Supplementary Materials for “Subspace Estimation with
Automatic Dimension and Variable Selection in

Sufficient Dimension Reduction”

A Additional numerical results

A.1 Meat properties data analysis

We apply SEAS methods and other competitors on the meat properties data that was stud-
ied in Saebg et al. (2008) and Cook and Zhang (2015). This data set contains 100 spectral
measurements from infrared transmittance between wavelength 850nm and 1050nm and the
measured protein, fat, and water percentages for 54 pork and 49 beef samples. All the vari-
ables are log-transformed and standardized in preprocessing step. It is of interest to study
two problems: (1) the regression problem of protein content on the other measurements in
pork; and (2) the classification problem of pork versus beef based on the spectral measure-
ments and the measured protein, fat, and water percentages. In the following two parts, we

focus on these two problems, respectively.
Continuous response

In this part, we focus on the regression problem of the n = 54 pork samples, where the
response Y is the percentage of protein and the p = 102 predictors include water and fat
percentages and infrared spectra. We compare the performances of SEAS-SIR, SEAS-Intra,
SEAS-PFC, Lasso-SIR, natural SSIR, and refined SSIR. In SEAS-PFC, we used f(Y) =
(Y,Y?)T as the fitting function. Similar to Section 6, we constructed 100 bootstrap replicates,
the average of subspace distance D, the simple matching coefficient 1, the sparsity level s,
and the estimated structural dimension d along with the standard errors are summarized
in Table A.1. All the three SEAS methods have outperformed other competitors, while the
SEAS-PFC had the best performance.
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Figure A.1: The scatterplot of the response against the first two reduced predictors in meat prop-
erties data set.

The dimension d is selected as 2 for most of the time. For each method, we plotted
the response Y versus the reduced predictor BITX and BQT X in Figure A.1. From the upper

panel in Figure A.1, we observed a clear non-linear pattern between the response and the first



Methods D x 100 (%) s d PMSE x100
SEAS-SIR | 585 (0.7) 928 (0.2) 38(0.3) 24 4.5 (0.4)
SEAS-Intra | 59.0 (0.8)  90.4 (0.2) 45 (0.3) 23  3.8(0.3)
(0.1)
(

SEAS-PFC | 41.4 (3.0) 97.8 (0.2) 35 1.9 3.3 (0.3)
Lasso-SIR 93.5 (1.2) 885 (0.7) 12.0(0.7) 1.7 5.4 (0.3)
natural SSIR | 76.3 (1.0)  91.0 (0.2) 4.5 (0.2) 2.0 6.2 (0.4)
refined SSIR | 64.5 (0.8)  88.1 (0.3) 82(0.3) 20  4.8(0.3)

Table A.1: Pork samples in meat properties data set. The averages of the subspace distance
D=D(S 5 S Eb)’ the simple matching coefficient ¢ (%), the sparsity level s, the estimated dimension

d and the corresponding standard error based on 100 bootstrap data sets. The standard errors for
d are all less than 0.1 and are thus omitted. The prediction mean squared error (PMSE) is based

on kernel regression.

reduced predictor for SEAS methods. However, we only observed a linear pattern for Lasso-
SIR. And the patterns for natural SSIR and refined SSIR are not clear. For the lower panel
in Figure A.1, no obvious pattern between the response and the second reduced predictor
is indicated. The reason might be that most regression information is obtained by the first
reduced predictor. While detecting non-linearity is difficult in high-dimensional data set, the
plots suggest that SEAS methods may be more effective in finding non-linear relationships
between Y and X in high dimensions. Because of the non-linear relationship, the prediction
mean squared errors (PMSE) based on kernel regression is also included in Table A.1. The

SEAS methods, as expected, have demonstrated superior predictive power.
Binary response

In this part, we study the classification problem of the full meat properties data. The
pork and beef samples are coded in 1 and 2 in response, and the p = 103 predictors consist
of 100 spectral measurements from infrared transmittance between wavelength 850nm and
1050nm and the measured protein, fat, and water percentages for meat samples. We aim
to distinguish samples between pork and beef using the predictors. Since the response is
binary, SEAS-Intra and SEAS-PFC are the same as SEAS-SIR in implementation.

We compare SEAS-SIR, Lasso-SIR, natural SSIR, and refined SSIR on the original and
100 bootstrap data sets. Similar to the previous part, we record the average of subspace dis-
tance D, the simple matching coefficient ¢, the sparsity level 5, and the estimated structural
dimension d along with the standard errors in Table A.2.

From Table A.2, it can be seen that SEAS-SIR approaches the smallest D, and the nearly

100% 1, indicating its superiority in subspace estimation and variable selection consistency.



Methods Estimation Classification error (%)

D x 100 V(%) s d | Logistic SVM LDA RF
SEASSIR | 15.2 (0.6) 98.4 (0.1) 11.9(0.1) 10| 25 25 1.0 25
Lasso-SIR | 80.2(1.9) 553 (L.3) 41.9(38) 10| 1.0 05 06 12
natural SSIR | 41.8 (3.2) 99.0 (0.1) 3.4 (0.1) 10| 25 21 14 29
refined SSIR | 78.6 (1.2) 632 (0.7) 50.7 (1.8) 1.0| 2.1 1.2 15 26

Table A.2: Meat properties data set. The averages of the subspace distance D = D(S 5 S ﬁb)’ the
simple matching coefficient ¢ (%), the sparsity level §, the estimated dimension d and the standard
errors based on 100 bootstrap data sets. The standard errors for d are all zero and are thus omitted.
The classification error rate (%) based on logistic regression model, support vector machine (SVM),
linear discriminant analysis (LDA) and random forest (RF) are also reported. The standard errors

for the classification error rate are all less than 0.3 (%) and are omitted.

The rank d were selected as one on average by both SEAS-SIR and Lasso-SIR. Then we
report the results with rank 1 for natural SSIR and refined SSIR. Meanwhile, SEAS-SIR
selects the proper number of variables compared with other competitors. Lasso-SIR and
refined SSIR select too many variables, which impedes the interpretation of the model. And
natural SSIR selects too few variables, resulting in its unstable subspace estimation.

Next, we compare the classification errors of each SIR-based estimator. Similar to Sec-
tion 6, we randomly select 20% samples from the original dataset as the testing data set
and keep the rest as the training data set in each replicate. Then the CS is estimated on
the training data set and used to reduce the predictors in both training and testing data
sets. Four classifiers are used, including logistic regression, support vector machine (SVM),
linear discriminant analysis (LDA), and random forest (RF). The classification error based
on 100 replicates is presented in Table A.2. It can be seen that SEAS-SIR makes an accurate

prediction. The classification error of SEAS-SIR is comparable to those of other competitors.

A.2 Computation time

To gain some insights into the computation efficiency of SEAS methods and the competitors,
we record the computation time for each method in model (M3a) as a demonstration. Since
the computation times of SEAS-SIR, SEAS-Intra, and SEAS-PFC are similar, we only report
the result of SEAS-SIR. The most computationally intensive part of the refined SSIR is the
computation of its initial value from the natural SSIR, hence the computation times of these
two methods are almost the same, and we only report the time of natural SSIR. For a

fair comparison, we record the computation time on the selected tuning parameter for each



of the three methods (SEAS-SIR, Lasso-SIR, and natural SSIR). We note that SEAS-SIR
has more tuning parameters than Lasso-SIR. Specifically, in our simulations, SEAS-SIR runs
over 300 tuples of tuning parameters (A1, A2, y) in total while Lasso-SIR runs over 100 tuning
parameters in total. Although the SEAS-SIR is slightly faster than Lasso-SIR in one run, as
shown in Figure A.2, it is slightly slower than Lasso-SIR in our simulation studies as more
tuning parameter candidates are considered. In comparison, natural SSIR is hundreds or
even thousands of times slower than both SEAS-SIR and Lasso-SIR.

We generate the central subspace basis 3 € R%%9%2 from model (M3a), where the sparsity
level s = 6. In each data replicate, we generate n = 200 observations (X;,Y;), 1 =1,...,n,
from model (M3a), where X; € R and Y € R. For some p, we take the first p variables
from each X; and generate new observations set (X7 Y;), i = 1,...,n, where X? is the
subvector containing the first p variables of X;. We vary p over {200,400, 600, 1000, 1500},
and we implement three methods on each set (X7, Y;), i = 1,...,n. For each of SEAS-SIR
and Lasso-SIR, we use the same tuning parameter sequences across all p’s. As SEAS-SIR
and Lasso-SIR run much faster than natural SSIR, we implement SEAS-SIR and Lasso-SIR
on 16 replicates and natural SSIR on only one replicate. For each p, we record the averaged
computation time over 16 replicates for SEAS-SIR and Lasso-SIR and the computation time
on one replicate for natural SSIR.

The results are displayed in Figure A.2. Each line describes the relationship between
the (logarithmic) computation time and the dimension p. It can be seen that SEAS-SIR is
the fastest one among the three competitors. Lasso-SIR is slightly slower than SEAS-SIR
as p increases since it sequentially estimates each direction in the central subspace. Natural
SSIR is slower than other methods in magnitude since it requires the optimization on p x p
matrices. On average, for any p between 200 and 1500, SEAS-SIR finishes one run in 0.5
seconds, and Lasso-SIR finishes one run in 1.3 seconds. For natural SSIR, when p = 1500, it
takes around 1.5 hours to finish one run. The result in Figure A.2 also shows the scalability
of the SEAS method in the high-dimensional setting. As p gets higher, the computation time
of SEAS-SIR increases slower than other competitors. Specifically, from p = 200 to p = 600,
the logarithmic computation time of SEAS-SIR, Lasso-SIR, and natural SSIR increases by
1.242, 1.798, and 3.636, respectively. And from p = 600 to p = 1500, the logarithmic
computation time of three methods increases by 1.839, 2.037, and 2.462.
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Figure A.2: The mean of log computation time (seconds) under model (M3a). When p = 200,
SEAS-SIR, Lasso-SIR and natural SSIR finish one run in 0.020, 0.028 and 12.257 seconds; when
p = 1500, SEAS-SIR, Lasso-SIR and natural SSIR finish one run in 0.4, 1.3 and 5455.9 seconds.

B Additional implementation details

B.1 Tuning parameters selection

There are three tuning parameters involved in Algorithm 1: the sparsity parameter Aq,
the low-rank parameter A9, and the ADMM parameter v. We use cross-validated distance
correlation (Székely et al., 2007) to select the tuning parameters. In simulation studies of
Section A, the following cross-validation approach works well for all SEAS methods.

For any random vectors W € RP and Z € RY the distance correlation, denoted as
dCor(W,Z) € [0, 1] measures the dependence between the two random vectors. In particular,
dCor(W,Z) = 0 if and only if W and Z are independent. For the observed random samples
W, € R and Z, € R"¥, if the sample distance correlation dCor,(W,Z) = 1, then
there exist some vector a € RP, scalar b and orthonormal matrix C € R?*P such that
W, = 1,a’ + bZ,C, where 1, is the n-dimensional vector with all elements being one.
The distance correlation is a natural choice as the evaluation criterion for SDR problems.
In recent years, distance correlation has been applied in SDR problems for both estimation
(e.g., Sheng and Yin, 2016) and diagnostics (e.g., Chen et al., 2015). In particular, Sheng
and Yin (2016) showed that under mild assumptions, the distance covariance between Y and
1" X is maximized at the CS over all § € RP*?" such that ' 3n = I ;.. Motivated by this,



we select our tuning parameters by maximizing dCor, (Y, BTX)

Specifically, we choose the optimal triplet of tuning parameters (A, \2,7) by a grid
search with K-fold cross-validation. We generate candidate sequence for each of A1, A9, and
v. As demonstrated in the simulation study in Section A.2, with the given tuning parameter
(A1, A2, 7y), SEAS is computationally efficient and scales well to high dimensions. If a faster
cross-validation is desired, one can alternatively construct a one-dimensional grid between
(Xl, Xgﬁ) and (axl, aXQ, a7), where (Xl, Xgﬁ) is some pre-specified large-valued triplet and
a is a small factor, e.g., 1073. The optimal triplet is then searched over (Til, TXQ, 77), where
T € la, 1] is the tuning parameter. The similar strategy is also adopted in other works (see
Uematsu et al., 2019). Let X% e Rmxp and Y € R™ denote my, predictor and response
observations in the k-th hold-out fold Cy, k = 1,..., K. With each tuning parameter triplet
(A1, Ag,y), we implement the Algorithm 1 using all the observations outside the fold C} and
obtain the estimator B(k). Then we transform the design matrix X% to the reduced version
XM B\(k) and compute the sample distance correlation dCorn(Yﬁbk), X5 ,[/3\(’“)). Therefore, the
tuning parameter triplet (A, Ag,y) is chosen simultaneously to maximize the average sample
distance correlation {Zszl dCorn(Y,(Lk), p e ,@(’“))} /K.

In our experience, SEAS-Intra and SEAS-PFC are more sensitive to extreme values in
the samples {Y;}" , than SEAS-SIR. This is because we use polynomials in the PFC fitting
functions {f(Y;)}?,, h = 1,..., H, and need to estimate conditional covariance functions
in intraslice covariance method. To reduce the influence of the extremely large values in |Y;],
we implement SEAS-Intra by truncating samples {Y;}, at 10% and 90% percentiles in the
computation of ﬁlma; and, for each h =1,..., H, we threshold samples {f,(Y;)}", at 10%
and 90% percentiles during the computation of ﬁppc. In contrast, SEAS-SIR only relies on

the order information of samples {Y;}!; and is robust to the extreme values.

B.2 Choosing the number of slices H

A practical issue for slicing-based SEAS methods (SEAS-SIR and SEAS-Intra) is the choice
of H. Even for low-dimensional settings, choosing the number of slices H is known to
be a theoretically challenging but crucial issue in SIR and inverse regression estimators.
Existing theoretical studies on the optimal choice of H rely on fix-p asymptotics (Zhu and
Ng, 1995; Cook and Zhang, 2014) and may not apply to high-dimensional scenarios. As such,
we investigate the empirical performance of slicing-based methods (ours and other existing
methods) in high-dimensional simulations where n = 200 and p = 1000. While we treat H as
pre-specified and fixed in our theoretical studies, in this section, we provide some empirical

findings and guidance on how to choose H for our SEAS methods in high dimensions. It



is noted that SEAS-SIR and SEAS-Intra are robust to H varying from 5 to 20, and also
achieve the best results when H = 5. Hence, we recommend using H = 5 for small sample
size scenarios (n < 200) and H = 20 for larger sample size scenarios (n > 200).

We compare slicing-based sparse SDR methods in the more challenging models (M3a)—
(M4) of Section 5. We set n = 200 and p = 1000, and, for 100 simulation replicates under
each setting, we vary H € {5,10,15,20}. Because the result of natural SSIR is worse than
that of refined SSIR, and the trends of their performance (over the varying H) are very
similar, we summarize the results of SEAS-SIR, SEAS-Intra, Lasso-SIR, and refined SSIR
in Figure B.3 but leave out the natural SSIR.

Recall that D(Sg,S5) = [|Ps,. — PSBHF/ 2d* is our subspace estimation criterion,
which can be affected by the rank selection results. Also recall that the refined SSIR uses
the true dimension while the other methods select d based on cross-validation. Therefore, in
Figure B.3, we first report the estimated rank d (the left three plots), except for the refined
SSIR that requires the true rank d*, then report the subspace estimation error D (the right
three plots) when using d* in all methods.

From Figure B.3, as H increases, the estimated rank tends to increase. This is expected
as the dimension of B € RP*# increases with H for the SEAS method. For both SEAS-Intra
and SEAS-SIR, the rank is estimated accurately for all H and under all three models. The
best results are achieved at H = 5. However, the estimated rank from Lasso-SIR increases
almost linearly as H, leading to a substantial over-estimation of d.

With known true rank d*, we compare all four estimators with H varying over 5, 10, 15,
and 20. The subspace distance shown in Figure B.3 suggests that both SEAS estimators out-
perform the other two methods substantially in the latter two models. Overall, all methods
(in particular SEAS-SIR and SEAS-Intra) are robust to the choice of H € [5,20].

B.3 Technical details for Algorithm 1

We provide the details for the update of B®) using the group-wise coordinate descent algo-
rithm proposed by Mai et al. (2019). According to Lemma 3 in Section 3, updating B® is

equivalent to solving the Ly ; norm penalized optimization problem

1 ~ .
argmin ~tr{B"(Z 4+ +1,)B} — tr{BT(U — w4 1C )} + \{||B||a.. (B.4)

BeRpxH

Let Z and W denote S + 71, and U — w1 4+ yCtD. The algorithm is presented in
Algorithm B.
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Figure B.3: On the left plots, we report the estimated ranks d over H in models (M3a)—(M4); on
the right plots, we report the distance D x 100 with true d* for all methods. These results are
based on 100 replicates. Note that the refined SSIR does not select d and is not included on the

left three plots.



Algorithm B Group-wise coordinate descent algorithm

1. Input 7 = (Zij), W = (@0;). For j = 1,...,p, initialize each row of B® as Bgo) =
)

(b§2)7 ~'7b§3{)T = 0 € R and calculate the auxillary vector 9%0) = (95?), . ,Qg)T €
R as o
Wip — > ur 2ir1 b
952): 1h Z/g\;ﬁl Jljh’ h=1...  H (B.1)
<11
2. For steps t = 1,2,..., repeat the following until the convergence of B®: for each
j - ]‘7 A 7p7

(a) Based on HJ(»FI), update BP as

t) _ lt-1) A1
Zi1165 "

where (-)4 is the positive part function.

(b) Based on B{",....BY | BV ... B{™", update the auxillary vector 9§-t_1) as

) j—la j+1 )
~ o~ (t) o~ (t,l)
0§2—1) _ Win — (D jr<j Ziabim + 2255 Zabirn )7 h=1.. . H (B.3)

<jj

3. At termination, output B® as the solution.

C Variable selection consistency

In Section 4, Corollary 2 shows that, with high probability, the important variables are
correctly selected, and the false positives are weak. In this section, we push these results a
step further and derive the variable selection consistency that the important variables are
exactly identified with no false positives. To this end, we make three additional assumptions

as follows.

(A8) The predictors Xy,...,X,, € RP are i.i.d. normally distributed with mean zero and

covariance matrix 3. There further exists some constant m > 0 such that m™' <
Spmin(z) S (pmax(z) S m.

(A9) There exists some constant ¢ > 0 such that |Z 44X 4]l < Q.

(A10) There exists some constant 0 < o < 1 such that maxjeac |Z;4E 4 R|l2 < 1 —«, where
R € 9|[B]|2.1-

10



We impose the additional assumptions for variable selection consistency because we need
to study the subdifferential of our objective function in (6). The subdifferential involves
functionals of U and 3 that are harder to bound than the quantities in Conditions (Cl) &
(C2). Assumptions (A8)—(A10) assist us in this aspect. All of them are reasonably popular
in the literature. Assumption (A8) requires X to be normal with a well-conditioned 3. This
is slightly stronger than assuming that X is sub-Gaussian, but the normality assumption
is often made as a technical assumption in many high-dimensional theoretical studies. For
example, in the high-dimensional SIR literature, Tan et al. (2020) assumes that X is normal
within each slice, while Lin et al. (2021) assumes X to be normal with an identity covariance
matrix. Assumptions (A9) & (A10) are similar to the irrepresentable condition in the lasso
and group lasso literature (Zhao and Yu, 2006; Bach, 2008). Even in easier problems of linear
regression and discriminant analysis, such conditions are often required (Zhao and Yu, 2006;
Bach, 2008; Mai et al., 2012, 2019). Since regression and discriminant analysis problems can
be viewed as sub-problems of sufficient dimension reduction, it makes sense to make such
assumptions for SEAS to achieve variable selection consistency as well.

The following theorem gives the variable selection consistency result.

Theorem C.1. Assume that Conditions (C1)(C2) and Assumptions (A1)(A2)(A4) and (A8)-
(A10) hold. Further assume that Cyslogp < n for some sufficiently large constant C7 > 0.
There exist constants ¢y, co, Cg,C,C" > 0 such that, when 2¢1+/logp/n < A\ < 3ec14/logp/n,

Ao < o\ and Cgy/slogp/n < § < 2Cp+/slogp/n, we have A = A with probability at least
1 —Cexp{—C'(sNlogp)}.

Theorem C.1 implies that, if we allow s and p to diverge with n at rate of slogp = o(n),
we are able to recover the important variables exactly with probability approaching one
provided that Conditions (C1) & (C2) hold for the specific estimator. Just as our main result
in Theorem 1, Theorem C.1 allows us to establish variable selection consistency for various
SEAS methods such as SEAS-SIR, SEAS-Intra, and SEAS-PFC by verifying Conditions (C1)
and (C2). To the best of our knowledge, we are the first to establish variable selection
consistency results for SDR methods in high-dimensional settings.

In what follows, we present the variable selection consistency for SEAS-SIR, SEAS-Intra
and SEAS-PFC. Let Asir, Amnira, and Appc denote the true active sets for SEAS-SIR, SEAS-
Intra and SEAS-PFC. And let /TSIR, fTIntra, and prFc denote the estimated active sets for
the three SEAS methods.

Corollary C.1. Assume that Assumptions (A1), (A2), (A4) and (A8)-(A10) hold. Further

assume that Cyslogp < n for some sufficiently large constant Cy > 0. There exist constants

c1,¢0,Cp,C,C" > 0 such that, when 2ci\/logp/n < A\ < 3civ/logp/n, Aa < oA and

11



Cpy/slogp/n < § < 2Cpy/slogp/n, we have that Agr = Asi with probability at least
1 —Cexp{—C'(sNlogp)}.

Corollary C.2. Assume that Assumptions (A1), (A2), (A4), (A5) and (A8)-(A10) hold.
Further assume that Cislogp < n for some sufficiently large constant C; > 0. There exist
constants ¢y, ca, Cp, C;C" > 0 such that, when 2c14/logp/n < A\ < 3ci/logp/n, s < o)y

and Cpy/slogp/n < § < 2Cg+/slogp/n, we have that A\Intra = Ainira with probability at
least 1 — C'exp{—C"(s Nlogp)}.

Corollary C.3. Assume that Assumptions (A1), (A2), (A4), (A6) and (A8)-(A10) hold.
Further assume that Cyslogp < n for some sufficiently large constant Cy, > 0. There exist
constants ¢y, ca, Cg, C,C" > 0 such that, when 2c1\/logp/n < A\ < 3ciy/logp/n, Ay < o)y

and Cpy/slogp/n < § < 2Cpy\/slogp/n, we have that prFc = Appc with probability at
least 1 — C'exp{—C"(s Nlogp)}.

Corollaries C.1-C.3 show that all the three SEAS estimators we consider achieve variable
selection consistency in ultra-high dimensions. These estimators require somewhat different
assumptions for reasons parallel to our discussion of Corollaries 3-5. We do not repeat them

here to avoid redundancy.

D Further discussion on /0%

Since o and o4 are the largest and the smallest nonzero singular values of B* = 371U,
the specific form of /02, depends on the SDR method adopted and the model assumption
between X and Y. In the case d* = 1 or under the assumption that o7 < Cog for some
constant C' > 0, we have o1/02. < C/o4-. And under the weaker Assumption (A4) that
o1 < T for some constant 7" > 0, which is necessary for Corollaries 3-5, we have o1/ Jg* <
T'/o.. For demonstration purpose, we focus on ogir,1/0gg 4« in SEAS-SIR under the model
with d* = 1. We consider two special models: the linear regression model and the binary
linear discriminant model. The bounds for ogr 1/ O'%IR’ 4+ under these two models are derived

in the next two lemmas.

Lemma D.1. Consider the linear regression model Y = B"X + ¢, where 3 € R?, ||B|2 =
7 >0, X ~ N(0,I), ¢ ~ N(0,w?), and ¢ is independent of X. Assume that w and T are
bounded from below. Let v denote the signal-to-noise ratio. In this model, a = 72 /(72 + w?).

—-1/2

Then, we have d* = 1 and USIle/aglR’d* < Ca for some positive constant C' that does

not depend on any of the parameters.

12



Lemma D.2. ForY € {1,2}, assume that P(Y = 1) =PY =2)=1/2, X | (Y =1) ~
N(p/2,1I) and X | (Y = 2) ~ N(—p/2,1), where p € RP. Further assume that ||p||2 is
bounded from above. Then, we have d* =1 and ogir1/0dp g < Cllully" for some positive

constant C' that does not depend on any of the parameters.

In Lemmas D.1 and D.2, d* = 1 and ogr1 = 0sirq+- Then, JSIRJ/(I%IRJ* = 1/0g1R.d*,
which is bounded from above by the model-specific parameter. To be specific, by Lemma D.1,
in the linear regression model, with the higher signal-to-noise ratio, osr,1/03g 4- gets lower.
And by Lemma D.2, in the binary linear discriminant model, easy computation gives the
Bayes error rate as 1 — ®(||p||2/2), where @ is the cumulative distribution function of the
standard normal distribution. Therefore, the smaller the Bayes error rate for the classifi-
cation problem is, the lower ogr,1/03g ¢ is. In general, the term ogir,1/0gg 4 describes
the complexity of the model. For the less complicated model, i.e.,the linear regression model
with the higher signal-to-noise ratio or the binary linear discriminant model with the smaller
Bayes error rate, ogr.1/ aéIRvd* becomes smaller, resulting in a lower non-asymptotic bound
for D(Ssir, Sg,,,,) in Corollary 3.

E Preparation for proofs

We begin with the introduction of some notations to facilitate the presentation of Sections E—
H. For a matrix A = (a;;) € RP*?, define the Ly -norm as [[All2.c0 = maxieqi,.. py || All2-
For an index set Z, let Z¢ denote its complement set. For a vector v € R?, let v € R
denote the sub-vector of v indexed by Z. For index sets Z C {1,...,p} and J C {1,...,q},
let Az; € RZI*I71 denote the submatrix of A with rows and columns indexed by Z and 7,
and A7 € RZI*4 denote the rows of A indexed by Z. Moreover, let the capital letter A; € RY
denote the i-th row of A, the lowercase letter a; € R” denote the j-th column of A, and
the non-bold lowercase letter a;; denote the (7, j)-th element of A. For observations (X;,Y;),
i=1,...,n, let X = (Xy,...,X,) € RP" and let Y = (V3,...,Y,)" € R*. For any two
numbers a and b, let a A b = min{a, b} and a V b = max{a,b}. For a convex function g, let
dg denote the subdifferential of g.

In what follows, we introduce some useful propositions and lemmas that were used in
Sections F, G, and H, including the spectral inequalities, the definitions and the derivative

lemmas for sub-Gaussian random variable and vector.

Proposition E.1. (Stewart and Sun, 1990, Corollary 4.10) Let B = A + E € RP*P where

A € RP*P and E € RP*P are symmetric matrices. Let A\j and p; denote the j-th eigenvalues
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of B and A respectively. Then

A=l <NEl G=1,....p.

Proposition E.2. (Yu et al., 2015, Theorem 3) Suppose that A, A € RPX9 have singular val-

UEs 01 > -+ > Ominpq} ONA 01 > -+ > Omin{p,q} Tespectively. Fiz 1 <r < s < rank(A) and
2 2

assume that min{o;_; — 07,02 — 07,1} > 0, where we define 0§ = 00 and 07, (a4 = —00-
Letd=s—7r+1, and let U = (0,01, ...,u,) € R and U= (U, Upyq, ..., U,) € R
denote the left singular vectors satisfying ATu; = o;v; and KTﬁj =0V, j=r,...,5 For

the subspaces spanned by U and U, define the principal angles between them as (01, ...,04) =
(cos™twy, ..., cos7 wy) where wy > -+ > wy are the singular values of UTU. And define
sin ©(U, U) = diag(sinb;, . ..sin ;) € R, Then

2(201 + | A — Al|) min{d"*|A — A, ||A — Allr}

: 2 A2 42 42
mln{gr—l 0r7 Us Us+1}

|sin©(U, U)||r <

Moreover, there exists an orthogonal matriz O € R¥? such that

29/2(20, + ||A — All) min{d"/?|A — Al|,|A — Alr}

min{o? | — 02,02 — 02}

TYS

|UO - U||r <

Proposition E.3. (Horn and Johnson, 2012, Theorem 4.5.9) Let A,S € RP*P with A
Hermitian and S non-singular. Let ¢ (-) denote the k-th largest eigenvalue of a matriz and
let oy > -+ > o0, >0 be the singular values of S. For each k = 1,...,n, there is a positive

real number Oy, € [02,0%] such that
o1 (SAST) = Opoi(A).

Proposition E.4. (Zhou and Li, 2014, Lemma 1) For any matric B € RP*P2 et b =
o(B) = (61(B),...,0,(B))" denote the vector of singular values of B arranged in decreasing
order, where ¢ = min{py, p2}. And let Udiag(b)VT denote the singular value decomposition
of B, where U € RP'*? gnd V € RP**1, For a convex function f, the subdifferential of the
function J(B) = foo(B) is

0J(B) = 0(f o 0)(B) = Udiag{0f(b)}V .

Proposition E.5. (Laurent and Massart, 2000, Lemma 1) Let U be a x* statistic with D

degrees of freedom. For any positive x,

P(U — D > 2V Dz + 2z) < exp(—=z),
P(D — U > 2V Dx) < exp(—x).
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Proposition E.6. (Cai et al., 2019, Lemma 6) Suppose that X;, i = 1,...,n, are i.i.d.
centered sub-Gaussian random vectors with parameter k* > 0. Denote ¥ = Cov(X;), we
also assume that m™ < Puin(X) < Pmax(X) < m for some positive constant m > 1, where
Omin(X) and pmax(X) denote the smallest and the largest eigenvalues of . For any t > 0

and any fixed non-zero vectors u,v € RP, we have

(ot
> tlullallv]le | < 2exp (—enmin g, =

Proposition E.7. (Cai et al., 2019, Lemma 7) For X = (X1,...,X,)" € R™P?, suppose

that X;, i =1,...,n, are i.i.d. centered sub-Gaussian random vectors with parameter k* > 0.

1 n
P||= X, X'v—u'x
(n;u Jv—u'3v

for some constant ¢ > 0.

Denote ¥ = Cov(X;), we also assume that m™ < ouin(X) < Omax(X) < m for some positive
constant m > 1, where i (X)) and pmax(X) denote the smallest and the largest eigenvalues

of 3. Suppose A C {1,...,p} is with cardinality s. Then for any t > 0, we have

n t2
>t)] <2 log9)s — —
- ) = 2P {( 0g9)s 2 {(32m2/<:2 32m2/<;2}

Lemma E.1. For A,B € RP* (p > q), let 01(A) > ... > 0,(A) > 0 and 0:(B) > .
a,(B) > 0 be the singular values of A and B separately, then we have

1
P (H—(XTX)A@;;—IS
n

Z{Uz —0i(B)} < |A - B

Proof of Lemma E.1. We construct the symmetric matrix A € R®+9x@+9) from A as

~ 0 A
A= ,

which satisfies A = AT. Similarly, we construct the symmetric matrix B € R®+0x@+o)
from B. Let A = UDV' denote the singular value decomposition of A. We split U
s (U, Uy), where U; € RP*? and Uy € RP*P~9 and D = (AT,07)", where A =
diag{oi(A),...,0,(A)} € R and 0 € RP=9*4. Then we have the spectral decompo-
sition of A as A = ﬁﬁﬁT, where

G_ (U/V2 ~UVE U
S\v/iv2 VA2 o

where 0; € R7”*®~9) and 0, € RP~9*(~9) Thus, the cigenvalues of A are {o1(A), ... ,oq,(A),
—01(A),...,—0,(A),0,...,0}. Similarly, we obtain the eigenvalues of B from the singular

) > ]5 - dlag(Aa _Aa 02)7
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values of B. Then, Z?:l{api(N) gpz( )12 =2>" {oi(A) — 0,(B)}? and ||K - ﬁ”% =

2t{(A - B)(A - B)7} = 2|A - BJ%.

Hoffman-Wielandt inequality (Hoffman and Wielandt, 1953, Theorem 1) states that for

p X p symmetric matrices Z and Z, let ©i(+) be the i-th eigenvalue of a matrix, then

Z{% (2)}* < |2 - Z]3-

By applying Hoffman-Wielandt inequality, we have

Z{% (B)F <|A-B|; = Z{Uz —0i(B)}* < [|A - B[

Thus, the proof is complete.

]

Lemma E.2. Let Zy,..., 7, be independent random variables satisfying the moments con-

ditions

1 & k!
- ZE(|Zi|k) < 51;%«'9—2, vk > 2

for some positive constants v and r. Then, for any € > 0,

v2 4+ re

P{IS, — E(S.)] > ne} < 2exp (‘"62/ ’).

where S, = > | Z;.

Proof of Lemma E.2. According to Lemma 8 in Birgé and Massart (1998), under the condi-

tions (E.2),

v2 4+ re

P{S, — E(S,) > ne} < exp (_n€2/2) .

By replacing Z; with —Z;, i = 1, -+, n, which still satisfies the conditions (E.2), we have

P{—S, + E(S,) > ne} < exp (_”62/2> .

v2 4+ re

Thus,

P{S, — E(S,) < —ne} < exp <_n62/2) :

v2 + re

and we obtain the desired inequality.

Lemma E.3. For random wvariable X € RP, let ¥ = Cov(X)

Omax(2) < m for some constant m > 1, then for any set A C {1,...

A€ is the complement of A, we have

m < B — BaS B < m.
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€ RP*P. Let omin(X)
and Pumax(X) denote the smallest and the largest eigenvalues of . If m™ < opin(X) <

,p} and k € A°, where



Proof of Lemma E.3. Without loss of generality, assume that A = {1,..., s} for some s < p.
Given that m™ < i (B) < Pmax(X) < m, we have m™! < i (B < Pnax(Z71 < m.
Then m™! < @i { (™ 4cac} < Pmax{ (7 4cac} < m. By block matrix inverse formula,

(Eil)AcAc == (E_AC_AC - EAC_AEZ&EA_AC)il

Let Bpcon = Bacae — aeaX 4B aue, then m™ < 0pin(Bacos) < Pmax(Bacoa) < m. In
addition, for any k € A°, omin(Zacon) < (Zacod)kk < @Pmax(Xacoa). Hence, the proof is
finished. O

Next, we present the definitions of (centered) sub-Gaussian random variable and (cen-
tered) sub-Gaussian random vector along with some well-known lemmas. The proofs of

Lemmas E.4-E.5 are omitted here. For more details, see, for example, Wainwright (2019).

Definition E.1. A random variable X is (centered) sub-Gaussian with parameter o? if

E(X) = 0 and its moment generating function satisfies
E(e*™) < exp(0?s?/2), Vs cR.
The sub-Gaussian random variable X is denoted as X ~ subG(c?).

Definition E.2. A random vector X € R? is (centered) sub-Gaussian random vector with
parameters o® > 0 if E(X) = 0 and

E{exp(a’X)} < exp(c?|al|?/2), Vac RP.
Lemma E.4. Let X ~ subG(c?), then for any positive integer k > 1,
E(|X|*) < (20%)*2kT(K/2).

Lemma E.5 (Hoeffding’s inequality). Let Xi,..., X, be n independent random variables
bounded by the interval [a;,b;], i = 1,...,n. Define the sum S, =31 X; and for anyt >0

we have

PUSw = E(Sn) 2 1} < 2Zexp {_Z’.L_l(zbi — ;) }

Lemma E.6. Suppose that X € R? is a sub-Gaussian random vector with parameter o > 0
and let Cov(X) = 3. Then we have,

(1) X, ~subG(o2), j = 1,....p,

(2) %] < 40°.
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Proof of Lemma E.6. According to the definition of sub-Gaussian random vector, for any

s > 0 and a € R? such that ||a||; = 1, we have
E{exp(sa’ X)} < exp(s?0?/2).

Therefore, a'X ~ subG(c?). For a = e;, where e; is the j-th standard basis vector in RP,

we have
X, = ejTX ~subG(o?), j=1,...,p.

By Lemma E.4, for a € R? such that ||al| = 1, we have Cov(a'X) < 40%. Then,
a'Ya = Cov(a'X) <40? V|al,=1.

It follows that
||| = sup a'Xa < 4o’

lallz=1

[]

Lemma E.7. Suppose that X € RP*P and X ~ N(0,X), then X is a sub-Gaussian random

vector with parameter || %]|.

Proof of Lemma E.7. Forany a € R?,a’X ~ N(0,a'Xa). The moment generating function

of a™X is
E{exp(Aa’X)} = exp(N’a’ Ba/2) < exp(\[lal3[Z]/2), A eR.

Hence, X is a sub-Gaussian random vector with parameter || X]|. O

F Proof of Theorem 1

For ease of presentation, throughout the technical proofs, we use C' and C” to denote generic
positive numbers that can vary from line to line.

Recall that for a positive semi-definite matrix M € RP*? and any k € {1,...,p}, we
define the smallest and the largest restricted eigenvalues as

u' Mu u'Mu

o (k) =

min = max -
[ullo<k,u#0 U1' 1 [ullo<k,u#0 U1'1

Also recall Conditions (C1)(C2) and Assumptions (A1)(A2) in Section 4:

(C1) There exist constants C, ¢’ > 0 such that P(||U—U||yax < €, ||(§J—E)b;||Oo <e€,Vh) >

1 — Cpexp(—C'ne®) for 0 < € < C’, where b} is the h-th column of B*.
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(C2) There exist constants K > 1 and C,C” > 0 such that
P{E ™ < @hu(k) < hauk) < K} 21— Coxp(=C'k)
for any k < p satisfying cklog(ep/k) < n for some constant ¢ > 1.

(A1) There exists some sufficiently large constant M > 0 which does not scale with n, p, s,
such that o4 > M+/slogp/n.

(A2) There exits some sufficiently large constant N > 0 which does not scale with n,p, s,
such that minje 4 || B}|l2 > N(07/03.)/slogp/n.

Also recall that B* = 71U and the estimator B is the solution of the following doubly

penalized optimization problem

1 ~ ~
argmin ~tr(B'XB) — tr(B'U) + ;|| Bll21 + X2 B|.- (F.1)

BeRpxH
Let L(B) = ttr(BTEB) — tr(BTU) + Ay|Bll2.1 + Ao||Blls, the following lemma gives the
upper bound of ||B — B*| s

Lemma F.1. Assume that Conditions (C1) and (C2) hold and that Cyslogp < n for some
sufficiently large constant C7; > 0. There exist constants ¢, co, Cg, C,C" > 0 such that, when

201\/@ <)\ < 301\/m and Ny < co\1, we have that
IB — B*|[r < Cpy/slogp/n

with probability at least 1 — C'exp{—C"'(s Alogp)}.

Proof of Lemma F.1. For simplicity, we assume that E(X;) = 0, ¢ = 1,...,n and take

S=1ym XX = 1xxT.

T n
~

Since B is the minimizer of the function L(B), we have L(B) < L(B*), and it follows
that

A([IBll21 = B [2.0) + A= (B« = [[B*].)

1 < PN PPN PPN
gétr{(B*)TZB*} —tr{(B*)"U} - 5t]f(BTEB) +tr(BTU)

~ R loaran o~
{=(b})"Eb} — (b}) 1), — éb;Ebh + b, 1}

N | —

M=

T

1

1~ N S ~ *
{=5(br = b}) "E(by — b}) — (3b} —Tp, by, — bj)} (F.2)

M=

>
Il
—

H
[(Eb}, = Ty, b, = bi)| < D [IEb], — Unlloollbr — b,
h=1

>
Il
—

19



where we use the fact that 3 is positive semi-definite in the second inequality. We take
¢ = /Cologp/n with the constant Cy = 2/C", where O’ comes from Condition (C1). We
also take C; > 2/(C")3. Since we assume that Cislogp < n, then logp/n < 1/C; and
e < \/m < C'. Meanwhile, since CoC” > 1, by Condition (C1), with probability at least

1 — Cp~“ for some constants C,C’ > 0, we have
|}, — oo < |}, — b}, +5bj — Uyl
<[[(Z = 2)bi | + i = Fnlloe < 2¢/Cologp/m, (F.3)

where we use the fact that b} = Y 1u,. Since we assume that H < A for some constant
A >0, then

H
M(IBll21 = IB*[l21) + A (Bl = B*[l.) < 2y/Cologp/n Y |[by — by s
h=1
p p
<2VH+/Cylogp/n Y _ |B; — Bjlla < 2VA\/Cologp/n > ||B; — Bj|
j=1 j=1
p o~
=c1/logp/n > [|IB; — Bjl2, (F.4)
j=1

where ¢; = 24/ AC) = 2,/2A/C". On the other hand,

A(IBllzy = (B fl20) + Ao(IBll = [B7]].)
=M Y [1Bylla+ Ay (Bl = 1B ll2) + Ao(IB. — IB7].)

JEAC jeEA
>\ > B = Bl — A Y 1By — Bila — A2 B — Bl.. (F.5)
jEAC jEA

Let A = B — B* € RP*H Since we assume that A1 > 2¢14/logp/n and Ay < co\ for some
positive constant ¢z, by combining (F.4) and (F.5), we have that

D 1Al <3 1A+ 2e2| Al (F.6)
JEA® JEA
By (F.2), we have that
H ~ A~ A~
>_(by = b)) TS (by, — b})
h=1
H AN A~ A~ AN
< —2) (8bj —Up by — bj) = 2\ (I[Bll2y — [B*[l21) — 2X2(BJ.. — [B*1.)
h=1
H AN ~
<2 [IZb} — Gallcllon — byl + 2A0l|A 121 + 222 Al (F.7)
h=1
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Moreover, since we assume that A\; < 3cy4/log p/n, by combining (F.3) with (F.7), we have

> "(by, — b}) " S(by, — b}) (F.8)

H
h=1

H
<44/Cy logp/nz |lbr, — by |l1 + 6¢1y/log p/n||All21 + 6c1c24/log p/n|| Al
h=1
H ~
§(4\/ Co + 661 + 60162)\/ logp/n <Z th — bZH1 + HAHQJ + HAH*> . (Fg)

h=1

For ||A]|., since we assume that H < s < p, we have

1Al < Vmin{p, H}|Allr < VH||A|lr < V5[ Allr. (F.10)

For ||A||2.1, since we assume that H < s, by (F.6) and (F.10),

1Al =Y A2+ 1Al <4 IAllz +2e|All < 4v/5 (> I1A;I3 +2e2v/5]| Al

jeEA® jeA jeEA jeA

< 4Vs||Allr + 2625 Allr < (44 2e2) V5| Alp. (F.11)

And it follows that

H
D lbn = bl < VH[Allz1 < (44 202)VAVS|| Al . (F.12)
h=1

Combining (F.9)—(F.12), we have

1

H
> (b, — b}) " E(by, — b}) = tr{ATSA} < Cy/slogp/n|Allr, (F.13)
h=

where the constant C' = {41/2/C" 4 6¢1(1 + ) H (4 + 2c) (VA + 1) + 1}
On the other hand, we re-express

tr(ATSA) = |[n 72X A3

The matrix A € RP*H is decomposed in the following way. Let J; = A, and let J, =
{j1,---,Jr} C A° correspond to the k rows with the largest f;-norm in A 4. We define
A= AUJ,. Then we partition A° into disjoint subsets J, ..., Jp of size k (with |J| < k)
such that L > 2. The subset J; is the set of indices corresponding to the k rows with the
largest /o norm in A outside AU Ug_:ll J;. For a matrix A = (a;;) € RP*? and index set
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T C{l,...,p}, let AY = (a;;1ery) € RP*? denote the sparsified A with the rows outside

the index Z replaced with zero. Then by triangle inequality, we have

I 2T Al > |ln XA le = Y lln XA . (F.14)

1>2

Let vy, denotes the h-th column of A?Z’ then we have

H
In 2T AY|p = /i {(ADTSAY) > 02 (s +8) S [vall
h=1

= 02 (s + B)AYF = 02 (s + k) Azl e (F.15)

Similarly, we have
02X AY e < B DA, 1=2,. L (F.16)

Thus, combining (F.14)—(F.16), we have
I P XTA e 2\ @B (s + RIA zlr = o5 B) D 1Al (F.17)
1>2

We assume that H < A for some constant A > 0. According to the definition of Jy,..., J,

we have

Do lAsle < \/Ezr;ngAsz <VEY K Y Al <K Y A

1>2 1>2 1>2 jeJi_1 jEAC
<BET2 A2+ 20k P Al < 3V/s/EI Al F + 2020/ AJK[| Al g, (F.18)
jeA

where we used (F.6) in the second-last inequality. By (F.17) and (F.18), we have

=X Al > {\/so%m(s +k) — 3\/s/k\/so§ax<k>} 1A 4lE = 2027/ Afk R (R)|All

Under Condition (C2), there exist constants K > 1 and C,C’ > 0 such that
P{K™ < phia(h) < ohunk) < K} > 1= Cexp{~C'k)

for any k < p satisfying cklog(ep/k) < n for some constant ¢ > 1. Let k = cos with the

constant ¢y = max{[36K?], [256 Ac3K?]}, where [a] denotes the smallest integer larger than

the number a € R. Since we assume that Cyslogp < n, by taking C; > ¢(co + 1), we have
slogp < co+1 _ 1

(s +k)loglep/(s +k)} < (co+1) -
- < (co 0 C, c’
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where we used the fact that s+ k& = (co+1)s > e. Hence, c(s+k)log{ep/(s+k)} < n. Since
g(x) = xlog(ep/x) is monotonically increasing for 0 < z < p, then we have cklog(ep/k) < n.
Therefore, by Condition (C2), we have

Spr?lin(s + k) 2 K717 (pr%ax(k) S K.

with probability at least 1 — C'exp(—C's). As we select ¢ = max{[36K?], [256 Ac3K?]},
then

In2XTAlp > {K*W - 3\/K/c0} A zllF — 2co\/AK/(cos)|| Al p

> KTV Aglle — 8T KTV Al (F.19)
In addition, by (F.18),
1AL < lAzlF+ > Al < (1+3/vE) A llr + 2027/ A cos| All . (F.20)
1>2

Since ¢g > 36K? and ¢y > 256 Ac3K?, then 1 + 3/y/co < 3/2 and 2cy/A/cys < 8. And it
follows from (F.20) that
1A zllr = (7/12) | Al (F.21)

Combining (F.19) and (F.21), it follows that
In"PXTAllr 2 67 KA g
Thus,
tr{ATEA} = |[n 2XTA|Z > (36K) 7| A3 (F.22)
By combining (F.13) and (F.22), we establish that

|A|F = |B = B*||r < Cpy/slogp/n,

for the constant Cz = 36KC with probability at least 1 — C'exp{—C"(s A logp)}. This
completes the proof. O

Next, we prove the rank selection consistency in statement (ii) of Theorem 1. Let o;
denote the ith singular value of B. According to Lemma E.1, we have

H
> (@i—0)* < B - B3 (F.23)

i=1

Specially, [7; — 0;] < |B — B*||p for each i = 1,..., H. Therefore, by Lemma F.1, with
probability at least 1 — C'exp{—C"(s Alogp)}, we have

|o; — 0| < Cpy/slogp/n, i=1,... H. (F.24)
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In Assumption (Al), we assume that og > M\/m. By taking M > 3Cp, for 1 <
i < d*, we have G; > ; — Cgy/slogp/n > (M — Cp)+/slogp/n > 2Cg+/slogp/n. And for
d* < i < H, we have 5; < Cg+/slogp/n. By definition, d= #{i | o; > d}. Since we select §
such that C’B\/W <0 <2Cp \/W, we have the rank selection consistency, i.e.,
d=d*.

With the results in statements (i) and (ii) of Theorem 1, we now prove the statment
(iii) in the rest of this section. Recall the estimate B is the matrix composed of top—c? left
singular vectors of B. Since we have proved that d = d* in statement (ii), the estimator ﬁ
is a p x d* matrix. Let a € RP*?" denote the matrix composed of the top-d* left singular
vectors of B*. We define the principal angles between the subspaces spanned by B and a as
(01,...,00) = (cos._1 Wi, .. .,co8 Lwg), where wy > -+ > wy+ are the singular values of BTa.
Let ﬁTa = MDN denote the singular value decomposition of B\r o, where M, N € R¢" x4
and D = diag(w, ..., wg) € RT*% . And we define sin©(8, a) = diag(sinf;, . ..sin ) €
R4>*4" By Lemma F.1, we have ||]A3 - B < ||EA3 — B*||r < Opy/slogp/n. And by
Assumption (A1), we further have H]§—B*H < (Cp/M)og < 01/3. Then by Proposition E.2,

we have
2(201 + |B — B*||) min{v/d*| B — B*|, |B — B*||¢}
2
Ud*

<(14/3)(01 /o2 )V d*|B — B*||r < (14Cp/3) (01 /o2 )V d*\/slog p/n.

Isin©(B, @) r <

Since 3" and a span the same subspace, we have P, = Pg.«. The subspace distance
D(Sp+,Sp) is then connected with || sin @(B, o)l F via

D(Sp-,S5) = |[Pse — P5llp/V2d* = |Po — Pjllr/V2d* = | — BB ||p/V2d*
a 1/2
— \/tr{aaT +BBT —28Ta(BTa)T}/V2dr = (d* — Zﬁ) JVd
=1

o 1/2
_ (Z in 93) JVE = ||sin©(B. )| /VE,

where we used the fact that tr{3Ta(87a)"} = tr(MD?M") = tr(D?) = Y% w?. There-

fore, we have

D(Sp+,S5) < (14Cg/3)(01/053:)\/slogp/n = C(o1 /03 )/ slogp/n

for some constant C' > 0, which completes the proof.
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G Proof of Theorem C.1

Recall that our target optimization problem is

B = argmin L(B),

BeRpxH

(G.1)
~ 1 ~ ~
where L(B) = 5tr(BTzB) —tr(BTU) + A\ ||Blo.1 + A2|| B+,

To prove Theorem C.1, we define an oracle estimator G € R™H in the following;:

G = argmin Z(G),
Geret . (G.2)
where L(G) = étr(GTEAAG) —tr(GTUL) + M [|Glaa + X2||G -

The oracle estimator G is not a legitimate estimator since it requires the oracle knowledge
of the active set A. It is only an intermediate quantity to facilitate our proof. Since the

oracle estimator G is the minimizer of L(G), we have
Oursr € OL(G) = S44G — Uy + M| Gllas + 10| G., (G.3)

where 8||CN-'w||271 and 9||G||, are the subdifferentials of the Ly ;-norm and nuclear norm eval-
uated at G. According to Condition (C2), since we assume that Cyslogp < n for some
sufficiently large constant C; > 0, we have that o (S44) > gogin(s) > K~! holds with
probability at least 1 — C'exp(—C"s), for some constant K > 1. Hence, ) A4 1s invertible
with high probability. By (G.3), the oracle estimator G can be expressed as
G=3Us—NE LR - \ELS,
where R € 0||Glz1 and S € 8||G|.. For the population counterpart of G, B, since
¥B* = U and B = 0(,—4)xn, we have B = E;&\UA. For consistent notations, in the rest
of the proof, we take
G =By =3,U. (G.4)
In Corollary 2, we have established A C A. For exact recovery, it remains to show
that A C A. We prove this fact by showing that B = ((ET,OZ;_S)X 4) . Without loss
of generality, we assume that A = {1,...,s}. In the following, Lemma G.1 provides an
equivalent condition for the equality B = (éT, Oéfs)x ;) . Lemmas G.2-G.8 give useful

technical results for verifying this condition, which eventually leads to Theorem C.1.

Lemma G.1. For the oracle estimator G defined as in (G.2), the estimator (G7, OE;*S)XH)T
is the solution to (G.1) if and only if

12 4e4G — Uge

2o < 1. (G.5)
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Proof of Lemma G.1. For G, the subdifferential 6||é||271 = (0||G1lla, ..., 0||Gsll2)T. Let
Mdiag(6)NT denote the singular value decomposition of G, where M € R N € RHExH
and diag(o) € R7*H is a diagonal matrix with the singular values on the diagonal positions.
By Proposition E.4, the subdifferential 9| G|, = Mdiag(ﬁ”&Hl)lﬂ\/ﬂ.

Let A = ((}T,O(Tp_s)xH)T7 then 9||All21 = (9|Gll3,1.9]|0p-sxmll21) - And the singular

value decomposition of A is
M s
A = < ) diag(a)NT,
(

0 p—s)xH

then by Proposition E.4, the subdifferential 0||A||. is

—~

M ) JUNES
O||All. = ( ) diag(9l|&[l:)N "
(p—s)xH

Since E(B) is convex, the matrix A = ((N}T,OZ;FS)X[{)T is the solution to (G.1), or

equivalently, A equals to ]§, if and only if

0, c a4 & U oy 0)Gll2.
“ - Y
: Yaea U 4e a||0(19—S)XH||2,1
M e AR
+ Ao ( > diag(9||a||)N". (G.6)
Op—s)xr

Since the oracle estimator G is the minimizer of Z(G), we have
Oxsr € OL(G) = S44G — U+ M0||Gllas + A0|| Gl
Then (G.6) holds if and only if
Op—s)xH € S 404G — Uy + A0||0p—syx s ||2,1,

which is equivalent to

144G — Uy

200 < A1 (G.7)
Thus, the desired conclusion is obtained. O
The following lemma provides the concentration result of the oracle estimator G.

Lemma G.2. Assume that Conditions (C1) and (C2) hold and that Cyslogp < n for some
sufficiently large constant Cy > 0. There exist constants cy, cs, CN’, C,C" > 0 such that, when

2c1+/logp/n < A\ < 3c1y/logp/n and As < co\1, we have that
IG — G*||r < Cy/slogp/n

with probability at least 1 — C'exp{—C"(s Alogp)}.
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Proof of Lemma G.2. The proof is similar to that of Lemma F.1. Since
U4 = Udllmax < [U = Ullmax,  [[(Zaa — Baa)ghlloo < [(Z = Z)bj [l
then under Condition (C1), we have

P(|UA = Udllmax < € [[(Zan — Ban)gllloo < €,Vh) > 1 — Cpexp(—C'ne?), 0<e< '
(G.8)
Since G is the minimizer of the function L(G), we have L(G) < L(G*). Then it follows that
M(IGllzx = 1G™]l20) + A2 (|G« = [[G™l.)

1 - N 1 v = ~
gitr{(G*)TEAAG*} —tr{(G*")TUL} — §tr(GT2AAG) +tr(GTUy)

'S * T\ T lra < ~T~
(1) Zaag, — (g) Uan — §g}IEAAgh + g Uant

M=

N | =

{

>
Il

1

& — ;) Zaal@n —g)) — (Saagy — Gan 8 — g} (G.9)

N —

M=

{_

T

1

Rearranging (G.9), we obtain

H
D (@ ) Zaal@n —gh)
h=1
H o~ o~ o~
<=2 (Saugh — Uan 8 — &) — 2 (|Gll21 — 1G ]l20) — 2X2(|G . — 1G]l
h=1
H ~ o~
<2 |12 aagh — UanllolIBn — ghll + 20 [|G = G¥ 2 + 222G — G*||.. (G.10)
h=1

We take e = \/Cplog p/n with the constant Cy = 2/C’ where C’ comes from Condition (C1).
Then CyC’ > 1. Since we assume that Cislogp < n, by taking C; > 2/(C")3, we have
e < \/m = (C’. Then, by (G.8), with probability at least 1 — Cp~¢" for some constants
C,C" > 0, we have

12448 — Uanllco < [[Baag) — Xaag) +Xaag), — Uan/lso
<(Eaa — Z44)8 oo + luan — Uanlleo < 24/Cologp/n, (G.11)

where we use the fact that gf = X us, from (G.4). Since we assume that A, <
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3c1y/logp/n and Ay < A1, combined with (G.10) and (G.11), we have
H
> (& - ) Saal@n - gh)
h=1
<4./Cy logp/nz 18, — g5l 4 6¢17/log p/n||G — G*||a1 + 6c1c2y/1og p/n||G — G*|.
h=1
H ~ ~
<(4y/Cy + 6¢1 + 6c1¢2)/logp/n (Z lgn — gl + |G — G*|l21 + |G — G*H*> . (G.12)

h=1

For Y73, 18 — gilli, we have
H ~ ~
Dl — gl < VSH|G — G| < VSA|G — G (G.13)
h=1

And for ||G — G*||2,1 and |G — G*||,, since we assume that H < s < p, we have

IG = G*[21 < V5|G — G*lr,  [|G — G*|l. < V5| G — G*|. (G.14)

Combining (G.12)—(G.14), we have

S @-81) Saa@n—gh) < {4v/2/C+6c(146:)}(VA+2) /510 p/nl| G~ G, (C.15)
h=1

As p > 1, then slog(ep/s) < slogp® = 3slogp. Since we assume that Cislogp < n,
by taking C) > 3¢, we have cslog(ep/s) < m. Thus, according to Condition (C2), with
probability at least 1 — C'exp(—C's), we have

Qomin(EAA) > gpfﬁn(s) > K_l'

Then, we have that

H H
> @ —gh) Zaa®n— ) = Puin(Zaa) Y 18 — &3
h=1 h=1
> K7'G - G2 (G.16)

Combining (G.15) and (G.16), we obtain

IG — G*||p < C/slogp/n

with probability at least 1 — C exp{—C"(s A logp)}, where the constants C = {4./2/C" +
6¢1(1 + c2) (VA + 2)K. This completes the proof.
0
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In the rest of the section, we verify that condition (G.5) in Lemma G.1 holds with high
probability.

Denote
Q= GAC — EACAE.Z}L(.E\IA c R(p—S)XH7 P — XAC . EACAEJZ;XA c R(p—s)xn.
Then we have

GAC == EA(AE_;{}AGA + Q,
N pen = Xue X} = (BaeaZ 14 Xu + @)X = 8 4eaT 14 Suu + DX,
Recall that the oracle estimator G can be expressed as
G=3L0,4-ME LR - 32 LS, (G.17)
where R € 8||G|l21 and S € 8||G/.. Therefore,
iACAé - ﬁAC
=(Z a2 5 Zaa + 0 eX)(E 404 — MELR — M2 LS) — 22 LU - Q
=3 4eaZ 5 Us = MEaea D4R — MBS + n X[ E L (Us — MR — A.S)
— s Us—Q
= — M Z4aZ LR = AT aeaD LS + 01X B L UL — A eX S LR
— Aon ' OX LS - Q. (G.18)

We aim to derive the following inequalities with high probability:

B acaB R 200 < Mi(1 - a/2), (
Aol Eac 4B 534S 2,00 < Arar/10, (
I~ X34 Udllo.e < Mia/10, (

M| @XIE LR 200 < Aia/10, (G.22
Xo|ln ' @X 7L S 200 < Mia/10, (
192|200 < A1er/10, (

where the constant o comes from the Assumption (A10). In Lemmas G.3-G.8, we prove that
each inequality holds with high probability under the conditions in Theorem C.1. Collecting
all the inequalities, by (G.18), we obtain

|Z4:4G — Ulae

92.00 <A
with high probability.
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Lemma G.3. Under the same conditions in Theorem C.1, there exist some constants C,C" >
0 such that
>\1HE_AC_AEZL{4RHQ700 S )\1(1 — 04/2)

with probability at least 1 — C exp{—C"(s Alogp)}.

Proof of Lemma G.3. First, we have
M BuaS LR 20 < MIBaaZ 4R = R) 200 + MlIZaa SR 20, (G25)
where R € 0||G*||2;. By Assumption (A10), for some constant 0 < o < 1, it follows that
MIZAaZ AR 200 < Ai(1— ). (G.26)

Then, for all j € Aand h=1,...,H, we have

P — ] = ‘ :g:jh _ 9in < |Gjn — g;h|HGz”2 + |gg*h|HéJ — G2
1G]l IG5l 1G;ll2l|G7]]2
NG = GiLlIGs I + IG5 a1Gs = Gillo IG5 — Gl
) 1G5 l1211G5 2 LR
1G; = Gl

1G5z = 1G5 = G lo|

By Lemma G.2, Héj - Gill2 < IG — G*||p < G’W with probability at least
1 — Cexp{—C'(s ANlogp)}. And in Assumption (A2), minjeq [|G}ll2 = minjes ||Bjll2 >
N(o?/0%.)\/slogp/n > N4/slogp/n. We take the constant N > C(4a~VAQ + 1), where
C = {44/2/C" + 6¢1(1 + ) }(V/A+2)K. Then we have

Fin — 7] <a(@2VAQ)™Y, Vj€A h=1,... H.
Then, under Assumption (A9), we have
ZeaZaa @ — )| < IZE2 T — rallee < (B acaZ il max [Py, = 7
<a2VA)Y, Vke A h=1,... H.
It follows that
IZLAZZL(R - R)|l2 < \/ﬁhifllaXH SeaZ (T — 1) < /2, Yk e A

Then,
MIBaeaZ 4R — Bl < Ma/2. (G.27)
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Combining (G.25)-(G.27), we obtain
M BuaS LR a0 < M1 - /2)
with probability at least 1 — C'exp{—C"(s Alogp)}.

Lemma G.4. Under the same conditions in Theorem C.1, we have

Ao | ZaeaZ %S 200 < Arar/10.

Proof of Lemma G.4. Let Mdiag(&)NT denote the singular value decomposition of é, where

M € R™>H N € REXH and & = (54,...,51) € RY consists of singular values in decreasing
order. By Proposition E.4, the subdifferential 8||G||, = Mdiag(d||&|:)N". Then for each

element of S, we have Sjh = M]Tdiag(aHﬁHl)ﬁh. Since each element in 0| ||1, Mj and ny, is

n [—1,1], then
30 = (M diag(0]| &l B < H, Vj€A h=1,. . H
By Assumption (A9),
BT < BTl < 1B aeaB oo mace [5n]
<QH, Vke A h=1,... H.
It follows that
ISaBLSl < VH max [SLE0E] < QHY? < QA vk e A

And then we have
1D 4eaZ 14 S 200 < QA2

Since we assume that Ay < o)\, by taking ¢, < a(10QA3?)~!, we have

Aol ZaeaZ %S 200 < Arar/10.

(G.28)

]

Lemma G.5. Under the same conditions in Theorem C.1, there exist some constants C,C" >

0 such that
In®X 2 L Usll2.00 < A1a/10

with probability at least 1 — C'exp{—C"(s Alogp)}.
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Proof of Lemma G.5. Recall that ® = X 4 — EACAE;&XA. We rewrite the ith column of
D as p; = Xiae — BaeaB 1 XKia = (Los, =B 4eaX ) (X 4, X7 )T, Then for k € A",
e} @; ~ N(0,01x.4), where ey is the k-th standard basis vector in RP~* and op.4 = Spp —

hIPS AE;&Z Ak- Since ¢;’s are mutually independent, then
e, ® ~ N(0,04.41,), Vke A
Since ; 1l X; 4 for 7 # j, and
Cov(pi, Xia) = Baca — BaeaX 4 Baa=0, Vi=1,...,n,

we have Cov{vec(®),vec(X4)} = 0. In addition, since vec(®) and vec(X ) are normal,
then @ 1 X4. Since A = {j : [|B}[l2 > 0}, then Sg. C span{e; € R?,j € A}. And we
have X; 4c 1L Y; | X; 4,7 =1,...,n. Given X4, ® is the function of X 4. Thus, we have
® 1l Y| X4 Combining the results that ® 1l X4 and ® 1L Y | X4, we have

d U (Y, Xy).
Since ﬂ'A is a function of (Y,Xy), then

® 1l (Uy,X). (G.29)
For all k € A¢, since ® 1L (ﬁA,XA), then we have

n_legq)XI‘i;&ﬁA | (GA, X4) ~ N(O, n_lakk.Aﬁ;i;hﬁA).
Let W, = ﬁ;i;hﬁf\, then
n o el XS L ULW, 2 | (U, X4) ~ N(0,1g).
and
0720y keg @XASLTAW, 23 | (Ua Xa) ~ X
According to Proposition E.5, we have
P{[ln " 20, fel ®XE L UAW, |3 > H + 2V He + 2¢ | (U4, X 4)} < exp(—e).
By taking the expectation over (I/_\TA, X 4) both sides, we have
IP’{||n_1/20k_k1.{feg@X;iihﬁftwl—lﬂ||§ > H + 2V He + 2¢} < exp(—e).
As p > 1, we take € = ¢plogp with constant ¢y = (log2)™*A > 1 such that ¢ > H, then
P{||n ") ®X 334 UAll3 > 5 W|ows.acologp/n} < exp(—cologp).
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Under Assumption (A8), by Lemma E.3, we have oy 4 < m for all k£ € A°. Then it follows
that

P{|In""e; ®X 54Ul < V/5[W[lmeologp/n} > 1 — exp(—colog p).

By union bound, we have

P{[In ' ®X ;215 Udllz00 < V/5[Wi[[meglog p/n}

(G.30)
>1— (p—s)exp(—cologp) > 1 —exp{—(co — 1)logp} =1—p

for some constant C' > 0.

Next, we bound ||[W;]|. By Assumption (A8), m™ < 0uin(E) < pmax(X) < m for some
positive constant m > 1. By Lemma E.7, X, is also a sub-Gaussian random vector with
parameter | X|| < m. As p > 1, then slog(ep/s) < slogp® = 3slogp. Since we assume that
Cislogp < n, by taking C; = 3¢, we have cslog(ep/s) < n. Then by Condition (C2), with
probability at least 1 — C exp(—C"s), we have

@min(gA.A) > (przliin(s) > K
According to Condition (C1),
P(|[U = Ulpax < €) > 1 — Cpexp(—C'ne?), 0<e< '

We select ¢ = /Cylogp/n with the constant Cy = 2/C" such that CoC” > 1. Since we
assume that C}slogp < n, by taking C; > 2/(C")?, we have ¢ < 1/Cy/C; = C’. Then we

have

U4 — Ul < VSH||Us = Upllmax < \/24/C"\/slogp/n < C'VA (G.31)

with probability at least 1 — Cp~!. In addition, since we assume that o; < T for some
constant 7" > 0 in Assumption (A4), and that | X 44| < ||X]| < m, then we have

[UAll < [[BaaGH[| < |Zaall|GF|| < mT. (G.32)
Combining (G.31) and (G.32), we have
104l < 104 = Uall + Ul < C'VA+mT
with probability at least 1 — Cp~!. Therefore,
Wil TIPS < K(CVA+mT)? (G.33)
with probability at least 1 — C'exp{—C"(s Alogp)}.
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Combining (G.30) and (G.33), we have

P{ln SX] 53,0 llae < VAW TmcoTogpfn, Wi < K(CVA +mT)?)
>1— Cexp{—C’'(s Nlogp)}.

Hence,
IP’{||n_1<I>X;f);}4IAJA||2,OO < C3y/logp/n} >1—Cexp{—C'(s ANlogp)},

where C3 = /5K Am(log2)~1(C'v/A 4+ mT). Since we assume that \; > 2¢;/logp/n, by
taking ¢; > 5C53/a, we have

~ ~ A
In X E L Udllzee < 032—1 < Aa/10
C1
with probability at least 1 — C'exp{—C"(s Alogp)}. ]

Lemma G.6. Under the same conditions in Theorem C.1, there exist some constants C,C" >
0 such that
A n ' @X B LR |20 < Aiar/10

with probability at least 1 — C exp{—C"(s Alogp)}.

Proof of Lemma G.6. Recall that R € 8||G |21 and & = X 4 — Y 4eaX 14X 4. Since (R, X4)
is the function of (U4, X4), by (G.29) that @ 1L (U4, X,), we have

® 1l (R, Xy).
Then for all k£ € A, we have
n_leg'@XI\f};&f{ | (R,X4) ~ N(0, n_lakk.Af{Tf];&f{),

where e, is the k-th standard basis vector in RP™° and o4 = Xpr — EkAZ;&\ZAk. Let
W, = f{Ti;&‘f{, then similar to the proof of Lemma G.5, we obtain

P{||n" 20, Re] ®X S LRW, 2|12 > H 4+ 2V He + 2¢} < exp(—e).
As p > 1, we take € = ¢y logp with constant ¢y = (log2)~*A > 1 such that ¢ > H, then
P{||n""ef ®XE LR|Z > 5| Wa|ow.aco log p/n} < exp(—cologp).

Under Assumption (A8), by Lemma E.3, we have oy,.4 < m for all k € A°. Then it follows
that

P{|[n"'e) X E 4 Rll2 < /5[ Walmeglogp/n} > 1 — exp(—cologp).

34



By union bound, we have

P{[n" ' ®XE LR 200 < V/5[[Wa[mey log p/n}
(G.34)
>1— (p—s) exp(—cologp) > 1 — exp{—(co — 1) logp} =1 —p
for some constant C' > 0.
Since Qmin(E44) > K ! with probability at least 1 — C'exp{—C"k} by Condition (C2)
and [|R| < |R|lr < /5, then

IWall < [IRIPIE4]1 < sk (G-35)

with probability at least 1 — C'exp{—C"k}.
Combining (G.34) and (G.35), we have

P{[In~' ®X 1 R]oe < V/5[Wallmeylogp/n, [Wal < sk}
>1— Cexp{—C'(s Nlogp)}.
Thus,
]P’{Hn‘lCPX;f];;f{Hzm < Cyy/slogp/n} >1— Cexp{—C'(s ANlogp)},
where Cy = /5K Am(log2)~!. By taking C; > 100C3a~2, we have

Al @X S LR 200 < MCi/V/Cr < Ma/10
with probability at least 1 — C'exp{—C"(s Alogp)}. ]

Lemma G.7. Under the same conditions in Theorem C.1, there exist some constants C,C" >
0 such that
Aol X874 S 200 < Ara/10

with probability at least 1 — C'exp{—C"(s Nlogp)}.

Proof of Lemma G.7. Recall that S € 9||G||, and ® = X4 — Y 4eaX 4 X4 Since (S, X4)
is the function of ([AJA,XA), by (G.29) that ® 1L ([AJ'A,XA), we have

® 1 (S,Xy).
Since we select Ay < ¢\ for some constant ¢, > 0, it gives us
Aol XL S e < 2|0 XL S 2,00

We have
n el XX LS | (S, X)) ~ N(0,n g sSTELLS),
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where e, is the k-th standard basis vector in RP™° and o4 = 2pr — Z;ME;&\Z,%. Let
W; = §T§];f4§, then similar to the proof of Lemma G.5, we obtain

P{||n 20, Pe] ®X S LSW, 2|12 > H + 2V He + 2¢} < exp(—e).
As p > 1, we take € = ¢y logp with constant ¢y = (log2) A such that € > H, then
P{||n"'e) ®X 5343 > 5| Wsllow.acolog p/n} < exp(—colog p).

Under Assumption (A8), by Lemma E.3, we have o4 < m for all k € A°. Then it follows
that

P{|ln""ey X3Sz < /5[ Wsllmeologp/n} > 1 — exp(—colog p).

By union bound, we have

P{lIn"' @X B34S 200 < V5[ Willmeolog p/n}

(G.36)
>1— (p—s)exp(—cologp) > 1 — exp{—(co — 1) logp} =1 —p~°

for some constant C' > 0.

Let Mdiag(&)ﬁﬂ be the singular value decomposition of G. Then by Proposition E.4, we
have S € 9||G||, = Mdiag(d||&|:)N". Since each element in d||&||; is bounded in [—1, 1],
we have ||S|| < 1. And by Condition (C2), ¢mn(Z44) > K~ with probability at least
1 — Cexp{—C'k}. Thus,

W3l < [ISIPIB24] < K (G-37)

with probability at least 1 — C' exp{—C"k}.
Combining (G.36) and (G.37), we obtain

P{|n ' ®X 3348 ee < V5[ Walmeologp/n, [|Ws| < K}
>1— Cexp{—C'(s Nlogp)}.
Thus,
P{||n ' ®X 5 4S|l200 < Csv/logp/n} > 1 — Cexp{—C"(s Alogp)},
where C5 = /5K Am(log 2)~!. Since we assume that slog p < n, by taking C; > 100C2c3a 2,

we have

Aol X 7L S 200 < o[ X TS, S 200 < Aia/10
with probability at least 1 — C'exp{—C"(s Alogp)}. O]

Lemma G.8. Under the same conditions in Theorem C.1, there exist some constants C,C" >
0 such that
||Q||2,oo S )\10(/10

with probability at least 1 — Cp~¢".
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Proof of Lemma G.8. Recall that 2 = IAJAC — EACAE;&\IAJA. Since ¥B* = U and B%. =0,
then ¥ 44B% = U4 and X 4c4B?% = U 4, which gives us

Uy — E4esX 74U =0.

Hence,
Q= Uy —Uye) = T e uZ 4 (U4—Uy).

For each element of €2, we have
it < 10 = Ul + 2S5 8~ wanle < (04 [8acaZ 74 [0 = Ul
By Condition (C1) and Assumption (A9), for k € A° and h =1,..., H, we obtain
P{|win| < (1+ Q)e} = P(||U = Ul|max < €) > 1 — Cpexp(—C'ne®), 0<e< .

Hence, for k € A°,

H
P{(szh)lﬂ < VH(1 +Q)€} > P{lwrn| < (1+Q)e, h=1,...,H}
h=1
>1 — CHpexp(—C'ne?), 0<e< (.

Since we assume that H < A for some constant A > 0, it follows that

{ Zw W2 < VAL +Q) }>IP>{ Zw W2 < VH(1 + Q)e }
>1— CApexp(—C'né?), 0<e<C'.
Then we have
P{||]2.00 > VAL + Q)e} < CAp(p — s) exp(—C'ne?), 0<e< . (G.38)

We select € = 1/Cplog p/n with the constant Cy = 3/C’. We also take C; > 3/(C")3. Since
we assume that Cyslogp < n, then logp/n < 1/C; and € < /Cy/C; < C'. Meanwhile,
since CyC’ > 2, by (G.38), with probability at least 1 — Cp~¢" for some constants C,C’ > 0,

we have

12]l200 < (1+@Q)/34/C"\/logp/n
with probability at least 1 — Cp~¢".
Since we select A; > 2¢14/log p/n, by taking ¢; > {5(1 + Q)/a}+/3A/C", we have

3A A
9200 < (14 Q) G < Ma/10

with probability at least 1 — Cp~¢". O
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Now we are ready for the proof of Theorem C.1.

Proof of Theorem C.1. By Lemmas G.3-G.8, we have that HiACAé — [AJ'ACHQ,OO < A1 with
probability at least 1 — C'exp{—C"(s Alogp)}. Then by Lemma G.1, the solution to (G.1)
is B = (éT,O(Tpfs)XH)T. Let B\f {j: ”ﬁi“Q > 0}, then B C A. Let Mf)l/\:T\T denote the
singular value decomposition of B, where D = diag(ay,...,0). Recall that 3 is composed
of the first d columns of M. Then

I1Bjll2 = [[M DN |2 = (M D*M,)"? > 54/|3; 2.
By definition, d= #{i|7; > 0}. Then, 07 > d. Thus, we have
0 IByll2 = 1852 (G.39)
Since A = {j : ||,§]||2 > 0}, (G.39) indicates that A C B C A. Moreover, according to

Corollary 2, A C A. Hence, we have that A = A with probability at least 1 —C exp{—C"(sA
logp)}. O

H Proof of Lemmas and Corollaries

H.1 Proof of Lemma 1

First, we show that the definition of A does not rely on the choice of basis matrix of central
subspace Syjx. Let B and 5 be two basis matrices of the central subspace Syx, then
Syix =8 = 85' There exist some non-singular matrix R € R?*? such that B = BR. For
each j, ||Bjll2 = I8, Rl|2, which gives us

B]B;=B/RR'S,.
Since RR." is positive definite, then HBJHQ > 0 if and only if ||3,||2 > 0. Hence, the definition
of A is independent of the choice of basis matrix of central subspace.

Let s = |V| and a* € RP*® be a basis matrix of S¥|X, where a3, = I; and aj,. = 0. Then
S;,/‘X = S4+. For a central subspace basis 3*, we split it into two sub-matrices B € R**? and
B%5 € RP=9%d hased on V, where 3% is composed of the rows of 3* on indices V. According
to the definition of the central variable selection subspace, Sg- C Sqo+. Hence, Sg: C {0}
and 85 = 0. By the definition of A, we have A C V.

It remains to prove V C A. According to the definition of central subspace, we have Y |

X ~Y | PgX, or equivalently, Y Il X | Pg.X. Since there is a one-to-one correspondence
between (8*)"X and Pg.X, then

Y 1L X | (8Y)"X.
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Let ' = | A| and ,(§ € R¥*4 denote the matrix composed of non-zero rows of 3, and we split

X into two sub-vectors X; € R* and X, € RP—*' according to A. Then, we have
Y 1L (X[, X3)" | B7X,. (H.1)
It follows that
Y 1X, | 87X, (H.2)
Combining (H.1) and (H.2), we have
YL (X[, X)Xy
or equivalently,
Y| X~Y|X;. (H.3)
We construct the matrix & € RP**" such that a4 = Iy and a4 = 0. Then by (H.3),
Y | X ~Y | PsX. (H.4)

Hence, according to the definition of Sx‘//p( = Su, we have S, C Sz and V C A. This
completes the proof. O

H.2 Proof of Lemma 2

The update of B® is a convex optimization problem, which is solved by the group-wise
coordinate descent algorithm exhibited in Algorithm B. In the next lemma, we first show
that for the iterate sequence generated from Algorithm B, the limit point exists and is the

global solution of problem (17).

Lemma H.1. Let B(™ denote the iterate from Algorithm B after m iterations, then the
limit point of the sequence {B™},.5q exists and is the global solution of (17).
Proof of Lemma H.1. Let f(B) denote the object function of problem (17), i.e.,

1 ~ ~
f(B) = Str{BT (S +7T,)B} — tr{BT (T = w ™V + 7€)} + X[ Bl

We show that B = {B € RP*¥ : f(B) < f(B()} is a compact set.
Since f(B) is continuous, then it is a closed function. Hence, B is a closed set. On the
other hand, for any B € RP*# we have

1 - _
S{BT (X +91,)B} — tr{BT(U — w4+ 4Cl )}

1 - P -~
> — §tr{(U — WY L ACENT(Z 4 4L,) (U — w4 4Ct-),
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Therefore, for any B € B, we have
- %tr{(ﬁ — w4 4CE) TS 4 9L,) (U = WD 4 9CU D)} + || Bl|2s
<f(B) < f(BY),
and

Bl < 3-f(BO) + 3otr{(T - 0 4 7C ) T(E 4 4L) 7 (T — 0l 4400},
Hence, B is a bounded set. By HeineBorel theorem, B is a compact set.

In Algorithm B, f(B(™) is decreasing, then f(B(™) < f(B©®) for m > 0 and the iterate
sequence {B(™},., C B. Since B is compact, there exists a limit point of {B(™},.5¢ in B.
Next, we prove that every limit point is the global minimizer of f(B).

Let By denote the k-th row of B, k =1,...,p, we rewrite f(B) in form of

fB)=f(Bi,....B,) = fo(Bi,..., By + A\ > fi(By),
k=1

where fy = (1/2)r{BT (£ +11,)B} — te{BT(T — w41 CO)}, and fi(By) = [Byl
k=1,...,p. Since f; is differentiable and convex, and each f; is convex, conditions (A1),
(B1)-(B3), (C2) in Tseng (2001) are satisfied. Therefore, by Lemma 3.1 and Proposition 5.1
in Tseng (2001), any limit point of the iterate sequence {B™}, 5 is a global minimizer of
f(B). Moreover, f(B) is strictly convex, then the global minimizer of f(B) is unique.
Thus, we have proved that the limit point of the iterate sequence {B(™},,5¢ exists and
is the solution of problem (17). [

The proof of Lemma 2 relies on the results in Deng and Yin (2016). Deng and Yin
(2016) considered a generic constrained convex optimization problems with separable objec-
tive functions in the following form

min g1 (x) + ga(y)
i (H.5)
s.t. Mx+ Ny = b,
where x € R” and y € R™ are unknown variables, M € RP*" and N € RP*™ are given
matrices, b € RP, and ¢; : R" — R U {+00} and go : R™ — R U {+00} are closed proper

convex functions. The augmented Lagrangian of (H.5) is
L0, A) = 01(x) + aa(y) — AT(Mx+ By — b) + & [Mx + Ny ~ b}

where A € R? is the dual variable and S > 0 is ADMM parameter. Let u* = (x*,y*, A*) be
the point satisfying the KKT condition of (H.5), and let u® = (x® y® X®) denote the
iterate from ADMM algorithm after ¢ iterations. We use the following proposition:
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Proposition H.8. (Deng and Yin, 2016, ,Theorem 2.2) Assume that the KKT point u* =
(x*,y*, A*) ewists and functions f and g are convex. Further assume that {u®},;>o of ADMM
algorithm is bounded. We have (i) XD — X*; (i) Mx® — Mx*; (iii) Ny® — Ny*.

Proof of Lemma 2. To conform with the notations in (H.5), we rewrite our optimization
problem (12) as
min B) + ¢2(C),
Bp@%pr 91(B) + 92(C)

st. B—C=0,

where g1(B) = (1/2)tr(BTEB) — tr(BTU) + Ay ||B||2.1 and g2(C) = As||C||.. The functions
g1(B) and ¢»(C) are closed proper convex functions. Let @ denote the solution of dual
problem of (12). Since (12) is a convex optimization satisfying Slater’s condition, then
the solution (@, B, C) is the KKT point of (12). Moreover, since we have the constraint

B — C = 0, using the notations in Deng and Yin (2016), we have
M=I N=-I, b=0.

By Remark 2.2 in Deng and Yin (2016), since M and N are full rank, then the iterate
(w® B® C®) is bounded. Hence, by Proposition H.8, B® — B and C® — C. This

completes our proof of Lemma 2. n

H.3 Proof of Lemma 5

To prove Lemma 5, we need Theorem 1 in Tan et al. (2020). The model space considered
in Tan et al. (2020) is

P'(n,p,s,p;k,m) = {L(X;,Y),i=1,...,n: (X, ﬁ)’s are i.i.d. such that

s
=
|
2

=1—qa

has
<
I
=
I
e
=
<
I
~ &

=
>
A%
>

\Y
vV~
>
S
v
>

3)) < m; (B* has at most s nonzero rows;

> 0 for a fixed constant x > 1},

where the basis matrix 8* € R? is orthonormal and the matrix M = Cov{E(X; | }7;)} It
can be shown that E(X;) = 0, M = a1 — a)B8*(8*)7 and ¥ = I,. Recall that Y;’s are
the discretized responses, and py, ..., pg+ are the generalized eigenvalues in the generalized
eigenvalue problem formulation for SIR. Theorem 1 in Tan et al. (2020) is stated in the

following proposition.
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Proposition H.9. Assume C)log(ep/s) < np* for some sufficiently large constant Cy > 0.

Then there exist positive constants C' and co such that,

1
- supp{upﬁ_pﬁ*np > o[ 2losler/s) ACO} > 08,
B PeP’ np

where P = P'(n,p, s, p; k,m).

Recall that the model space we considered is

P(n,p,s,p) = {L(X;,Y:),i=1,...,n:(X;,Y;)’s are i.i.d. such that X; satisfies (A3);

(B* has at most s nonzero rows; pg= = p > 0}.

Since we assume that d* < H < A for some constant A > 0, then D(SSIR,Sg) =
[Po: — Pylle/vV2d > [P — Pylle/V2A

Next, we show that X; in parameter space P’ is the sub-Gaussian random vector with
bounded parameter. For any a € RP, using the moment generating function of normal

random variable, we have

Efexp(a’ X))} = E [E{exp(a’ X,) | V1|
—aB{exp(a’X,) | Y; = 1} + (1 — a)E{exp(a’ X;) | V; = 2}
=aexp [(1 —a)a’ B+ {a' (I, - M)a}/2] + (1 — a)exp [—aa' B + {a' (I, — M)a} /2]
< exp([lall3]IT, — M]|/2) [a exp{(1 — a)[lal2} + (1 — a) exp(alall)] -

Since M = a(1 — a)B*(8*)", then ||I, — M|| = 1. If ||a|s > 1, we have
aexp{(1 —a)lall2} + (1 — ) exp(alall2) < exp([lal).
And if [Jaf]z < 1, then
aexp{(l —a)llallz} + (1 — @) exp(aljall2) < exp(1).
Overall, we obtain
Efexp(a’X;)} < exp(1) exp(||al3) exp([lal3/2) < exp(1) exp(3]al3/2).

Hence, X; in model space P’ is a sub-Gaussian random vector with bounded parameter.

Therefore, the model space P’ is a subset of P, and the proof is complete. n
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H.4 Proof of Lemma D.1

Recall that we are considering the linear regression model
Y =8"X +e (H.6)

According to the definition of the CS, in model (H.6), we have Sy|x = span(3). Since X
follows the normal distribution and the structural dimension of Sy|x is one, the linearity and
coverage conditions are satisfied, which gives us Sgir = Syx. In addition, since Cov(X) =1,
we have Sgir = span|Cov{E(X | Y)}]. Therefore, span[Cov{E(X | Y)}] = span(3), and 3
is the eigenvector of Cov{E(X | Y')} corresponding to its non-zero eigenvalue. Let v denote

the non-zero eigenvalue of Cov{E(X | Y)}, then we have
a=Cov{E(B"X | Y)} = 72/(7% + w?).

Note that « is also the signal-to-noise ratio for model (H.6), i.e., @ = Cov(8'X)/Var(Y).
It is also known that span[Cov{E(X | Y)}] C Sy|x = span(3). Since the structural dimen-
sion of Syx is one, then span[Cov{E(X | Y)}] = span(B), and B is also the eigenvector
of Cov{E(X | Y)} corresponding to its non-zero ecigenvalue. Let & denote the non-zero
cigenvalue of Cov{E(X | Y)}, then we have

a=Cov{E(8"X | Y)}.

Now we connect & with a. Recall that m, = P(Y = h) for h=1,..., H, then we have

d=Cov{E(B'X |Y)} =E{E*(B'X |Y)} =) mEB'X|Y =h). (H.7)

h=1
Let —co=ag < a1 <...<apg_1 < ag = 400 be a partition of the range of Y. Without loss
of generality, let Y = hif Y € lan_1,an), h=1,...,H. Let T = 3] X, where By = B3/||8]|2,
then Y = 77+ ¢ and T" ~ N(0,1). Also let S = ¢/w. We first derive the conditional
cumulative distribution function (cdf), P(T < ¢ |Y = h), as follows,

P(T<c|Y =h) =1, 'P(T < ¢,Y € [an_1,an))
=1, 'P(T < ¢, 7T + € € [an_1,an))

(ap—7t)/w

=m, / / frs(t,s)dtds
ap—1—7t)/w
ap—Tt) /w

e / / (1) s (5)dtds
(ap—1— Tt)/w

o [ (22
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where f(-) denotes the probability density function (pdf) for a random variable, ®(-) de-
notes the cdf of the standard normal distribution, and the fourth equation follows from the
independence assumption between X and e. By taking the derivative of P(T' < ¢ | Y = h)

w.r.t. the variate ¢, we have the pdf for the conditional distribution 7' | (Y = h) as follows,

oo (257) o (252}
Therefore,

B(T |V = h) =n; {/Rth(t)CI) (ah ~ Tt) dt — /Rth(t)CD (ah%_ﬂv dt}

:71'];1(14]1 - Ah—l)- (H8)

We derive Aj, in the following. Since T = B'X ~ N(0,1), let fy(-) denote the pdf of
the standard normal distribution, then fr(¢) = fx(t). And by simple calculation, we have

fa(t) = —tfn(t). Then,

{fwive (227) } —tvte (22T - Davioss (M),

Hence, for h =0,..., H, we have
N t
ap — T T ap — T
== guto (M) =T [t (M) at
- w Jr W

w
:_I/fN(t)fN (ah_7t> dt
w Jr w

S ) )

By combining (H.7)-(H.9), we obtain

Cov{E(B'X | V)} = }éﬁl(flh — Apa)?

h

1 T2 a? a? 2
> .- " U _ ___ "h=1
“a 2m(w?+72) Z lexp { 2(w? + 72) } *xp { 2(w? + 712) H ’

where the inequality comes from the assumption that a=' < 7, < a for some positive

constant a, and for h = 1,..., H. Since we assume that w and 7 are bounded from below,
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then we have
H 2 2 2
L S G Uh—1
Z[p{ 2<w2+f2>} eXp{ <w2+72>H
a2

ol st} bt} ey

2 aj i 2 ajr >

=ex - ex - c
Pl 22+ ) Pl 2w+ =
for some positive constant c¢. Therefore, we have

,7_2

~ T o
a=Cov{E(B"X|Y)} >c—o i

In model (H.6), the structural dimension d* = 1 and ogr1 = osir,q+- Then ogg .1/ Ugmjd* =
1/osir.a+- Recall that ogg ¢+ is the smallest non-zero singular value of Bgr+, according to
Lemma H.3, since Cov(X) =1, it follows that

O3ra = Ca > C'a

for some positive constants C and C’. Hence
b

OsR1 1L <C 1
P - = T
OSIR,dx  OSIR.d* Va

which completes the proof. O]

H.5 Proof of Lemma D.2

Since P(Y = 1) =PY =2) =1/2, X | (Y = 1) ~ N(u/2,I) and X | (Y = 2) ~
N(—p/2,1), we have E(X) = 0. And by the law of total covariance, we obtain

¥ = Cov(X) = Cov{E(X | Y)} + E{Cov(X | Y)} = pup /4 + 1.

Let o = p/||pll2 and pg € RP*®=D be the orthogonal complement of gy such that

(o, ty) € RP*P is an orthogonal matrix. Then,

S = (po, py )diag{(1 + [|pll3/4) 7" 1, .o, T (o, py) "

According to the definition of By, we have

Bir = =71 (p/2, —pn/2).
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Then the non-zero singular value of Bgy is

Il 2v3luls
SC R R

Since we assume that ||p||2 is bounded from above, then

osir,ax > Ol pelf2

for some positive constant C. In this model, the structural dimension d* = 1 and ogr; =

2 _
Osir,d+- Then osir1/0& R g« = 1/0sr 0+ Hence,

OSIR.1 _ 1 <C 1

UglR,d* OSIR,d* leello

This completes the proof.

H.6 Proof of Corollories 1 & 2

We first prove Corollary 1. Under the same conditions as in Theorem 1, the three results in
Theorem 1 hold. As we further assume that (o1/02.)y/slogp/n = o(1) and we allow 7 /02
to diverge to infinity as n diverge, then \/W = 0(1). Thus, as n diverge to infinity, we
have (i) [|B — B*||p — 0, (ii) d = d*, and (iii) D(Sp+,Sz) — 0, with probability tending to
1.

Then we prove Corollary 2. By Lemma F.1, under the same conditions as in Theorem 1,
we have ||]§—B*|| < ||]§—B*||F < Op+/slog p/n with probability at least 1 —C exp{—C"(sA
logp)} for some constants Cp, C,C’ > 0. And according to Assumption (A1), by selecting
M > 3Cy, we further have |B — B*|| < (Cp/M)og < 01/3. Moreover, by Theorem 1, we
have d = d*, then the estimated basis ,@ is a p x d* matrix. Let DV denote the singular
value decomposition of B* where o € RP*¢" and V € RE*?" ¢ R¥*?" denote its left and
right singular vectors and D = diag(oy, ..., 04) denotes the diagonal matrix composed of

its singular values. Then by Proposition E.2, we have
2%/2(201 + ||B — B*|)) min{v/d*||B — B*||, | B — B*||r}
2
O’d*

<(14v2/3)(01/0%.)|B — B*|[¢ < (14v2C3/3)(01/03.)\/5log p/n.

18O — allr <

for some orthogonal matrix O € R**4". And it follows that

107 B; — ajlla < (14v2C3/3)(01 /0% )\/slogp/n, j=1,....p. (H.10)
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In Assumption (A2), we assume that minjeq [|Bj[l2 > N(o7/07.)/slogp/n for some con-
stant N > 0. Since for each j,

||B;H2 = ||[VDajl2 < o1]|al|2,

then we have,

min o2 > N(o1/o3.)v/slog p/n. (H.11)
Combining (H.10) and (H.11), by taking N > (14y/2Cp/3), for j € A, we have
185l = 1107 Bjll2 > llella — [07B; — ;|2 > (N — 14v/2C5/3) (01 /02)\/s1log p/n > 0.

Since A = {j : HB\JHQ > 0}, it follows that A C A with probability at least 1 —C exp{—C"(sA

logp)}.
On the other hand,

r = [1B40]r < B0 — a||r < (14V2C5/3)(01/05.)\/s1og p/n
= C(01/0g:)y/slogp/n

with probability at least 1 — C exp{—C"(s Alogp)}, which completes the proof. ]

(B4

H.7 Proof of Corollaries 3—5

We prove the three corollaries by verifying Condition (C1) and (C2) under different method-
specific assumptions. Recall Assumptions (A3)—(A6) in Section 4.2:

(A3) The predictors Xy, ..., X, € RP are i.i.d. centered sub-Gaussian random vectors with
parameter k* < m/4 for some constant m > 0. In other words, E(X;) = 0 and, for
any a € RP, we have E{exp(a’X;)} < exp(x?||al|3/2),i=1,...,n. We further assume
that Cov(X;) = X and ¢pin(X) > m™L.

(A4) There exists some constant 7' > 0 such that the leading singular value of B*, oy < T

(A5) The variable Y is centered sub-Gaussian with the parameter 0% < @G for some constant
G > 0.

(A6) In the PFC model (10), the fitting functions f(Y;) are i.i.d. centered sub-Gaussian
random vectors with parameter £2 < L for some constant L > 0, i = 1,...,n. Also
assume that ||n|| is bounded from above and ¢! < Yin(A) < Ynax(A) < g for some
constant g > 0.
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Under Assumption (A3), there is a straightforward result on the bound of eigenvalues
of 3 in Lemma H.2. Moreover, we connect the smallest non-zero singular value of B to
the smallest non-zero generalized eigenvalue in the generalized eigenvalue problem for SIR

in Lemma H.3.

Lemma H.2. Under Assumption (A3), the smallest and the largest eigenvalues of o satisfy
that mil S Somin(z) S gpmax(z) S m.

Proof of Lemma H.2. By Lemma E.6, we have that @n.(X) < 4xk* < m for some con-

1 we conclude that m™! < ¢ (2) <

Omax(2) < m. O

stant m > 0. Since we assume that @ (X) > m~

Lemma H.3. Let ogr,1 and osir,q+ be the largest and the smallest non-zero singular values
of Br = X 'Ugir, and p be the smallest non-zero generalized eigenvalue in the following

generalized eigenvalue problem:
Vsipy) = 2D, ' 3p = Iy,

where Vsig = Cov{E(X | Y)}, D = diag(py,...,pa) and py > -+ > pg = p > 0. Under
Assumption (A3), we have odg g > Cp and o3, < C’'py for some positive constants C
and C'.

Proof of Lemma H.3. We rewrite Vgg = Cov{E(X | Y)} = UgrPUJy, where P =
diag(my, ..., 7y) and m, = P(Y = h) for h=1,..., H. Then

S VepE 2 = B UgrPULRE "2 = B P(Byg) 22,
By Proposition E.3, since p; is the ¢-th eigenvalue of E_%VSIRE_%, it follows that
pi =pi(E72VerXE"2) = 9i¢i(B§1RP(B§IR)T)~

By Lemma H.2, under Assumption (A3), we have m™ < 6; < m. Then, m~tp;, <
pi(B&ErP(BgR) ") <mpi, i =1,...,p.
Since we assumed that a=! < m, < a for some constant @ > 0, h = 1,..., H, then for

any u € RP, we have
1.7 T T T T T
au BgrP(Bir) u <u Bggr(Bigr) u <au BipP(Bgg) u

By Courant-Fischer Minimax Theorem (Golub and Van Loan, 2013, Theorem 8.1.2), we
have

UgIR,d* > o g (B§rP(Bg) ) = a 'm ™,
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and
UglR,l < a@l(BglRP(BglR)T) < ampx,

which finishes the proof. O]

Under the common Assumptions (A3) and (A4) used by all three SEAS methods, we
establish in Lemma H.4 the lower bound for P(||(% — 3)bi|ls < € Vh) in Condition (C1).
And in Lemma H.5, we derive Condition (C2).

Lemma H.4. Under Assumptions (A3) and (A4), we have
P(|(£ = Z)bi]lee < €,Vh) > 1 — Cpexp(—C'ne®), 0<e< ',
for some constants C,C" > 0.

Proof of Lemma H.4. Recall that 3 = L3 XX Let by = by /||b||2, we have

~ 1 &
ez‘T(E —X)bj, = n Zez—'rXinTbZO - e:EbZO,

i=1
where e; is the i-th standard basis vector in RP. By Assumption (A3), X is sub-Gaussian

random vector with bounded parameter xk* > 0. We take 0 < € < k2, then by Proposition E.6,

there exist some constants C', C’ > 0 such that
P(le] (2 — S)bk,| > €) < Cexp(—C'neéd).
Then we have
P(le] (2 — 2)bj| > el[bj[l2) < C exp(—C'ne?).

Since we assumed that o; is bounded from above in Assumption (A4) and d* < H for
bounded H, then we have ||b%|ly < [|B*||r < Vd*|B*||» = V/d*o; < C for some constant
C > 0. It follows that

P(le] (£ — Z)b%| > €) < Cexp(—C'né?).
By union bound, we have
P(|(3 — B)bj | > €) < Cpexp(—C'ne?).
Then, since we assume that H is bounded from above, we have
P(|(£ = £)bi|lec < €,Vh) > 1 — CHpexp(—C'ne?) > 1 — Cpexp(—C'ne®), 0<e< ',
for some positive constants C' and C". O
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Lemma H.5. Assume that Assumption (A3) holds. For any k < p such that cklog(ep/k) <
n, where the constant ¢ = 2(log 81 + 1)m?*{1 V (64m3x?)?}, we have that

P{(2m) " < ¢Z(k) < 92 (k) < 2m} > 1 — 2exp{—(log 9)k}.

Proof of Lemma H.5. Under Assumption (A3), X, is sub-Gaussian random vector with pa-
rameter %, i = 1,...,n. And by Lemma H.2, m™ < puin(E) < 0nax(X) < m. For any
A C{1,...,p} such that |A| = k, according to Proposition E.7, for all ¢t < 32m?x?, we have
P(|S a3 7% — L] > ) < 2exp{ (log 9)k — n—t2 .
AA - 2(32m2k2)2

Since m_l < Somin(z) < @max(z) < m, then m_l < Somin(z/l./o < gomax(EA.A) < m. It
follows that, for t < 32m?k2,

P(|Zaa — Saall > 1) < P([SaaZ3 — Ll > t/m)
nt

S } . (H.12)

< 2exp {(log Nk —

We take t = /2(log 81 + 1)(32m3k2)2{n~1klog(ep/k)}. Since we assume that ck log(ep/k) <
n, where the constant ¢ = 2(log 81 + 1)m?{1 V (64m3k?)?}, then

L < 2(log 81 + 1)(32m3k?)?
~ |/ 2(log 81 + 1)m2{1 Vv (64m3k2)2}

= (32m*k*) A (2m) 1.

By (H.12) and the fact that (?) < (ep/k)*, we have

P ( sup B — Saall > v/2(log 81 + 1)(327”3“2)2{“_1/%'10g(€p/7f)})
AC{1,....p},| A=k

<2(ep/k)* exp{(log 9)k — (log 81 + 1)k log(ep/k)}

=2 exp{klog(ep/k) + (log9)k — (log 81 + 1)k log(ep/k)}

<2exp{—(log9)klog(ep/k)}

<2exp{—(log9)k}.

By Weyl’s inequality stated in Proposition E.1, we have

Omin(Baa) = [[Baa — Zaall < Omin(Baa) < Omax(Baa) < @max(Baa) + [|Baa — Zaall-

The definitions of gpgax(k) and @Ein(k) can be equivalently expressed as follows.

~ ~

gorzrzlax(k) - Sup Somax (E.AA)u
AC{1,...,p},| Al=k
(pr%in (k) = inf ®Pmin (E.AA) :

AC{1,ph A=k
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Then, since m ™ < Ppin(Baa) < @max(Xaa) < m, we have
Pk = m = 2m) " = @m) 7 2 (k) <m+ (2m)7 < 2m

with probability at least 1 — 2 exp{—(log9)klog(ep/k)}, which completes the proof.

Part I: The proof of Corollary 3

The concentration result for IAJSIR is presented in the next lemma. Combining Lem-
mas H.4-H.6, Conditions (C1) and (C2) are satisfied in SIR and Corollary 3 is proved

Lemma H.6. In SIR method, under Assumption (A3), we have
Usip = {E(X|J' = 1),...,EX|J? = 1)}, Ugr = (X4, ..., Xp).

Then,
P(|Usik — Usir|lmax < €) > 1 — Cpexp(—C'ne?), 0<e< '

for some constants C,C" > 0.

Proof of Lemma H.6. We have
P(| Usin — Usinllmax > €/2) < HP{|[X) — BE(X[J" = 1) ] > €/2}

—HP{||n; Zx JP— T E(X )]s > €/2}

<H |P{||n; ZX I — (n/np)E(XJIM) || oo > €/4} + P{||(n/n)B(XJ") — 7, 'E(XT") |00 > €/4}

where we use the fact that E(XJ") = E{E(XJ"|J")} = mEX]|J" = 1).

We first decompose L; into two parts,
Ly =P{|| Y X;J}' = nE(XJ")||o > npe/4}
i=1

<P{|| Y " XiJ} = nE(XJ") ||l > nne/4 ny, > myn/2} + P(ny, < min/2)

i=1

::Lll + L12. <H14)
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Since we assume that ¢~ < 1, < a for some constant a > 0, by Hoeffding’s inequality stated

in Lemma E.5, we have
Lis = P(ny, — nm, < —mpn/2) < exp(—nm; /2) < exp(—Cn). (H.15)

for some positive constant C'. For L1, we have

Liy <P{| Y XJ = nE(XJ") |l > mine/8} < pP{| Y X0l — nE(X;J")| > myne/8}.

i=1 =1
Since we assume that X is sub-Gaussian random vector with parameter x? < m/4 in As-

sumption (A3) for some constant m > 0, then by Lemma E.6, X; ~ subG(x?) for each j.

According to Lemma E.4, we have
E(1Xi;J!1") < E(1X3*) < (267)*2kT(k/2) < (m/2)"°kD(k/2), Yk > 1.
With the fact that kI'(k/2) < k! for k > 2, we have
B(X, 1) < (VfD=mS, v
It follows that

IEN k!
- E :E(’Xijjz‘h‘k) < 5027”1%2, Vk > 2,
n

=1

where v = y/m and r = \/m/2. Then according to Lemma E.2, we have

. ne’m?
P{| Xi-Jih — nB(X,;J")| > mne/8) < 2exp{ — h 7
{ ; ’ ’ f 128(m + \/m/2¢)

By taking small €, we obtain
P{|> " Xy J! — nE(X;J")| > mine/8} < C exp(—C'ne?).
=1

for some positive constants C' and C’, where we use the assumption that ™! < m, < a for

some constant a > 0. Therefore, we have
L1, < Cpexp(—C'ne?). (H.16)
Combining (H.14)(H.15)(H.16), we obtain the upper bound for L; as
Ly < Cpexp(—C'ne?). (H.17)
Next, we derive the upper bound for L,. According to Lemma E.4, we have
EOGI)] < B(X]) < (269)2T(1/2) < /mrf2, j=1,....p.
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then [|[E(XJ")||o < v/mm/2. Tt follows that,

Ly < P(In/ny, — m, | - /mm /2 > €/4)
=P{|n/ny — ;| > (4/mm/2) e

¥ (< ) (0 s

= Loy + Lao. (H.18)

According to Hoeffding’s inequality, since we assume that a=! < 1, < a for some constant

a > 0, by taking small €, we have

1
Loy =P | ny —nm, < —nlmy—
. ( " " { " 7T}:1+<4\/m77'/2)_16}>

2
(4/mm/2) e )

<exp | —2n < exp(—Cne”). H.19
= o L,;I{W,;wwm)—l < exp(=Cne). (H19)

for some positive constant C'. Similarly, for Log,
Ly =P > L < exp(—Cne?) (H.20)

=P |(n,—nm,>n - exp(—Cne”). :
S R e VO erys P | B

Thus, combining (H.18)(H.19)(H.20), we obtain the upper bound for L, as
Ly < Cexp(—C'né?). (H.21)

for some positive constants C' and C’.
Combining (H.13)(H.17)(H.21), we obtain the concentration result for Ugr that

(HUSIR — USIR”max S 6) > 1-— C’pexp( CIHEQ), O < € S C/

for some positive constants C' and C".

Part III: The proof of Corollary 4

In the following Lemma, we present the concentration result for ﬁlntra. Combining
Lemma H.4, Lemma H.5 and Lemma H.7, Conditions (C1) and (C2) are satisfied in in-

traslice convariance method and Corollary 4 is proved.
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Lemma H.7. In intraslice covariance method, under Assumptions (A3) and (A5), we have
Unnira = {Cov(X, Y JY), ..., Cov(X, Y JF)Y, Unra = {Cov(X, Y JY), ..., Cov(X, Y J7)}.
Then,
P(||Umntra — Unntrallmax > €) < Cpexp(—C'ne?), 0<e < '
for some constants C,C" > 0.

Proof of Lemma H.7. Since we assume that X; = 0,7 =1,...,n, in Assumption (A3), then
Cov(X, Y J") = E(XYJ") and Cov(X, Y J") = n~! S, X,Y;J". We have

P H n
]P(HUIntra - UIntra”max > E) S ZZPH ZXZJY;JZL - nE(X]YJh)| > TLE}.

7=1 h=1 =1

By Cauchy-Schwartz inequality, we have
E(‘XZJYLJZh|k) SE(|XZ]|2k)1/2‘E(’}/Z|2k)1/2’ Z: 1""7”7 j: 17"‘7p7 h: 17""H'

Since we assume that X is sub-Gaussian random vector with parameter x? < m/4 in As-
sumption (A3) for some constant m > 0, then by Lemma E.6, X; ~ subG(x?) for each j.
Also, we assume that Y ~ subG(6?) in Assumption (A5). According to Lemma E.4, we have

E(’Xij|2k)1/2 < (2.%2)’“/2(2k)1/2{F(k)}1/2,
E(m’%)lm < (292)1:/2(Qk)1/2{r(k.)}1/2'
It follows that,

E(| XYM ") < = (VAmG)*(VmG)* 2, VE > 1.

o | 7=

Then we have

1 — k!
- § E(|X,;Y, ) < Ev%’f-?, VE > 1,
n

=1

where v = vV4mG and r = vVmG. According to Lemma E.2, we have

n 2
P{| S X, Y;J" — nE(X;YJ")| > ne} < 2ex {— ne }
ﬂ; ’ SOEh b < 2exp 2(4mG + vVmGe)

By taking small €, we obtain
P{|>  XyViJ! — nE(X;Y J")| > ne} < Cexp(—C'ne’)
i=1
for some constants C,C’" > 0. Since we assume that H is bounded from above, then
IP’(||IAJ'Intra — Unra|lmax > €) < OpH exp(—C'ne?) < Opexp(—C'ne?), 0<e<

for some constants C', C’ > 0, which completes the proof.
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Part IV: The proof of Corollary 5

We first show that under PFC model, Assumption (A3) is implied by Assumption (A6).

The result is given in the following lemma.
Lemma H.8. In PFC model, Assumption (A6) implies Assumption (A3).

Proof of Lemma H.8. Under Assumption (A6), we have E{f(Y;)} =0,i=1,...,n. Then
X,; = 0 and PFC model is

Since €; ~ N(0,A) in PFC model, by Lemma E.7, €; is sub-Gaussian random vector with
parameter ||All. We also assume that f(Y;) is sub-Gaussian random vector with bounded

parameter £2 in Assumption (A6). Since €; is independent of Y;, then for any a € RP, we

have
E{exp(a’X;)} = E{exp(a’ Tnf(Y;))}E{exp(a’e)}
< exp([la’ Tnl[3¢7/2) exp(|all3]| Al /2)
< exp(|[all2[ml[*€*/2 + 3]l All/2)
= exp{|lal3([ml[*¢* + [ Al)/2}.
Therefore, X; is sub-Gaussian random vector with parameter x* = ||n||?¢? + ||A||. Since we

assume that &%, ||n|| and @n.(A) are bounded from above, the parameter x? is bounded
from above.

In PFC model (H.22), the covariance of X; is expressed as
¥ = Cov(X;) = TnCov(f(Y))n'TT + A,

then we have
Crmin(E) > Prin(TNCov(FYi))NTT) + pmin(A) > g7!

for some constant g > 0, where we use the assumption that g~ < ©min(A) in Assump-
tion (A6) and the fact that the matrix TnCov(f(Y;))n'T'" is rank-deficient. Thus, Assump-
tion (A3) holds.

O

Next, we present the concentration result for Uppe. Then Conditions (C1) and (C2)
in PFC model are satisfied by combining Lemma H.4, Lemma H.5 and Lemma H.9. And
Corollary 5 is proved.
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Lemma H.9. In PFC model, under Assumption (A6), we have
~ 1 <
Uprc = Cov{X, f(Y)}, Uprc = = Y X;f (V7).
PFC ov{X, f(Y)}, Uprc n; f i)

Then,
P(HGPFC - UPFCHmax > 6/2) < C’pexp (—CIREQ) 5 0<e < C/

for some constants C,C" > 0.

Proof of Lemma H.9. We have

P H
P(|Uppc — Uppc|lmax > €) < ZZP [

j=1 h=1

n

Xijfu(Yi) = nE{X; fn(Y)}

>ne].

E{|X1]fh<y;)|k} S E(|X2]|2k)1/2 ) E{lfh(}/z)|2k}1/27 1= 17 - n, j = ]-a -y Py h = 1a cee 7H'

1=

By Cauchy-Schwartz inequality,

By Lemma H.8, Assumption (A3) is implied by Assumption (A6). Since we assume that
X is sub-Gaussian random vector with parameter x* < m/4 in Assumption (A3) for some
constant m > 0 and f(Y) is sub-Gaussian random vector with parameter £2 < L for some
constant L > 0 in Assumption (A6), then by Lemma E.6, X; ~ subG(x?) and f(Y) ~
subG(£?) for each j and h. According to Lemma E.4, we have

B(1X[%)/2 < (26%)/2(20) {0 (1)},
E{ 0P < (26342 (2h) A0 ()},

It follows that |

B{IX, A (VP < S(VIDAVmD! 2, k> 1

and

IRS k!
- ZE{‘ngfh(Y;)’k} < §U27"k_2, Vk > 1,
n
i=1
where v = v4mL and r = vVmL. By Lemma E.2, we have

of)

Y XipfalYi) = nE(X; fu(Y))

ne
>nep < 2ex — .
} - P { 2(4mL + vVmLe) }

By taking small €, we obtain

o{)

D X fu(Y) = nE(X; fu(Y))

> ne} < Cexp(—C'ne?)
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for some constants C, C’ > 0. Since we assume that H is bounded from above, then
P(|Uprc — Uppc|lmax > €) < CpH exp (=C'ne’) < Cpexp (—C'ne®), 0<e< ('

for some constants C,C’ > 0, which completes the proof.

H.8 Proof of Corollaries C.1-C.3

By Lemma E.7, Assumption (A8) implies that X is sub-Gaussian random vector with param-
eter m, and hence implies Assumption (A3). In the following, we prove Corollaries C.1-C.3

by listing the necessary assumptions for each specific SEAS method.
Part I: The proof of Corollary C.1

According to Lemmas H.4-H.6, Conditions (C1) and (C2) are satisfied under Assump-
tions (A3) and (A4) for SEAS-SIR. Meanwhile, Assumption (A3) is implied directly by

Assumption (A8). Then, by Theorem C.1, we obtain the variable selection consistency for
SEAS-SIR under Assumptions (A1), (A2), (A4) and (A8)-(A10). O

Part II: The proof of Corollary C.2

According to Lemma H.4, Lemma H.5 and Lemma H.7, Conditions (C1) and (C2) are
satisfied under Assumptions (A3)—(A5) for SEAS-Intra. Meanwhile, Assumption (A3) is

implied directly by Assumption (A8). Then, by Theorem C.1, we obtain the variable selection
consistency for SEAS-Intra under Assumptions (A1), (A2), (A4), (A5) and (A8)-(A10). O

Part III: The proof of Corollary C.3

According to Lemma H.4, Lemma H.5 and Lemma H.9, Conditions (C1) and (C2) are
satisfied under Assumptions (A4) and (A6) for SEAS-PFC. Therefore, by Theorem C.1, the
variable selection consistency for SEAS-PFC is established under Assumptions (Al), (A2),
(A4), (A6) and (A8)-(A10). O
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