no”) .
~ s2logp/(no?)’ | /slogp/(no?) {0 — /s?logp/(no?)}?
Thus, by (S.51),
Pr(|Qu(Z") — Qi(Z7)| > =)
s?logp/(no?)

<exp{ —C min i , =0 .
~ p{ ¢ <52 logp/(no?)’ | /s2 logp/(na2)> } * {eo — /s?log p/(no?)}?

]
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S.15.2 Proof of Lemma S.10

Let O;AQ, denote the singular value decomposition of ETﬁ, where A = diag(cos b, ...,cosby),
and 6, j = 1,...,d, are principal angles between span(B\) and span(3). Let O = 0,0/
and sin @([/3\, B) = diag(sin by, ...,sind,), we have

18- 803 = tr{(B- BO)" (B - BO) } =2d - 21x(3" BO)

d d
:2d—2200s0j §2d—2ZC0529]-

j=1 =1
= 2||sin©(3, 8) I3
Therefore, according to Proposition 1 in Cai and Zhang (2018), we have
I8 — BO||r < V2|sin©(B, B)||r = [|IP5 — Pgl|r.

S.15.3 Proof of Lemma S.11

For || W], by Assumption (A8), we have
el < 18I 1%e] = k]l < m

for some constant m > 0. For |[¥,!|, since
1

Ul = —,
|| k mein(\I’k)

and

Qomin(\:[’k) = (,Omm(,BTEk,B) Z wmin(zk)a

then by Assumption (A8), we have ¢ (Xg) > m~!. Thus,

1
Cuin(Pr) > —, [T <m, k=1,... K. (5.62)
m

For ||Dg||r, we have
IDellr = 195 (U1 — T T I < 19 121210 — Tl
= [ 1 12— Sl
Moreover,
1Z1 = Billr = 1Z6(Z" = B Bullr < ISl 12" = 20 e < w20 = 20 e

According to Assumption (A9), |2,;" — I7'||r < M for some constant M > 0 and k =
2,..., K. Therefore,

|IDil|lr <m*M, k=1,... K. (S.63)
O
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S.15.4 Proof of Lemma S.12

We have
g@;BT _ B\IlglﬁT
=BY¥,'3" - BO(0'¥;'0)0" "
=(B -~ BO){(¥;' —0"¥;'0) + O ¥;'0}B"
+ 60{((1};1 _ OT\I,?O)ET + OT\Pglo(BT _ OTﬁT)}.
Hence,

18%'BT — BB,
<||B - BO|r(|¥;' — O ¥, 'Ol + |[OTT;'O|)|B]
+||BO||||¥;' — OT¥; O] #(||B — BO| + [|BO]|) + ||BO||||O" ¥, 'Ol 8 — BO||~.
(S.64)

According to Lemma S.10, under Condition (D-ii), we have

=~ s?logp
13- BOlr < |[P5— Pallr 5 /= 22, (5.65)

Under Assumption (A8), by Lemma S.11, we have

|07®; 0] < ¥, < m. (5.66)
And by Lemma S.13,

~ _ s?logp

”‘Ilkl _OT‘I’kIO”F 5 no? (8-67)
By combining (S.64)—(S.70), it follows that
|B¥BT - BY BT (s S /=5

no

O

S.15.5 Proof of Lemma S.13
Under Condition (D-i) that A= A, we have BAC* =0 and
U, — 09,0 =B, %) auBa. — 0" B Zk.448.4.0
=(Bar — B4.0)T (ZpaaBas) + (B4:0) (ZpanBas — Bp.aaBa.0).
Then,

|9 — 07Ol <[1Bas ~ Ba.Olr (I8k44Bae — BasBaOl + 24,4480l )
+ 118402k, 44Bas — Bk, 4484.0 .
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By Lemma S.10, under Condition (D-ii), we have

~ ~ s%?logp
B4« = BaOllr < 1B —-BO|r <Pz —Pgllr 3 :

(S.68)

o3n
Moreover,

|2k, 44845 — X 44840
<(||Zk,a4 — B aall + |12k,a4])[|Bas — BaOllr + | Zk,a4 — X a4l rl|Ba:O|l.
By Conditions (D-ii) and (D-iii), we have

- ~ s?lo
15 aaBas — ZhanBacllr S 1) 2L
no
- s2lo
¥, — 0T w,0|p < 4/ pr. (S.69)

For ||'§[\l,;1 — O, '0O||F, since
T -0'w'0=0;' — (0T9,0)" = ¥,/(0"¥,0 - ¥,)(0"¥,0),

It follows that

then

1% — 0T, 'O|lr < [T, |07 ¥,0 — || OT ¥, O|.
According to Lemma S.11, under Assumption (A8), ||¥, '] < m, and it follows that
Omin(Pr) > m~1. Then by Weyl’s inequality, we have

~ . 1 2]
Umin(\Ijk) > Umjn<OT\I’kO> — H‘I/k — OT\IIkOH > E e sTlogp

no?
for some constant C' > 0. It follows that

—1
—~ 2
G = — L < (L ooyler)
O—min(‘I’k) m no

Since we assume that c;s%logp < no? for some sufficiently large constant ¢; > 0, then

||\fl,;1|| is bounded from above. By collecting all the pieces above, we obtain that

~ B [s2logp
||‘I’k1 - OT‘I'k;IOHF S no? (5.70)

]

S.16 Proof of Lemma S.1

Let U = X4 = (X;,X)" and T = (£,¢)". Conditional on U, the variable X3 has
distribution N(I'"U, 1), which does not depend on Y. Therefore, Y 1 X3 | U, and the
active set is A = {1, 2}.

Since Y is uniform on {1, 2}, we have ¥ 44 = Cov(X4) = %ELA.A"—%EQ”AA =I,. Hence
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A an =244 — X4 =712 and Ay 44 = 39 aa — X a4 = —7J2. Next, for each h,
Ypoase =Cov(Xy, X5 | Y =h)

=Cov(U,T"U +¢|Y =h)

=Cov(U,T"U | Y = h) + Cov(U,e | Y = h).
Since ¢ is independent of (U,Y’), the second term is zero. For the first term,

Cov(U,T"U | Y = h) = Zj,_aul.
Therefore,
Xhaae = 2p a4l

Similarly, 3 g4c = 244", and thus

Apase = Bpaae — Daae = (Bpaa — Ba)T = Ap aal.

By Theorem 1, Mh,A.A = (E.AA)_IAh,AA and Mh,A.AC = (EAA)_lAh,AAc. Since Y44 = I,
we obtain

M, g4 =7d2, My gu = —7J2,

and
MI,AAC = 2T 12, MQ’AAC = -2t 12.
For any i € A, we have M. ; 1) = (7, -7, Mg = (T, —7)7, and M.z = (20T, —207)7.
Therefore,
max | M,i]l> = var, max | M,i]l> = 2V2(7.

If0<7<7,/v2and £ >r,/(2v/27), then 27 < 1, < 2¢/207, and maxjea [ M2 <
T < MaXjege || My j]2 for each i € A. Taking 7, = c¢y/s?logp/n finishes the proof. [

S.17 Proof of Corollary S.1

Let ey, = ||§A.A_2.AAHmaX and £A = max;, ||£h,AA—Ah7AAHmaX. For some constant ¢z > 0,
define the event

G := {max{gg,gA} < \/m}

We show that Corollary S.1 holds under event I N G. First, we prove that under event
I=ENF,
HB — BHF S 2K{<00771g2 + gA) V 82H + /\2\/5}
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The proof is similar to that of Lemma S.8. By (S.44), we have
sH

Z(ﬁ*k — B*k)TiAAG/?;*k — B.x)

k=1

sH
<2) 1B auBuk — AL [ Buk — Burlly + 22| B — B
k=1

Then, for || 44Bu; — A%V ||, given that AW = 4B,
1S4Bu — AP [loo <8 aaBuk — SaBuilloo + A5 — AP
<IBaa — Bl Burll + max [ A aa — Apaallmo
<Oymes + Ea.

It follows that
sH

Z(ﬁ*k - B*k)TiAA(E*k - B*k)
k=1

<2(0gmEs + Ea)Vs2H||B — B||p + 2X2v/5|B — B

Moreover, under event I, wmin(i a4) > K. Therefore,
sH
Z(B*k —B.) ' S44(By, — By) 2K 71|B — BJf;..
k=1
Hence,
|B — Bl|p < 2K{(fomés +Ea)Vs2H + Xo/s}.

Then, under event GG, by taking 0 < Ay < \/slogs/n, it follows that

IB - B||r < &/s2logs/n,
where ¢ > 0 is a constant depending on parameters m, 0y, n1, H, s, | X;||,, and ||Xj_f(}7 =
h)|lg,, for j=1,...,p,and h =1,..., H. Moreover, H]§—BH < ||]A3—BHF < E\/m.
Then under Assumption (A7), |B — B|| < ¢/2. Therefore, by Weyl’s inequality (cf.
Lemma S.20), we have 64 > 04 — |B — B|| > 0/2, and 641 < 04r1 + |B — B|| < ¢/2. By
taking 0 = 0 /2 and let dp.x > d, we obtain that d=d.

Following Part II in the proof of Theorem 3, we have

. N B-B s?log s
|sin0@ n)llr < IBZBlr | /i*logs
04 no
~ s?log s
D(B,B) S 5
no

Now, we show the high probability that event I NG holds. It has been shown in Part I11
in the proof of Theorem 3 that event I holds with probability at least 1 —Cp~¢". Following

Moreover,

the proofs of Lemma S.4 and S.5, it can be easily derived that under Assumption (Al),
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there exist some constants C, C’" > 0 such that, for any 0 < ¢ < ¢’ we have
Pr(|Z a4 — Zaallmax = ) < Cs? exp(—C'ne?).
Furthermore, under Assumptions (A1) and (A4),
Pr([|Zhi4 — Zhallmax = €) < Cs® exp(—C'ne?).

By taking e = C'y/logs/n for some constant C' > 0, it gives us that event G holds with
probability at least 1 — C's~¢". In conclusion, event I N G holds with probability at least
1 — Cs~%. This completes the proof. O

S.18 Proof of Theorem S.2

Define the following notations,
b = max O aullmx, & = max O aalli, g0 = max |6 — Ofllmas,
and define the event
J = {max{gg,gg} S \/m} .
We prove (i)—(iii) hold under event J following the similar arguments in Section S.13.
First, we can show that under event J, the following two conditions hold.

(C-1') psex < 1/3;

(C-ii') sexbo {1+ 2 (6160 + 3)} < Mamin{\, 1}, where M = (aM+VH(a—2)eo)(VHE oA +
a + VHega)™

The proof is similar to that in Part I in Section S.13 and is thus omitted.
Define m;, = vec(M;), h = 1,...,H, and let m = (my,...,my) € RP*H_ Recall
that (ﬁl, . ,ﬁg) is the solution of (S.3). Let mj; = Vec(ﬁﬁ), h=1,...,H, and m =

(my,...,mg) € RP**H_ We have the following lemma, similar to Lemma S.3.

Lemma S.14. Assuming Assumption (A2) and Conditions (C-7)(C-id') hold, we have
I/I\lgc =0 and ||1’/I\1 — m||2700 S ()\1 + \/ﬁffe)Qo + 335208()\1 + \/ﬁfo + \/ﬁ{f@).

The proof of Lemma S.14 directly follows from that of Lemma S.3. Moreover, the rest of
proof is quite similar to that of Part II in Section S.13 and is also omitted. Then, it remains
to show that event J holds with high probability. Since the high probability inequality for
¢y, has been developed in Lemma S.4, we only need to show the high probability inequality
for g, as clarified in the following lemma.

Lemma S.15. Assume that Assumptions (A1) & (A4) hold. There exist some constants
C,C" > 0 such that, for any 0 <e < C" and j,k =1,...,p, we have

Pr(max ||©; — O; |lmax = £) < Cp® exp(—C'ne?).
h

56



Therefore, by Lemmas S.4 and S.15, there exist some constants C, C’, ¢ > 0 such that,
with probability at least 1 — Cp~¢", we have

max{eyx, o} < y/clogp/n.

This completes the proof. O

S.18.1 Proof of Lemma S.15

Recall that ©; = A — 2% and A = E{(X = X)(X =X)T | Y = h,Y' = I'}. We
decompose Aj, as

Ay =Ky + Ky — pnpy — iy,
where Kj, = E(XXT | Y = h) and pj, = E(X | Y = h). Also, the estimate ©; = A; — 25
with

~ - -~ =<7 = <T
where K, = Y1 X;XJI(Y; = h)/ny and X, = S0 X,I(Y; = h)/ns. Therefore, we
decompose ||©; — O |max as follows,

~ ~ - = = T
107 — Ollmax <IKn = Knllmax + [Kn = Killmax + [lntyy — XXy llimax
J— _T A~
+ H.uh’ll';zr — XXy, [[max + 2[|E — 2| max-

For HIA(h — K} || max, we have

~ 1 || -
IKn = K llmax =— || > XX I(Y; = h) - E(XX" | Y = h)
nh =1 max
n — — n
<||—&;, + Xhﬂ'h[,l,; + WhuhXZ — n—ﬁiuhuz
h

np

1 ~
- (W—COV{XI (Y = h)} + mapenpey, + Topenpty, — Whﬂhl‘;)
h

max

n 1 ~ —
SHn—hﬂh - W—hCOV{XI(Y = h) Hlmax + | Xnmatty — Tnttntty [|max

_ n
+ 1T X, — Thpbn by | max + Hn—hﬂiuhﬂz — Tkt ||max,
where
1 & ~ ~ T
Y {Xi[(Yi —h)— Whuh} {XiI(Yi —h) - Whuh} .
n <

1=

By the upper bounds of terms I;—I4 in the proof of Lemma S.5, we have that
Pr(||Kj, — K |lmax > €) < Cp? exp(—C'ne?).

For ||pnp), — Xhi,? || max, we directly follow the derivation of the upper bound of I5 in the
proof of Lemma S.5 and have that

- <7
Pr(||papes — Xp X,y |lmax > €) < Op? exp(—C'ne?).
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Similar upper bounds can also be established for HIA{h/ — K || max and || g gy, —Xh/XZ || max-

Moreover, by Lemma S.4,
Pr(||E — Blmax > €) < Cp? exp(—C'ne?).
In conclusion, we have

Pr(max ||©; — O; max > £) < Cp* exp(—C'ne?).
h

S.19 Auxiliary definitions and lemmas

Definition S.1. A random wvariable X is sub-Gaussian with parameter o*, denoted by
X ~ subG(c?) if
Eexp{s(X —EX)} < exp(c?s?/2), VscR.

Definition S.2. A random vector X € RP is sub-Gaussian random vector with parameters
02 > 0 if u' X ~ subG(c?) for all u € RP such that ||ulls = 1, or equivalently,
Eexp{a' (X — EX)} < exp(c?||a?/2), Va € RP.
Definition S.3. The sub-Gaussian norm of X € R, denoted by || X||y,, is defined as
| X |4, = inf{t > 0: Eexp(X?/t?) < 2}.
Lemma S.16. (Vershynin, 2018, Theorem 2.2.6, Hoeffding’s inequality) Let X, ..., X,

be independent random variables. Assume that X; € [my;, M;] for i = 1,...,n. Then, for

any t > 0, there exists some constant C' > 0 such that

Pr{ - t} = 2o {‘z?lmcf— )

Lemma S.17. (Vershynin, 2018, Theorem 2.6.3) Let X,..., X, be independent, mean

zero, sub-gaussian random variables, and a = (aq,...,a,) € R™. Then, there exists some

n

> (Xi - EX;)

=1

constant ¢ > 0 such that for every t > 0, we have
ct?
Pr >t] <2exp (——),
( ) K7[al?

where K = max; || X; |7,
Lemma S.18. (Zeng et al., 2024, Lemma E.6) Suppose that X € RP is a sub-Gaussian
random vector with parameter o > 0 and Cov(X) = 2. Then we have || 2| < 402,

n

Z CLZ‘XZ'

=1

Lemma S.19. (Rudelson and Vershynin, 2013, Theorem 1.1) Let X = (Xy,...,X,) €

R™ be a random vector with independent components X; which satisfies E(X;) = 0 and
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| Xilly, < K. Let A be an n x n matriz. Then, for any t > 0, there exists some constant
C > 0 such that

t2 t
Pr (| XTAX — E(XTAX)| > t) < 2exp (—C’min{ : }) :
( ) RATATE R2A]

Lemma S.20. (Stewart and Sun, 1990, Corollary 4.10, Weyl’s inequality) Let B = A+E €
RP*P - where A € RP*P and E € RP*P are symmetric matrices. Let \; and p; denote the

j-th eigenvalues of B and A respectively. Then
A =l < NEI, j=1,....p.

Lemma S.21. (Wedin, 1972, Wedin’s sin © theorem) Suppose that A,K € RP*Y have
singular values oy > -+ > Omin{pqy and 01 > -+ > Omin{pqy Tespectively. Let U and
V be the matrices composed of top-d left and right singular vectors of A, and let U and
V be the matrices composed of top-d left and right singular vectors of A. For the sub-
spaces spanned by U and U, define the principal angles between them as (01,...,04) =
(cos_lwl, . ,Cos_lwd) where wy > -+ > wy are the singular values of U'U. And define
sin @(fj, U) = diag(sin b, ...sin6,;) € R4, Then, if O'd(;&) —0411(A) > 0, we have
max{[[(A — A)V|r, |0 (A — A)l|r}

| sin©®(U, U)||p < .
oa(A) — 0ar1(A)

Lemma S.22. Assume that max, |[E(X | Y = h)|ls < Q for some constant Q > 0. And
for all i € [p] and h € [H], assume that a™' < 7, < a and b < o {Cov(X | Y =h)} <b
for some constants a,b > 0. Then, for all h € [H|, the eigenvalues of Cov{XI(Y = h)}
are bounded from both sides.
Proof of Lemma S.22. Since for each h,
Cov{XI(Y = h)} = E{XXTI(Y = h)} — E{XI(Y = h)}E{XI(Y = h)}
=mBEXXT|Y =h) - mEX|Y =h)EX" |Y =h)
= mCov(X | Y = h) + (m — m)E(X | Y = HE(XT | Y = h).
Therefore,
Do {cov{xz(f/ - h)}} < TP [cov(x Y = h)} 4 (mh — D) |E(X | Y = h)||2
<ab+a(l —a 1HQ?
and
Omin [COV{XI(? = h)}} > ThPmin [COV(X | Y = h)} > q th L.

This completes the proof. O
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Figure S.3: Models (M1)—(M3). (Left) Singular values of sparse SAVE (solid lines) with the
optimal Ay and oracle-SAVE (dashed lines); (Right) The ratio of the subspace estimation
error of sparse SAVE and oracle-SAVE.
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Figure S.4: Models (M4) and (M5). (Left) Singular values of sparse SAVE (solid lines)
with the optimal Ay and oracle-SAVE (dashed lines); (Right) The ratio of the subspace
estimation error of sparse SAVE and oracle-SAVE.
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the first step, where a = 3,...,10. The structural dimension d is given and n = 300.
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Table S.5: Mean (and standard error) of the estimated structural dimension under Models

(M1)~(M5) and (Q1)~(Q4) with n = 300 and p = 700, 1000, 1500.
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66



Model  p TPR(%) / FPR(%)
Sparse SAVE Sparse DR HOPG  TC-SAVE SEAS-SIR Lasso-SIR

700 99.0/0.1 99.0/0.0  100.0/6.6 100.0/0.0  99.0/0.4  93.3/4.5
(M1) 1000  98.8/0.0 99.2/0.0  100.0/4.6 100.0/0.0  99.0/0.2  92.7/3.0
1500  98.5/0.0 99.3/0.0  100.0/3.1 100.0/0.0  99.0/0.2  92.3/2.1
700 96.8/0.0 99.7/0.1  99.7/6.6  100.0/0.0  95.0/1.8  99.0/7.1
(M2) 1000  96.3/0.0 99.7/0.0  99.7/4.6  99.7/0.0  95.0/1.3  99.2/5.1
1500  95.7/0.0 99.7/0.0  99.2/3.1  99.8/0.0  95.0/0.8  99.3/3.3
700 98.3/0.1 99.8/0.1  91.5/6.7  99.8/0.0  75.2/5.9  71.7/5.4
(M3) 1000  97.8/0.0 99.8/0.2  89.0/4.7 100.0/0.0  73.8/4.3  69.8/3.8
1500  97.8/0.0 99.5/0.0  86.0/3.1 100.0/0.0  71.0/2.4  68.5/2.8
700 100.0/0.0 99.7/0.0  100.0/6.6 99.7/0.1  20.2/22.7  1.5/0.8
(M4) 1000 100.0/0.0 99.7/0.0 100.0/4‘6 99.8/0.0 17.6/16.6  0.8/0.8
1500 100.0/0.0 99.7/0.0  100.0/3.1  99.7/0.0  10.7/9.4  1.2/0.7
700 98.5/0.0 99.5/0.0  100.0/6.6 99.7/0.1  74.2/1.3  64.0/5.3
(M5) 1000 98.5/0.0 99.5/0.0  100.0/4.6 100.0/0.0  72.8/1.1 = 62.5/4.4
1500  97.8/0.0 99.5/0.0  100.0/3.1  99.5/0.0  69.5/0.7  60.8/3.1
700 100.0/0.1 55.3/0.5  97.3/6.7 58.5/0.0  70.2/1.2  72.0/4.5
(Ql) 1000  99.8/0.1 53.5/0.3  96.2/4.7  54.7/0.0  67.0/1.0  70.7/3.8
1500 99.8/0.1 51.0/0.3  94.5/3.1  50.5/0.0  63.8/0.7  67.5/2.9
700 100.0/0.0  100.0/0.0 99.7/6.6  74.2/0.0  73.5/1.3  68.0/4.7
(Q2) 1000  100.0/0.0  100.0/0.0 99.3/4.6  71.7/0.0  72.5/1.1  66.7/3.6
1500  100.0/0.0  100.0/0.0  99.3/3.1  70.2/0.0  71.7/0.8  65.0/2.6
700 98.3/0.8 98.5/0.0  100.0/6.6 58.3/0.0  100.0/0.4  98.0/4.3
(Q3) 1000  97.7/0.8 98.3/0.0  100.0/4.6 46.3/0.0  100.0/0.3  98.0/3.6
1500  96.8/0.6 98.3/0.0  100.0/3.1 45.0/0.0  100.0/0.2  98.0/2.7
700 99.5/0.4 99.8/0.0  98.3/6.6  44.0/0.0  76.7/1.9  71.0/5.2
(Q4) 1000  98.3/0.2 99.8/0.0  97.8/4.6  40.0/0.0  74.8/1.3  69.5/4.3
1500  97.5/0.1 99.8/0.0  96.2/3.1  37.0/0.0  74.0/1.1  66.0/3.1

Table S.7: Mean of TPR (%) and FPR (%) under Models (M1)—(M5) and (Q1)-(Q4) with
n = 300 and p = 700, 1000, 1500. The standard errors of TPR and FPR are less than 2.9%
and 1.3% and are omitted.

Model H D (x100)
Oracle-SAVE  Oracle-DR ~ Sparse SAVE ~ Sparse DR
3 509 (1.1 62.5 (1.1 19.7 (0.5) 21.0 (0.5
M1) 5  61.7(L3 52.5 (1.3 20.8 06 19.5 05
8  73.8(1.1 60.3 (1.2 20.5 19.3
3 643 (1.2 42.2 (0.8 21.5 (0.6) 20.1 (0.5
(M2) 5  634(13 48.0 (1.4 19.4 (0.5) 17.8 (0.4
8 745 (0.9 63.5 (1.1 17.6 (0.4) 16.7 (0.5
3 51.0 (1.2 47.3 (1.1 22.4 (0.5) 20.1 (0.5
M3) 5 629(12 57.6 (1.0) 21.1 (0.5) 19.8 (0.5
8  739(0.8 67.7 (0.7 20.6 (0.5) 19.1 (0.5
3 41.1(15 412 (1.5 10.1 (0.2) 10.0 (0.2
(M4) 5 50.4 (1.6 50.2 (1.6 10.2 (0.3 10.1 (0.3
8  64.7 (1.8 64.5 (1.7 10.7 (0.2) 11.1 (0.3
3 55.0 (13 46.2 (1.0 23.4 (0.6) 23.0 (0.5
(M5) 5 67.6 (1.1 50.9 (1.2 24.0 (0.5) 22.4 (0.5
8  76.0(0.8 65.4 (1.2 25.9 (0.6) 23.3 (0.5

Table S.8: Mean (and standard error) of the subspace estimation error D (x100) for oracle
methods and our proposals with H = 3,5,8 under Models (M1)-(M5) with n = 300. The
active set A and structural dimension d are given. The best two results in each setting are
highlighted.
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Model  p Execution time (sec.)
Sparse SAVE ~ Sparse DR TC-SAVE SEAS-SIR Lasso-SIR DA-QDA SQDA

Q) 700 164(0.05) © 0.97 (0.03) 15812 (283) 5487 (159)  30.01 (0.75)  17.12 (0.04)  1.63 (0.04)
1500 11.02 (0.34) 7.81 (0.25) 837.31 (13.48) 651.40 (10.04) 140.02 (2.47) 147.26 (0.74)  11.39 (0.64)

Q) 00 T71(027)  6.08 (0.22) 14071 (207) 6497 (2.23)  53.20 (0.39) 3649 (038)  4.30 (0.06)
1500 42.52 (1.14) 52.45 (4.54)  950.96 (10. 12 714.83 1249 220.75 (0.87) 282.99 (1.55) 46.24 (1.37)

(Qy JO0 552(0.11) 248 (0.08) 11069 (222) 5420 (150) 3458 (1 26) 17.73 (0.05)  2.10 (0.05)
1500 46.65 (1.38)  19.53 (0.62) 677.48 (10. 5 687.31 (13. 06 149.84 (5.18) 147.13 (0.94) 21.29 (0.76)
(Qu) 700 621 (0.14) 3067 (L0S) 17523 (396)  60.18 (245) 9589 (0.3 ) 33.65 (0.13)  4.25 (0.07)

1500 40.77 (0.94) 4336 (1.08) 971.04 (17.18) 710.56 1188 223.82 (0.79) 295.25 (1.75) 43.04 (1.38)

Table S.9: Execution time (in seconds) under Models (Q1)—(Q4), where n = 300 and
p = 700, 1500. The best two results in each setting are highlighted.

Model v D (x100)
Sparse SAVE  Sparse DR HOPG  TC-SAVE SEAS-SIR Lasso-SIR  Oracle-SAVE  Oracle-DR
5 80.2 (3.5 75.6 (2.4 99.5 (0.1) 54.0 (1.7) 77.6 (0.6 79.6 (0.3 75.6 (1.0 63.5 (0.8
M3 6 80.1 (1.8 68.9 (1.8 98.5 (0.3) 48.3 (1.6 75.4 (0.7 79.1 (0.4 72.8 (1.0 61.2 (0.9
(M3) 7 79.2 (2.0 65.3 (1.9 97.8 (0.4) 47.8 (1.5 74.7 (0.6 78.5 (0.3 70.2 (1.1 60.6 (0.9
8 73.8 (2.3 63.5 (2.0 96.6 (0.4) 44.3 (1.4) 75.0 (0.7 78.7 (0.4 69.4 (1.0 57.0 (1.1
oo 30.7 (1.0) 29.5(1.2) 83.0 (0.6) 34.1(0.9) 70.2(0.9 78.1 (0.3 62.9 (1.2 57.6 (1.0)
5 57.1 (4.4) 56.1 (4.3) 89.5(0.9) 52.1 (2.0) 99.5 (0.2 99.9 (0.1 54.4 (1.6) 54.6 (1.5
M4 6 33.4 (2.9 33.3 (2.9) 88.9 (1.0 42.1 (1.6 98.5 (0.6 99.8 (0.1 51.3 (1.5 50.9 (1.5
(M4) 7 25.3 (2.2 25.3 (2.3) 91.2 (1.0 38.1 (1.2 97.5 (0.9 99.7 (0.1 49.4 (1.6 49.6 (1.6
8 19.8 (1.8 20.6 (1.8) 90.6 (1.0 36.6 (1.3 98.3 (0.5 99.7 (0.1 50.0 (1.6 49.8 (1.6
oo 11.9 (0.4 12.3 (0.6) 93.6 (0.8) 27.6 (0.9 97.3 (0.9 99.8 (0.1 50.4 (1.6 50.2 (1.6
5 58.3(3.7) 58.6 (3.8) 727 (0.6) 602 (1.6) 744 (1.0) 86.1(05) 70.7(0.9)  63.5 (1.3
M5 6 53.9 (2.2) 48.0 (2.5) 71.9 (0.6) 51.9 (1.5) 70.9 (1.1 85.9 (0.6 69.4 (1.0 58.3 (1.4
(M5) 7 49,8 (2.0) 43.2 (2.0) 724 (0.5) 535 (14) 680 (10) 85.4(0.6) 69.4(0.9)  57.8 (1.2
8 45.0 (2.1 37.6 (1.9) 71.7 (0.5 48.7 (1.3 66.0 (0.9 84.0 (0.6 69.1 (0.9 56.5 (1.3
oco 30.3 (1.0 26.2 (0.7) 71.3(0.5) 40.8 (1.2 60.3 (0.8 81.0 (0.7 67.6 (1.1 50.9 (1.2

Table S.10: Mean (and standard error) of the subspace estimation error D (x100) under
Models (M3)—(M5), where n = 300, p = 700, and predictors follow the multivariate ¢ and
normal distributions (¥ = 00). The best two results in each setting are highlighted.
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Model v TPR(%) / FPR(%)
Sparse SAVE Sparse DR HOPG  TC-SAVE SEAS-SIR Lasso-SIR

5 3.0/0.0 13.7/0.0  20.3/7.2  925/0.0 77.0/131  70.7/7.0
vg 6 23/09  530/04  AL5/T1 950/0.0 TAS/1L4  TL2/GS
(M3) 7 500/27  757/1.0 47.0/71  96.7/0.0 77.2/108  72.3/7.1
8  652/32  86.7/1.8  53.0/7.0 96.7/0.0 T77.7/11.6 71.8/6.4
o 983/01  99.8/0.1 915/6.7 99.8/0.0  75.2/59  71.7/5.4
5 265/00  26.0/0.0 100.0/6.6 87.8/0.0 20.7/22.7  2.3/1.4
vy 6 663/00  667/00  100.0/66 9L0/0.0 21.0/225  2.0/1.2
(M4) 7 873701  87.0/01  100.0/6.6 95.3/0.0 2.2/237 27/
8  925/0.1  92.8/0.1 100.0/6.6 93.8/0.0 21.2/24.1  3.0/1.2
s 100.0/0.0  99.7/0.0 100.0/6.6 99.7/0.1  20.2/227  1.5/0.8
5 205/00  233/0.0 100.0/6.6 92.0/0.1  55.3/L9  58.2/5.7
ve 6 533/00  578/00 100.0/66  962/0.0  602/17  568/5.7
(M5) 7 738700  802/0.1 100.0/6.6 95.7/0.0 62.5/1.6  55.7/6.4
8  8L7/01  885/0.1 100.0/6.6 97.5/0.0  65.8/14  56.5/6.0
0o 985/0.0  99.5/0.0 100.0/6.6 99.7/0.1  74.2/1.3  64.0/5.3

Table S.11: Mean (and standard error) of TPR(%) / FPR(%) under Models (M3)—(M5),
where n = 300, p = 700, and predictors follow the multivariate ¢ and normal distributions
(v = 00). Over all settings, the maximal standard errors of TPR(%) / FPR(%) are 4.1/0.8,
4.5/0.5, 2.6/0.0, 1.7/0.0, 3.3/1.3, 1.6/0.4 for Sparse SAVE, Sparse DR, HOPG, TC-SAVE,
SEAS-SIR, Lasso-SIR, respectively.

Model D (x100)

Sparse SAVE Sparse DR HOPG  TC-SAVE SEAS-SIR Lasso-SIR  Oracle-SAVE  Oracle-DR
(Q5-1) 29.1 (0.9 23.4 (0.8) 86.5(0.4) 72.8 (0.4 60.5 (0.6 76.8 (0.4 14.1 (0.2 13.0 (0.2
(Q5-ii) 17.6 (0.7 13.0 (0.5) 82.5(0.4) 68.7 (0.5 62.8 (0.5 75.0 (0.3 12.7 (0.2 11.7 (0.2
Q5-iii 16.4 (0.6 12.1 (0.4) 76.9 (0.3) 58.9 (0.5 63.8 (0.3 74.5 (0.2 11.1 (0.2) 10.8 (0.2
Q5-iv)  10.4 (0.4) 9.4 (0.3) 76.9 (0.3) 51.3 (0.4) 63.8 (0.3) 73.2 (0.2 (0.2) 9.3 (0.1)

Table S.12: Mean (and standard error) of the subspace estimation error D (x100) under
Models (Q51)-(Q5iv), where n = 300 and p = 700. The best two results excluding oracle
methods in each setting are highlighted.

Classification errors (%)

Bayes Sparse SAVE  Sparse DR HOPG  TC-SAVE SEAS-SIR Lasso-SIR ~ MSDA SLR DA-QDA  SQDA
(Q5-i)  18.5 (0.2 24.6 (0.3 23.3 (0.3) 52.3 (0.4) 39.0 (0.5 38.2 (0.5 50.1 (0.4) 48.2 (0.4) 50.0 (0.4) 48.4 (0.4) 51.6 (0.7
(Q5-ii)  14.0 (0.2 17.5 (0.2 16.5 (0.2) 48.6 (0.4) 33.7 (0.5 37.4 (0.5 49.6 (0.5) 48.3(0.4) 49.5(0.4) 45.5(0.4) 48.9 (0.7
(Q5-iii)  11.3 (0.2 14.4 (0.2 13.9 (0.2) 43.1(0.4) 25.9(0.3 35.5 (0.5 50.2 (0.4) 48.0 (0.4) 49.9 (0.4) 43.0 (0.4) 48.3 (0.9
(Q5-iv 9.2 (0.2) 11.5 (0.2 11.4 (0.2) 43.1(0.4) 19.9 (0.3 35.5 (0.5 49.0 (0.5) 47.6 (0.4) 49.6 (0.3) 41.2 (0.3) 43.6 (0.7

Table S.13: Mean (and standard error) of the classification errors under Models (Q5i)—

(Q5iv), where n = 300 and p = 700. The best two results excluding Bayes error in each
setting are highlighted.
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Model TPR(%) / FPR(%)
Sparse SAVE  Sparse DR HOPG TC-SAVE SEAS-SIR  Lasso-SIR

(Q5-i)  86.6/0.5 93.7/0.5 749/65 35.7/0.0  48.6/0.8  51.5/54
(Q5-il)  96.5/0.2 99.4/0.1 62 528/0.0 49.1/0.9  48.6/5.2
Q5-il)  95.1/0.1 99.2/0.1 99.1/6.1 68.1/0.0  48.4/0.7  51.8/5.5
Q5-iv)  99.3/0.0 99.7/0.0 /6.1 79.7/0.0  48.4/0.7  49.5/5.1

Table S.14: Mean (and standard error) of TPR(%) / FPR(%) under Models (Q5-i)—
(Q5-iv), where n = 300 and p = 700. The maximal standard errors of TPR/FPR are
0.9%/0.1%, 0.9%/0.1%, 1.1%/0.0%, 1.5%/0.0%, 1.1%/0.2%, 1.8%/0.4%, corresponding to

each method.

Model Execution time (sec.)
Sparse SAVE  Sparse DR TC-SAVE SEAS-SIR Lasso-SIR DA-QDA SQDA

(Q5-1 9.84 (0.46) 13.29 (0.31) 102.66 (2.02) 48.86 (0.29) 56.42 (0.34) 35.43 (0.22) 4.22 (0.06
(Q5-ii)  17.25 (0.90) 11.60 (0.31) 119.38 (2.60) 46.28 (0.23) 109.30 (1.61) 32.24 (0.04) 4.04 (0.05
Q5-iil)  7.55 (0.32) 4.48 (0.16) 145.14 (3.32) 51.24 (0.17) 53.90 (0.24) 34.64 (0.14) 4.09 (0.05
Q5-iv)  3.31 (0.12) 4.87 (0.17)  133.37 (3.24) 74.87 (0.24) 91.70 (0.44) 32.98 (0.06) 3.58 (0.05

Table S.15: Execution time (in seconds) under Models (Q51)—(Q5iv), where n = 300 and
p = 700. The best two results in each setting are highlighted.
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Model Setting Sparse SAVE Sparse DR HOPG TC-SAVE  SEAS-SIR  Lasso-SIR  Oracle-SAVE  Oracle-DR

0 24.3 (0.8) 23.8 (0.8) 76.4(0.3) 347 (0.7) 257 (L1) 624 (1.0) 617 (13) 525 (13)

0.1 283 (0.9) 25.3 (0.6) 77.1(04) 365 (0.8) 26.0 (0.8) 622 (1.0) 645 (1.2)  53.5(1.3)

0.15  30.3(0.8) 27.2 (0.5) 77.6 (0.3) 37.7(0.7) 28.3 (0.8) 63.9(1.0) 646 (1.2) 544 (1.3)

(M1) 02 33.8 (0.8)  30.3 (0.6) 786 (0.4) 39.8(0.7) 32.4(0.9) 644 (09) 669 (1.1)  56.8 (1.2)
0.3 40.0 (0.6)  38.0 (0.7) 80.3 (0.4) 453 (0.6) 37.5 (0.6) 68.0 (0.9) 70.8(1.0)  60.3 (1.1)

0.5 544 (0.7)  50.7 (0.4) 84.6 (0.3) 56.7 (0.4) 50.7 (0.3) 72.4(0.7) 783 (0.9)  69.6 (0.8)

0.7 67.4 (0.7)  62.5 (0.3) 87.7(0.2) 659 (0.3) 61.9 (0.3) 785 (0.6) 856 (0.6)  77.6 (0.5)

0 28.5 (1.3)  24.0 (0.7) 92.5(0.3) 36.6(0.4) 38.0(21) 478(0.6) 634 (1.3) 480 (1.4)

01  31.0 (1.4) 28.7 (1.2) 924 (0.3) 37.8(0.4) 385(19) 493 (0.7) 647 (1.2)  49.6 (1.4)

0.15  32.8 (1.4) 30.5 (1.0) 924 (0.3) 39.1(0.4) 406 (1.9) 508 (0.6) 66.2(1.1) 512 (1.3)

(M2) 02  34.8 (1.1) 33.7 (1.0) 93.0(0.2) 406 (0.3) 421 (L7) 519 (0.6) 67.7 (L1)  53.1(1.3)
03  41.8 (1.1) 39.8 (0.9) 934 (0.2) 45.1(0.3) 476 (L5) 554 (05) 721 (10)  57.0 (1.1)

0.5 56.5 (1.1)  53.0 (0.6) 95.1(0.2) 55.9 (0.3) 57.1(L.1) 63.1(04) 80.6(0.7)  66.6 (0.8)

0.7 70.3 (0.9)  64.0 (0.5) 96.4 (0.2) 65.4 (0.2) 662 (1.0) 69.6(0.3)  87.5(0.5) 749 (0.6)

0 30.7 (1.0)  29.5 (1.2) 83.0 (0.6) 341(0.9) 70.2(0.9) 78.1(0.3) 629 (12)  57.6 (1.0)

01  32.0 (0.9) 33.0 (1.3) 84.0(0.6) 357(0.8) 70.7(0.9) 79.2(0.2) 657 (10)  59.0 (0.9)

0.15  34.4 (0.9) 33.2 (1.0) 84.2(0.6) 38.1(0.8) 7L7(0.8) 79.5(0.2) 657 (1.0)  60.1 (0.9)

(M3) 02  36.6 (0.9) 35.4(1.0) 85.1(0.6) 40.1(0.8) 71.8(0.9) 79.6(02) 682(1.0)  61.3(0.8)
03  43.3 (0.8) 42.8 (1.0) 87.0(0.5) 455(0.7) 749 (0.8) 80.9(0.2) 71.3(0.9)  64.9 (0.8)

05  56.1(0.7) 57.4(0.9) 926 (0.5) 581 (0.6) 80.1(0.5) 833(0.2) 788(0.7) 722 (0.6)

07 682 (0.8) 69.8(0.9) 956 (0.4) 68.6(0.5) 83.6(0.2) 84.7(0.2) 85.2(0.5)  79.9 (0.4)

0 11.9 (0.4) 12.3 (0.6) 93.6 (0.8) 27.6 (0.9) 97.3 (0.9) 99.8 (0.1)  50.4 (1.6)  50.2 (1.6)

01  16.2 (0.5) 15.9 (0.4) 944 (0.8) 28.1(0.8) 97.3(1.0) 99.8 (0.1)  50.0 (1.5)  50.4 (1.5)

0.15  19.4 (0.3) 19.5 (0.4) 95.0 (0.7) 31.2(0.8) 975 (0.9) 99.8 (0.1) 521 (1.5) 525 (1.4)

(M4) 02  23.2(0.3) 23.5(0.4) 948 (0.7) 336(0.7) 982(0.7) 99.9(0.1) 548 (1.4) 553 (1.4)
03  31.5 (0.3) 31.7 (0.4) 96.1 (0.6) 39.7(0.6) 98.0(0.6) 99.7(02) 57.0(12)  57.2(1.2)

05  46.9 (0.3) 47.2 (0.4) 97.6 (04) 525 (0.5) 988 (0.4) 99.8(0.1) 66.8(1.0)  67.0 (1.0)

07  59.2(0.3) 59.2(0.3) 99.1(0.1) 638 (0.4) 98.6(0.5) 99.9(0.1) 750 (0.8) 755 (0.9)

0 30.3 (1.0)  26.2 (0.7) 71.3(0.5) 408 (1.2) 60.3(0.8) 81.0(0.7) 676 (1.1)  50.9 (1.2)

01 325 (1.1) 28.9 (0.8) 72.1(0.5) 421 (1.2) 604 (0.9) 821 (0.6) 694 (1.0) 532 (1.1)

0.15  34.5 (1.1) 31.2 (0.7) 72.6 (0.5) 43.5(1.2) 623 (0.9) 822(0.6) 70.5(0.9)  54.1 (1.1)

(M5) 02  38.4(1.3) 33.7(0.7) 735(05) 453 (1.1) 64.0 (0.8) 83.0 (0.6) 71.5(0.8)  56.5 (1.1)
03  44.8 (1.3) 39.8 (0.6) 754 (0.5) 504 (1.0) 66.5(0.8) 844 (0.4) 743 (0.7)  60.9 (0.9)

05  57.6 (0.9) 52.4 (0.5) 80.5(0.4) 60.7(0.8) 74.6(0.7) 87.6(0.4) 80.2(0.5) 716 (0.9)

07 687 (0.7) 64.1 (0.4) 848 (0.3) 70.6(0.7) 827 (0.5) 90.3(0.3) 854 (0.4)  79.9 (0.7)

Table S.16: Mean (and standard error) of the subspace estimation error D (x100) of
competing methods under Models (M1)-(M5) and their non-sparse counterparts, where
n = 300 and p = 700. The best two results in each setting are highlighted.
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Model ~ Method  D(x100) TPR(%) FPR(%) Time (sec.) D(x100) TPR(%) FPR(%) Time (sec.)
Sparse SAVE Sparse DR
qpy  Seauential 247 (0:8) 99.0 (06) 0.1(0.0) 4TT64 (1155) 234 (08) 990 (06) 00 (00) 182281 (17350)
Grid-search 24.7 (0.9) 98.7 (0.7) 0.1 (0.0) 19530.5 (336.9) 23.7 (0.8) 98.8 (0.6) 0.0 (0.0) 17634.0 (1569.1)
() Seauential 285 (1) 968 (12) 0.0 (0.0) 48604 (901) 240 (07) 9T (02) 01 (00) 92884 (2315)
Gridsearch  20.1 (1.1)  98.5 (0.5) 0.1 (0.0) 196941 (266.7) 24.9 (0.8) 99.5 (0.3) 0.1 (0.0) 12197.1 (999.3)
(g Seawential 307 (LO) 983 (0.5)  0.1(0.0) 49464 (125.4) 205 (12) 998 (02) 01 (00) 122707 (1418
Grid-scarch 312 (1.0) 98.7 (0.5) 0.1 (0.0) 29898.3 (2475.5) 30.4 (1.3) 100.0 (0.0) 0.1 (0.0) 42069.0 (3426.6)
gy Seauential 119 (04) 1000 (00) 00 (0.0) 43845 (1356) 123 (06) 97 (03) 0.0 (00) 100687 (275.9)
Grid-search  12.3 (0.4) 100.0 (0.0) 0.2 (0.0) 28014.2 (3037.7) 12.1 (0.4) 100.0 (0.0) 0.1 (0.0) 26314.7 (2684.6)
() Seauential 303 (LO) 985 (0.6) 0.0 (0.0) 44003 (1039)  262(07) 995 (03) 00 (00) 132424 (8118
Grid-search  28.8 (0.8)  99.0 (0.4) 0.1 (0.0) 15940.7 (779.9) 259 (0.7) 99.7 (0.2) 0.0 (0.0) 33025.6 (1893.2)

Table S.17: Comparison results of sparse SAVE /DR using sequential tuning and grid-search
tuning strategies, where n = 300 and p = 700.

Model Method 0
1074 5x 107* 1073 5x 1073 102
(M1)  Sparse SAVE 1.73 (0.04) 1.73 (0.04) 1.73 (0.04) 1.73 (0.04) 1.73 (0.04
sparse DR 1.67 (0.05) 1.67 (0.05) 1.67 (0.05) 1.67 (0.05) 1.67 (0.05
(M)  sparse SAVE 1.88 (0.06) 1.88 (0.06) 1.88 (0.06) 1.87 (0.06) 1.86 (0.06
sparse DR 1.81 (0.07) 1.81 (0.07) 1.81 (0.07) 1.81 (0.07) 1.81 (0.07
(Mg)  sparse SAVE 2.08 (0.08) 2.08 (0.08) 2.08 (0.08) 2.08 (0.08) 2.08 (0.08
sparse DR 2.01 (0.01) 2.01 (0.01) 2.01 (0.01) 2.01 (0.01) 2.01 (0.01
(M)~ sparse SAVE 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00
sparse DR 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00) 1.00 (0.00
(Ms)  Sparse SAVE 1.98 (0.03) 1.98 (0.03) 1.98 (0.03) 2.00 (0.03) 1.98 (0.02
sparse DR 2.00 (0.00) 2.00 (0.00) 2.00 (0.00) 2.00 (0.00) 2.00 (0.00

Table S.18: Mean (and standard error) of estimated structural dimension of sparse SAVE
and sparse DR under Models (M1)-(M5), where n = 300 and p = 700. The threshold o
takes value across {1074, 5 x 107, 1073, 5 x 1073, 1072}.

Model Sparse SAVE Sparse DR
Xo=001 A=01 A=05 No=1 Xo=5 Xo=001 X=01 X=05 No=1 X =5

(M1) 35.0 (1.7) 27.3(L2) 24.8 (0.9) 24.7 (0.8) 459 (1.8) 294 (14) 272(12) 23.8 (0.8) 23.4 (0.8) 252 (L0)
(M2) 39.1 (1.8) 29.7(L2) 28.7(1.2) 28.5 (1.3) 495(19) 30.1(14) 282(L2) 24.7 (0.8) 24.0 (0.7) 249 (0.8)
(M3) 404 (1.4) 349 (1.2) 30.6 (1.0) 30.7 (1.0) 46.1(1.7) 309 (1.3) 306 (1.3) 29.9 (1.3) 29.5 (1.2) 318 (L3)
(M4) 195 (1.6) 155 (1.2) 123 (0.6) 11.9 (0.4) 12.0 (0.4) 201 (1.6) 16.9 (14) 13.0 (0.8) 12.3 (0.6) 12.2 (0.4)
(M5) 45.2 (1.9) 33.7(L5) 28.9 (0.8) 30.3 (1.0) 480 (14) 30.3(L3) 27.8(L0) 25.9 (0.6) 26.2 (0.7) 39.8(L3)
Q1) 68(0.3) 68(0.3) 6.7 (0.3) 6.7 (0.3) 69.3(0.2) 54.6(1.8) 56.9 (1.9) 60.0(1.7) 66.1(1.3) 704 (0.8)
(Q2) 81(02) 81(02) 81(0.2) 8.1(0.2) 429(1.8) 80(0.2) 80(0.2) 8.0 (0.2) 7.9(0.2) 444 (2.0)
(Q3) 122(1.2) 12.0 (1.1) 124 (1.1) 11.9 (1.1) 764 (1.4) 147 (1.0) 14.7(1.0) 14.5 (1.0) 14.4 (1.0) 78.7 (1.6)
(Q4) 13.6(0.8) 13.6 (0.8) 13.7(0.8) 13.5 (0.8) 43.1 (2.1) 104 (0.3) 10.3 (0.3) 10.3 (0.3) 10.2 (0.3) 56.1 (2.0)

Table S.19: Means (and standard errors) of the subspace estimation error D (x100) of
sparse SAVE/DR with different choices of X, under Models (M1)—(M5) and (Q1)—(Q4),
where n = 300 and p = 700. In each model, for each method, the best two results are
highlighted.
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Model Sparse SAVE Sparse DR

l

X=001 =01 A=05 J=1  A=5 A=001 =01 =05 JA=1 Xo=5
(M1)  0.7(0.1) 0.6 (0.1) 0.6 (0.1) 0.6(0.1) 22(0.2) 1.3(0.1) 1.3(0.1) 14(0.1) 15(0.1) 1.7(0.2)
(M2) 0.4 (0.1) 05 (0.1) 05(0.1) 05(0.1) 25(0.2) 21(03) 22(03) 21(02) 20(02) 22(0.2)
(M3)  0.3(0.1) 05 (0.1) 03(0.1) 0.3(0.1) 2.0(0.3) 08(0.1) 08(0.1) 08(0.1) 08(0.1) 0.8(0.1)
(M4) 5.3 (04) 58(04) 6.4 (04) 6.5 (04) 6.7(0.4) 86 (0.7) 9.5(0.7) 10.6 (0.7) 10.8 (0.7) 11.2 (0.6)
(M5)  0.7(0.1) 0.8(0.2) 0.6 (0.1) 0.8(0.2) 2.7(0.3) 09(0.1) 09(0.1) 1.0(0.1) 1.0(0.1) 22(0.3)
(Ql)  05(0.1) 05(0.1) 05(0.1) 05(0.1) 02(0.0) 0.1(0.0) 0.1(0.0) 0.1(0.0) 0.1(0.0) 0.1(0.0)
(Q2)  0.6(0.1) 0.6 (0.1) 0.6 (0.1) 06(0.1) 05(0.1) 05 (0.1) 0.5(0.1) 0.5(0.1) 0.6 (0.1) 0.5 (0.1)
(Q3)  0.7(0.1) 0.7(0.1) 08(0.1) 09(0.1) 1.4(02) 1.6 (0.1) 1.6(0.1) 1.6(0.1) 1.6(0.1) 0.7 (0.1)
(Q4) 05 (0.1) 0.6(0.1) 0.6(0.1) 0.6(0.1) 08(0.1) 05(0.1) 05 (0.1) 0.6 (0.1) 0.6 (0.1) 2.2(0.2)

Table S.20: Means (and standard errors) of the selected optimal A} of sparse SAVE/DR
with different choices of the predetermined Xy under Models (M1)~(M5) and (Q1)-(Q4),
where n = 300 and p = 700.
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