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Abstract

Motivated by exploratory data analysis, sufficient dimension reduction (SDR)

methods, especially inverse regression methods such as sliced inverse regression (SIR)

and sliced averaged variance estimation (SAVE), have been central to multivariate

analysis for more than three decades. Despite their popularity, the extension of

these methods to high-dimensional settings remains challenging. This paper addresses

the computational and theoretical limitations of the less explored second-order SDR

methods in high dimensions. We introduce a novel approach for sparse subspace

estimation that utilizes quadratic convex optimization and leverages the group struc-

ture of tensor parameters, achieving significant parameter reduction. The proposed

two-step estimator achieves consistency in dimension selection, variable selection, and

subspace estimation at a high convergence rate under mild conditions. The effective-

ness and efficiency of the proposed method are further demonstrated through exten-

sive simulation studies and real data examples. Additionally, the proposed sparse

second-order SDR techniques are applied to quadratic discriminant analysis (QDA)

problems and provide practitioners with a sparse projective classification method

with theoretical guarantees and strong empirical performance.

Keywords: Convex Relaxation; Group LASSO; High-Dimensional Statistics; Sparse Sub-

space Estimation.

1 Introduction

To conduct high-dimensional exploratory data analysis, we consider the theoretical and

methodological challenges of extending sufficient dimension reduction (SDR; Cook, 1998;

∗Jing Zeng is at the Faculty of Business for Science & Technology, School of Management, University of
Science and Technology of China; Xin Zhang (corresponding author, henry@stat.fsu.edu) is at the Depart-
ment of Statistics, Florida State University; Ning Hao is at the Department of Mathematics, University of
Arizona.

1



Li, 2018) from classical multivariate analysis setting to high-dimensional scenarios where

the number of predictors p grows exponentially with the sample size n. For Y ∈ R and

X ∈ Rp, SDR methodology seeks the smallest linear subspace S ⊆ Rp such that

Y ⊥⊥ X | PSX, (1)

where “⊥⊥” denotes statistical independence, and PS ∈ Rp×p is the projection matrix onto

S. The smallest subspace satisfying (1) is called the central subspace (Cook, 1998) and

denoted by SY |X. Without relying on stringent model assumption, a popular class of SDR

methods recovers the subspace from nonparametric estimates of the conditional moments

of X given Y . This includes the pioneering works of sliced inverse regression (SIR; Li,

1991), sliced averaged variance estimation (SAVE; Cook and Weisberg, 1991), directional

regression (DR; Li and Wang, 2007), and likelihood-based reduction (Cook and Forzani,

2009). Note that

SI ≡ Σ−1span{E(X | Y )− E(X),∀Y } ⊆ SII ≡ Σ−1span{Cov(X | Y )−Σ,∀Y }, (2)

where Σ = Cov(X). The first-order methods, such as SIR, target SI from (2). The

second-order methods, such as SAVE and DR, target the more comprehensive subspace SII

by leveraging more information from the second moment Cov(X | Y ). Under some mild

conditions, we have the full coverage of the central subspace SII = SY |X.

It is well-established that classical SDR methods collapse without proper regularization

or modification (Li, 2007; Zhong et al., 2005; Yin and Hilafu, 2015; Cook et al., 2012;

Lin et al., 2018). Most existing high-dimensional SDR methods fall into two families.

The first builds on the gradient of the mean function E(Y | X) (Fukumizu and Leng,

2014; Wang and Yin, 2008; Cai et al., 2023) and is closely related to semi-parametric

regression (Xia et al., 2002; Xia, 2008; Ma and Zhu, 2012). The second targets the first-

order inverse-regression subspace SI (Li, 2007; Lin et al., 2018, 2019; Nghiem et al., 2022;

Tan et al., 2018, 2020; Zeng et al., 2024). Recently, Cai et al. (2023) developed a high-

dimensional classifier by extending the outer-product-of-gradients method. However, their
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approach targets the central mean subspace, which is only a subset of the central subspace.

Moreover, their proposal is consistent only when p = o(
√
n). When p > n, an additional

variable screening is needed. Lin et al. (2018) proposed a sparse SIR method by screening

out specific variables in the first step, followed by the classical SIR method. Lin et al.

(2019) reformulated the estimation of each direction in SIR subspace as a Lasso problem.

Nghiem et al. (2022) introduced a similar approach, decomposing the covariance matrix

with Cholesky decomposition. Tan et al. (2018) and Tan et al. (2020) imposed a sparsity

constraint on the generalized eigenvalue decomposition formulation of the SIR problem.

They then relaxed the non-convex formulation to a convex optimization problem, where

the global optimum is guaranteed. Zeng et al. (2024) developed a general high-dimensional

framework for first-order SDR methods and proposed a quadratic convex formulation for

subspace estimation. However, these high-dimensional methods still inherit the limitations

of their low-dimensional precursors. Particularly, the high-dimensional SIR methods would

completely fail when the response surface is symmetric around the origin. Thus, there is a

pressing need to develop second-order SDR methods for gaining additional information from

the conditional covariance Cov(X | Y ) in high dimensions. This is much more challenging

in both computation and theory than the well-studied first-order methods.

Two of the most popular second-order methods are sliced average variance estimation

(SAVE) and directional regression (DR). In this paper, we propose a general method for

enhancing the scalability of second-order SDR with a focus on SAVE and DR methods.

We reparameterize the SAVE and DR subspaces under the sparsity assumption, which

dramatically reduces the number of free parameters required by SAVE and DR subspaces.

This parsimonious reparametrization inspires our innovative two-step approach. In the first

step, we identify important variables by solving a group-Lasso-type penalized convex op-

timization. Leveraging the parsimonious reparameterization of SAVE and DR subspaces,

the second step concentrates on subspace estimation using the previously selected vari-
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ables. The estimation problem is formulated as a nuclear-norm penalized optimization,

which ensures an accurate determination of the structural dimension. Finally, the second-

order subspace SII in (2) is exactly SY |X under the QDA model (Cook and Yin, 2001).

Following the proposed SDR estimation, we project the data and then simply employ

classical QDA for prediction. This projective QDA has encouraging performance both

theoretically and empirically. Our new approach facilitates a transition from classical ad-

hoc approaches to advanced statistical modeling, efficient computational algorithms, and

strong theoretical justifications, timely addressing the limitations of existing first-order-

based high-dimensional SDR methods. Moreover, the application to QDA also provides a

simple yet effective solution.

In contrast to the extensive studies on the high-dimensional linear discriminant analysis

(LDA) problem (see, e.g., Hao et al., 2015; Mai et al., 2019; Cai and Liu, 2011; Shao et al.,

2011; Cai and Zhang, 2019; Zeng et al., 2023), research on the high-dimensional QDA

problem is relatively new. On one hand, existing works such as Li and Shao (2015), Jiang

et al. (2018), and Cai and Zhang (2021) investigate high-dimensional QDA under sparsity

assumptions on various key parameters, different from our projection-and-solve procedure.

On the other hand, projective QDA such as Wu and Hao (2022) does not employ sparsity

and is feasible only for moderate dimensionality where p < n < p2, while our method

demonstrates consistency even in ultra-high settings where p grows exponentially with n.

1.1 Notation and organization of the paper

Let v = (vi) ∈ Rp denote a generic vector and A = (aij) ∈ Rp×q denote a generic matrix.

For the vector v, the Lq-norm is defined as ∥v∥q = (
∑p

i=1 v
q
i )

1/q, where 1 ≤ q < ∞. Define

L∞-norm and L1-norm for matrix A as ∥A∥∞ = maxi
∑q

j=1 |aij| and ∥A∥1 = ∥A⊤∥∞. Also

define Frobenius norm and max norm for A as ∥A∥F = (
∑p

i=1

∑q
j=1 a

2
ij)

1/2, and ∥A∥max =

maxi,j |aij|. The nuclear norm and the spectral norm are given by ∥A∥∗ =
∑min{p,q}

i=1 σi(A)

and ∥A∥ = σ1(A), where σ1(A) ≥ σ2(A) ≥ . . . ≥ 0 are the ordered singular values of A.

4



We use span(A) and SA interchangeably to denote the subspace spanned by the column

vectors of A. For a symmetric matrix M ∈ Rp×p, let φmax(M) ≡ φ1(M) ≥ . . . ≥ φp(M) ≡

φmin(M) denote its ordered eigenvalues. Suppose that β ∈ Rp×d is the basis matrix of the

subspace S ⊆ Rp, let PS = Pβ = β(β⊤β)−1β⊤ denote the projection onto S. For an index

set I ⊆ {1, . . . , p}, let Ic = {1, . . . , p}/I denote the complementary set of I. Let vI ∈ R|I|

denote the sub-vector of v indexed by I. For index sets I ⊆ {1, . . . , p} and J ⊆ {1, . . . , q},

let AIJ ∈ R|I|×|J | denote the submatrix of A with rows and columns indexed by I and

J . Moreover, denote AIJ = A∗J when I = {1, . . . , p} and denote AIJ = AI∗ when

J = {1, . . . , q}. For two sequences {an} and {bn}, we use an ≲ bn to denote an ≤ cbn for

some constant c > 0 and all n and use an = o(bn) if limn→∞ |an|/|bn| → 0.

The rest of the paper is organized as follows. In Section 2, we introduce the parsimonious

reparameterization of the SAVE subspace. The estimation formulation and the associated

algorithm are provided in Section 3. In Section 4, we establish the theoretical properties

for sparse SAVE. The extension to sparse QDA are provided in Section 5. In Sections 6

and 7, we examine the empirical performance of our proposal with synthetic data and real

examples. The conclusion and potential future works are discussed in Section 8.

2 Population model and parameterization

2.1 Sparse second-order sufficient dimension reduction

SAVE is probably the most popular second-order SDR method. When Y is discrete, SAVE

is closely related to quadratic discriminant analysis (QDA), which is also the second-order

generalization of the linear discriminant analysis. In this case, we simply define a new

random variable Ỹ = Y . For a continuous Y , SAVE splits the range of Y into H disjoint

slices, i.e., constructing a sequence −∞ ≡ a0 < a1 < · · · < aH−1 < aH ≡ ∞ such that

R = (−∞, a1] ∪ (a1, a2] ∪ · · · ∪ (aH−1,∞). Then the discretized response Ỹ ∈ {1, . . . , H}

is constructed such that Ỹ = h when Y ∈ (ah−1, ah]. By slicing, the conditional moments

are obtained from samples within each slices based on Ỹ . Let Σh = Cov(X | Ỹ = h), and
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∆h = Σh −Σ, for h = 1, . . . , H, the SAVE subspace is (Cook and Weisberg, 1991)

SSAVE = span(Σ−1∆1, . . . ,Σ
−1∆H). (3)

Denote the dimension of SSAVE by d. To achieve dimension reduction, d needs to be much

smaller than p, so that the projection of X onto SSAVE is low-dimensional. The problem of

estimating the d-dimensional second-order subspace SII is now consolidated into estimating

SSAVE. When we have a large number of samples compared to p, we estimate SSAVE by the

top-d left singular vectors of the sample estimates of (Σ−1∆1, . . . ,Σ
−1∆H) ∈ Rp×pH .

The DR method is proposed to integrate the strengths of SIR and SAVE, whose effi-

ciency has been supported by its empirical success in a wide range of applications. Let

(X′, Y ′) denote an independent copy of (X, Y ), and let Ỹ and Ỹ ′ denote the discretized

versions of Y and Y ′, taking values in {1, . . . , H}. For h, h′ ∈ {1, . . . , H} and h > h′, define

h̄ = (h − 1)(h − 2)/2 + h′ such that there is a one-to-one correspondence between (h, h′)

and h̄. For 1 ≤ h̄ ≤ H̄, where H̄ = H(H − 1)/2, define Λh̄ = E{(X−X′)(X−X′)⊤ | Ỹ =

h, Ỹ ′ = h′} and Θh̄ = Λh̄ − 2Σ. The DR subspace is

SDR = span(Σ−1Θ1, . . . ,Σ
−1ΘH̄). (4)

The linearity condition and the constant variance condition are two widely assumed

conditions in second-order SDR, under which the SAVE and DR subspaces are associated

with the central subspace in that SSAVE ⊆ SY |X and SDR ⊆ SY |X. In fact, the properties of

the SAVE and DR subspaces are independent of these two conditions, and these conditions

are demanded only if it is necessary to connect the SAVE and DR subspaces to SY |X. To fix

our focus, we assume that SSAVE = SDR = SY |X throughout the paper. We use β ∈ Rp×d

as the basis matrix of SY |X such that SY |X = span(β), where d = dim(SY |X) is called the

structural dimension of the central subspace.

In this paper, we are concerned with high-dimensional data. It is routine to assume

the sparsity structure in model for improving the estimation efficiency. It has been well

understood that the sparsity structure of the central subspace is characterized by the
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group-structured sparsity of the basis matrix β (Cook, 2004), i.e., the k-th component Xk

is unimportant if and only if βk· = 0, where βk· is the k-th row of β. We define the active

set A = {k | ∥βk·∥2 > 0} and the sparsity level s = |A|. Without loss of generality, we

assume A = {1, . . . , s} and β = (β⊤
A,0

⊤)⊤, where βA ∈ Rs×d. Such sparsity assumption

is commonly adopted in sparse SDR (e.g., Chen et al., 2010; Tan et al., 2020; Zeng et al.,

2024), which is coordinate-independent in the sense that A remains invariant if we replace

β with another matrix also spanning span(β).

Since the study of sparse DR parallels the line of the study of sparse SAVE, which has no

additional technical challenges, we focus on the development of sparse SAVE in the paper

and present the extension to sparse DR in Section S.1 of the Supplementary Materials.

2.2 Parsimonious (re-)parameterization of SAVE subspace

The direct estimation of the SAVE subspace involves enormous p2H parameters, composed

of p2 parameters for each block Σ−1∆h, h = 1, . . . , H. Meanwhile, when p ≫ n in a high-

dimensional setting, it is not easy to estimate Σ−1 directly. Our proposal leverages the

intrinsic sparsity structure of the SAVE subspace, reparameterizing the SAVE subspace

with much fewer s2H parameters. Such a reparameterization serves as a cornerstone mo-

tivating our two-step procedure for the sparse estimate of the SAVE subspace. We now

elaborate on the parsimonious reparameterization of the SAVE subspace.

LetMh = Σ−1∆h, h = 1, . . . , H. Then, the SAVE subspace SSAVE = span(M1, . . . ,MH).

The sparsity assumption in β introduces the row-wise sparsity to each Mh in that Mh =(
M⊤

h,A∗,0
⊤)⊤, h = 1, . . . , H. Although the columns of Mh have no group sparsity, they

enjoy the sparsity in the rank sense since the non-zero component Mh,A∗ possesses an

intrinsic low-rank structure. Specifically, span(Mh,A∗) = span(Mh,AA). Recognizing the

row-wise sparsity of Mh and the low-rankness of Mh,A∗, each block Mh has a parsimonious

reparameterization as follows, greatly reducing the number of free parameters.
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Figure 1: (Left) The illustration of the parsimonious reparameterization of SAVE subspace,
with H = 3, p = 5, and A = {1, 2, 3}; (Right) The illustration of the tensor M ∈ RH×p×p,
and its two sub-tensors (matrices) M[h,:,:] and M[:,i,:] corresponding to slices and predictors.

Theorem 1. Let A denote the active set. We have Mh,AA = (ΣAA)
−1∆h,AA and Mh,AAc =

(ΣAA)
−1∆h,AAc. Furthermore, we have span(Mh) = span{(M⊤

h,AA,0
⊤)⊤}, and SSAVE =

span{(M1,AA, . . . ,MH,AA)
⊤,0⊤)⊤}.

The implications of Theorem 1 are profound. When the active setA is known, the SAVE

subspace can be fully characterized by the sub-matrix Mh,AA for h = 1, . . . , H. Therefore,

the reparameterization of the SAVE subspace dramatically reduces the number of parame-

ters to estimate from p2H to s2H. This reduction is particularly noteworthy in sufficiently

sparse models, where p ≫ s. Furthermore, the reparameterized SAVE subspace exclusively

involves the important variables indexed by A. In this sense, the sparsity structure of the

SAVE subspace separates the effects of the important variables from unimportant ones not

only in the statistical model between Y and X but also in the estimation of the SAVE

subspace. The key insight here is that when the active set A is known in prior or A is ac-

curately estimated from samples, we turn the high-dimensional SAVE subspace estimation

to a low-dimensional problem if s ≪ n. This inspiration motives the development of our

proposed method, which will be detailed in Section 3.

An illustrative example of the parsimonious reparameterization of SSAVE is presented in

the left panel of Figure 1, where H = 3, p = 5, and A = {1, 2, 3}. The first equation reflects
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the sparsity pattern of the SAVE subspace. Colored rows denote important variables, while

uncolored rows denote unimportant variables. In the middle equation, the involvement of

the low-rank structure of Mh,A∗ leads to the removal of color from its last two columns.

Under this reparameterization, our focus of parameter estimation is directed towards the

representative matrix (M1,AA,M2,AA,M3,AA), as depicted in the last row.

The sparse linear regression model helps demonstrate the spirit of the reparameteriza-

tion in Theorem (1). Consider the model Y = β⊤X+ε, where E(X) = 0 and E(ε | X) = 0.

It is known that β = Σ−1Σxy, where Σxy = Cov(X, Y ). Under the sparsity assumption

that β = (β⊤
A,0

⊤)⊤, the model simplifies to Y = β⊤
AXA + ε. We can show that the non-

zero components βA = (ΣAA)
−1Σxy,A∗, involving only the important variables indexed by

A. The reparameterization of β in the linear regression model shares the similar spirit

with our reparameterization of sparse SAVE. However, our problem is more involved, as an

arbitrarily complicated associations between Y and X is allowed. The reparameterization

of the SAVE subspace integrates both sparsity and low-rank structures, whereas that of

the coefficient β in the linear regression model only leverages the sparsity structure.

3 Sparse SAVE

3.1 Variable selection

Sparse SAVE method is a two-step procedure, composed of the variable selection and the

subspace estimation steps. To facilitate the development of estimation and theory in the

variable selection step, we introduce the three-way tensor M ∈ RH×p×p, constructed by

stacking H blocks Mh along another direction. We illustrate such a tensor structure in the

right panel of Figure 1. We follow the indexing system in Matlab: The slices on the first

mode of M, i.e., M[h,:,:] ∈ Rp×p, correspond to the h-th block Mh.

We propose to select the important variables through solving the penalized convex

optimization problem in the form of argminG∈RH×p×p f(G) + penλ1(G), where f(G) is some
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objective function whose population counterpart attains the minimum uniquely at the true

parameter M, and penλ1(G) is a sparsity-inducing penalty with tuning parameter λ1 >

0. Specifically, we recognize that
∑H

h=1{(1/2)tr(G⊤
[h,:,:]ΣG[h,:,:]) − tr(G⊤

[h,:,:]∆h)} attains its

minimal value at M. Then we define f(G) =
∑H

h=1{(1/2)tr(G⊤
[h,:,:]Σ̂G[h,:,:])− tr(G⊤

[h,:,:]∆̂h)},

where the sample estimates ∆̂h = Σ̂h− Σ̂. Here, Σ̂h = n−1
h

∑n
i=1 I(Ỹi = h)(Xi−Xh)(Xi−

Xh)
⊤ and Σ̂ = n−1

∑n
i=1(Xi − X)(Xi − X)⊤ with Xh = n−1

h

∑n
i=1 I(Ỹi = h)Xi, X =

n−1
∑n

i=1Xi, and nh =
∑n

i=1 I(Ỹi = h).

For variable selection, we choose the group-wise penalty penλ1(G) = λ1

∑p
i=1 ϕ(G[:,i,:]),

where ϕ : RH×p → R is a convex function measuring the magnitude of the sub-tensor G[:,i,:].

Similar to group-Lasso (Yuan and Lin, 2006), penλ1(G) encourages some sub-tensors G[:,i,:]

to be zero, achieving variable selection. In this paper, we employ the L2,1-norm for the

function ϕ(·), that is, ϕ(G[:,i,:]) =
∑p

j=1 ∥G[:,i,j]∥2 =
∑p

j=1(
∑H

h=1 G2
[h,i,j])

1/2. Theoretically,

the L2,1-norm eases the analysis of variable selection consistency, as detailed in Section 4.

The main reason is that with L2,1-norm, the penalty penλ1(G) only involves the L2-norm

of vector G[:,i,j], whose dimension H does not diverge with n. This approach avoids the

direct bounding of the L2-norm of G[:,i,:], a H × p matrix, which is challenging due to

the accumulation of component-wise noises. Computationally, as we discuss in details in

Section 3.4, the L2,1-norm for ϕ(·) allows for efficient implementation.

Finally, the penalized convex optimization we solve is,

argmin
G∈RH×p×p

H∑
h=1

{
1

2
tr
(
G⊤
[h,:,:]Σ̂G[h,:,:]

)
− tr(G⊤

[h,:,:]∆̂h)

}
+ λ1

p∑
i=1

p∑
j=1

(
H∑
h=1

G2
[h,i,j]

)1/2

. (5)

Let M̂ denote the solution of (5), we select important variables by picking up the non-

zero slices M̂[:,i,:], i = 1, . . . , p. We estimate A by Â = {i | ∥M̂[:,i,:]∥2,∞ > 0}, where

∥M̂[:,i,:]∥2,∞ = maxj ∥M̂[:,i,j]∥2. The estimated sparsity level is denoted by ŝ = |Â|.

We remark that the tensor parameterM is introduced to better interpret the motivation

behind the imposed L2,1 penalty and our variable selection procedure. We do not directly

assume any tensor low-rank structure in our problem. Thus, the decomposition techniques,
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such as tensor SVD (Zhang and Xia, 2018), are not directly applicable here.

3.2 Subspace estimation

The parsimonious reparameterization of the SAVE subspace allows for a more economical

estimation, leveraging much fewer parameters. Specifically, given the oracle knowledge

of A, our focus is the estimation of the representative matrix (M1,AA, . . . ,MH,AA), as

illustrated in Figure 1. In fact, in the high-dimensional setting, s is allowed to diverge

while the structural dimension d = rank(M1,AA, . . . ,MH,AA) is commonly assumed to be

bounded. Thus, the matrix (M1,AA, . . . ,MH,AA) has an intrinsic low-rank structure.

In practical applications, the unknown nature of A necessitates its estimation, denoted

by Â, derived from the variable selection step. Capitalizing on the fact that Mh,AA is

the minimizer of (1/2)tr(B⊤
hΣAABh) − tr(B⊤

h∆h,AA), we propose to recover the matrix

(M1,ÂÂ, . . . ,MH,ÂÂ) through solving the following optimization problem,

argmin
B1,...,BH∈Rŝ×ŝ

H∑
h=1

{
1

2
tr(B⊤

h Σ̂ÂÂBh)− tr(B⊤
h ∆̂h,ÂÂ)

}
+ λ2∥(B1, . . . ,BH)∥∗, (6)

where the nuclear-norm penalty ∥ · ∥∗ is imposed to encourage the low-rankness. Let

B̂ = (B̂1, . . . , B̂H), where B̂h ∈ Rŝ×ŝ, h = 1, . . . , H, denote the solution to (6). According

to Theorem 1, the matrix (M1,AA, . . . ,MH,AA) characterizes the SAVE subspace, thus we

estimate the structural dimension d and the basis matrix β based on B̂. Let σ̂j denote

the j-th largest singular value of B̂, and η̂j ∈ Rŝ denote the corresponding left singular

vector. The estimation of d is given by d̂ = |{j | σ̂j ≥ δ}| ∧ dmax, where δ > 0 and dmax are

user-defined. The value δ thresholds the small singular values σ̂j, providing a guarantee

for the accurate determination of d̂, which we have examined theoretically in Section 4.

In practice, it suffices to set δ at a small value. In our experience, when the predictors

are standardized, the proposed method performs reliably with δ = 10−3. Accordingly, we

set δ = 10−3 in all implementations of our method throughout the paper. The validity of

our choice of δ has been supported by the favorable empirical results in numerical studies
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(cf. Sections 6 & 7). We further investigate the sensitivity of dimension selection to the

choice of δ in Section S.10.4 of the Supplementary Materials. The results show that the

selected structural dimension is stable over a range of small values of δ. The integer dmax

is utilized to truncate overly large dimension, which occurs when a non-sparse active set

emerges from the first step. After expanding the vector η̂j to the p-dimensional vector β̂j,

such that β̂j,Â = η̂j and β̂j,Âc = 0, j = 1, . . . , d̂, we define β̂ = (β̂1, . . . , β̂d̂) ∈ Rp×d̂.

We have some remarks regarding the optimization problem (6). First, although the

optimization relies on the estimated active set Â, we have justified that the variable selec-

tion is consistent, i.e., Â = A with high probability (cf. Theorem 2). Consequently, we

solve the optimization problem (6) as if the true active set A is known, and the resulting

solution serves as a legitimate estimate of the representative matrix (M1,AA, . . . ,MH,AA).

Even in cases where active set is misspecified, the solution of (6) remains a valid estimate

for (M1,ÂÂ, . . . ,MH,ÂÂ). However, the probability of mis-specifying A is nearly zero. In

Section S.10 of the Supplementary Materials, we investigate the performance of sparse

SAVE/DR with the misspecified A from the first step. We observe that once A is com-

pletely selected from the first step, our proposal remains high estimation efficiency even

when some false positives exist. Second, the nuclear-norm regularization has been em-

ployed in various areas, such as generalized linear regression models (Zhou and Li, 2014)

and SDR (Zeng et al., 2024).

It is well known that, in matrix estimation, the nuclear-norm penalty plays a role anal-

ogous to that of the Lasso penalty in linear regression. In Section S.9 of the Supplementary

Materials, we carefully study the impact of the nuclear-norm penalty through comprehen-

sive simulations. We find that incorporating this penalty not only improves the accuracy of

structural dimension determination, but also enhances the efficiency of subspace estimation.

The improved subspace estimation accuracy may be attributed to the tuning procedure,

as sparse SAVE explores the entire solution path and selects the best estimator from a
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collection of candidate estimators via parameter tuning. Furthermore, the nuclear-norm,

by effectively introducing a low-rank structure, makes our proposal less sensitive to the

complexity of parameterization, decided by the number of slices H.

3.3 Comparison with existing literature

Two promising second-order sparse SDR procedures are Qian et al. (2019) and Jin and Luo

(2025). Qian et al. (2019) developed a unified framework of sparse SDR methods based on

the penalized minimum discrepancy approach. However, their approach introduces an or-

thogonal constraint of a redundant parameter, making their procedure non-convex and com-

putationally more intense. Moreover, they demand additional sub-Gaussian X | (Ỹ = h)

and (approximate) sparsity on Cov(X | Ỹ = h), which are not required by ours. Jin and

Luo (2025) generalizes inverse regression methods in SDR via column selection from the

(pH)-columns in (M1, . . . ,MH) to span the central subspace. In contrast, our two stage

approach first selects important variables indirectly from analyzing this large matrix, which

is reformulated into a tensor, then perform subspace estimation with automatic dimension

determined via nuclear norm penalized estimation. Moreover, the column selection proce-

dure in Jin and Luo (2025) is conducted in a sequential way, where the column selection

index is expanded step by step until a stopping criterion is met, whereas our variable se-

lection is achieved by solving a penalized convex optimization problem and relies on the

choice of a continuous tuning parameter.

Our proposal is also related to the work of Zeng et al. (2024) since both approaches

impose group-Lasso-type and nuclear-norm penalizations. Although two works rely on

similar penalizations and regularity assumptions, our proposal is fundamentally different

from and more challenging than theirs. In fact, there are theoretical limitations to directly

extending Zeng et al. (2024) to second-order SDR methods. The target parameter in Zeng

et al. (2024) is a p × H matrix, where H is assumed to be bounded. The derivation
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of convergence results heavily relies on this non-diverging H to control the L2-norm of

each row in the p ×H matrix. By naively extending their work to SAVE/DR, the target

parameter becomes a large p × (pH) matrix, and it is challenging to bound the L2-norm

of the (pH)-dimensional row vector due to the accumulation of component-wise noises

unless further parsimonious assumptions are imposed. Our approach differs from Zeng

et al. (2024) in that only p2 L2-norms of H-dimensional vectors are involved in the first

step, thereby avoiding the direct handling of (pH)-dimensional vectors, which facilitates

the successful derivation of variable selection consistency.

In Section S.5 of the Supplementary Materials, we provide a thorough comparison be-

tween our proposal and existing literature with more technical details.

3.4 Algorithms

We solve the group-Lasso-type convex optimization (5) and the nuclear-norm penalized

convex optimization (6) by the blockwise coordinate descent algorithm and the accelerated

proximal gradient descent algorithm, respectively. The blockwise coordinate descent algo-

rithm is similar to an existing algorithm proposed by (Pan and Mai, 2020), which solves

sparse estimation problems in multiple differential networks and quadratic discriminant

analysis. This algorithm is shown to converge to the global solution while the computation

cost is relatively low (scaling well with p). Moreover, the accelerated proximal gradient

descent algorithm is guaranteed to have a linear rate of algorithmic convergence by taking

a proper step size. The complete algorithms and the implementation details are described

in Section S.8 of the Supplementary Materials.

4 Theoretical properties

We provide the justification of certain consistency results for sparse SAVE. The parallel

results for sparse DR are relegated to Section S.1 of the Supplementary Materials. In the

high-dimensional setting, where p diverges exponentially with n, we show that variable
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selection in the first step is consistent and the subspace estimation in the second step is

accurate with a high convergence rate.

The following regularity assumptions are needed for variable selection consistency.

(A1) The predictors X1, . . . ,Xn ∈ Rp are i.i.d. centered sub-Gaussian random vectors with

covariance matrix Σ. That is, E(Xi) = 0 and supa∈Rp,∥a∥2=1 ∥a⊤Xi∥ψ2 < ∞, where

∥Z∥ψ2 = inf{t > 0 : E{exp(Z2/t2)} ≤ 2} denotes the sub-Gaussian norm for any

random variable Z ∈ R. Assume there exists a constant m > 0 such that m−1 ≤

φmin(Σ) ≤ φmax(Σ) ≤ m and m−1 ≤ φmin(Cov{XI(Ỹ = h)}) ≤ φmax(Cov{XI(Ỹ =

h)}) ≤ m for h = 1, . . . , H.

(A2) Assume that α = 1−maxj∈Ac ∥ΣjA(ΣAA)
−1∥1 > 0.

(A3) Assume that ∥(ΣAA)
−1∥∞, ∥ΣAcA∥∞, and maxh ∥∆h,A∗∥max are bounded from above.

(A4) There exists a constant a > 0 such that πh = Pr(Ỹ = h) ≥ a for h = 1, . . . , H.

(A5) There exists a constant c > 0 that does not depend on s, n and p, such that

∥M[:,i,:]∥2,∞ > c
√
s2 log p/n for all i ∈ A.

The sub-Gaussianity assumption in Assumption (A1) is common in high-dimensional

SDR, e.g., Qian et al., 2019; Tan et al., 2018, 2020; Lin et al., 2019; Zeng et al., 2024,

and is also commonly imposed in other high-dimensional settings, such as linear regres-

sion (Raskutti et al., 2011) and precision matrix estimation (Zhang and Zou, 2014). More-

over, the bounded eigenvalue assumption in Assumption (A1) is satisfied by many cor-

relation structures, including diagonal matrix, autoregressive structured matrix (Trench,

1999), and tridiagonal Toeplitz matrix (Noschese et al., 2013), and can be violated in

some cases, e.g., the compound-symmetry structured matrix (Jiang, 2019). Moreover, we

assume the bounded eigenvalues of Cov{XI(Ỹ = h)} to establish the consistency of Σ̂h.

This assumption is mild and can be implied by the bounded ∥E(X | Ỹ = h)∥2 and bounded

eigenvalues of Cov(X | Ỹ = h) (c.f. Lemma S.22 in the Supplementary Materials). As-

sumption (A2), akin to the irrepresentability condition (Zhao and Yu, 2006; Bach, 2008), is
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generally assumed for variable selection consistency. Intuitively, by bounding ∥(ΣAA)
−1∥∞

and ∥ΣAcA∥∞ in Assumption (A3), the association between XAc and XA is not arbitrarily

large. Similar assumptions are made in Zeng et al. (2024) and Mai et al. (2019) to derive

variable selection consistency. Additionally, the bounded maxh ∥∆h,A∗∥max indicates that

the conditional covariance Σh does not deviate greatly from the marginal covariance Σ

in rows indexed by A. Assumption (A4) guarantees the proper proportion of sample size

in each slice. The signal strength Assumption (A5) bounds the weakest signal away from

zero when s2 log p = o(n) to successfully extract the important variables from the noise.

This is also a common assumption for deriving variable selection consistency (Mai et al.,

2019; Li et al., 2023). We remark that although Theorem 1 shows that the equivalence

between the SAVE subspace and the span of {(M1,AA, . . . ,MH,AA)
⊤,0⊤}, our variable se-

lection consistency results rely on a sufficiently large signal in either {M1,AA, . . . ,MH,AA}

or {M1,AAc , . . . ,MH,AAc}, as stated in Assumption (A5). Thus, for an important variable

Xi with i ∈ A, even when the i-th row in {M1,AA, . . . ,MH,AA} is weak, we are still al-

lowed to identify it through the i-th row of {M1,AAc , . . . ,MH,AAc}. In Section S.3 of the

Supplementary Materials, we illustrate this point with a toy example.

Furthermore, we assume that integers H and d are bounded from above. The bounded

H assumption for our proposal is arguably reasonable since second-order SDR methods,

unlike first-order SDR methods, do not rely on a large H for identifying multiple directions

in the central subspace.

The following theorem establishes the variable selection consistency for sparse SAVE.

Theorem 2 (Variable selection consistency). Suppose Assumptions (A1)–(A4) hold

and that n ≥ c1s
2 log p for some large enough constant c1 > 0, there exist constants

κ1, κ2, C, C
′ > 0 such that, by taking κ1

√
s2 log p/n ≤ λ1 ≤ κ2

√
s2 log p/n, with probability

at least 1−Cp−C
′
, we have (i) Â ⊆ A; (ii) maxi=1,...,p ∥M̂[:,i,:] −M[:,i,:]∥2,∞ ≲

√
s2 log p/n;

(iii) Â = A if we further assume that Assumption (A5) holds.
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Some remarks on Theorem 2 are given as follows. Motivated by the group-wise penalty

penλ1 we employed in (5), the exact recovery of important variables {Â = A} can be ex-

pressed as intersections and unions of p2 individual events Eij := {∥M̂∥[:,i,j]∥2 > 0}, i, j =

1, . . . , p, such that {Â = A} = {A ⊆ Â} ∩ {Â ⊆ A}, where {A ⊆ Â} = ∩i∈A(∪pj=1Eij)

and {Â ⊆ A} = ∩i∈Ac(∩pj=1E
c
ij). The proof of Theorem 2 is completed by proving the

intersections and unions of the individual events Eij holds with high probability. Under As-

sumptions (A1)–(A4), statement (i) implies one direction of variable selection consistency,

i.e., our proposal eliminates all unimportant variables with high probability. Statement (ii)

quantifies the discrepancy between the estimated sub-tensor M̂[:,i,:] and its population

counterpart, which converges to zero, even when p and s diverge with s2 log p = o(n).

According to the definition of Â, we select important variables based on the non-zero sub-

tensor M̂[:,i,:]. Statement (ii), together with the signal strength Assumption (A5), leads to

another direction A ⊆ Â, giving the variable selection consistency in statement (iii).

For true and estimated basis matrices β̂,β ∈ Rp×d, we measure the subspace estimation

accuracy via the subspace distance, defined as D(β̂,β) = ∥Pβ̂ − Pβ∥F/
√
2d, which takes

the value between zero and one with zero meaning the exact overlap of two subspaces and

one meaning that the two subspaces are perpendicular. We need the following additional

regularity assumption on maxh ∥∆h,AA∥1 and eigen-gap assumption for developing the sub-

space estimation consistency. Let σ1 ≥ · · · ≥ σd ≡ σ > 0 denote the descending singular

values of the matrix (M1,AA, . . . ,MH,AA).

(A6) Assume that maxh ∥∆h,AA∥1 is bounded from above.

(A7) There exists a constant c′ that depends on parameters m, θ0, η1, H, πh, ∥Xj∥ψ2 , and

∥XjI(Ỹ = h)∥ψ2 , for j = 1, . . . , p, and h = 1, . . . , H, and does not depend on s, n

and p, such that σ > 2c′
√

s2 log p/n.

The bounded maxh ∥∆h,AA∥1 in Assumption (A6) ensures that the sub-matrices of Σh

and Σ, indexed by A, differ within a reasonable range. The eigen-gap assumption in
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Assumption (A7) is widely accepted in subspace estimation problems (Cai et al., 2013;

Gao et al., 2017), enabling the separation of the target subspace from its complement.

Theorem 3 (Subspace estimation consistency). Suppose Assumptions (A1)–(A7)

hold and that n ≥ c2s
2 log p for some large enough constant c2 > 0, there exist con-

stants κ1, κ2, κ3, C, C
′ > 0 such that, by taking κ1

√
s2 log p/n ≤ λ1 ≤ κ2

√
s2 log p/n,

0 < λ2 ≤ κ3

√
s log p/n, and the thresholding value δ = σ/2, with probability at least

1− Cp−C
′
, we have (i) d̂ = d; (ii) D(β̂,β) ≲

√
s2 log p/(nσ2).

Theorem 3 shows that, with the proper choice of λ1, λ2, and δ, we achieve dimension

selection and subspace estimation consistency at a high convergence rate. In Proposition S.1

of the Supplementary Materials, we make more explicit how the nuclear-norm penalty

enters the error bounds of singular value and subspace estimation. Compared with the

convergence rate of sparse SIR methods in the literature (Tan et al., 2020; Lin et al.,

2019; Zeng et al., 2024), i.e., O(
√
s log p/n), our rate is slower. The indication is that to

achieve estimation consistency, we require a sparser model than sparse SIR methods. One

reason is that the parameters to be estimated in second-order SDR methods proliferate

and are on the order of O(p2), while those for SIR methods are only on the order of O(p).

Therefore, the extra requirement on the sparsity level is the cost we need to pay for the

accurate subspace estimation. It is worthy noting that Theorem 3 is a comprehensive result,

incorporating both the fixed-s and diverging-s settings, which is coherent with Theorem 2,

where no requirement is imposed on s. If we further assume that s diverges with n and p,

the error bound D(β̂,β) can achieve a sharper rate O{s2 log s/(nσ2)}. See Section S.4 of

the Supplementary Materials for more details.

5 Extensions: sparse QDA

It has been recognized that the SAVE subspace is equivalent to the central subspace under

the QDA model (Cook and Yin, 2001), and that the classification based on the SAVE
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variates is equivalent to the classical QDA rule based on all predictor variates (Pardoe

et al., 2007). This motivates us to extend our sparse SAVE to the high-dimensional QDA

problem, which itself attracts attention from a much broader community.

The QDA model assumes that Pr(Y = k) = πk and X | (Y = k) ∼ N(µk,Σk),

k = 1, . . . , K, where
∑K

k=1 πk = 1, µk ∈ Rp and Σk ∈ Rp×p. For an observation (Y,X), the

kth discriminant function as Qk(X) = log{Pr(Y = 1 | X)/Pr(Y = k | X)}. Recall that we

assume SSAVE = span(β), then it holds that Qk(X) = Qk(β
⊤X). Following the terminology

in Pardoe et al. (2007), we refer to the reduced predictors Z = β⊤X as the SAVE variates,

then Z | (Y = k) ∼ N(ηk,Ψk), where ηk = β⊤µk and Ψk = β⊤Σkβ, for k = 1, . . . , K.

Therefore, the Bayes rule based on the SAVE variates is ϕ∗(X) = argmink∈{1,...,K}Qk(Z),

where Qk(Z) has the explicit form as follows, Qk(Z) = (1/2)(Z − η1)
⊤(Ψ−1

k − Ψ−1
1 )(Z −

η1)− (ηk − η1)
⊤Ψ−1

k {Z− (ηk + η1)/2} − (1/2) log(|Ψ1|/|Ψk|) + log(π1/πk). Notably, the

DR and SAVE subspaces are equivalent under almost no assumption (Li and Wang, 2007),

and our sparse DR offers an alternative approach for estimating SSAVE. For the sake of

clarity, we present our project sparse QDA method based on the sparse SAVE method.

Suppose we collect a new observation (X∗, Y ∗), independent of training set (Yi,Xi), for

i = 1, . . . , n. We implement our sparse SAVE with the training set and obtain the estimated

SAVE subspace span(β̂). Then, we construct the SAVE variates for X∗ as Ẑ∗ = β̂⊤X∗.

Let π̂k = nk/n, Ψ̂k = β̂⊤Σ̂kβ̂, and η̂k = β̂⊤µ̂k, where nk, Σ̂k, and µ̂k are sample size,

sample covariance, and sample mean for class k in the training set. The prediction for X∗ is

made through ϕ̂(X∗) = ϕ̂(Ẑ∗) = argmink∈{1,...,K} Q̂k(Ẑ
∗), where the estimated discriminant

function Q̂k(Ẑ
∗) is Q̂k(Ẑ

∗) = (1/2)(Ẑ∗− η̂1)
⊤(Ψ̂−1

k − Ψ̂−1
1 )(Ẑ∗− η̂1)− (η̂k− η̂1)

⊤Ψ̂−1
k {Ẑ∗−

(η̂k + η̂1)/2} − (1/2) log(|Ψ̂1|/|Ψ̂k|) + log(π̂1/π̂k).

Our projective sparse QDA method enjoys the accurate prediction property, measured

by the excess misclassification risk. Let R(ϕ∗) = Pr(ϕ∗(X∗) ̸= Y ∗) denote the Bayes

error and R(ϕ̂) = Pr(ϕ̂(X∗) ̸= Y ∗) denote the conditional misclassification error of our
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proposal which conditions on the training set. The excess misclassification risk is defined

as R(ϕ̂) − R(ϕ∗). We derive the upper bound for the excess misclassification risk with

additional Assumptions (A8)–(A10), which are commonly adopted in QDA, as discussed

in Cai and Zhang (2021), Jiang et al. (2018), and Li and Shao (2015). To save the space,

we move Assumptions (A8)–(A10) to Section S.2 of the Supplementary Materials.

Theorem 4. Under Assumptions (A2)–(A10), there exist constants C,C ′ > 0 such that,

with probability at least 1− Cp−C
′
, we have R(ϕ̂)−R(ϕ∗) ≲ {s2 log p/(nσ2)}1/3.

In Theorem 4, Assumption (A1) is implied by the conditional normality under QDA

model and Assumption (A8). According to Theorem 4, when s2 log p/(nσ2) approaches

zero, the misclassification error of our proposal converges to the Bayes error consistently.

It is worthy pointing out that the consistency result in Theorem 4 does not require any

sparsity assumption on the parameters, e.g., Σ−1
k − Σ−1

1 , as seen in existing sparse QDA

works. The parsimonious structure assumption in our sparse QDA is imposed only during

the estimation of the SAVE subspace. Note that σ2 in the upper bound in Theorem 4 is

introduced by the estimation error of span(β). Once the oracle knowledge of the central

subspace span(β) is provided, we can further improve the upper bound of the misclassifi-

cation risk to O{(s2 log p/n)1/3}.

6 Simulation studies

We consider three forward models (M1)–(M3) and two discriminant models (Q1)–(Q2). In

all models, we generate the basis of central subspace β = (β1, . . . ,βd) ∈ Rp×d, where the

first s = 6 elements of its each column is from the uniform distribution supported on [0.5, 1]

and the rest of the elements is zero. Then, we normalize β such that β⊤β = Id. In forward

models, we generate X from the multivariate normal distribution N(0,Σ). The covariance

Σ is structured as a block-diagonal matrix, i.e., Σ = bdiag(Σs, Ip−s), where Σs ∈ Rs×s with

(Σs)ij = 0.8|i−j| for i, j = 1, . . . , s. The error term ε is generated from the standard normal
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distribution. In discriminant models, response Y is generated from the uniform distribution

on {1, . . . , H}. Let β0 ∈ Rp×(p−d) be the orthogonal basis complementary to β, such that

span(β,β0) = Rp and β⊤β0 = 0. We independently generate components Z0 ∈ Rp−d from

N(0, Ip−d) and construct Z ∈ Rd depending on Y . Then we define X = βZ + β0Z0 such

that Z = β⊤X and Z0 = β⊤
0 X. The models are summarized in the following, where I(·)

denotes the indicator function:

(M1) Y = {2I(β⊤
1 X > 0)− 1}{(β⊤

2 X)1/3 + 0.5}+ 0.2ε;

(M2) Y = β⊤
1 X · exp(2β⊤

2 X+ ε);

(M3) Y = 3(β⊤
1 X)2 + sinh(3β⊤

2 X) + ε;

(Q1) Y ∼ Unif{1, 2}, Z | (Y = 1) ∼ N((0, 0)⊤, 0.1I2) and Z | (Y = 2) ∼ N((1, 0)⊤, 3I2);

(Q2) Y ∼ Unif{1, 2, 3}, Z | (Y = 1) ∼ N((0, 0, 0)⊤, 0.1I3), Z | (Y = 2) ∼ N((0, 0, 0.5)⊤, 0.5I3),

and Z | (Y = 3) ∼ N((1, 1, 0.5)⊤, 3I3).

In Models (M1)–(M3) and (Q1), d = 2, and in Model (Q2), d = 3. It is well-established that

second-order SDR methods are most advantageous when symmetric components are present

in the model. Thus, we consider different components in forward models. In Models (M1)

and (M2), both components are monotonic. In Model (M3), symmetric and asymmetric

components are considered. The discriminant Models (Q1) and (Q2) are QDA models,

with the number of classes K = 2 and K = 3, respectively. We have conducted more

experiments under additional simulation models (M4)–(M5) and (Q3)–(Q4). Specifically,

we consider two extra forward models with d = 1 and d = 2 and two extra discriminant

models with (K, d) = (2, 1) and (K, d) = (3, 2). For the sake of space limit, we put the

complete results under all models in Section S.10 of the Supplementary Materials. The

comparison results under the additional models are similar to those under the models we

presented in the paper. For computational efficiency, we recommend setting H ≤ 5 for

sparse SAVE/DR methods. In fact, our approach is less sensitive to the choice of H. As

demonstrated in Section S.9 of the Supplementary Materials, our method has almost the
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Model p D (×100)

Sparse SAVE Sparse DR HOPG TC-SAVE SEAS-SIR Lasso-SIR Oracle-SAVE Oracle-DR

(M1)
700 24.3 (0.8) 23.8 (0.8) 76.4 (0.3) 34.7 (0.7) 25.7 (1.1) 62.4 (1.0) 61.7 (1.3) 52.5 (1.3)
1000 24.5 (0.9) 23.8 (0.8) 77.3 (0.3) 35.1 (0.6) 25.5 (1.1) 63.3 (1.1) 61.7 (1.3) 52.5 (1.3)
1500 25.3 (1.1) 23.1 (0.7) 77.7 (0.3) 35.9 (0.6) 25.8 (1.1) 63.4 (1.1) 61.7 (1.3) 52.5 (1.3)

(M2)
700 28.5 (1.3) 24.0 (0.7) 92.5 (0.3) 36.6 (0.4) 38.0 (2.1) 47.8 (0.6) 63.4 (1.3) 48.0 (1.4)
1000 29.3 (1.4) 24.2 (0.7) 93.0 (0.2) 37.5 (0.6) 38.1 (2.1) 49.3 (0.6) 63.4 (1.3) 48.0 (1.4)
1500 30.1 (1.5) 24.3 (0.8) 93.2 (0.3) 37.5 (0.4) 37.7 (2.1) 50.6 (0.7) 63.4 (1.3) 48.0 (1.4)

(M3)
700 30.7 (1.0) 29.5 (1.2) 83.0 (0.6) 34.1 (0.9) 70.2 (0.9) 78.1 (0.3) 62.9 (1.2) 57.6 (1.0)
1000 30.9 (1.0) 30.7 (1.3) 83.6 (0.6) 32.7 (0.8) 71.3 (0.9) 78.5 (0.4) 62.9 (1.2) 57.6 (1.0)
1500 31.5 (1.0) 31.2 (1.4) 84.5 (0.7) 34.0 (0.9) 71.3 (0.9) 79.1 (0.3) 62.9 (1.2) 57.6 (1.0)

(Q1)
700 6.7 (0.3) 66.1 (1.3) 82.1 (0.5) 78.1 (0.7) 60.5 (0.8) 75.2 (0.5) 6.8 (0.2) 27.8 (1.6)
1000 7.0 (0.3) 67.2 (1.2) 83.6 (0.6) 80.0 (0.5) 61.5 (0.8) 76.5 (0.5) 6.8 (0.2) 27.8 (1.6)
1500 7.4 (0.4) 68.7 (1.2) 84.1 (0.5) 82.0 (0.4) 62.5 (0.9) 77.9 (0.5) 6.8 (0.2) 27.8 (1.6)

(Q2)
700 8.4 (0.2) 8.2 (0.2) 82.8 (0.4) 61.3 (0.9) 58.0 (0.5) 73.8 (0.5) 8.9 (0.2) 8.2 (0.2)
1000 8.4 (0.2) 8.1 (0.2) 83.6 (0.4) 63.6 (0.7) 58.5 (0.5) 74.6 (0.6) 8.9 (0.2) 8.2 (0.2)
1500 8.5 (0.2) 8.2 (0.2) 84.5 (0.4) 64.8 (0.7) 58.8 (0.5) 74.9 (0.6) 8.9 (0.2) 8.2 (0.2)

Table 1: Mean (and standard error) of the subspace estimation error D (×100) under
Models (M1)–(M3) and (Q1)–(Q2) with n = 300 and p = 700, 1000, 1500. The best two
results in each setting are highlighted.
Note: Sparse SAVE and Sparse DR are our proposals. TC-SAVE refers to Qian et al. (2019); HOPG to
Cai et al. (2023); SEAS-SIR to Zeng et al. (2024); Lasso-SIR to Lin et al. (2019). Oracle-SAVE and

Oracle-DR use the true active set A. Each entry is the mean (Monte Carlo standard error in parentheses)
over 100 independent replicates.

same performance in subspace estimation with various H’s.

For subspace estimation, we compare our proposed sparse SAVE and sparse DR with

the sparse SAVE method TC-SAVE in Qian et al. (2019), the high-dimensional OPG

method HOPG in Cai et al. (2023), and two sparse SIR methods, SEAS-SIR (Zeng et al.,

2024) and Lasso-SIR (Lin et al., 2019). Moreover, we include two oracle methods in the

comparison, namely, oracle-SAVE and oracle-DR, which have access to the true active

set A. Specifically, oracle-SAVE first computes B̂ = (Σ̂AA)
−1(∆̂1,AA, . . . , ∆̂H,AA), and

oracle-DR computes B̂ = (Σ̂AA)
−1(Θ̂1,AA, . . . , Θ̂H̄,AA), where Θ̂h̄,AA = Λ̂h̄,AA − 2Σ̂AA.

The constructions of the estimated basis are the same for oracle-SAVE and oracle-DR. Let

η̂j denote the left singular vector of B̂ corresponding to its j-th largest singular value,

we extend each η̂j to the p-dimensional vector β̂j such that β̂j = (η̂⊤
j ,0

⊤)⊤. Then, the

estimated central subspace is span(β̂1, . . . , β̂d). The number of slices is selected as H = 5 in

forward models. For prediction in discriminant models, we additionally include two sparse

QDA methods, DA-QDA (Jiang et al., 2018) and SQDA (Li and Shao, 2015), a sparse

LDA method MSDA (Mai et al., 2019), and the sparse logistic regression (SLR; Friedman
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et al., 2010). Note that in discriminant models (Q1) and (Q2), sparse SIR methods at most

estimate K−1 directions. Hence, we set the structural dimension d = K−1 for SEAS-SIR

and Lasso-SIR in Models (Q1) and (Q2).

We generate 100 independent data replicates, each consisting of a training set and a

validation set of size n for model fitting and model selection, and a testing set of size 600

for prediction accuracy evaluation. We fix n = 300 and vary p = 700, 1000, 1500. The

results with p = 700 and n = 300, 600 are moved to Section S.10 of the Supplementary

Materials. All methods select the tuning parameter using the separate validation set.

The subspace estimation errors D(β̂,β) = ∥Pβ̂ − Pβ∥F/
√
2d are recorded in Table 1.

Across all settings, our proposal outperforms other competitors even in the challenging

scenario of p = 1500. The empirical findings provide a concrete evidence for justifying the

subspace estimation consistency in Theorem 3. However, there is no clear winner between

sparse SAVE and sparse DR methods. Sparse SIR methods exhibit limited performance

in these models. They particularly break down in Model (M3), which involves symmetric

components. In Models (M1) and (M2), where symmetric components are absent, sparse

SIR demonstrate improved performance but are still surpassed by our proposal. In Mod-

els (Q1) and (Q2), it is not surprising that sparse SIR methods perform poorly since they

at most identify H − 1 directions and miss one direction in these two models.

We examine the variable selection consistency, as stated in Theorem 2, by analyzing the

True Positive Rate (TPR) and False Positive Rate (FPR), defined as TPR = |Â ∩ A|/|A|

and FPR = |Â ∩ Ac|/|Ac|. The results are relegated to Section S.10 of the Supplementary

Materials. Our proposal achieves accurate variable selection in almost all settings, with

one exception in Model (Q1), where sparse DR misses some important variables. This

partly explains its reduced performance in subspace estimation in Model (Q1). TC-SAVE

performs poorly in discriminant models, leading to inaccurate subspace estimation. Sparse

SIR methods also struggle with identifying important variables. Despite improved variable
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Model p Classification errors (%)

Bayes Sparse SAVE Sparse DR HOPG TC-SAVE SEAS-SIR Lasso-SIR MSDA SLR DA-QDA SQDA

(Q1)
700 6.0 (0.1) 6.5 (0.1) 19.3 (0.7) 35.5 (0.4) 25.4 (0.5) 24.5 (0.7) 37.8 (0.5) 34.9 (0.5) 39.0 (0.5) 24.3 (0.4) 18.8 (0.4)
1000 6.0 (0.1) 6.4 (0.1) 19.8 (0.7) 36.4 (0.4) 27.1 (0.5) 25.4 (0.7) 39.0 (0.4) 35.2 (0.5) 39.4 (0.5) 25.4 (0.4) 19.2 (0.4)
1500 6.0 (0.1) 6.5 (0.1) 20.5 (0.8) 36.7 (0.4) 29.0 (0.4) 26.4 (0.8) 40.0 (0.4) 35.8 (0.5) 40.1 (0.5) 27.1 (0.4) 19.5 (0.4)

(Q2)
700 18.5 (0.2) 20.0 (0.2) 20.0 (0.2) 50.5 (0.3) 32.6 (0.3) 39.0 (0.6) 48.0 (0.4) 47.2 (0.4) 49.1 (0.3) 46.4 (0.3) 50.0 (0.7)
1000 18.5 (0.2) 20.0 (0.2) 20.0 (0.2) 51.1 (0.3) 33.5 (0.3) 39.5 (0.5) 49.2 (0.5) 47.5 (0.4) 49.4 (0.3) 47.6 (0.3) 50.9 (0.7)
1500 18.5 (0.2) 20.0 (0.2) 20.0 (0.2) 52.1 (0.3) 34.1 (0.3) 40.0 (0.6) 49.3 (0.5) 47.6 (0.4) 49.7 (0.3) 48.8 (0.3) 51.2 (0.7)

Table 2: Mean (and standard error) of the classification errors under Models (Q1) and
(Q2) with n = 300 and p = 700, 1000, 1500. The best two results excluding Bayes error are
highlighted.
Note: Bayes denotes the Bayes-rule error rate (optimal classifier). MSDA is the sparse LDA of Mai et al.
(2019); SLR is sparse logistic regression (Friedman et al., 2010); DA-QDA is the direct sparse QDA of

Jiang et al. (2018); SQDA is the sparse QDA of Li and Shao (2015). Sparse-SDR methods (Sparse SAVE,
Sparse DR, TC-SAVE, HOPG, SEAS-SIR, Lasso-SIR) are followed by classical QDA on the reduced
predictors. Each entry is the mean (Monte Carlo standard error in parentheses) over 100 independent

replicates.

selection accuracy in Model (M2), SEAS-SIR still misses a few important variables, and

Lasso-SIR mistakenly includes some unimportant ones.

In Table 2, we present the classification errors for evaluating the prediction accuracy.

For our projective sparse QDA, we estimate the SAVE subspace with sparse SAVE and

sparse DR. To ensure a fair comparison, the predictions for SEAS-SIR, Lasso-SIR, HOPG,

and TC-SAVE are made on reduced data using classical QDA. The Bayes error is included

as a benchmark, representing the optimal classification error. Overall, except for the Bayes

error, our proposal achieves the highest accuracy and is closest to the Bayes error, support-

ing the classification error consistency of our proposal, as stated in Theorem 4. We omit

results of oracle methods since, in Models (Q1) and (Q2), there is no significant difference

between the prediction performance of sparse SAVE and oracle-SAVE. Sparse DR is outper-

formed by oracle-DR in Model (Q1) but performs comparably to oracle-DR in Model (Q2).

Notably, our proposal outperforms TC-SAVE and sparse QDA methods, namely, DA-QDA

and SQDA. This indicates that our proposal, as an application in high-dimensional QDA

problem, provides a competitive sparse QDA method.

One noteworthy observation from Table 1 is that even given the true A, the oracle

methods are still outperformed by our proposal in forward models. Since the variable

selection in our proposal is shown to be accurate, the distinction between our proposal
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and the oracle methods lies in the estimation step. In this step, we solve a nuclear-norm

penalized optimization problem (6) with a tuning parameter λ2, while the oracle methods

essentially solve an unpenalized optimization problem with λ2 = 0. Therefore, it is the

nuclear-norm penalty makes the difference in the subspace estimation. In discriminant

models, the advantage of our proposal over oracle methods is not obvious since there is no

slicing procedure and discriminant models are not as involved as forward models.

We conduct additional experiments to further investigate the benefits of incorporating

the nuclear-norm penalty in our procedure. In Section S.9 of the Supplementary Materials,

we compare our method with oracle methods, which do not use nuclear-norm regularization.

Our method successfully identifies the structural dimension, whereas the oracle methods

lack this capability. This distinction is further illustrated by the singular values of the two

estimators: those from our method are greatly shrunken due to the nuclear-norm penalty.

With an appropriately chosen λ2, our method yields a more accurate subspace estimator.

Moreover, by leveraging the low-rank structure, the nuclear-norm penalty helps mitigate

the impact of H, the parameter that determines the number of parameters.

Since the variable selection step is crucial to our proposal, it is important to assess how

robust sparse SAVE/DR is when the active set obtained in the first step deviates from the

true one. The results are provided in Section S.10 of the Supplementary Materials. It can

be observed that when some important variables are missed in the first step, the subspace

estimation in the second step deteriorates. However, once A is correctly identified in the

first step, our proposal maintains high estimation efficiency even when some false positives

are present. We also compare the computational time of our proposal with that of other

competitors. The results are reported in Section S.10 of the Supplementary Materials,

which show that sparse SAVE and sparse DR are the fastest in most settings. More sim-

ulation studies in diverse settings are presented in the Supplementary Materials, including

higher structural dimension models (Section S.10.2), denser models (Section S.10.3), and
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non-sub-Gaussian design (Section S.10.1).

7 News report text data analysis

The news data comprises 169 news reports from three sources: BBC, Reuters, and The

Guardian. For each report, the frequencies of appearance of selected 1,000 words from each

source are recorded, resulting in a total of 3,000 features. Each report is assigned labels

indicating which topic it is related to, with topics including business, entertainment, health,

politics, sport, and technology. This dataset has been previously studied by Greene and

Cunningham (2009) and is publicly available at http://www.uco.es/kdis/mllresources/. In

this study, we narrow our focus to a binary classification of n = 64 reports from the topics of

politics and sport. Among these reports, 28 are categorized under the politics topic, while

36 are associated with the sport topic. Our objective is to predict the labels of reports

based on their features.

One characteristic that distinguishes text data from other types of data is the sparsity

of word counts, that is, most words have zero count in most documents (Kelly et al., 2021).

As Kelly et al. (2021) suggests, a key preprocessing step in text analysis is to remove words

that rarely appear in the documents. We remove low-frequency words from our news data

set. First, we remove words with zero counts. Then, we retain only words with frequencies

above the median. All features are standardized. Following the feature screening procedure

in Li et al. (2012), we select the top p = 200 variables with the largest distance correlation

with the response.

We compare our sparse SAVE/DR method with HOPG, TC-SAVE, SEAS-SIR, and

Lasso-SIR. We also include SLR and sparse LDA/QDA methods, including MSDA, DA-

QDA, and SQDA, into comparison. For each data replicate, we partition the full data

set into training, validation, and testing sets in an 6:2:2 ratio using stratified sampling.

For sparse SAVE/DR and TC-SAVE, the means of the estimated structural dimension

based on 100 data replicates are 7.4, 5.1, and 3.4, respectively with the standard errors
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Sparse SAVE Sparse SAVE Sparse DR Sparse DR TC-SAVE TC-SAVE HOPG SEAS-SIR Lasso-SIR

d 7 2 5 2 3 2 2 1 1

(QDA) 24.0 (1.3) 28.6 (1.4) 36.2 (1.4) 36.5 (1.2) 44.0 (1.5) 42.7 (1.7) 45.0 (1.3) 44.3 (1.0) 42.7 (1.2)

(LDA) 39.0 (1.0) 42.3 (0.8) 42.8 (0.9) 43.0 (0.7) 43.9 (1.3) 44.1 (1.4) 44.1 (1.1) 44.0 (0.7) 43.8 (1.0)

Table 3: Mean (and standard error) of the classification errors (%) of sparse SDR methods
on the news report data. Means of the classification errors of MSDA, SLR, DA-QDA, and
SQDA are 42.1%, 40.1%, 39.6%, and 38.5%, respectively, and the standard errors are less
than 1.6%. The best two results are highlighted.
Note: “(QDA)” and “(LDA)” indicate the downstream classifier applied to the reduced predictors. The
structural dimension d is fixed at the row indicated for each method. Competitor sparse-SDR methods

are TC-SAVE (Qian et al., 2019), HOPG (Cai et al., 2023), SEAS-SIR (Zeng et al., 2024), and Lasso-SIR
(Lin et al., 2019); non-SDR competitors MSDA, SLR, DA-QDA, SQDA are summarized in the caption.

Each entry is the mean (Monte Carlo standard error in parentheses) over 100 stratified
train/validation/test splits.

less than 0.3. Therefore, we implement these methods with d fixed at 7, 5, and 3. Note

that the dimension selection for HOPG is not accessible. Moreover, to provide a more fair

comparison in prediction, we employ sparse SAVE/DR, TC-SAVE, and HOPG with d fixed

at 2. After reducing the predictors, we fit the reduced training set using classical LDA and

QDA, and then make predictions on the reduced testing set. The classification errors of all

competitors are reported in Table 3.

As shown in Table 3, the sparse SAVE followed by QDA achieves the highest prediction

accuracy. Moreover, when d = 2, sparse SAVE/DR method outperforms TC-SAVE and

HOPG, as well as SEAS-SIR and Lasso-SIR. In general, all SDR methods exhibit lower or

comparable classification errors when predicting with QDA than with LDA. Additionally,

the sparse QDA methods (DA-QDA and SQDA) outperform the linear classifiers (MSDA

and SLR). This phenomenon suggests a potential quadratic boundary between the two

classes. Hence, compared to first-order sparse SDR methods, our second-order sparse SDR

methods are better suited to this data set, leveraging multiple sufficient directions.

We further visualize the discriminant patterns of sparse SAVE/DR, HOPG, and TC-

SAVE in Figure 2. The density plots for the one-dimensional reduced data produced by

SEAS-SIR and Lasso-SIR are omitted for saving space. We observe that all methods suc-

cessfully capture the variance difference between the two groups. Specifically, the variance
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Sparse SAVE Sparse DR HOPG TC−SAVE

Politics Sport

Figure 2: The scatterplot of the first two reduced predictors in the news report data. The
dashed circle represents the elliptical contour covering 85% of data, and the blue line means
the decision boundary under the QDA model.

of politics news reports is larger than that of sports news reports, reflecting the broader

scope of topics or more varied wording in politics news reports. However, among these

methods, only sparse DR is able to identify the location distinction between the two groups.

We also provide insights into the selected variables. The word cloud of the top 30 words

most frequently chosen by sparse SAVE is presented in Figure S.6 of the Supplementary

Materials. We can see that several frequently selected words are associated with politics and

sports topics. For example, words like championship, pain, fullback, and rugbi are often

associated with sports, while words like court, foreign, tragic, and blood are commonly

used in politics news. This demonstrates that the sparse SAVE method is able to identify

meaningful words relevant to politics and sports news.

8 Discussion

We extended two second-order SDR methods to high dimensions, addressing limitations

of existing high-dimensional SDR methods primarily developed from first-order SDR ap-

proaches. To overcome challenges posed by the increased number of parameters, we pro-

posed a two-step procedure, sequentially selecting important variables and estimating the

subspace. After formulating the two steps as penalized quadratic convex optimization

problems, we proposed a computationally efficient algorithm. Our proposal demonstrated

theoretical consistency in dimension selection, variable selection, and subspace estimation

with a high convergence rate, as confirmed by extensive empirical studies. Additionally, as
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an extension of our proposal, we developed a projective sparse QDA method, exhibiting

superior performance compared to some off-the-shelf sparse QDA methods.

Since the light-tailed assumption may be violated in real-world applications, a potential

future direction is to relax the distribution assumption of predictors and accommodate

heavy-tailed data through robustification techniques, such as data shrinkage (Fan et al.,

2021) and Huber-loss estimation (Sun et al., 2020). Moreover, some SDR and QDA works

have shifted attention from vector data to matrix or tensor data, e.g., Li et al. (2010), Wang

et al. (2022). However, none of these proposals scale to high dimensions. Therefore, another

promising direction for future work is to extend our proposal to handle tensor-valued data,

where the dimension is allowed to be ultra-high. Our sparse SDR framework is not limited

to the second-order method. As we have delineated in Section S.7 of the Supplementary

Materials, our proposal can be easily extended to the third-order methods (Yin and Cook,

2003). The empirical advantages and theoretical properties of the extension are worthy of

further research.
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