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This supplementary material supports the main paper, including detailed technical proofs

for our theoretical analyses and additional numerical results. We develop the Gaussian

approximation of folding selection subspaces in Section A. Section B lists assumptions

required in the theoretical results. Section C includes additional theoretical properties of

our procedure. The complete proofs for all theorems and lemmas are provided in Section D,

with ancillary lemmas detailed in Section E. Section F contains further simulation studies,

and Section G provides details on the EEG real data application and analysis.
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A Gaussian approximation of folding selection sub-

spaces

We aim to derive a central limit theorem (CLT) of the sample estimators Â = Ω̂Ê[𝑌 X] and

B̂ = Γ̂Ê[𝑌 X𝑇 ], where Ê[⋅] denotes the sample average over 𝑛 i.i.d. samples (𝑌𝑖, X𝑖), and

Ω̂, Γ̂ are estimators of the precision matrices. We use the Gaussian approximation theory

(Chernozhukov et al. 2013, 2017), combining with techniques in foundational work by (Zhao

& Xing 2022), to show
√𝑛Â and

√𝑛B̂ behave like the sum of i.i.d. Gaussian matrices. For

𝑗 = 1, … , 𝑝 and 𝑘 = 1, … , 𝑞, let 𝑋𝑖,𝑗𝑘 denote the (𝑗, 𝑘)-th element of X𝑖, X𝑖,𝑗⋅ and X𝑖,⋅𝑘

represent the 𝑗-th row and 𝑘-th column of X𝑖. We define 𝑧𝐿
𝑖,𝑗𝑘 for 𝑗 = 1, … , 𝑝, 𝑘 = 1, … 𝑞

as a collection of Gaussian random variables with mean and covariance structure:

E[𝑧𝐿
𝑖,𝑗𝑘] = Ω𝑇

⋅𝑗 E[𝑌 X⋅𝑘], var(𝑧𝐿
𝑖,𝑗𝑘) = Ω𝑇

⋅𝑗 E[𝑌 2X⋅𝑘X𝑇
⋅𝑘]Ω⋅𝑗 − Ω𝑇

⋅𝑗 E[𝑌 X⋅𝑘] E[𝑌 X𝑇
⋅𝑘]Ω⋅𝑗,

cov(𝑧𝐿
𝑖,𝑗𝑘, 𝑧𝐿

𝑖,𝑙𝑚) = Ω𝑇
⋅𝑗 E[𝑌 2X⋅𝑘X𝑇

⋅𝑚]Ω⋅𝑙 − Ω𝑇
⋅𝑗 E[𝑌 X⋅𝑘] E[𝑌 X𝑇

⋅𝑚]Ω⋅𝑙.

The variables 𝑧𝑅
𝑖,𝑘𝑗 are defined similarly (Section C of the Supplement). Let z𝐿

𝑖,⋅⋅ (or z𝑅
𝑖,⋅⋅)

denote the 𝑝 × 𝑞 (or 𝑞 × 𝑝) matrix consisting of 𝑧𝐿
𝑖,𝑗𝑘 (or 𝑧𝑅

𝑖,𝑘𝑗) where 𝑗 = 1, … , 𝑝 and

𝑘 = 1, … , 𝑞. Under ℋ𝐿
𝑗 and the coverage assumption, the 𝑗-th row of E[z𝐿

𝑖,..] is zero, and

similarly for columns under ℋ𝑅
𝑘 .

Let ℱre consist of all sets 𝐹 of the form 𝐹 = {𝜔 ∈ ℝ𝑝𝑞 ∶ 𝑎𝑗 ≤ 𝜔𝑗 ≤ 𝑏𝑗, 𝑗 = 1, 2, … , 𝑝𝑞}

for some −∞ ≤ 𝑎𝑗 ≤ 𝑏𝑗 ≤ ∞. Define the maximal approximation errors over the class of

hyper-rectangle as

̂𝜌𝐿
𝑛(ℱre) = sup

𝐹∈ℱre
∣Pr(√𝑛Â ∈ 𝐹) − Pr ( 1√𝑛

𝑛
∑
𝑖=1

z𝐿
𝑖,⋅⋅ ∈ 𝐹)∣ ,

̂𝜌𝑅
𝑛 (ℱre) = sup

𝐹∈ℱre
∣Pr(√𝑛B̂ ∈ 𝐹) − Pr ( 1√𝑛

𝑛
∑
𝑖=1

z𝑅
𝑖,⋅⋅ ∈ 𝐹)∣ .

Bounding these errors ̂𝜌𝐿
𝑛(ℱre) and ̂𝜌𝑅

𝑛 (ℱre) relies on the statistical accuracy of precision

matrices. Several algorithms have been proposed to estimate the precision matrices for
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matrix and tensor normal distributions (Leng & Tang 2012, Xu et al. 2017, Min et al. 2022).

Our analysis requires control over the estimation error in the matrix 𝐿1 norm. These 𝐿1

error bounds can be derived from element-wise maximum norm bounds, which is available

for estimators like tensor Lasso (Lyu et al. 2019). The tensor Lasso estimator achieves

maximum norm rates of 𝑂𝑃 (√log(𝑝)/(𝑛𝑞)) and 𝑂𝑃 (√log(𝑞)/(𝑛𝑝)) for Ω̂ and Γ̂, which

are optimal according to (Cai et al. 2016). Let 𝑠1 and 𝑠2 denote the maximum number of

nonzero elements in any row of Ω and Γ, respectively. The maximum norm rates imply

the convergence rate in matrix 𝐿1 norm is 𝑂𝑃 (𝑠1√log(𝑝)/(𝑛𝑞)) and 𝑂𝑃 (𝑠2√log(𝑞)/(𝑛𝑝))

(Corollary C.2 of the Supplement). These rates are key assumptions for the validity of

Theorem A.1 below.

Theorem A.1. Assume Assumptions B.1-B.3 in Section B and ‖Ω̂ − Ω‖1 =

𝑂𝑃 (𝑠1√log(𝑝)/(𝑛𝑞)), ‖Γ̂ − Γ‖1 = 𝑂𝑃 (𝑠2√log(𝑞)/(𝑛𝑝)). If 𝑛 > 𝐶1 log7(𝑝𝑞𝑛) and

𝑠1𝑝𝑞1/2 ∨ 𝑠2𝑝1/2𝑞 ≲ 𝑛1/3 log1/6(𝑝𝑞𝑛), it holds that

̂𝜌𝐿
𝑛(ℱre), ̂𝜌𝑅

𝑛 (ℱre) ≤ 𝐶𝐷𝑛,𝑝𝑞 + 1
𝑝𝑞 ,

where 𝐷𝑛,𝑝𝑞 = (log7(𝑝𝑞𝑛)/𝑛)
1/6

.

Remark A.2. The proof strategy closely follows techniques developed in the seminal work

(Zhao & Xing 2022). From this theorem, estimators Â and B̂ can be approximated by

Gaussian random matrices that preserve mean and covariance structure. The convergence

rates of Ω̂ and Γ̂ in matrix 𝐿1 norm decide the requirement on 𝑛, 𝑝, and 𝑞 such that

the result holds. Notably, the condition (𝑠1𝑝𝑞1/2 ∨ 𝑠2𝑝1/2𝑞) ≲ 𝑛1/3 log1/6(𝑝𝑞𝑛) is sub-

stantially weaker than condition 𝑠1𝑠2𝑝𝑞 ≲ 𝑛1/3 log1/6(𝑝𝑞𝑛) that would arise if X were

vectorized (Zhao & Xing 2022), highlighting a key advantage of matrix-based method. The

reason is the optimal rate in 𝐿1 norm for the precision matrix associated with vec(X) is

𝑂𝑃 (𝑠1𝑠2√log(𝑝𝑞)/𝑛), which is slower than the rate achieved by separately estimating Ω

and Γ.
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B Technical assumptions

Assumption B.1. The response variable 𝑌 is a sub-Gaussian random variable.

Assumption B.2. There exists positive constant 𝑐 and 𝐶 such that the smallest eigenvalue

and the largest eigenvalue of U and V satisfy 𝑐 < 𝜆min(U) ≤ 𝜆max(U) < 𝐶 and 𝑐 <

𝜆min(V) ≤ 𝜆max(V) < 𝐶.

Assumption B.3. There exists positive constants 𝑐 and 𝐶 such that 𝑐 < 𝜆min(cov(𝑌 X⋅𝑘, 𝑌 X⋅𝑘)) ≤

𝜆max(cov(𝑌 X⋅𝑘, 𝑌 X⋅𝑘)) < 𝐶 for 𝑘 = 1, … 𝑞, and 𝑐 < 𝜆min(cov(𝑌 X𝑗⋅, 𝑌 X𝑗,⋅)) ≤

𝜆max(cov(𝑌 X𝑗⋅, 𝑌 X𝑗⋅)), 𝑗 = 1, … , 𝑝.

The sub-Gaussianity of 𝑌 in Assumption B.1 is a standard assumption in high-dimensional

statistics for deriving concentration inequalities (Wainwright 2019). Assumption B.2 im-

poses bounds on the eigenvalues, which are commonly assumed in the estimation of preci-

sion and covariance matrices and are widely used in the hypothesis testing literature (Dai

et al. 2023b, Xing et al. 2023, Zhao & Xing 2022). Assumption B.3 requires a sufficient

variation for each row and column of 𝑌 X, similar to the distinguishable partition condi-

tion in (Zhao & Xing 2022), which guarantees that each slice has adequate variation when

applying SIR.

Let 𝜃𝐿
𝑗 (or 𝜃𝑅

𝑘 ) be the indicator of whether the hypothesis ℋ𝐿
𝑗 (or ℋ𝑅

𝑘 ) is false. The index

set of true null hypotheses for rows is 𝒮𝐿
0 = {𝑗 ∶ 𝜃𝐿

𝑗 = 0}, and similarly 𝒮𝑅
0 = {𝑘 ∶ 𝜃𝑅

𝑘 = 0}

for columns. Note that 𝒮𝐿
0 = ℐ𝑐

𝐿 and 𝒮𝑅
0 = ℐ𝑐

𝑅, we use 𝒮𝐿
0 and 𝒮𝑅

0 here for ease of

representation. Then 𝒮𝐿
1 denotes the complement of 𝒮𝐿

0 , and similarly for 𝒮𝑅
1 .

Assumption B.4. (a) Let U𝑗𝑗 and V𝑘𝑘 be the covariance matrix of z𝐿
𝑖,𝑗⋅ and z𝑅

𝑖,𝑘⋅; U𝑗𝑗′

and V𝑘𝑘′ be the covariance matrix between z𝐿
𝑖,𝑗⋅ and z𝐿

𝑖,𝑗′⋅, and z𝑅
𝑖,𝑘⋅ and z𝑅

𝑖,𝑘′⋅. We assume
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that

∑
𝑗,𝑗′∈𝒮𝐿

0

𝜆1/2
max ((U𝑗𝑗)−1/2U𝑗𝑗′(U𝑗′𝑗′)−1U𝑗′𝑗(U𝑗𝑗)−1/2) ≤ 𝐶1𝑝𝛼1

0 ,

∑
𝑘,𝑘′∈𝒮𝑅

0

𝜆1/2
max ((V𝑘𝑘)−1/2V𝑘𝑘′(V𝑘′𝑘′)−1V𝑘′𝑘(V𝑘𝑘)−1/2) ≤ 𝐶2𝑞𝛼2

0

holds for positive constants 𝐶1, 𝐶2 and 𝛼1, 𝛼2 ∈ (0, 2). (b) Let 𝜌(⋅, ⋅) denote the correlation

coefficient of two random variables. We assume that

∑
𝑗,𝑗′∈𝒮𝐿

0

𝑞
∑

𝑘,𝑘′=1
|𝜌(𝑧𝐿

𝑖,𝑗𝑘, 𝑧𝐿
𝑖,𝑗′𝑘)|2 < 𝐶3𝑝𝛼3

0 , ∑
𝑘,𝑘′∈𝒮𝑅

0

𝑝
∑

𝑗,𝑗′=1
|𝜌(𝑧𝑅

𝑖,𝑘𝑗, 𝑧𝑅
𝑖,𝑘′𝑗)|2 < 𝐶4𝑞𝛼4

0

holds for positive constants 𝐶3, 𝐶4 and 𝛼3, 𝛼4 ∈ (0, 2).

Assumption B.4 (a) bounds the pairwise canonical correlation between two sets of random

vectors, similar to the assumption used by (Zhao & Xing 2022) for vector predictors. As-

sumption B.4 (b) ensures the sum of pairwise correlations within each row of the two sets

of normal random variables, 𝑧𝐿
𝑖,𝑗𝑘 and 𝑧𝑅

𝑖,𝑘𝑗, remains bounded. Similar conditions are used

in both linear (Xing et al. 2023) and non-linear models (Zhao & Xing 2022), which are

designed for vector predictors. However, we consider a more general non-linear model with

matrix predictors, where the contribution of 𝑗-th row (or 𝑘-th column) is associated with

a 𝑞 (or 𝑝) dimensional vector. These weak dependence conditions are widely used in the

literature to study the asymptotic property of FDR.

Assumption B.5. (a) For any 𝜖 > 0 and 𝑡, the probabilities of the following events goes

to 1

1
𝑝1

∑
𝑗∈𝒮𝐿

1

1(𝑢𝑗 < −𝑡) − 1
𝑝0

∑
𝑗′∈𝒮𝐿

0

1(𝑢𝑗′ < −𝑡) ≤ 𝜖,

1
𝑞1

∑
𝑘∈𝒮𝑅

1

1(𝑣𝑘 < −𝑡) − 1
𝑞0

∑
𝑘′∈𝒮𝑅

0

1(𝑣𝑘′ < −𝑡) ≤ 𝜖.

(b) As 𝑛, 𝑝, 𝑞 → ∞, we have 𝑝0, 𝑞0 → ∞ and lim inf 𝑝1,strong/𝑝0, lim inf 𝑞1,strong/𝑞0 > 0.
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Assumption B.5 (a) states the proportions of negative row and column statistics in 𝒮𝐿
1

and 𝒮𝑅
1 are smaller than the proportions in 𝒮𝐿

0 and 𝒮𝑅
0 . This assumption is mild, as

𝑢𝑗 and 𝑣𝑘 are asymptotically symmetric about zero under the null hypothesis and have

positive means under the alternative hypothesis. Assumption B.5 (b) requires the number

of rows and columns with strong signals to grow to infinity with 𝑝0 and 𝑞0, similar to the

condition used in Dai et al. (2023b) for generalized linear models. A key proof argument

is Pr(𝜏𝑎 ≤ 𝑡𝑎) → 1 and Pr(𝜏𝑏 ≤ 𝑡𝑏) → 1, where 𝑡𝑎 and 𝑡𝑏 satisfies 𝐺𝐿
0 (𝑡𝑎) = 𝑎𝑝1,strong

(1−𝑎)𝑝0+𝑝1
and

𝐺𝑅
0 (𝑡𝑏) = 𝑏𝑞1,strong

(1−𝑏)𝑞0+𝑞1
. Assumption B.5 (b) ensures 𝑡𝑎 and 𝑡𝑏 are bounded as 𝑛, 𝑝, 𝑞 → ∞.

C Additional theoretical results

The normal random variables 𝑧𝑅
𝑖,𝑘𝑗 in Section A have the following mean and covariance

structure:

E[𝑧𝑅
𝑖,𝑘𝑗] = Γ𝑇

⋅𝑘 E[𝑌 X𝑇
𝑗⋅ ],

var(𝑧𝑅
𝑖,𝑘𝑗) = Γ𝑇

⋅𝑘 E[𝑌 2X𝑇
𝑗⋅X𝑗⋅]Γ⋅𝑘 − Γ𝑇

⋅𝑘 E[𝑌 X𝑇
𝑗⋅ ] E[𝑌 X𝑗⋅]Γ⋅𝑘,

cov(𝑧𝑅
𝑖,𝑘𝑗, 𝑧𝑅

𝑖,𝑙𝑚) = Γ𝑇
⋅𝑘 E[𝑌 2X𝑇

𝑗⋅X𝑚⋅]Γ⋅𝑙 − Γ𝑇
⋅𝑘 E[𝑌 X𝑇

𝑗⋅ ] E[𝑌 X𝑚⋅]Γ⋅𝑙.

Let A = ΩÊ[𝑌 X] and B = ΓÊ[𝑌 X𝑇 ] denote estimators of FSS using true precision

matrices. Define

𝜌𝐿
𝑛(ℱre) = sup

𝐹∈ℱre
∣Pr(√𝑛A ∈ 𝐹) − Pr ( 1√𝑛

𝑛
∑
𝑖=1

z𝐿
𝑖,⋅⋅ ∈ 𝐹)∣ ,

𝜌𝑅
𝑛 (ℱre) = sup

𝐹∈ℱre
∣Pr(√𝑛B ∈ 𝐹) − Pr ( 1√𝑛

𝑛
∑
𝑖=1

z𝑅
𝑖,⋅⋅ ∈ 𝐹)∣ .

Lemma C.1. Assume Assumptions B.1-B.3 hold. Then,

𝜌𝐿
𝑛(ℱre), 𝜌𝑅

𝑛 (ℱre) ≤ 𝐶𝐷𝑛,𝑝𝑞,

where 𝐷𝑛,𝑝𝑞 = ( log7(𝑝𝑞𝑛)
𝑛 )

1/6
.
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Lemma C.1 is the central limit theory when using the population precision matrices Ω and

Γ.

Corollary C.2. Suppose the same conditions of Theorem 3.9 in (Lyu et al. 2019) hold.

Then, the Tlasso estimator satisfies

‖Ω̂ − Ω‖1 = 𝑂𝑃 (𝑠1√ log(𝑝)
𝑛𝑞 ) , ‖Γ̂ − Γ‖1 = 𝑂𝑃 (𝑠2√ log(𝑞)

𝑛𝑝 ) .

We define some quantities

𝑉 𝐿(𝑡) = # {𝑗 ∶ 𝑗 ∈ 𝒮𝐿
0 , 𝑢𝑗 ≤ −𝑡}

𝑝0
, 𝑉 𝐿

′ (𝑡) = # {𝑗 ∶ 𝑗 ∈ 𝒮𝐿
0 , 𝑢𝑗 ≥ 𝑡}

𝑝0
,

𝑉 𝐿
1 (𝑡) = # {𝑗 ∶ 𝑗 ∈ 𝒮𝐿

1 , 𝑢𝑗 ≥ 𝑡}
𝑝1

, 𝐺𝐿
0 (𝑡) = lim

𝑝

∑𝑗∈𝒮𝐿
0

E[1 (𝑢𝑗 ≤ −𝑡)]
𝑝0

,

and

FDP𝐿(𝑡) ∶= 𝑉 𝐿
′ (𝑡)

(𝑉 𝐿′ (𝑡) + 𝑟𝑝𝑉 𝐿
1 (𝑡)) ∨ 1/𝑝, FDP𝐿

∞(𝑡) ∶= lim
𝑝

𝑉 𝐿
′ (𝑡)

(𝑉 𝐿′ (𝑡) + 𝑟𝑝𝑉 𝐿
1 (𝑡)) ∨ 1/𝑝,

FDP𝐿
† (𝑡) = 𝑉 𝐿(𝑡)

(𝑉 𝐿′ (𝑡) + 𝑟𝑝𝑉 𝐿
1 (𝑡)) ∨ 1/𝑝.

where 𝑟𝑝 = 𝑝1/𝑝0 and FDP𝐿
∞(𝑡) is the pointwise limit of FDP𝐿(𝑡). We can similarly define

FDP𝑅(𝑡), FDP𝑅
† (𝑡) and FDP𝑅

∞(𝑡) for the column hypothesis.

Lemma C.3. If Assumption B.1-B.4 holds and 𝐺0(𝑡) is a continuous functions, we have

sup
𝑡

|𝑉 𝐿(𝑡) − 𝐺𝐿
0 (𝑡)| 𝑃→ 0, sup

𝑡
|𝑉 𝐿

′ (𝑡) − 𝐺𝐿
0 (𝑡)| 𝑃→ 0,

sup
𝑡

|𝑉 𝑅(𝑡) − 𝐺𝑅
0 (𝑡)| 𝑃→ 0, sup

𝑡
|𝑉 𝑅

′ (𝑡) − 𝐺𝑅
0 (𝑡)| 𝑃→ 0.

Lemma C.4. If Assumption B.1-B.4 holds and 𝑠1 log(𝑝) ∨ 𝑠2 log(𝑞) = 𝑜(√𝑛), then with
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probability at least 1 − 1/(𝑝𝑞), for any 𝑡

∑
𝑗,𝑗′∈𝒮𝐿

0

cov(1(𝑢𝑗 ≥ 𝑡),1(𝑢𝑗′ ≥ 𝑡)) ≤ 𝐶|𝒮𝐿
0 |𝛼1,

∑
𝑘,𝑘′∈𝒮𝑅

0

cov(1(𝑣𝑘 ≥ 𝑡),1(𝑣𝑘′ ≥ 𝑡)) ≤ 𝐶|𝒮𝑅
0 |𝛼1,

where 𝛼1 ∈ (0, 2).

In Lemma C.4, we bound the sum of pairwise covariances of mirror statistics, which is a

key component to establish asymptotic FDR control.

D Proofs

The following diagram shows the relationship between Lemmas and Theorems.

Theorem Mirror Statistics Theorem CLT of Â

Lemma approx Â𝑗⋅L by Gaussian Lemma CLT of A

Prop 2.1, M.1, M.2, E.1 Theorem FDR Control

Lemma Pairwise Cov of Mirror Lemma #𝑢𝑗 ≤ −𝑡 and E[1(𝑢𝑗 ≤ −𝑡)]

‖Ω⋅𝑗 − Ω̂⋅𝑗‖1

In the proof, we focus on the row statistics 𝑢𝑗 and omit the superscript 𝐿 when possible

for simplicity. The results for column statistics 𝑣𝑘 follow analogously and are omitted for

brevity.

Proof of Lemma 2.2
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Proof. Let x ∈ ℝ𝑛, A ∈ ℝ𝑚×𝑛, x̃ = Ax. We have

𝜕𝑓(x)
𝜕x = 𝜕𝑓(x)

𝜕𝑓(x̃)
𝜕𝑓(x̃)

𝜕x̃
𝜕x̃
𝜕x = 1 ⋅ A𝑇 𝜕𝑓(x̃)

𝜕x̃ = A𝑇 𝜕𝑓(x̃)
𝜕x̃ .

Since X ∼ ℳ𝒩𝑝,𝑞(0, U, V), vec(X) ∼ 𝒩(0, V ⊗ U). Then we can define z = (V ⊗

U)−1/2 vec(X). Using the relation above and Lemma E.1 and let 𝑓(x) = E[𝑌 |x],

E[∇𝑓(vec(X))] = E[(V ⊗ U)−1/2∇𝑓(z)] = (V ⊗ U)−1/2 E[z𝑓(z)]

= (V ⊗ U)−1/2 E[𝑌 z] = (V ⊗ U)−1 E[𝑌 vec(X)].

Using property of vec,

E [𝜕 E[𝑌 |X]
𝜕 vec(X) ] = (V ⊗ U)−1 E[𝑌 vec(X)] ⟺ E [𝜕 E[𝑌 |X]

𝜕X ] = U−1 E[𝑌 X]V−1. (1)

Note that 𝑌 |X ∼ 𝑌 |A𝑇 X, 𝑌 |X ∼ 𝑌 |XB. Thus

vec (𝜕 E[𝑌 |X]
𝜕X ) = 𝜕 E[𝑌 | vec(A𝑇 X)]

𝜕 vec(X) = 𝜕 E[𝑌 | vec(A𝑇 X)]
𝜕 vec(A𝑇 X)

𝜕 vec(A𝑇 X)
𝜕 vec(X)

= (I𝑞 ⊗ A)𝜕 E[𝑌 | vec(A𝑇 X)]
𝜕 vec(A𝑇 X)

= 𝜕 E[𝑌 | vec(XB)]
𝜕 vec(X) = 𝜕 E[𝑌 | vec(XB)]

𝜕 vec(XB)
𝜕 vec(XB)
𝜕 vec(X)

= (B ⊗ I𝑝)𝜕 E[𝑌 | vec(XB)]
𝜕 vec(XB) .

Using the property of the vec operator,

𝜕 E[𝑌 |X]
𝜕X = A𝜕 E[𝑌 |A𝑇 X]

𝜕A𝑇 X = 𝜕 E[𝑌 |XB]
𝜕XB B𝑇

Take expectations of both sides,

E [𝜕 E[𝑌 |X]
𝜕X ] = A E [𝜕 E[𝑌 |A𝑇 X]

𝜕A𝑇 X ] ⇒ span (E [𝜕 E[𝑌 |X]
𝜕X ]) ⊆ span(A),

E [𝜕 E[𝑌 |X]
𝜕X ]

𝑇
= B E [𝜕 E[𝑌 |XB]

𝜕XB ]
𝑇

⇒ span (E [𝜕 E[𝑌 |X]
𝜕X ]

𝑇
) ⊆ span(B).

Using (1), we have

span(U−1 E[𝑌 X]V−1) = span(U−1 E[𝑌 X]) ⊆ span(A),

span(V−1 E[𝑌 X]𝑇 U−1) = span(V−1 E[𝑌 X]𝑇 ) ⊆ span(B).
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Proof of Lemma C.1

Proof. By definition, A⋅𝑘 = 1
𝑛 ∑𝑛

𝑖=1 ΩX𝑖,⋅𝑘𝑌𝑖, where Ã = (Ã⋅1, … , Ã⋅𝑞). Moreover, we

have A𝑗𝑘 = 1
𝑛 ∑𝑛

𝑖=1 Ω𝑗⋅X𝑖,⋅𝑘𝑌𝑖. Define 𝜉𝑖,𝑗𝑘 = Ω𝑗⋅X𝑖,⋅𝑘𝑌𝑖. For given 𝑗 and 𝑘, it is easy to

see 𝜉𝑖,𝑗𝑘’s are independent. As a result, we have

A𝑗𝑘 = 1
𝑛

𝑛
∑
𝑖=1

𝜉𝑖,𝑗𝑘, √𝑛A𝑗𝑘 = 1√𝑛
𝑛

∑
𝑖=1

𝜉𝑖,𝑗𝑘.

According to Lemma E.2, the mean and covariance structure of 𝜉𝑖,𝑗𝑘 are the same as those

of 𝑧𝑖,𝑗𝑘. According to Proposition 2.1 in (Chernozhukov et al. 2017), it suffices to show

that the conditions (M.1), (M.2), and (E.1) hold.

First, we prove the condition (M1), which states

1
𝑛

𝑛
∑
𝑖=1

E(𝜉2
𝑖,𝑗𝑘) ≥ 𝑐, for all 𝑗 = 1, … , 𝑝, 𝑘 = 1, … , 𝑞.

Note that
E(𝜉2

𝑖,𝑗𝑘) = Ω𝑇
⋅𝑗 E(𝑌 2X⋅𝑘X𝑇

⋅𝑘)Ω⋅𝑗

≥ Ω𝑇
⋅𝑗 cov(𝑌 X⋅𝑘, 𝑌 X⋅𝑘)Ω⋅𝑗

≥ ‖Ω⋅𝑗‖2
2𝜆min(E[𝑌 2X⋅𝑘X𝑇

⋅𝑘]) ≥ 𝑐′,
where 𝑐′ > 0 and the last inequality uses condition (C3).

Next, we consider the condition (E.1) which states that

E[exp(|𝜉𝑖,𝑗𝑘|/𝐶𝑛)] ≤ 2, for all 𝑗 = 1, … , 𝑝, 𝑘 = 1, … , 𝑞.

It is suffices to show E[exp(|𝜉𝑖,𝑗𝑘|/𝐶𝑛)] is bounded. Note that

E[exp(|𝜉𝑖,𝑗𝑘|/𝐶𝑛)] = 1 +
∞

∑
ℎ=1

E(|𝜉𝑖,𝑗𝑘|ℎ)
𝐶ℎ𝑛ℎ! = 1 +

∞
∑
ℎ=1

E(|Ω𝑇
⋅𝑗X𝑖,⋅𝑘𝑌𝑖|ℎ)
𝐶ℎ𝑛ℎ!

≤ 1 +
∞

∑
ℎ=1

E(|Ω𝑇
⋅𝑗X𝑖,⋅𝑘|ℎ|𝑌𝑖|ℎ)

𝐶ℎ𝑛ℎ!

≤ 1 +
∞

∑
ℎ=1

E(|Ω𝑇
⋅𝑗X𝑖,⋅𝑘|2ℎ)1/2 E(|𝑌𝑖|2ℎ)1/2

𝐶ℎ𝑛ℎ! ,
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where the first equality uses exp(𝑥) = ∑∞
ℎ=0 𝑥ℎ/ℎ! and the second inequality uses Cauchy–

Schwarz inequality. Using the fact that ‖Ω⋅𝑗‖2 = ‖Ωe𝑗‖2 ≤ ‖Ω‖2 ≤ 𝐶 (condition C2),

E(|Ω𝑇
⋅𝑗X𝑖,⋅𝑘|2ℎ) ≤ 𝐶2ℎ E(|Ω𝑇

⋅𝑗X𝑖,⋅𝑘/‖Ω⋅𝑗‖2|2ℎ). Since X⋅𝑘 ∼ 𝑁(0, V𝑘𝑘U), X⋅𝑘 is a sub-

Gaussian random vector with parameter V𝑘𝑘‖U‖2. Using bounds on moment of sub-

Gaussian random variables, E(|Ω𝑇
⋅𝑗X𝑖,⋅𝑘/‖Ω⋅𝑗‖2|2ℎ) ≤ 𝐶ℎ

1 (2ℎ)ℎ and E(|𝑌 |2ℎ) ≤ 𝐶ℎ
2 (2ℎ)ℎ

(Assumption B.1). Therefore, we have

E[exp(|𝜉𝑖,𝑗𝑘|/𝐶𝑛)] ≤ 1 +
∞

∑
ℎ=1

𝐶ℎℎℎ

𝐶ℎ𝑛ℎ! ≤ 1 +
∞

∑
ℎ=1

ℎℎ

𝐶ℎ𝑛ℎ! ≤ 1 +
∞

∑
ℎ=1

(𝑒/𝐶𝑛)ℎ < ∞,

where the third inequality holds because ℎ! ≥ (ℎ/𝑒)ℎ and 𝐶𝑛 is set to be greater than 𝐶𝑒.

Last, we consider the condition (M.2) which requires that

1
𝑛

𝑛
∑
𝑖=1

E(|𝜉𝑖,𝑗𝑘|2+𝑙) ≤ 𝐶𝑙
𝑛, for all 𝑗 = 1, … , 𝑝, 𝑘 = 1, … , 𝑞, 𝑙 = 1, 2.

Note that
2

∑
𝑙=1

E(|𝜉𝑖,𝑗𝑘|2+𝑙)
𝐶𝑙+2(𝑙 + 2)! ≤ E[exp(|𝜉𝑖,𝑗𝑘|/𝐶)] < ∞,

where the last inequality holds due to (E.1). We can choose sufficiently large 𝐶 such that

E(|𝜉𝑖,𝑗𝑘|2+𝑙) ≤ 𝐶, for all 𝑗 = 1, … , 𝑝, 𝑘 = 1, … , 𝑞, 𝑙 = 1, 2.

This implies (M.2) holds. Therefore, according to Proposition 2.1 in (Chernozhukov et al.

2017), we have

𝜌𝑛(ℱre) ≤ 𝐶𝐷𝑛,𝑝𝑞,

where 𝐷𝑛,𝑝𝑞 = ( log7(𝑝𝑞𝑛)
𝑛 )

1/6
.

Proof of Corollary C.2

Proof. This is a direct consequence of Theorem 3.9 in (Lyu et al. 2019) which states that

‖Ω̂ − Ω‖max = 𝑂𝑃 (√ log(𝑝)
𝑛𝑞 ) .
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Since 𝑠1 is the number of the maximum number of non-zeros in any column of Ω, we

immediately have

‖Ω̂ − Ω‖1 = 𝑂𝑃 (𝑠1√ log(𝑝)
𝑛𝑞 ) ,

according to Lemma 7.1 in (Cai et al. 2016).

Proof of Theorem A.1

Proof. Let Â⋅𝑘 = 1
𝑛 ∑𝑛

𝑖=1 Ω̂X𝑖,⋅𝑘𝑌𝑖 and B̂⋅𝑗 = 1
𝑛 ∑𝑛

𝑖=1 Γ̂X𝑇
𝑖,𝑗⋅𝑌𝑖. Moreover, we have Â𝑗𝑘 =

1
𝑛 ∑𝑛

𝑖=1 Ω̂𝑗⋅X𝑖,⋅𝑘𝑌𝑖. Note that

√𝑛|Â𝑗𝑘 − A𝑗𝑘| = ∣(Ω̂⋅𝑗 − Ω⋅𝑗)
1√𝑛

𝑛
∑
𝑖=1

X𝑖,⋅𝑘𝑌𝑖∣

≤ ‖Ω̂⋅𝑗 − Ω⋅𝑗‖1 ⋅ 1√𝑛 ∥
𝑛

∑
𝑖=1

X𝑖,⋅𝑘𝑌𝑖∥
∞

= ‖Ω̂⋅𝑗 − Ω⋅𝑗‖1 ⋅ 1√𝑛‖X(𝑘)Y‖∞,

where X(𝑘) = (X1,⋅𝑘, … , X𝑛,⋅𝑘) ∈ ℝ𝑝×𝑛 and Y = (𝑌1, … , 𝑌𝑛)𝑇 . For 𝑖 = 1, … , 𝑝, (X(𝑘)Y)𝑖 =

∑𝑛
𝑗=1 X(𝑘)

𝑖𝑗 𝑌𝑗. Since X(𝑘)
𝑖𝑗 is Gaussian and 𝑌𝑗 is sub-Gaussian, X(𝑘)

𝑖𝑗 𝑌𝑗 is sub-exponential.

According to Theorem 2.8.2 in (Vershynin 2018), we have

Pr(|(X(𝑘)Y)𝑖| > 𝑡) = Pr (
𝑛

∑
𝑗=1

X(𝑘)
𝑖𝑗 𝑌𝑗 > 𝑡) ≤ 2 exp [−𝑐 min ( 𝑡2

𝑛𝐶2 , 𝑡
𝐶 )]

for 𝑡 ≥ 0. Using union bound,

Pr(‖X(𝑘)Y‖∞ > 𝑡) = Pr( max
1≤𝑖≤𝑝

|(X(𝑘)Y)𝑖| > 𝑡) ≤ 2𝑝 exp [−𝑐 min ( 𝑡2

𝑛𝐶2 , 𝑡
𝐶 )] .

With probability at least 1 − 1/(𝑝𝑞), we have

‖X(𝑘)Y‖∞ = 𝑂(√𝑛 log 𝑝 ∨ log 𝑝).

Assume that

‖Ω̂⋅𝑗 − Ω⋅𝑗‖1 = 𝑂𝑃 (𝑠1𝑞−1/2√ log(𝑝)
𝑛 ) .
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According to (Lyu et al. 2019), their proposed estimator has such rate if 𝑠1 log(𝑝) =

𝑜(√𝑛𝑞𝑝−1). Therefore,

√𝑛|Â𝑗𝑘 − A𝑗𝑘| = 𝑂𝑃

⎛⎜⎜⎜⎜⎜
⎝

𝑠1𝑞−1/2 { log(𝑝)√𝑛 ∨ log(𝑝)√𝑛
√ log(𝑝)

𝑛 }
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜖

⎞⎟⎟⎟⎟⎟
⎠

.

Let ℰ = {‖√𝑛Â − A‖∞ ≤ 𝜖}, Pr(ℰ) ≥ 1 − 1/(𝑝𝑞). For any 𝐹 = {𝜔 ∈ ℝ𝑝𝑞 ∶ 𝑎𝑗 ≤ 𝜔𝑗 ≤

𝑏𝑗} ∈ ℱre, we define

𝐹 𝜖+ = {𝜔 ∈ ℝ𝑝𝑞 ∶ 𝑎𝑗 − 𝜖 ≤ 𝜔𝑗 ≤ 𝑏𝑗 + 𝜖}, 𝐹 𝜖− = {𝜔 ∈ ℝ𝑝𝑞 ∶ 𝑎𝑗 + 𝜖 ≤ 𝜔𝑗 ≤ 𝑏𝑗 − 𝜖}.

Note that

Pr(√𝑛Â ∈ 𝐹) ≤ Pr(√𝑛A + √𝑛Â − √𝑛A ∈ 𝐹 ∣ ℰ) Pr(ℰ) + Pr(ℰ𝑐)

≤ Pr(√𝑛A ∈ 𝐹 𝜖+) + 1
𝑝𝑞 .

Then, we have

Pr(√𝑛Â ∈ 𝐹) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹)

≤ Pr(√𝑛A ∈ 𝐹 𝜖+) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹) + 1
𝑝𝑞 .

According to Lemma C.1, we have

Pr(√𝑛A ∈ 𝐹 𝜖+) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹 𝜖+) ≤ 𝐶𝐷𝑛,𝑝𝑞.

By the mean value theorem,

∣Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹 𝜖+) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹)∣ ≤ 𝑂(𝑝𝑞𝜖) = 𝑂(𝑠1𝑝𝑞1/2 log(𝑝)/√𝑛),

since 𝑛 > 𝐶 log7(𝑝𝑞𝑛). Therefore, it holds that

Pr(√𝑛Â ∈ 𝐹) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹) ≤ 𝐶𝐷𝑛,𝑝𝑞 + 1
𝑝𝑞 (2)

as long as 𝑠1𝑝𝑞1/2 log(𝑝)/√𝑛 = 𝑂(𝐷𝑛,𝑝𝑞). By the definition of 𝐷𝑛,𝑝𝑞, we require 𝑠1𝑝𝑞1/2 =

𝑂(𝑛1/3 log1/6(𝑝𝑞𝑛)). Note that if this relationship holds, 𝑠1 log(𝑝) = 𝑜(√𝑛𝑞𝑝−1) satisfies

as well.
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Similarly, we have

Pr(√𝑛Â ∈ 𝐹) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹)

≥ Pr(√𝑛A ∈ 𝐹 𝜖−) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,⋅⋅ ∈ 𝐹) − 1
𝑝𝑞 ≥ −𝐶𝐷𝑛,𝑝𝑞 − 1

𝑝𝑞 . (3)

Combining (2) and (3), we know that ̂𝜌𝑛(ℱre) ≤ 𝐶𝐷𝑛,𝑝𝑞 + 1
𝑝𝑞 .

Proof of Theorem 3.1

Proof. Note that

Pr(𝑢𝑗 < −𝑡) = Pr (
𝑞

∑
𝑙=1

√𝑛/2Â(1)
𝑗𝑙 Â(2)

𝑗𝑙 < −𝑡√𝑛/2)

= EÂ(2)
𝑗⋅

[Pr (
𝑞

∑
𝑙=1

√𝑛/2Â(1)
𝑗𝑙 Â(2)

𝑗𝑙 < −𝑡√𝑛/2 ∣ Â(2)
𝑗⋅ )] .

According to Lemma E.3 and the independence of Â(1)
𝑗⋅ and Â(2)

𝑗⋅ , it holds that

sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ) − Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 < −𝑡√𝑛

2 )∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 ,

when conditioning on Â(2)
𝑗𝑙 . Under the null hypothesis, 𝑧𝑖,𝑗𝑙 are normally distributed with

zero means. Then,

Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 < −𝑡√𝑛

2 ) = Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 > 𝑡√𝑛

2 ) ,

which implies

sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ) − Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 > 𝑡√𝑛

2 )∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

(4)
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Note that

sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 > 𝑡√𝑛

2 ) − Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 > 𝑡√𝑛

2 )∣

= sup
𝑡

∣1 − Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < 𝑡√𝑛

2 ) − 1 + Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 < 𝑡√𝑛

2 )∣

= sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < 𝑡√𝑛

2 ) − Pr (
𝑞

∑
𝑙=1

√ 2
𝑛 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑙Â

(2)
𝑗𝑙 < 𝑡√𝑛

2 )∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Combining with (4), we have

sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ ) − Pr (

𝑞
∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 > 𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ )∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Therefore,

sup
𝑡

∣Pr(𝑢𝑗 < −𝑡) − Pr(𝑢𝑗 > 𝑡)∣

= sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ) − Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 > 𝑡√𝑛

2 )∣

≤ sup
𝑡

EÂ(2)
𝑗⋅

[∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ ) − Pr (

𝑞
∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 > 𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ )∣]

≤ EÂ(2)
𝑗⋅

[sup
𝑡

∣Pr (
𝑞

∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 < −𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ ) − Pr (

𝑞
∑
𝑙=1

√𝑛
2 Â(1)

𝑗𝑙 Â(2)
𝑗𝑙 > 𝑡√𝑛

2 ∣ Â(2)
𝑗⋅ )∣]

≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Proof of Lemma C.3

Proof. Note that

Pr (sup
𝑡∈ℝ

|𝑉 (𝑡) − 𝐺0(𝑡)| > 𝜖) ≤ Pr (sup
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖)+Pr (inf
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) < −𝜖) .

For any 𝜖 ∈ (0, 1) and 𝑁𝜖 = ⌈2/𝜖⌉, let −∞ = 𝑎𝑝
0 < 𝑎𝑝

1 < ⋯ < 𝑎𝑝
𝑁𝜖

= ∞ such that

𝐺0(𝑎𝑝
𝑙−1) − 𝐺0(𝑎𝑝

𝑙 ) ≤ 𝜖/2 for 𝑙 = 1, … , 𝑁𝜖. Such a sequence exists since 𝐺0(𝑡) is continuous

with respect to 𝑡 ∈ ℝ. Note that

sup
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) ≤ max
𝑙∈[𝑁𝜖]

sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 ]

𝑉 (𝑡) − 𝐺0(𝑡).
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Then applying union bound, we have

Pr (sup
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖) ≤ Pr (
𝑁𝜖

⋃
𝑙=1

sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖)

≤
𝑁𝜖

∑
𝑙=1

Pr ( sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖) .

Since both 𝑉 (𝑡) and 𝐺0(𝑡) are non-increasing functions, the following holds

sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝑉 (𝑡) − 𝐺0(𝑡) ≤ 𝑉 (𝑎𝑝
𝑙−1) − 𝐺0(𝑎𝑝

𝑙 ) ≤ 𝑉 (𝑎𝑝
𝑙−1) − 𝐺0(𝑎𝑝

𝑙−1) + 𝜖/2

for any 𝑙 ∈ [𝑁𝜖]. According to Lemma C.4, 𝜎2 ∶= var(𝑉 (𝑡)) = 1/𝑝2
0 ∑𝑗,𝑗′∈𝒮𝐿

0
cov(1(𝑢𝑗 ≤

−𝑡),1(𝑢𝑗′ ≤ −𝑡)) ≤ 1/𝑝2
0𝐶|𝒮𝐿

0 |𝛼1 . Then, according to Chebyshev’s inequality,

Pr ( sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 ]

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖) ≤ Pr (𝑉 (𝑎𝑝
𝑙−1) − 𝐺0(𝑎𝑝

𝑙−1) > 𝜖
2𝜎𝜎)

≤ Pr (|𝑉 (𝑎𝑝
𝑙−1) − 𝐺0(𝑎𝑝

𝑙−1)| > 𝜖
2𝜎𝜎)

≤ 4𝜎2

𝜖2 ≤ 4𝐶|𝒮𝐿
0 |𝛼1

𝑝2
0𝜖2 = 4𝐶

|𝒮𝐿
0 |2−𝛼1𝜖2 .

It follows that

Pr (sup
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) > 𝜖) ≤ 4𝐶𝑁𝜖
|𝒮𝐿

0 |2−𝛼1𝜖2 → 0 as 𝑝 → ∞.

Similarly, we have

Pr (inf
𝑡∈ℝ

𝑉 (𝑡) − 𝐺0(𝑡) < −𝜖) ≤ Pr (
𝑁𝜖

⋃
𝑙=1

inf
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝑉 (𝑡) − 𝐺0(𝑡) < −𝜖)

≤
𝑁𝜖

∑
𝑙=1

Pr ( inf
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝑉 (𝑡) − 𝐺0(𝑡) < −𝜖)

≤
𝑁𝜖

∑
𝑙=1

Pr ( sup
𝑡∈[𝑎𝑝

𝑙−1,𝑎𝑝
𝑙 )

𝐺0(𝑡) − 𝑉 (𝑡) > 𝜖)

≤
𝑁𝜖

∑
𝑙=1

Pr (𝐺0(𝑎𝑝
𝑙 ) − 𝑉 (𝑎𝑝

𝑙 ) > 𝜖/2)

≤
𝑁𝜖

∑
𝑙=1

Pr (|𝑉 (𝑎𝑝
𝑙 ) − 𝐺0(𝑎𝑝

𝑙 )| > 𝜖/2)

≤ 4𝐶𝑁𝜖
|𝒮𝐿

0 |2−𝛼1𝜖2 → 0 as 𝑝 → ∞.
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This concludes the proof that sup𝑡 |𝑉 (𝑡) − 𝐺0(𝑡)| 𝑃→ 0. Using the symmetric property of

𝑢𝑗 for 𝑗 ∈ 𝒮𝐿
0 , we can show sup𝑡 |𝑉 ′

0 (𝑡) − 𝐺0(𝑡)| 𝑃→ 0.

Proof of Lemma C.4

Proof. Let 𝑧(1)
𝑖,𝑗𝑘 and 𝑧(2)

𝑖,𝑗𝑘 be two sets of normal random variables corresponding to the two

subsets after the data splitting, 𝑢̃𝑗 = 4
𝑛2 ∑𝑖∈ℐ1

z(1)
𝑖,𝑗⋅ ∑𝑖∈ℐ2

(z(2)
𝑖,𝑗⋅)𝑇 . By definition,

cov (1(𝑢𝑗 ≥ 𝑡),1(𝑢𝑗′ ≥ 𝑡)) = Pr(𝑢𝑗 ≥ 𝑡, 𝑢𝑗′ ≥ 𝑡) − Pr(𝑢𝑗 ≥ 𝑡) Pr(𝑢𝑗′ ≥ 𝑡).

Note that Pr(𝑢𝑗 ≥ 𝑡, 𝑢𝑗′ ≥ 𝑡) = Pr(𝑢𝑗 ≥ 𝑡) + Pr(𝑢𝑗′ ≥ 𝑡) + Pr(𝑢𝑗 < 𝑡, 𝑢𝑗′ < 𝑡) − 1. Using

Lemma E.4 and E.5,

sup
𝑡

∣cov (1(𝑢𝑗 ≥ 𝑡),1(𝑢𝑗′ ≥ 𝑡)) − cov (1(𝑢̃𝑗 ≥ 𝑡),1(𝑢̃𝑗′ ≥ 𝑡))∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Therefore, we only need to consider the Gaussian approximation 𝑢̃𝑗.

By the law of total covariance, we have

∑
𝑗,𝑗′∈𝒮𝐿

0

cov (1(𝑢̃𝑗 ≥ 𝑡),1(𝑢̃𝑗′ ≥ 𝑡))

= ∑
𝑗,𝑗′∈𝒮𝐿

0

E [cov (1(𝑢̃𝑗 ≥ 𝑡),1(𝑢̃𝑗′ ≥ 𝑡) ∣ z(2))]

+ ∑
𝑗,𝑗′∈𝒮𝐿

0

cov (E [1(𝑢̃𝑗 ≥ 𝑡) ∣ z(2)] , E [1(𝑢̃𝑗′ ≥ 𝑡) ∣ z(2)])

≜ 𝐼1 + 𝐼2.

We first bound 𝐼1. The maximum correlation coefficient between two random variables 𝜂1

and 𝜂2 is

𝜌max(𝜂1, 𝜂2) = sup
𝑔1∈𝒢1,𝑔2∈𝒢2

E[𝑔1(𝜂1)𝑔2(𝜂2)],

where 𝒢𝑗 = {𝑔𝑗 ∶ E[𝑔𝑗(𝜂𝑗)] = 0, var(𝑔𝑗(𝜂𝑗)) = 1}, 𝑗 = 1, 2. For given z(2), var(1(𝑢̃𝑗 ≥ 𝑡)) ≤
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1, 𝑗 ∈ 𝒮𝐿
0 . Then, we can bound each term in 𝐼1 as

cov (1(𝑢̃𝑗 ≥ 𝑡),1(𝑢̃𝑗′ ≥ 𝑡) ∣ z(2))

= E[{1(𝑢̃𝑗 ≥ 𝑡) − Pr(𝑢̃𝑗 ≥ 𝑡)}{1(𝑢̃𝑗′ ≥ 𝑡) − Pr(𝑢̃𝑗′ ≥ 𝑡)} ∣ z(2)]

≤ 𝜌max(𝑢̃𝑗, 𝑢̃𝑗′ ∣ z(2)).

Condition on z(2), (𝑢̃𝑗, 𝑢̃𝑗′) follows a bivariate normal distribution. For bivariate normal

distributions, the maximum correlation coefficient is the absolute value of the ordinary

correlation. Therefore,

𝐼1 ≤ ∑
𝑗,𝑗′∈𝒮𝐿

0

E [𝜌max(𝑢̃𝑗, 𝑢̃𝑗′ ∣ z(2))] = ∑
𝑗,𝑗′∈𝒮𝐿

0

E [| cor(𝑢̃𝑗, 𝑢̃𝑗′ ∣ z(2))|] .

We calculate the covariance of 𝑢̃𝑗 and 𝑢̃𝑗′ for 𝑗, 𝑗′ ∈ 𝒮𝐿
0 .

cov(𝑢̃𝑗, 𝑢̃𝑗′ ∣ z(2)) = E[𝑢̃𝑗𝑢̃𝑗′ ∣ z(2)] − E[𝑢̃𝑗 ∣ z(2)] E[𝑢̃𝑗′ ∣ z(2)]

= 16
𝑛4 E [∑

𝑖∈ℐ1

z(1)
𝑖,𝑗⋅ ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗⋅)𝑇 ∑

𝑖∈ℐ1

z(1)
𝑖,𝑗′⋅ ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗′⋅)𝑇 ∣ z(2)]

= 16
𝑛4

𝑞
∑

𝑘,𝑘′=1
E [∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗𝑘 ∑

𝑖∈ℐ2

𝑧(2)
𝑖,𝑗𝑘 ∑

𝑖∈ℐ1

𝑧(1)
𝑖,𝑗′𝑘′ ∑

𝑖∈ℐ2

𝑧(2)
𝑖,𝑗′𝑘′ ∣ z(2)]

= 4
𝑛2

𝑞
∑

𝑘,𝑘′=1
∑
𝑖∈ℐ2

𝑧(2)
𝑖,𝑗𝑘 ∑

𝑖∈ℐ2

𝑧(2)
𝑖,𝑗′𝑘′ E [𝑧1,𝑗𝑘𝑧1,𝑗′𝑘′]

= 4
𝑛2

𝑞
∑

𝑘,𝑘′=1
∑
𝑖∈ℐ2

𝑧(2)
𝑖,𝑗𝑘 ∑

𝑖∈ℐ2

𝑧(2)
𝑖,𝑗′𝑘′ cov (𝑧1,𝑗𝑘𝑧1,𝑗′𝑘′) .

Therefore, by condition (C3)

E [cov(𝑢̃𝑗, 𝑢̃𝑗′ ∣ z(2))] =
𝑞

∑
𝑘,𝑘′=1

cov2(𝑧1,𝑗𝑘, 𝑧1,𝑗′𝑘′) ≤ 𝐶
𝑞

∑
𝑘,𝑘′=1

cor2(𝑧1,𝑗𝑘, 𝑧1,𝑗′𝑘′).

By condition (C4),

𝐼1 ≤ 𝐶 ∑
𝑗,𝑗′∈𝒮𝐿

0

𝑞
∑

𝑘,𝑘′=1
cor2(𝑧1,𝑗𝑘, 𝑧1,𝑗′𝑘′) ≤ 𝐶3𝑝𝛼3

0 .

We proceed to bound 𝐼2. Note that E[1(𝑢̃𝑗 ≥ 𝑡) ∣ z(2)] = Pr(𝑢̃𝑗 ≥ 𝑡 ∣ z(2)) = 𝑓(z(2)
⋅,𝑗⋅) and
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E[1(𝑢̃𝑗′ ≥ 𝑡) ∣ z(2)] = 𝑔(z(2)
⋅,𝑗′⋅), which are functions of Gaussian random vectors. Then

𝐼2 = ∑
𝑗,𝑗′∈𝒮𝐿

0

cov (E [1(𝑢̃𝑗 ≥ 𝑡) ∣ z(2)] , E [1(𝑢̃𝑗′ ≥ 𝑡) ∣ z(2)])

= ∑
𝑗,𝑗′∈𝒮𝐿

0

cov(𝑓(z(2)
⋅,𝑗⋅), 𝑔(z(2)

⋅,𝑗′⋅))

= ∑
𝑗,𝑗′∈𝒮𝐿

0

E[{𝑓(z(2)
⋅,𝑗⋅) − E[𝑓(z(2)

⋅,𝑗⋅)]}{𝑔(z(2)
⋅,𝑗′⋅) − E[𝑔(z(2)

⋅,𝑗′⋅)]}].

We claim that

∣E[{𝑓(z(2)
⋅,𝑗⋅) − E[𝑓(z(2)

⋅,𝑗⋅)]}{𝑔(z(2)
⋅,𝑗′⋅) − E[𝑔(z(2)

⋅,𝑗′⋅)]}]∣ ≤ 𝐶𝜌max(vec(z(2)
⋅,𝑗⋅), vec(z(2)

⋅,𝑗′⋅)). (5)

The absolute correlation between two 𝑛𝑞/2 dimensional centered Gaussian random vectors

𝜂1 and 𝜂2 is defined as

𝜌max(𝜂1, 𝜂2) = sup
𝛼1,𝛼2∈ℝ𝑛𝑞/2

| E[𝛼𝑇
1 𝜂1𝜂𝑇

2 𝛼2]|
(E[|𝛼𝑇

1 𝜂1|2])1/2 (E[|𝛼𝑇
2 𝜂2|2])1/2 .

We apply Theorem 3.4 in (Veraar 2009) to show (5). First, note that

(E [∣𝑓(z(2)
⋅,𝑗⋅) − E[𝑓(z(2)

⋅,𝑗⋅)]∣
2
])

1/2
≤ 2, (E [∣𝑔(z(2)

⋅,𝑗′⋅) − E[𝑔(z(2)
⋅,𝑗′⋅)]∣

2
])

1/2
≤ 2

since 𝑓(z(2)
⋅,𝑗⋅) and 𝑔(z(2)

⋅,𝑗′⋅) are probabilities. Second, it is easy to see

E [𝑓(z(2)
⋅,𝑗⋅) − E[𝑓(z(2)

⋅,𝑗⋅)]] = 0, E [𝑔(z(2)
⋅,𝑗′⋅) − E[𝑔(z(2)

⋅,𝑗′⋅)]] = 0.

Then, conditions of Theorem 3.4 in (Veraar 2009) are satisfied and we have (5). Let rows

of z(2)
⋅,𝑗⋅ ∈ ℝ𝑛/2×𝑞 be z1,𝑗⋅, … , z𝑛/2,𝑗⋅. For 𝑗 ∈ 𝒮𝐿

0 , z(2)
⋅,𝑗⋅ ∼ ℳ𝒩(0, I𝑛/2, U𝑗𝑗), where U𝑗𝑗 is the

covariance matrix of z1,𝑗⋅. Then, vec(z(2)
⋅,𝑗⋅) ∼ 𝒩(0, U𝑗𝑗⊗I𝑛/2) and vec(z(2)

⋅,𝑗′⋅) ∼ 𝒩(0, U𝑗′𝑗′ ⊗

I𝑛/2). According to the result of canonical correlation analysis, 𝜌max(vec(z(2)
⋅,𝑗⋅), vec(z(2)

⋅,𝑗′⋅))

is the square root of the largest eigenvalue of

(U𝑗𝑗 ⊗ I𝑛/2)−1/2(U𝑗𝑗′ ⊗ I𝑛/2)(U𝑗′𝑗′ ⊗ I𝑛/2)−1(U𝑗′𝑗 ⊗ I𝑛/2)(U𝑗𝑗 ⊗ I𝑛/2)−1/2

= ((U𝑗𝑗)−1/2 ⊗ I𝑛/2)(U𝑗𝑗′ ⊗ I𝑛/2)((U𝑗′𝑗′)−1 ⊗ I𝑛/2)(U𝑗′𝑗 ⊗ I𝑛/2)((U𝑗𝑗)−1/2 ⊗ I𝑛/2)

= (U𝑗𝑗)−1/2U𝑗𝑗′(U𝑗′𝑗′)−1U𝑗′𝑗(U𝑗𝑗)−1/2 ⊗ I𝑛/2
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Therefore, according to the condition (C4)

𝐼2 = ∑
𝑗,𝑗′∈𝒮𝐿

0

E[{𝑓(z(2)
⋅,𝑗⋅) − E[𝑓(z(2)

⋅,𝑗⋅)]}{𝑔(z(2)
⋅,𝑗′⋅) − E[𝑔(z(2)

⋅,𝑗′⋅)]}]

≤ ∑
𝑗,𝑗′∈𝒮𝐿

0

𝐶𝜆1/2
max ((U𝑗𝑗)−1/2U𝑗𝑗′(U𝑗′𝑗′)−1U𝑗′𝑗(U𝑗𝑗)−1/2)

≤ 𝐶1𝑝𝛼1
0 .

Proof of Theorem 3.2

Proof. Let

𝑉 ′
1 (𝑡) = # {𝑗 ∶ 𝑗 ∈ 𝒮𝐿

1 , 𝑢𝑗 ≤ −𝑡}
𝑝1

.

Define

FDP𝐿
† (𝑡) = 𝑉 (𝑡)

(𝑉′(𝑡) + 𝑟𝑝𝑉1(𝑡)) ∨ 1/𝑝, FDP(𝑡) = 𝐺0(𝑡)
(𝐺0(𝑡) + 𝑟𝑝𝑉1(𝑡)) ∨ 1/𝑝.

Recall that

F̂DP
𝐿

(𝑡) = 𝑉 (𝑡) + 𝑟𝑝𝑉 ′
1 (𝑡)

(𝑉′(𝑡) + 𝑟𝑝𝑉1(𝑡)) ∨ 1/𝑝, 𝜏𝑎 = inf{𝑡 ∶ F̂DP
𝐿

(𝑡) < 𝑎}.

The proof is based on the following cutoff:

𝜏∗
𝑎 = inf{𝑡 ∶ FDP𝐿

† (𝑡) ≤ 𝑎}.

Since FDP𝐿
† (𝑡) ≤ F̂DP(𝑡)𝐿, 𝜏∗

𝑎 ≤ 𝜏𝑎, which implies the empirical cutoff overestimate 𝜏∗
𝑎. In

the following, we assume the pointwise limit FDP𝐿
∞(𝑡) of FDP𝐿(𝑡) exists for all 𝑡 > 0 and

there is a constant 𝑡𝑎 > 0 such that FDP𝐿
∞(𝑡𝑎) ≤ 𝑎. We first show that for any 𝜖 ∈ (0, 𝑎),

we have

Pr(𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖) ≥ 1 − 𝜖,

where 𝑡𝑎−𝜖 > 0 and FDP𝐿
∞(𝑡𝑎−𝜖) ≤ 𝑎 − 𝜖. Such 𝑡𝑎−𝜖 exists if FDP∞

𝐿 (𝑡) is left continuous

at 𝑎. By Lemma C.3, for any fixed 𝑡 ∈ ℝ, we have

| FDP𝐿
† (𝑡) − FDP𝐿(𝑡)| 𝑃→ 0.
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It follows that for any fixed 𝑡 ∈ ℝ,

| FDP𝐿
† (𝑡) − FDP𝐿

∞(𝑡)| ≤ | FDP𝐿
† (𝑡) − FDP𝐿(𝑡)| + | FDP𝐿(𝑡) − FDP𝐿

∞(𝑡)| 𝑃→ 0.

Then for any 𝜖, Pr(| FDP𝐿
† (𝑡𝑎−𝜖)−FDP𝐿

∞(𝑡𝑎−𝜖)| ≤ 𝜖) ≥ 1−𝜖 for large enough 𝑝. According

to the definition of 𝜏∗
𝑎, we have

Pr(𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖) ≥ Pr(FDP𝐿

† (𝑡𝑎−𝜖) ≤ 𝑎)

≥ Pr(| FDP𝐿
† (𝑡𝑎−𝜖) − FDP𝐿

∞(𝑡𝑎−𝜖)| ≤ 𝜖)

≥ 1 − 𝜖,

for large enough 𝑝. Condition on the event 𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖, we have

lim sup
𝑝→∞

E[FDP𝐿(𝜏∗
𝑎)] = lim sup

𝑝→∞
E[FDP𝐿(𝜏∗

𝑎)1(𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖)] + lim sup

𝑝→∞
E[FDP𝐿(𝜏∗

𝑎)1(𝜏∗
𝑎 > 𝑡𝑎−𝜖)]

≤ lim sup
𝑝→∞

E[FDP𝐿(𝜏∗
𝑎)1(𝜏∗

𝑎 ≤ 𝑡𝑎−𝜖)] + 𝜖

≤ lim sup
𝑝→∞

E[| FDP𝐿(𝜏∗
𝑎) − FDP(𝜏∗

𝑎)|1(𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖)]

+ lim sup
𝑝→∞

E[| FDP𝐿
† (𝜏∗

𝑎) − FDP(𝜏∗
𝑎)|1(𝜏∗

𝑎 ≤ 𝑡𝑎−𝜖)]

+ lim sup
𝑝→∞

E[FDP𝐿
† (𝜏∗

𝑎)1(𝜏∗
𝑎 ≤ 𝑡𝑎−𝜖)] + 𝜖

≤ lim sup
𝑝→∞

E [ sup
0<𝑡≤𝑡𝑎−𝜖

| FDP𝐿(𝑡) − FDP(𝑡)|]

+ lim sup
𝑝→∞

E [ sup
0<𝑡≤𝑡𝑎−𝜖

| FDP𝐿
† (𝑡) − FDP(𝑡)|]

+ lim sup
𝑝→∞

E[FDP𝐿
† (𝜏∗

𝑎)] + 𝜖.

According to Lemma C.3,

| FDP𝐿(𝑡) − FDP(𝑡)| 𝑃→ 0, | FDP𝐿
† (𝑡) − FDP(𝑡)| 𝑃→ 0,

for any fixed 𝑡 ∈ ℝ. Then the first two terms are 0 by the dominated convergence theorem.

For the last term, we have FDP𝐿
† (𝜏∗

𝑎) ≤ 𝑎 by definition. Therefore,

lim sup
𝑝→∞

E[FDP𝐿(𝜏∗
𝑎)] ≤ 𝑎.
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Proof of Theorem 3.3

Proof. This proof is a stronger result based on 𝜏𝑎 = inf{𝑡 ∶ F̂DP(𝑡)𝐿 < 𝑎}, but requires

additional assumptions. We aim to show

lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)] ≤ 𝑎.

A key step in bounding lim sup𝑝→∞ E[FDP𝐿(𝜏∗
𝑎)] is conditioning on 𝜏∗

𝑎 ≤ 𝑡𝑎−𝜖. Since

𝜏∗
𝑎 ≤ 𝜏𝑎, Pr(𝜏∗

𝑎 ≤ 𝑡𝑎−𝜖) ≥ 1 − 𝜖 does not imply Pr(𝜏𝑎 ≤ 𝑡𝑎−𝜖) ≥ 1 − 𝜖. Therefore, we need

to find 𝑡𝑎 such that

Pr(𝜏𝑎 ≤ 𝑡𝑎) → 1.

It suffices to show with probability approaching one,

F̂DP
𝐿

(𝑡𝑎) ≤ 𝑎.

According to Lemma E.4, 𝑛
2 𝑢𝑗 can be approximate by 2

𝑛 ∑𝑖∈ℐ1
z(1)

𝑖,𝑗⋅ ∑𝑖∈ℐ2
(z(2)

𝑖,𝑗⋅)𝑇 . Then,

for 𝑗 ∈ 𝒮𝐿
1 , we have

𝑛
2 E(𝑢𝑗) = 2

𝑛 ∑
𝑖∈ℐ1

E(z(1)
𝑖,𝑗⋅) ∑

𝑖∈ℐ2

E(z(2)
𝑖,𝑗⋅)𝑇 = 𝑛

2 E(z𝑖,𝑗⋅) E(z𝑖,𝑗⋅)𝑇 > 0.

This shows 𝑢𝑗 has a positive mean if 𝑗 ∈ 𝒮𝐿
1 . Therefore, we can assume for 𝑡 > 0

1
𝑝1

∑
𝑗∈𝒮𝐿

1

1(𝑢𝑗 < −𝑡) ≤ 1
𝑝0

∑
𝑗′∈𝒮𝐿

0

1(𝑢𝑗 < −𝑡) + 𝜖.

Then, we have as 𝑛, 𝑝 → ∞,

F̂DP
𝐿

(𝑡) = 𝑉 (𝑡) + 𝑟𝑝𝑉 ′
1 (𝑡)

(𝑉′(𝑡) + 𝑟𝑝𝑉1(𝑡)) ∨ 1/𝑝 ≤ 𝑉 (𝑡) + 𝑟𝑝𝑉 (𝑡) + 𝑟𝑝𝜖
(𝑉′(𝑡) + 𝑟𝑝𝑉1(𝑡)) ∨ 1/𝑝 ≤ (1 + 𝑟𝑝)FDP(𝑡) + 𝐶𝜖,

where the last inequality uses Lemma C.3. It remains to bound FDP(𝑡). We introduce a

signal strength concept similar to (Dai et al. 2023b). Let 𝒮𝐿
1,strong denote the largest subset
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of 𝒮𝐿
1 such that

1
𝑝1,strong

∑
𝑗∈𝒮𝐿

1,strong

1(𝑢𝑗 > 𝑡) 𝑃→ 1, for 𝑡𝑎 > 0,

where 𝑝1,strong = |𝒮𝐿
1,strong| and 𝑡𝑎 is defined in the following. We further assume that

𝑝0 → ∞, lim inf
𝑛,𝑝→∞

𝑝1,strong
𝑝0

> 0. (6)

Since 𝐺0(𝑡) is continuous and 𝐺0(−∞) = 1 and 𝐺0(−∞) = 0, intermediate value theorem

guarantees that there exist a 𝑡𝑎 such that 𝐺0(𝑡𝑎) = 𝑎𝑝1,strong
(1−𝑎)𝑝0+𝑝1

. Without loss of generality,

we assume 𝑎𝑝1 < (1 − 𝑎)𝑝0 since otherwise we can select all rows and the FDR is under

control. The condition (6) implies 0 < 𝐺0(𝑡𝑎) < 1, which means 𝑡𝑎 is bounded. Then, we

have

FDP(𝑡𝑎) = 𝐺0(𝑡𝑎)
𝐺0(𝑡𝑎) + 1/𝑝0 ∑𝑗∈𝒮𝐿

1
1(𝑢𝑗 ≥ 𝑡𝑎) ≤ 𝐺0(𝑡𝑎)

𝐺0(𝑡𝑎) + 𝑝1,strong/𝑝0
+𝑜𝑝(1) ≤ 𝑎

1 + 𝑟𝑝
+𝑜𝑝(1).

Therefore,

F̂DP
𝐿

(𝑡𝑎) ≤ (1 + 𝑟𝑝)FDP(𝑡) + 𝜖 ≤ 𝑎 + 𝜖 + 𝑜𝑝(1).

Then we can condition on 𝜏𝑎 ≤ 𝑡𝑎:

lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)] = lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)1(𝜏𝑎 ≤ 𝑡𝑎)] + lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)1(𝜏𝑎 > 𝑡𝑎)]

≤ lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)1(𝜏𝑎 ≤ 𝑡𝑎)] + 𝜖

≤ lim sup
𝑝→∞

E[| FDP𝐿(𝜏𝑎) − FDP(𝜏𝑎)|1(𝜏𝑎 ≤ 𝑡𝑎)]

+ lim sup
𝑝→∞

E[| FDP𝐿
† (𝜏𝑎) − FDP(𝜏𝑎)|1(𝜏𝑎 ≤ 𝑡𝑎)]

+ lim sup
𝑝→∞

E[FDP𝐿
† (𝜏𝑎)1(𝜏𝑎 ≤ 𝑡𝑎)] + 𝜖

≤ lim sup
𝑝→∞

E [ sup
0<𝑡≤𝑡𝑎

| FDP𝐿(𝑡) − FDP(𝑡)|]

+ lim sup
𝑝→∞

E [ sup
0<𝑡≤𝑡𝑎

| FDP𝐿
† (𝑡) − FDP(𝑡)|]

+ lim sup
𝑝→∞

E[FDP𝐿
† (𝜏𝑎)] + 𝜖.
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According to lemma C.3,

| FDP𝐿(𝑡) − FDP(𝑡)| 𝑃→ 0, | FDP𝐿
† (𝑡) − FDP(𝑡)| 𝑃→ 0,

for any fixed 𝑡 ∈ ℝ. Then the first two terms are 0 by the dominated convergence theorem.

For the last term, we have FDP𝐿
† (𝜏𝑎) ≤ F̂DP

𝐿
(𝜏𝑎) ≤ 𝑎 by definition. Therefore,

lim sup
𝑝→∞

E[FDP𝐿(𝜏𝑎)] ≤ 𝑎.

Proof of Corollary 3.6

Proof. Let 𝑀𝑗𝑘 = (𝑢𝑗, 𝑣𝑘), 𝑗 = 1, … , 𝑝, 𝑘 = 1, … , 𝑞. For real numbers 𝑡1, 𝑡2, 𝑀𝑗𝑘 > (𝑡1, 𝑡2)

means 𝑢𝑗 > 𝑡1 and 𝑣𝑘 > 𝑡2. Then, the element-wise FDP is

FDP(𝑡1, 𝑡2) = #{(𝑗, 𝑘) ∶ 𝑀𝑗𝑘 > (𝑡1, 𝑡2), 𝑗 ∈ 𝒮𝐿
0 or 𝑘 ∈ 𝒮𝑅

0 }
#{(𝑗, 𝑘) ∶ 𝑀𝑗𝑘 > (𝑡1, 𝑡2)}

Note that

#{(𝑗, 𝑘) ∶ 𝑀𝑗𝑘 > (𝑡1, 𝑡2), 𝑗 ∈ 𝒮𝐿
0 or 𝑘 ∈ 𝒮𝑅

0 }

= #{𝑗 ∶ 𝑢𝑗 > 𝑡1, 𝑗 ∈ 𝒮𝐿
0 } × #{𝑘 ∶ 𝑣𝑘 > 𝑡2} + #{𝑘 ∶ 𝑣𝑘 > 𝑡2, 𝑘 ∈ 𝒮𝑅

0 } × #{𝑗 ∶ 𝑢𝑗 > 𝑡1}

− #{𝑗 ∶ 𝑢𝑗 > 𝑡1, 𝑗 ∈ 𝒮𝐿
0 } × #{𝑘 ∶ 𝑣𝑘 > 𝑡2, 𝑘 ∈ 𝒮𝑅

0 }

and

#{(𝑗, 𝑘) ∶ 𝑀𝑗𝑘 > (𝑡1, 𝑡2)} = #{𝑗 ∶ 𝑢𝑗 > 𝑡1} × #{𝑘 ∶ 𝑣𝑘 > 𝑡2}.

Therefore, we have

FDP(𝜏∗
𝑎, 𝜏∗

𝑏 ) = FDP𝐿(𝜏∗
𝑎) + FDP𝑅(𝜏∗

𝑏 ) − FDP𝐿(𝜏∗
𝑎) FDP𝑅(𝜏∗

𝑏 ). (7)

Using (7) and Theorem 3.2, the element-wise FDR satisfies

lim sup
𝑛,𝑝,𝑞→∞

FDR(𝜏∗
𝑎, 𝜏∗

𝑏 ) ≤ 𝑎 + 𝑏 − 𝑎𝑏.

24



E Ancillary Lemmas

Lemma E.1 ((Bellec & Zhang 2021)). If z ∼ 𝒩(0, I𝑝), then

E[z𝑓(z)] = E[∇𝑓(z)], E[zz𝑇 𝑓(z)] = E[𝑓(z)]I𝑝 + E[∇2𝑓(z)]

where ∇𝑓(z) = 𝜕𝑓(z)
𝜕z , ∇2𝑓(z) = 𝜕𝑓(z)

𝜕z𝜕z𝑇 .

Lemma E.2. Let 𝜉𝑖,𝑗𝑘 = 𝑌𝑖Ω𝑗⋅X𝑖,⋅𝑘. Then

• E(𝜉𝑖,𝑗𝑘) = Ω𝑇
⋅𝑗 E(𝑌 X⋅𝑘);

• var(𝜉𝑖,𝑗𝑘) = Ω𝑇
⋅𝑗 E(𝑌 2X⋅𝑘X𝑇

⋅𝑘)Ω⋅𝑗 − Ω𝑇
⋅𝑗 E(𝑌 X⋅𝑘) E(𝑌 X𝑇

⋅𝑘)Ω⋅𝑗;

• cov(𝜉𝑖,𝑗𝑘, 𝜉𝑖,𝑙𝑚) = Ω𝑇
⋅𝑗 E(𝑌 2X⋅𝑘X𝑇

⋅𝑚)Ω⋅𝑙 − Ω𝑇
⋅𝑗 E(𝑌 X⋅𝑘) E(𝑌 X𝑇

⋅𝑚)Ω⋅𝑙.

Proof. First, E(𝜉𝑖,𝑗𝑘) = E(Ω𝑗⋅X⋅𝑘𝑌 ) = Ω𝑇
⋅𝑗 E(𝑌 X⋅𝑘) since Ω is symmetric. Next, consider

the second moment E(𝜉2
𝑖,𝑗𝑘) which can be written as

E(𝜉2
𝑖,𝑗𝑘) = E(Ω𝑇

⋅𝑗X𝑖,⋅𝑘𝑌𝑖 ⋅ 𝑌𝑖X𝑇
𝑖,⋅𝑘Ω⋅𝑗) = Ω𝑇

⋅𝑗 E(𝑌 2
𝑖 X𝑖,⋅𝑘X𝑇

𝑖,⋅𝑘)Ω⋅𝑗

= Ω𝑇
⋅𝑗 E(𝑌 2X⋅𝑘X𝑇

⋅𝑘)Ω⋅𝑗.

Then, we have

var(𝜉𝑖,𝑗𝑘) = E(𝜉2
𝑖,𝑗𝑘) − E(𝜉𝑖,𝑗𝑘)2 = Ω𝑇

⋅𝑗 E(𝑌 2X⋅𝑘X𝑇
⋅𝑘)Ω⋅𝑗 − Ω𝑇

⋅𝑗 E(𝑌 X⋅𝑘) E(𝑌 X𝑇
⋅𝑘)Ω⋅𝑗.

Finally, we compute the covariance

cov(𝜉𝑖,𝑗𝑘, 𝜉𝑖,𝑙𝑚) = E(𝜉𝑖,𝑗𝑘𝜉𝑖,𝑙𝑚) − E(𝜉𝑖,𝑗𝑘) E(𝜉𝑖,𝑙𝑚).

Note that

E(𝜉𝑖,𝑗𝑘𝜉𝑖,𝑙𝑚) = E(𝑌𝑖Ω𝑇
⋅𝑗X𝑖,⋅𝑘𝑌𝑖X𝑇

𝑖,⋅𝑚Ω⋅𝑙) = Ω𝑇
⋅𝑗 E(𝑌 2

𝑖 X𝑖,⋅𝑘X𝑇
𝑖,⋅𝑚)Ω⋅𝑙 = Ω𝑇

⋅𝑗 E(𝑌 2X⋅𝑘X𝑇
⋅𝑚)Ω⋅𝑙.

Therefore,

cov(𝜉𝑖,𝑗𝑘, 𝜉𝑖,𝑙𝑚) = Ω𝑇
⋅𝑗 E(𝑌 2X⋅𝑘X𝑇

⋅𝑚)Ω⋅𝑙 − Ω𝑇
⋅𝑗 E(𝑌 X⋅𝑘) E(𝑌 X𝑇

⋅𝑚)Ω⋅𝑙.
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Lemma E.3. Assume Assumptions B.1&B.2 hold. Let L ∈ ℝ𝑞 be any fixed vector such

that ‖L‖1 = 1 and z𝑖,𝑗⋅ ∈ ℝ𝑞 be a row vector consisting of 𝑧𝑖,𝑗𝑘. If 𝑠1 log(𝑝) = 𝑜 (√𝑛𝑞𝑝−1),

we have

sup
𝑡

∣Pr(√𝑛Â𝑗⋅L ≤ 𝑡) − Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 ,

for any 𝑗 = 1, … , 𝑝.

Proof. First, we consider the population form

Ã𝑗⋅L = 1
𝑛

𝑛
∑
𝑖=1

Ω𝑗⋅

𝑞
∑
𝑘=1

X𝑖,⋅𝑘𝑌𝑖𝑙𝑘.

Let 𝜉𝑖,𝑗 = ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑌𝑖𝑙𝑘, then

Ã𝑗⋅L = 1
𝑛

𝑛
∑
𝑖=1

𝜉𝑖,𝑗,
√𝑛Ã𝑗⋅L = 1√𝑛

𝑛
∑
𝑖=1

𝜉𝑖,𝑗.

To apply the Berry-Esseen Theorem, we focus on bounds on E(𝜉2
𝑖,𝑗) and E(|𝜉𝑖,𝑗|3).

We first show E(𝜉2
𝑖,𝑗) ≥ 𝑐 for all 𝑗 = 1, … , 𝑝. Suppose E(𝜉2

𝑖,𝑗) = 0, we have

𝜉𝑖,𝑗 = 𝑌𝑖 ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 = 0 almost surely, which means 𝑌𝑖 = 0 or ∑𝑞

𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 = 0

almost surely. Since 𝑌 ≠ 0 and ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 is a normal random variable with mean

zero. Therefore, 𝜉𝑖,𝑗 = 0 implies ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 has zero variance, which contradicts the

fact that both U and V are non-degenerate (condition C2).

Then we compute the upper bound on the moment of 𝜉𝑖𝑗. Note that

E(|𝜉𝑖𝑗|ℎ) ≤ E ⎛⎜
⎝

∣
𝑞

∑
𝑘=1

Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘∣
ℎ

|𝑌𝑖|ℎ⎞⎟
⎠

≤ E ⎛⎜
⎝

∣
𝑞

∑
𝑘=1

Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘∣
2ℎ

⎞⎟
⎠

1/2

E(|𝑌𝑖|2ℎ)1/2.

Since X𝑖,⋅𝑘 ∼ 𝑁(0, 𝑉𝑘𝑘U), Ω𝑗⋅X𝑖,⋅𝑘/‖Ω𝑗⋅‖2 is sub-Gaussian with parameter 𝑉𝑘𝑘‖U‖2. By

Lemma E.6, we have ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘 is sub-Gaussian with parameter (∑𝑞

𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘‖U‖2)2.

Note that (∑𝑞
𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘‖U‖2)2 = ‖U‖2(∑𝑞

𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘)2 ≤ 𝐶1‖U‖2‖Ω‖2
2‖L‖2

1 ≤

𝐶2 since ‖L‖1 = 1. Then, we have E(| ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘|2ℎ) ≤ 𝐶ℎ

1 ℎℎ and E(|𝑌 |2ℎ) ≤ 𝐶ℎ
2 ℎℎ

(Assumption B.1). Therefore, E(|𝜉𝑖𝑗|ℎ) ≤ 𝐶ℎℎ.
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Using the above results, we obtain

𝑐 ≤ E[𝜉2
𝑖,𝑗] ≤ 𝐶1‖L‖2

1 = 𝐶1, E[𝜉2
𝑖,𝑗]3/2 ≤ E[|𝜉𝑖,𝑗|3] ≤ 𝐶2‖L‖3

1 = 𝐶2.

Immediately, we have

sup
𝑡

∣Pr(√𝑛Ã𝑗⋅L ≤ 𝑡) − Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝐶 1√𝑛.

Using the same argument as in the proof of Theorem A.1, we have

|√𝑛Â𝑗⋅L − √𝑛Ã𝑗⋅L| = |
𝑞

∑
𝑘=1

√𝑛(𝐴𝑗𝑘 − 𝐴𝑗𝑘)𝑙𝑘|

≤
𝑞

∑
𝑘=1

|√𝑛(𝐴𝑗𝑘 − 𝐴𝑗𝑘)𝑙𝑘| = 𝑂𝑃 (𝑠1𝑞−1/2 log(𝑝)√𝑛 ) .

According to (Lyu et al. 2019), the desired convergence rate of Ω̂ holds if 𝑠1 log(𝑝) =

𝑜(√𝑛𝑞𝑝−1). Since it is a one-dimensional random variable, we have

∣Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡 + 𝜖) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝑂(𝜖) = 𝑂(𝑠1𝑞−1/2 log(𝑝)/√𝑛).

Then, if 𝑠1𝑝1/2 log(𝑝)/√𝑛𝑞 = 𝑜(1), we have

sup
𝑡

∣Pr(√𝑛Â𝑗⋅L ≤ 𝑡) − Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Proof using (Chernozhukov et al. 2017). For condition (M.1), we need to show

E(𝜉2
𝑖,𝑗) ≥ 𝑐 for all 𝑗 = 1, … , 𝑝. Suppose E(𝜉2

𝑖,𝑗) = 0, we have 𝜉𝑖,𝑗 = 𝑌𝑖 ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 = 0

almost surely, which means 𝑌𝑖 = 0 or ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 = 0 almost surely. Since 𝑌 ≠ 0

and ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 is a normal random variable with mean zero. Therefore, 𝜉𝑖,𝑗 = 0

implies ∑𝑞
𝑘=1 𝑙𝑘Ω𝑗⋅X𝑖,⋅𝑘 has zero variance, which contradicts the fact that both U and V

are non-degenerate.
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Second, for condition (E.1), we have

E[exp(|𝜉𝑖,𝑗|/𝐶𝑛)] = 1 +
∞

∑
ℎ=1

E(|𝜉𝑖,𝑗|ℎ)
𝐶ℎ𝑛ℎ! = 1 +

∞
∑
ℎ=1

E(| ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑌𝑖𝑙𝑘|ℎ)

𝐶ℎ𝑛ℎ!

≤ 1 +
∞

∑
ℎ=1

E(| ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘|ℎ|𝑌𝑖|ℎ)

𝐶ℎ𝑛ℎ!

≤ 1 +
∞

∑
ℎ=1

E(| ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘|2ℎ)1/2 E(|𝑌𝑖|2ℎ)1/2

𝐶ℎ𝑛ℎ! .

Since X𝑖,⋅𝑘 ∼ 𝑁(0, 𝑉𝑘𝑘U), Ω𝑗⋅X𝑖,⋅𝑘/‖Ω𝑗⋅‖2 is sub-Gaussian with parameter 𝑉𝑘𝑘‖U‖2. By

Lemma E.6, we have ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘 is sub-Gaussian with parameter (∑𝑞

𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘‖U‖2)2.

Note that (∑𝑞
𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘‖U‖2)2 = ‖U‖2(∑𝑞

𝑘=1 |𝑙𝑘|‖Ω𝑗⋅‖2√𝑉𝑘𝑘)2 ≤ 𝐶1‖U‖2‖Ω‖2
2‖L‖2

1 ≤

𝐶2 since ‖L‖1 = 1. Then, we have E(| ∑𝑞
𝑘=1 Ω𝑗⋅X𝑖,⋅𝑘𝑙𝑘|2ℎ) ≤ 𝐶ℎ

1 ℎℎ and E(|𝑌 |2ℎ) ≤ 𝐶ℎ
2 ℎℎ.

Since ℎ! ≥ (ℎ/𝑒)ℎ, it follows that

E[exp(|𝜉𝑖,𝑗|/𝐶𝑛)] ≤ 1 +
∞

∑
ℎ=1

𝐶ℎℎℎ

𝐶ℎ𝑛ℎ! ≤ 1 +
∞

∑
ℎ=1

(𝐶𝑒)ℎ

𝐶ℎ𝑛
< ∞,

if 𝐶𝑛 > 𝐶𝑒.

Third, for condition (M.2), note that

2
∑
𝑙=1

E(|𝜉𝑖,𝑗|2+𝑙)
𝐶𝑙+2𝑛 (𝑙 + 2)! ≤ E[exp(|𝜉𝑖,𝑗|/𝐶𝑛)] < ∞.

Letting 𝐶𝑛 > 𝐶𝑒 sufficiently large, we have

1
𝑛

𝑛
∑
𝑖=1

E(|𝜉𝑖,𝑗|2+𝑙) ≤ 𝐶𝑙
𝑛, 𝑙 = 1, 2.

According to Proposition 2.1 in (Chernozhukov et al. 2017),

sup
𝑡

∣Pr(√𝑛Ã𝑗⋅L ≤ 𝑡) − Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝐶𝐷𝑛,1.

Using the same argument as in the proof of Theorem A.1, we have

|√𝑛Â𝑗⋅L − √𝑛Ã𝑗⋅L| = |
𝑞

∑
𝑘=1

√𝑛(𝐴𝑗𝑘 − 𝐴𝑗𝑘)𝑙𝑘|

≤
𝑞

∑
𝑘=1

|√𝑛(𝐴𝑗𝑘 − 𝐴𝑗𝑘)𝑙𝑘| = 𝑂𝑃 (𝑠1𝑞−1/2 log(𝑝)√𝑛 ) .
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Since it is a one-dimensional random variable, we have

∣Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡 + 𝜖) − Pr ( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝑂(𝜖) = 𝑂(𝑠1𝑞−1/2 log(𝑝)/√𝑛).

Then the following holds

sup
𝑡

∣Pr(√𝑛Â𝑗⋅L ≤ 𝑡) − Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L ≤ 𝑡)∣ ≤ 𝐶𝐷𝑛,1 = 𝐶 log7/6(𝑛)
𝑛1/6

if we require 𝑠1𝑞−1/2 log(𝑝)/√𝑛 = 𝑂(𝐷𝑛,1), which implies 𝑠1 log(𝑝) = 𝑂(𝑞1/2𝑛1/3 log7/6(𝑛)).

On the other hand, we require 𝑠1 log(𝑝) = 𝑜(√𝑛𝑞𝑝−1) to achieve the desired convergence

rate of Ω̂ (Lyu et al. 2019). It is easy to check 𝑠1 log(𝑝) = 𝑜(√𝑛𝑞𝑝−1) is a stronger

condition.

Lemma E.4. Assume Assumption B.1&B.2 hold and 𝑠1 log(𝑝) = 𝑜(√𝑛𝑞𝑝−1), let 𝑧(1)
𝑖,𝑗𝑘 and

𝑧(2)
𝑖,𝑗𝑘 denote the normal random variables corresponding to the two subsets satisfying the

mean and covariance structure. Then, with probability at least 1 − 1/(𝑝𝑞),

sup
𝑡

∣Pr (𝑛
2 𝑢𝑗 ≤ 𝑡) − Pr ( 2

𝑛 ∑
𝑖∈ℐ1

z(1)
𝑖,𝑗⋅ ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗⋅)𝑇 ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 ,

where ℐ1 and ℐ2 are the sample indices of two subsets.

Proof. Note that

𝑛
2 𝑢𝑗 = 𝑛

2
𝑞

∑
𝑙=1

𝐴(1)
𝑗𝑙 𝐴(2)

𝑗𝑙 = √𝑛
2 Â(1)

𝑗⋅ L, L = √𝑛
2 (𝐴(2)

𝑗1 , ⋯ , 𝐴(2)
𝑗𝑞 )𝑇 .

Then we have

Pr (𝑛
2 𝑢𝑗 ≤ 𝑡) = Pr (√𝑛

2 Â(1)
𝑗⋅ L ≤ 𝑡) .
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According to Lemma E.3,

sup
𝑡

∣Pr (√𝑛
2 Â(1)

𝑗⋅ L ≤ 𝑡) − Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z(1)
𝑖,𝑗⋅L ≤ 𝑡)∣

= sup
𝑡

∣EÂ(2)
𝑗⋅

[Pr (√𝑛
2 Â(1)

𝑗⋅ L ≤ 𝑡 ∣ Â(2)
𝑗⋅ ) − Pr (√ 2

𝑛 ∑
𝑖∈ℐ1

z(1)
𝑖,𝑗⋅L ≤ 𝑡 ∣ Â(2)

𝑗⋅ )]∣

≤ EÂ(2)
𝑗⋅

[sup
𝑡

∣Pr (√𝑛
2 Â(1)

𝑗⋅ L ≤ 𝑡 ∣ Â(2)
𝑗⋅ ) − Pr (√ 2

𝑛 ∑
𝑖∈ℐ1

z(1)
𝑖,𝑗⋅L ≤ 𝑡 ∣ Â(2)

𝑗⋅ )∣]

≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 . (8)

Similarly, we can condition on √2/𝑛 ∑𝑖∈ℐ1
z(1)

𝑖,𝑗⋅ and apply Lemma E.3 again to get

sup
𝑡

∣Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z(1)
𝑖,𝑗⋅L ≤ 𝑡) − Pr (√ 2

𝑛 ∑
𝑖∈ℐ1

z(1)
𝑖,𝑗⋅√

2
𝑛 ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗⋅)𝑇 ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Adding the above result with (8) completes the proof.

Lemma E.5. Assume Assumption B.1&B.2 hold and 𝑠1 log(𝑝) = 𝑜(√𝑛𝑞𝑝−1), then with

probability at least 1 − 1/(𝑝𝑞),

sup
𝑡

∣Pr (𝑛
2 𝑢𝑗 ≤ 𝑡, 𝑛

2 𝑢𝑗′ ≤ 𝑡) −

Pr ( 2
𝑛 ∑

𝑖∈ℐ1

z(1)
𝑖,𝑗⋅ ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗⋅)𝑇 ≤ 𝑡, 2

𝑛 ∑
𝑖∈ℐ1

z(1)
𝑖,𝑗′⋅ ∑

𝑖∈ℐ2

(z(2)
𝑖,𝑗′⋅)𝑇 ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Proof. Using the same argument as in Lemma E.3, we can show that

sup
𝑡1,𝑡2

∣Pr(√𝑛Â𝑗⋅L1 ≤ 𝑡1, √𝑛Â𝑗′⋅L2 ≤ 𝑡2)−

Pr( 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗⋅L1 ≤ 𝑡1, 1√𝑛
𝑛

∑
𝑖=1

z𝑖,𝑗′⋅L2 ≤ 𝑡2)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 ,
(9)

where L1, L2 ∈ ℝ𝑞 are fixed vectors with unit ℓ1 norm.

Note that

𝑛
2 𝑢𝑗 = 𝑛

2
𝑞

∑
𝑙=1

𝐴(1)
𝑗𝑙 𝐴(2)

𝑗𝑙 = √𝑛
2 Â(1)

𝑗⋅ L1, L1 = √𝑛
2 (𝐴(2)

𝑗1 , ⋯ , 𝐴(2)
𝑗𝑞 )𝑇

𝑛
2 𝑢𝑗′ = 𝑛

2
𝑞

∑
𝑙=1

𝐴(1)
𝑗′𝑙𝐴

(2)
𝑗′𝑙 = √𝑛

2 Â(1)
𝑗′⋅ L2, L2 = √𝑛

2 (𝐴(2)
𝑗′1, ⋯ , 𝐴(2)

𝑗′𝑞)𝑇
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Then we have

Pr (𝑛
2 𝑢𝑗 ≤ 𝑡, 𝑛

2 𝑢𝑗′ ≤ 𝑡) = Pr (√𝑛
2 Â(1)

𝑗⋅ L1 ≤ 𝑡, √𝑛
2 Â(1)

𝑗′⋅ L2 ≤ 𝑡) .

Similarly, we condition on Â(2) and use (9)

sup
𝑡

∣Pr (√𝑛
2 Â(1)

𝑗⋅ L1 ≤ 𝑡, √𝑛
2 Â(1)

𝑗′⋅ L2 ≤ 𝑡) − Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗⋅L1 ≤ 𝑡, √ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗′⋅L2 ≤ 𝑡)∣

= sup
𝑡

∣E [Pr (√𝑛
2 Â(1)

𝑗⋅ L1 ≤ 𝑡, √𝑛
2 Â(1)

𝑗′⋅ L2 ≤ 𝑡 ∣ Â(2)) −

Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗⋅L1 ≤ 𝑡, √ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗′⋅L2 ≤ 𝑡 ∣ Â(2))]∣

≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 . (10)

Then we can condition on √2/𝑛z𝑖,⋅⋅ and apply (9) again

sup
𝑡

∣Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗⋅L1 ≤ 𝑡, √ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗′⋅L2 ≤ 𝑡) −

Pr (√ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗⋅√
2
𝑛 ∑

𝑖∈ℐ2

z𝑖,𝑗⋅ ≤ 𝑡, √ 2
𝑛 ∑

𝑖∈ℐ1

z𝑖,𝑗′⋅√
2
𝑛 ∑

𝑖∈ℐ2

z𝑖,𝑗′⋅ ≤ 𝑡)∣ ≤ 𝐶 𝑠1 log(𝑝)√𝑛𝑞 .

Combing this result with (10) completes the proof.

Lemma E.6. If 𝑋𝑖 ∼ subG(𝜎2
𝑖 ), 𝑖 = 1, … 𝑛, ∑𝑛

𝑖=1 𝑎𝑖𝑋𝑖 ∼ subG((∑𝑛
𝑖=1 |𝑎𝑖|𝜎𝑖)2), where

𝑎𝑖 ∈ ℝ are constants.

Proof. If 𝑋𝑖 ∼ subG(𝜎2
𝑖 ), then ∀𝑎𝑖 ∈ ℝ, 𝑎𝑖𝑋𝑖 ∼ subG((|𝑎𝑖|𝜎𝑖)2), which follows from the

definition

E[exp(𝑠𝑎𝑖𝑋𝑖)] ≤ exp(𝜎2
𝑖 𝑠2𝑎2

𝑖 /2) = exp((|𝑎𝑖|𝜎𝑖)2𝑠2/2).

Next, we aim to show ∑𝑛
𝑖=1 𝑋𝑖 ∼ subG((∑𝑛

𝑖=1 𝜎𝑖)2). Let 𝑝𝑖 = ∑𝑛
𝑖=1 𝜎𝑖/𝜎𝑖, then 𝑝𝑖 ∈ (1, ∞]
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and ∑𝑛
𝑖=1 1/𝑝𝑖 = 1. By Hölder’s inequality, we have

E [exp (𝑠
𝑛

∑
𝑖=1

𝑋𝑖)] = E [
𝑛

∏
𝑖=1

exp(𝑠𝑋𝑖)] ≤
𝑛

∏
𝑖=1

E[exp(𝑠𝑋𝑖𝑝𝑖)]1/𝑝𝑖

≤
𝑛

∏
𝑖=1

exp(𝑠2𝑝2
𝑖 𝜎2

𝑖 /2)1/𝑝𝑖 =
𝑛

∏
𝑖=1

exp(𝑠2𝜎2
𝑖 𝑝𝑖/2)

= exp (𝑠2

2
𝑛

∑
𝑖=1

𝜎2
𝑖 𝑝𝑖) = exp ⎛⎜

⎝

𝑠2

2 (
𝑛

∑
𝑖=1

𝜎𝑖)
2
⎞⎟
⎠

.

Therefore, we have shown that ∑𝑛
𝑖=1 𝑎𝑖𝑋𝑖 ∼ subG((∑𝑛

𝑖=1 |𝑎𝑖|𝜎𝑖)2). Note that we do not

assume 𝑋𝑖 are independent. With independence, we can easily show that ∑𝑛
𝑖=1 𝑎𝑖𝑋𝑖 ∼

subG(∑𝑛
𝑖=1 𝑎2

𝑖 𝜎2
𝑖 ).

F Additional simulation results

We first report the column selection results for Model 3 in Table S.1. The performance

closely mirrors that of row selection due to the symmetry in the model setup: U = V,

𝑝 = 𝑞, and 𝑝1 = 𝑞1. The column selection results for Models 1-2 are also similar to row

selection and therefore omitted to avoid redundancy. Given this symmetry, the main text

focuses on row selection. Unless stated otherwise, the target FDR level is set to 0.2. All

simulations are conducted on a high-performance compute cluster, utilizing a single node

with 25 CPUs, each featuring 8 cores and 3.9GB RAM.

In both the simulations and the real data analysis, we estimate the row and column co-

variance matrices U and V using the iterative maximum likelihood method of Dutilleul

(1999). The algorithm updates the estimator of U while holding V fixed, and vice-versa.

For completeness, we summarize the procedure in Algorithm S.1.
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Algorithm S.1: MLE Algorithm for the Matrix Normal Distribution
Input : 𝑛 independent samples X1, X2, … , X𝑛, and threshold 𝜖.

Output: MLE 𝑈 , and 𝑉 .

1 Compute M̂ = 1
𝑛 ∑𝑛

𝑖=1 X𝑖;

2 Set Û = 𝐼𝑝, V̂ = I𝑞;

3 repeat

4 Save previous estimate: Ûold = Û, V̂old = V̂;

5 Û = 1
𝑛𝑞 ∑𝑛

𝑖=1(X𝑖 − M̂)V̂−1(X𝑖 − M̂)𝑇 ;

6 V̂ = 1
𝑛𝑝 ∑𝑛

𝑖=1(X𝑖 − M̂)𝑇 Û−1(X𝑖 − M̂);

7 until ||Û − Ûold||𝐹 < 𝜖 and ||V̂ − V̂old||𝐹 < 𝜖;

For reference, the explicit definition of Model 3 in the main text is

𝑌 =
⌊𝑝1/2⌋
∑
𝑗=1

⌊𝑞1/2⌋
∑
𝑘=1

exp(0.5𝑋𝑗𝑘) +
𝑝

∑
𝑗=𝑝+1

−⌊𝑝1/2⌋

𝑞
∑

𝑘=𝑞+1
−⌊𝑞1/2⌋

exp(0.5𝑋𝑗𝑘)

+ sign(
⌊𝑝1/2⌋
∑
𝑗=1

𝑞
∑

𝑘=𝑞+1
−⌊𝑞1/2⌋

𝑋𝑗𝑘) + sign(
𝑝

∑
𝑗=𝑝+1

−⌊𝑝1/2⌋

⌊𝑞1/2⌋
∑
𝑘=1

𝑋𝑗𝑘).

Models 1-3 in the main text are all regression models with a continuous response. In this

section, we additionally consider a binary response model.

Model 4. The response 𝑌 ∼ Bernoulli(𝜋). Let the conditional distribution of X|𝑌

be normal. The conditional means are E[X|𝑌 = 0] = 0𝑝×𝑞 and E[X|𝑌 = 1] has a

block structure with 𝜇I𝑝1×𝑞1
in the active top-left region and zeros elsewhere. The con-

ditional variances are var(𝑋𝑖𝑗|𝑌 = 0) = 𝜎2 for active elements and 1 otherwise, and

var(𝑋𝑖𝑗|𝑌 = 1) = 𝜏2 for active elements and 1 otherwise. Using Baye’s theorem, the

conditional probability Pr(𝑌 = 1|X) is a function of the submatrix X1∶𝑝1,1∶𝑝1
. We set

𝜋 = 0.5, 𝜇 = 0.5, 𝜎2 = 1, 𝜏2 = 2.

For row selection with (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) = (2000, 50, 10, 50, 10), our method achieves

(FDR %, Power %) = (18.3, 100), whereas MVSA+BH yields (0, 36.7). For element
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selection with (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) = (1000, 20, 6, 20, 6), the results are: Proposed (19.3, 91.2);

DRC+BH (72.2, 21.9); HSIC+BH (19.1, 100); MTA (55.0, 3.0); Knockoff-SIR (31.5, 9.9);

Knockoff-Lasso (12.4, 15.8); MVSA+BH (0.0, 7.5). These findings indicate good FDR

control and high power for our method under this classification model.

In Table 3, we report results to demonstrate robustness to non-normal distribution for

Model 3. We summarize the results for Models 1 and 2 in Table S.2. Overall, the conclusions

are consistent across Models 1–3.

Furthermore, our procedure is substantially faster than competitors. Table S.4 shows that

our method runs 180-380 times faster than MVSA+BH for row/column selection. In the

element-wise setting (Table S.5), our method is the fastest among those compared, running

approximately 5 times faster than MTA and up to 1500 times faster than DRC+BH.

G Details of real data analysis

The EEG data analyzed is from Temple University Hospital (TUH), publicly available

online at https://isip.piconepress.com/projects/tuh_eeg/index.shtml. The license

information of this dataset is not provided on the website. Before analysis, the data needs

to be preprocessed. For subjects with seizure events, we extract the segment between

the seizure start and end times. For control subjects, the middle half of the recording

duration (from 1/4 to 3/4) is selected. Then, signals with absolute values exceeding 1000

are removed to eliminate artifacts. Finally, all recordings are truncated to match the

shortest duration (2.5 seconds) across subjects. With a sampling frequency of 20Hz, this

results in data matrices of 19 electrodes by 50 time points for each subject. To account for

potential effects from available covariates (sex and age), we first regress the preprocessed

EEG signals against age and sex using ordinary least squares (Li & Zhang 2017). When

splitting the data, we use stratified splits by response. Each split preserves the original
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Table S.1: Model 3: Row- and column-wise FDR and power (tuples (FDR, Power) in

percent) for (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) = (2000, 50, 10, 50, 10).

Test Covariance FDR Level 𝜌 = 0.2 𝜌 = 0.4 𝜌 = 0.6

Row AR 0.2 (20.4, 100) (21.9, 100) (19.6, 96.5)

AR 0.15 (13.2, 100) (15.2, 99.9) (13.0, 94.3)

AR 0.1 (12.6, 100) (13.8, 99.8) (10.3, 90.8)

AR 0.05 (6.0, 100) (7.8, 99.8) (6.7, 89.9)

CS 0.2 (19.1, 100) (20.6, 99.4) (18.9, 86.7)

CS 0.15 (15.0, 100) (15.3, 98.9) (14.3, 85.3)

CS 0.1 (13.5, 100) (14.3, 98.5) (11.3, 81.2)

CS 0.05 (8.1, 100) (7.0, 98.2) (8.5, 80.0)

Column AR 0.2 (18.2, 100) (19.9, 99.9) (21.0, 95.4)

AR 0.15 (12.8, 100) (15.1, 99.9) (15.5, 94.3)

AR 0.1 (11.7, 100) (13.8, 99.8) (11.8, 90.9)

AR 0.05 (5.3, 100) (8.7, 99.8) (8.0, 90.0)

CS 0.2 (19.1, 100) (21.3, 99.3) (19.7, 89.6)

CS 0.15 (14.5, 100) (14.8, 98.8) (13.7, 85.2)

CS 0.1 (12.9, 100) (13.0, 97.8) (9.6, 81.2)

CS 0.05 (5.9, 100) (7.5, 97.4) (7.6, 80.2)
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Table S.2: Scalability and robustness for Model 1&2 under AR covariance (tuples are

(FDR, Power) in percent).

(𝑛, 𝑝) Distribution
Element-wise test Row-wise test

𝜌 = 0.2 𝜌 = 0.4 𝜌 = 0.6 𝜌 = 0.2 𝜌 = 0.4 𝜌 = 0.6

Model 1

(2000, 50) Uniform (26.1, 100) (27.1, 99.8) (18.3, 80.0) (21.2, 100) (22.3, 100) (19.0, 95.3)

(2000, 50) Laplace (24.9, 100) (26.3, 99.9) (25.3, 82.3) (20.2, 100) (23.0, 100) (19.6, 95.9)

(2000, 50) Logistic (24.7, 100) (26.0, 99.8) (20.8, 80.7) (18.7, 100) (22.8, 100) (22.4, 95.5)

(2000, 50) Normal (25.3, 100) (23.1, 99.9) (20.9, 81.9) (21.2, 100) (17.4, 100) (17.8, 95.3)

(4000, 100) Normal (24.4, 100) (26.2, 100) (24.5, 97.5) (18.6, 100) (17.9, 100) (19.7, 99.5)

Model 2

(2000, 50) Uniform (24.0, 100) (26.2, 99.9) (18.8, 79.9) (19.8, 100) (21.8, 100) (18.4, 94.7)

(2000, 50) Laplace (24.8, 100) (27.1, 99.8) (24.4, 81.5) (20.5, 100) (22.8, 100) (20.4, 95.4)

(2000, 50) Logistic (25.4, 100) (28.1, 99.8) (21.0, 79.4) (20.0, 100) (22.7, 100) (21.8, 95.3)

(2000, 50) Normal (24.6, 100) (22.0, 99.8) (21.1, 81.7) (21.1, 100) (16.6, 100) (17.2, 95.2)

(4000, 100) Normal (23.2, 100) (24.8, 100) (24.8, 97.7) (17.8, 100) (18.6, 100) (20.3, 99.3)

36



Table S.3: Row-wise FDR and power (tuples are (FDR, Power) in percent) for Models 1-–3

under CS when (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) = (2000, 50, 10, 50, 10).

Model FDR Level Method 𝜌 = 0.2 𝜌 = 0.4 𝜌 = 0.6

Model 1
0.2

Proposed (22.7, 100) (20.4, 99.6) (18.1, 90.4)
MVSA+BH (15.5, 98.9) (14.6, 61.1) (16.7, 15.7)

0.15
Proposed (16.6, 100) (16.4, 99.3) (13.3, 86.1)
MVSA+BH (11.7, 98.6) (10.0, 54.5) (12.5, 12.1)

0.1
Proposed (14.1, 100) (14.8, 98.9) (9.7, 83.2)
MVSA+BH (8.5, 98.2) (6.2, 48.2) (9.7, 8.8)

0.05
Proposed (7.5, 100) (8.5, 98.8) (7.3, 82.1)
MVSA+BH (5.1, 96.6) (3.3, 36.2) (7.0, 4.9)

Model 2
0.2

Proposed (22.3, 100) (19.9� 99.6) (18.9� 89.8)
MVSA+BH (15.0, 99.1) (15.0, 62.0) (16.2, 16.0)

0.15
Proposed (16.4, 100) (16.1, 99.4) (13.1, 86.2)
MVSA+BH (11.5, 98.9) (10.6, 55.1) (12.6, 12.4)

0.1
Proposed (13.8, 100) (14.6, 98.9) (9.8, 83.2)
MVSA+BH (8.6, 98.4) (7.1, 47.9) (9.6, 9.2)

0.05
Proposed (7.7, 100) (9.1, 98.8) (7.5, 82.4 )
MVSA+BH (4.8, 96.5) (3.9, 37.4) (6.8, 5.0)

Model 3
0.2

Proposed (19.1, 100) (20.6� 99.4) (18.9� 86.7)
MVSA+BH (0.0, 0.0) (0.0, 0.0) (0.0, 0.0)

0.15
Proposed (15.0, 100) (15.3, 98.9) (14.3, 85.3)
MVSA+BH (0.0, 0.0) (0.0, 0.0) (0.0, 0.0)

0.1
Proposed (13.5, 100) (14.3, 98.5) (11.3, 81.2)
MVSA+BH (0.0, 0.0) (0.0, 0.0) (0.0, 0.0)

0.05
Proposed (8.1, 100) (7.0, 98.2) (8.5, 80.0)
MVSA+BH (0.0, 0.0) (0.0, 0.0) (0.0, 0.0)
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Table S.4: Computation time (seconds) for row selection with (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) =

(2000, 50, 10, 50, 10). Entries are averaged for 𝜌 = 0.4.

Model
AR CS

Our MVSA+BH Our MVSA+BH

Model 1 2.0 454.7 2.5 452.0

Model 2 2.0 769.1 2.5 770.6

Model 3 2.0 765.1 2.4 759.4

Table S.5: Computation time (seconds) for element-wise selection with (𝑛, 𝑝, 𝑝1, 𝑞, 𝑞1) =

(1000, 20, 6, 20, 6). Entries are averaged for 𝜌 = 0.4.

Model Our DRC+BH HSIC-BH MTA Knockoff-SIR Knockoff-Lasso MVSA+BH

Model 1
AR 0.1 154.9 120.9 1.4 10.2 8.8 24.9

CS 0.2 157.2 124.1 1.4 10.0 8.5 25.0

Model 2
AR 0.2 156.0 125.8 1.4 10.1 9.5 25.5

CS 0.2 158.2 127.3 1.4 9.9 9.0 25.5

Model 3
AR 0.2 157.9 71.3 0.9 6.3 15.2 25.1

CS 0.2 154.5 83.2 1.0 6.2 11.9 25.1
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patient–control proportion by dividing the two groups evenly. Then, our Algorithm 1 is

applied to the residuals to select important time points and electrodes associated with

seizure status.

We use the multiple data splitting procedure of Dai et al. (2023a) to mitigate the instability

issue that can arise from a single random split. For completeness, we briefly summarize the

procedure. Let 𝑚 denote the number of independent random data splits. For ℓ = 1, … , 𝑝,

let 𝑆(ℓ)
row be the set of selected rows. For row 𝑗, the inclusion rate ̂𝐼𝑗 is computed as

̂𝐼𝑗 = 1
𝑚

𝑚
∑
ℓ=1

1(𝑗 ∈ 𝑆(ℓ)
row)

|𝑆(ℓ)
row)| ∨ 1

.

Next, sort the inclusion rates in non-decreasing order, 0 ≤ ̂𝐼(1) ≤ ̂𝐼(2) ≤ ⋯ ≤ ̂𝐼(𝑝). We

choose the largest ℎ ∈ {1, … , 𝑝} such that ̂𝐼(1) + ⋯ ̂𝐼(ℎ) ≤ 𝑎, where 𝑎 is the target FDR

level. Finally, the selected rows are {𝑗 ∶ ̂𝐼𝑗 > ̂𝐼ℎ}. The same steps are applied to select

columns.

In the main text, we focus on analyses in the time domain. Here, we provide a complemen-

tary analysis in the frequency domain. For each subject and each electrode, we center the

time-domain signal and compute the discrete Fourier transform (DFT). The correspond-

ing periodogram is computed as the squared modulus of the DFT (Shumway & Stoffer

2005). With 50 time points sampled at 20 Hz, the data yields a frequency resolution of

20/50 = 0.4 Hz and a Nyquist frequency of 10 Hz. After removing the 0 Hz component,

the transformed predictor has dimensions of 19 electrodes × 25 frequencies.

We then apply our selection procedure. The four selected electrodes (F3, P7, O1, P4) are

visualized in Figure S.1. They are spatially close to electrodes selected with time-domain

data (C3, P3, P4) and are consistent with prior neurophysiological findings. O1 and P4 are

located over the occipital and parietal lobe regions, which are involved in various seizure

onset (Ristić et al. 2012). P7 targets the posterior temporal region, which is sensitive to

39



temporal lobe epilepsy. F3 captures frontal lobe activity, and it is a common seizure origin

in frontal lobe epilepsy (García-López et al. 2021).

The selected frequencies (4.4, 6.8, 8.4, 8.8, 9.2 Hz) fall in the Theta (4-8 Hz) and Alpha

(8-12 Hz) bands. Fox et al. (2022) suggests that rhythmic Theta activity can be a marker of

epileptogenicity in temporal lobe epilepsy. Our selection of 4.4 and 6.8 Hz aligns with this

fact. In addition, the selected electrode P7 is located in the temporal lobe. The selection

of frequencies in the 8.4-9.2 Hz range is consistent with findings in Abela et al. (2019),

which states that the slow alpha rhythm associates with epilepsy patients. Notably, Abela

et al. (2019) also indicates that this slower alpha occurred over frontal and occipital regions,

which include the selected electrodes F3 and O1.

F3

P4

O1

P7

C3

P3 P8

Figure S.1: The selected electrodes using transformed (original) EEG signals are black

(gray) circles.
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