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S.1. GREEDY ALGORITHM
S.1.1.  The increments in the sample Pillai trace

Recall that, Fig. 1 gives the results from a toy example showing that the proposed greedy
algorithm for finding the maximal sample root-Pillai trace under varying sparsity constraints
provides almost perfect agreement with the full search. The data were generated from Model
A1l used in the simulation study (in Section 4), with p = ¢ = 10, the true numbers of active
variables s} = s; = 3, Tmax = 0.8, the true number of non-zero canonical correlations K = 1,
and n = 500. The result of the greedy search agrees with the full search at all sparsity levels
exceptat s = s, = 5, = 2.

The left panel of Fig. S.1 shows the successive increments in the sample Pillai trace when
adding one variable at a time (either X, or Y}), using the same simulation model as the first
panel except with p = ¢ = 5000. This plot is analogous to the scree plot used in principal com-
ponent analysis and factor analysis, providing intuition and graphical diagnostics for how sparse
the true model might be. It is clear from the plot that s, + s, = 6 gives the most reasonable
terminating point; also, at that point we have s, = s, = 3 (not shown in the plot), agreeing with
the true numbers of active variables. The right panel of Fig. S.1 shows the corresponding values
of the studentized Tyhax used as the test statistic for the proposed test. As the sparsity level s
increases, the test statistic monotonically increases until s reaches the true value s} = SZ =3,
but the accuracy of the sample coherence matrix C'y,.y,, used in the test statistic decreases as its
dimension (s; X s,) grows, causing a decrease in power at larger values of s. In our experience,
the proposed test performs well for relatively small sparsity levels, as in this simulation example,
but degrades when s} and s} become large (say sy = s, = 20).

Since the true sparsity levels are s, = sy = 5, we have satisfactory results (p-value less than
0.01) when s > 4. When fewer variables are selected, s < 3, the test procedure is not powerful
enough to reject the null at o« = 0.05 level. It is also interesting to note that slightly over-specified
s = 6 or 7 produces more significant test results than at the true sparsity level.

S.1.2.  Submodularity

To gain some further insight into the performance the proposed greedy search algorithm, we
show in a simulation example that the root-Pillai trace comes close to satisfying the submodular
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Fig. S.1. Results based on single samples generated un-

der Model Al with n =500, s; = sy = 3, Tmax = 0.8.

Left: scree plot of the increment in the sample Pillai trace,

1CE; ;7 xx |% or 1CY, Ry e ||%, when adding one variable

at a time in the greedy search, for p = ¢ = 5000. Right:

corresponding values of the studentized Tpnax (test statistic
for Tmax = 0) as a function of s.
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Fig. S.2. Histograms used for checking submodularity of
the root-Pillai trace as a function of S = (7, K) for the
GBM data set. The plotted values of A(e; | S1) — A(e; |
Ss) should be non-negative if the function is submodu-
lar. The histograms are based on 100 randomly sampled
elements e; & S2. The set Sy is randomly chosen with
|| = |J| =6 on the left, and with || = |J| =10 on
the right. For S1 C S2 we take the first 5 elements of So.

property (which, if true, would give a guarantee of finding the maximum to within a factor of
1/e). Maximization of the root-Pillai trace over K and 7 is a discrete combinatorial optimization
problem for a set function f : 2" + R, where the finite set V = {1,...,p} x {1,...,q} and the
utility function is f(S) = ||Cx,v,||r for S = (J,K) C V. Submodularity in set functions is
the discrete analogy of convexity in continuous functions. Fast greedy algorithms with theoret-
ical guarantees have been developed for submodular function maximization (see Nemhauser
& Wolsey, 1978; Krause & Golovin, 2014; Khim et al., 2016, for example), when the util-



Supplementary Material 3

ity function is also monotonic. Specifically, the set function f is monotonic if for any two
sets S1 C So CV, we have f(S1) < f(S2). Based on Lemma 1, it is not difficult to see that
f(S) = ||Cx,y; || F is monotonic.

We now briefly review the definition of submodularity and then numerically demonstrate that
our set function f can be close to submodular, although not exactly so. A key concept related
to submodularity is the discrete derivative. The discrete derivative of f at .S with respect to a
new element e € V' is defined as A(e | S) = f(SU{e}) — f(S). Then f is called submodular
if, forany S; C S, C Vande € V' \ S, we have A(e | S1) > A(e | S2). We consider a simple
numerical experiment using the real data in Section 5, where (p, ¢, n) = (1000, 534, 397). First,
we randomly sampled So C V' with size s; = s, = 6 (or 10) and defined the first 5 elements
in Sy to be 5. Then we computed the histogram of the differences A(e; | S1) — A(e; | S2)
for 100 randomly selected elements e; ¢ So. The results displayed in Fig. S.2 indicate a close
approximation to submodularity since there are very few negative values in each histogram. In
contrast, the Pillai trace is readily seen to violate the submodular property: the scree plot in
Fig. S.1 is not monotonically decreasing.

S.2. COMPUTATION TIME

log19 (Computation Time)

|
=
'

10 40 160 640 2560

p
Method combinatorial (HC) - marginal (DR) -B- greedy (BF) stabilized (OS)

Fig. S.3. Computation time comparison. B-DR and BH-
DR have roughly the same computation time and we only
report BH-DR.

In this section, we report the computation time of each of the following methods: Higher
Criticism (HC) (Donoho & Jin, 2004, 2015) based on p-values computed from the F-test for all
( s’; ) (S‘i) combinations of variables; the normal approximation test (B-DR or BH-DR) described

in DiCiccio & Romano (2017) and applied to all pq pairs of marginal correlations corr(Xy, Y;);
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4 MCKEAGUE AND ZHANG

the F-test on selected variables from the greedy search algorithm and with Bonferroni correction
(BF); the proposed testing procedure using the stabilized one-step estimator (OS) with the greedy
search algorithm.

For the simulation example of Model N, Figure S.3 shows the computation time for one data
replication. We set s, = s, = 2 so that HC is feasible for p = ¢ = 40. All computation was
done on a MacOS laptop computer with 3.1 GHz Intel Core i5 processor and 16 GB memory.
Recall that n = 500 and we vary p = q € {10,20,...,2560}. From this plot, we clearly see
that the proposed greedy search algorithm, applied to either the F-test on selected variables with
Bonferroni correction or the stabilized one-step estimator, scales better with high dimensionality
than methods based on combinatorial full search over (? ) (S‘i) test statistics or based on marginal
selection over all pq pairs of variables. For very large p and ¢, we find that the methods based on
our greedy search algorithm (i.e., BF and OS) are computationally tractable while other methods
are not.

S.3. GLIOBLASTOMA MULTIFORME (GBM) DATA ANALYSIS

Table S.1 lists the most correlated variables under sparsity level s = 3. Interestingly, the first
two microRNA measurements (hsa.miR.219 and hsa.miR.222) also appear in a reported depen-
dency network of important microRNAs obtained by precision matrix estimation (Wang, 2015,
Figure 1). In Fig. S.5, we repeat the analysis in the paper for 10 random re-orderings of the data,
and compare the results to the ones without random re-ordering. The random ordering of the
samples has little effects on the significance test result. The two plots are very similar, and it is
clear that the number of important variables should be specified as less than 25. In Table S.2, we
report the selected top-25 variables for X (gene expression) and Y (microRNA). The selection
was based on the proposed greedy algorithm (Algorithm 1).

For s = s, = s, = 1, we calculated the 95% confidence intervals based on 100 random re-
ordering of the original data. The endpoints of the ClIs are displayed in Fig. S.4, where each
point in the scatterplot represents one CI. All the CIs have very similar widths, and are far away
from zero, which is consistent with the finding of very small p-values.

Table S.1. GBM data analysis. Marginal corre-
lations between the selected genes (each row)
and microRNAs (each column) at sparsity level
s = s; = s, = 3. The stabilized one-step estima-
f0F Tnax = 0.931 with standard error 0.085
hsa.miR.219  hsa.miR.222  hsa.miR.138

SPIRE2 0.76 -0.27 0.50
FGF9 0.76 —0.06 0.33
ZNF553 —0.24 0.61 —0.17

S.4. CANONICAL GRADIENT

S.4.1. Some matrix notation and properties
The Frobenius norm of a matrix A € RP*? is [|Allp = (3, ; A%)Y/2. The maximum
norm ||A||max = max; ; |A;;| and the ¢;-norm ||Al|; = max; ), |A;j|. The ¢2-norm (or op-
erator norm) [|A| is its largest singular value, and the foo-norm is [| Al = max; -, [Ajj].
For a symmetric matrix A, ||Al|1 = ||Al|co. For any matrices A € RP*? and B € R"*%,
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Table S.2. Top-25 selected variables based on Algorithm 1 for GBM Data Set. The sequen-
tially selected variables are ordered from top left to bottom right

Selected Variables

SPIRE2 FGF9 ZNF553 CPD UCK2

KIAA1632 SCGB3A2 SAMD9 KBTBD5 AURKB
gene expression ERCCl1 FAM113B CCL19 DLX4 GCG

LRRTM3 SCN10A SMCIA SBNO2 CENTG2

RHOV COX7A1 ROGDI SUHW?2 SNX1

hsa-miR-219 hsa-miR-222  hsa-miR-138 hsa-miR-124a hsa-miR-130b

hsa-miR-92b hsa-miR-423  hsa-miR-9* hsa-miR-199a* hsa-miR-22

microRNA hsa-miR-195 hsa-miR-21 hsa-miR-204 hsa-miR-30e-3p hsa-miR-181d
hsa-miR-186 hsa-miR-484  hsa-miR-210 kshv-miR-K12-12  hsa-miR-376a
hsa-miR-106b  hsa-miR-9 dl.hsa-miR-15b  hsa-miR-181a hsa-miR-217

GBM Data Maximal Absolute Correlation 95% Confidence Intervals
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Fig. S.4. GBM data analysis. The lower and upper endpoints
of the 95% confidence interval for Tmax When s = 1, for 100
random re-orderings of the data.

we have ||A]l < [A]lF, p' 2| Al < A < ¢'2|AlL, [ AB| < ||A|[|B]| = ||A® B|| and
A < (J|A]l1]|Al|oo) /2. For a symmetric matrix A € RP*P, we have ||A|| < || A1 = || 4]l <
PllAllmax and also [|A[] < [[A]|lF < p[| Al max-

We will also be using the following matrix inequalities repeatedly in the proofs below. For
matrices A, B, X, Y with compatible dimensions, we have

[tr(AX BY)| = |vec" (Y)(B" ® A)vec(X)|
< [[vec(Y)|| - [[(B* @ A)vee(X)]
< [lvec(Y)[| - (B @ A)|| - [[vec(X)
= [lA[[[IB]| - [[vec(X)|| - [[vec(Y)||
= [[AIIBI - 1 XN# - Y] e-

The operator norm (largest singular value of a matrix) satisfies ||AX || < [[A||[|X]] = ||A ® X||.
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GBM Data Correlation Analysis

Tmax
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Number of Selected Variables s=s,=s,
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Fig. S.5. GBM data analysis. Estimates of the maximal root-Pillai trace Tmax are plotted against

s = sz = Sy varying from 1-30, with the selected variables at each step found using Algo-

rithm 1. The black dots are estimated values without adjusting for post-selection. The white dots

and associated 95% confidence intervals are based on the stabilized one-step estimator. The top

panel is without random re-ordering of the data; the bottom panel uses 10 random re-orderings

and reports the averaged point estimates and averaged lower/upper CI endpoints over these re-
orderings.

S.4.2.  Proof of Theorem 1 (Derivation of the canonical gradient)
In the following derivation, we write

®(P) = ®/(P) = |Axcv, IF = [AxylF = tr(AxyAky) = tr(Ex Sxy By Sy ).
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Using standard results from matrix calculus,

d®(P) = dtr(S' Sxy 2y 2% y)

otr(SY Sxy 2y T %) IHr(EY Sxy Sy %)
= -d% - dY
oYX x+ %y Y
oHr(E Exy Iy 2 %y)
0¥ xy

=S¢ Sxy Iy Sky BY - dEx — By Sk Y Sxy Sy - dSy
+20 ¢ Sxy Dy dExy,

where the dot indicates inner product of two matrices of same dimension: A - dB = (A, dB) =
vec” (A)vec(dB) = tr(A"dB). Hence

d®(P.) -1 -1 _1dYx(F)
dXy (P. B . dX P,
IZE ) } + 2tr {EXIEXYEYIXCZ( ) } )

—tr ¢ 25N % S S xy By
(1-

recalling that P, = €)P + €d,, where ¢, is the Dirac measure at o = (2", y™)". Expressing 1o

Yx(P)as
(1—€)P(XXT) +exz™ — (1—€)?P(X)P(XT) — (1 — e){P(X)a" + zP(X")} — 2aa”,

by direct calculation we then have

dE);éPe) _=tim Zx(P) - Ex(P) _ 10~ p(X)Ha" - PIXT)}.
Similarly,
v (P o= PO - PO) L) =y PO PO

Plugging-in these expressions, and including the relevant sets of indices X and J, we obtain
canonical gradient of ®?(P) as stated in (11):
d®(P,)

de

= —{zx — Ep(X,C)}TZ)_(}lcEX,CYJE;JlZYJX,CE;(}C {zx — Ep(Xk)}

e=0
~{y7 — Br(Y7)}' Sy By, x By Bxev, By, {yr — Ep(Yar)}
+2{ys — Ep(Y7)} Sy By, x, By, {zx — Ep(Xk)}-

Then, as discussed in Section 2.1, the canonical gradient of ¥¢(P) = ||Ax,v, || r is obtained via
the relationship {W?(P)}? = ®¢(P), resulting in

_Avir)| 1 ded(r)
DUP)O) = =577 =59 de |,

€=

when ¥4(P) # 0.

To prove Ep{D?%(P)(O)} = 0 it suffices to show that the canonical gradient of ®?(P) has s
zero mean. We apply the following property of trace and expectation operators. For any random
vector X € RP with entries having finite second moments and any non-stochastic matrix M &€
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RPXP,
E(X"MX) =E{tr(X"MX)} = E{tr(MXX")} = tr{ ME(XX™")}. (S.1)
Therefore, direct calculation shows that
d®d(P,) _ _ _
B St (S5 B0y, x5 B X — Ep(Xe)H Xk — Ep(Xe) )
€=

—tr (Z;;ZYJXK Yy Exev, Syy - Ep [{Y7 —Ep(Yo)H{Yy - EP(YJ)}T])
+2tr (572 Sv, xe Sx - Bp [{ Xk — Ep (X)) Yy — Er(Y2)} "))
= —94(P) — d4(P) + 20%(P) = 0.

When ¥¢(P) = 0, using instead the expression (12) for the canonical gradient and again apply-
ing (S.1) we obtain

Ep{D*(P)(0)} = Ep [{Ys - Bp(Yy)}' Sy *LE 3 *{ Xk - Bp(X0)}]
= tr (L35, *Ep [{Xx — BEp(Xo)HYg — Bp (V7)) 357)
= tr(LAXKYJ) =0
since Ax,y, = 0 when ¥4(P) = 0.

S.4.3. Derivation of the remainder term
The second order remainder term is defined as,

Rem(P) = ¥4(P) — U4 (Ry) / D4(P)(0)dPy(o), (S.2)

where we later use P to denote the sample empirical distribution and Py to denote the popu-
lation distribution. In the following calculations, we omit the superscript d since it is fixed. To
simplify the calculation, it is convenient to study ®(P) = tr(Sy' Sxy Sy S%y ) and ®(Py) =
tr(EilE XyEflE}Y) instead of doing the calculation in the ¥ = ®'/2 scale. As such, we have

/D 0)dPy(0) = —tr { Sy Sxy Sy Sy xSy Py [{z — P(X)Hz" — P(X™)}]}
—tr { Sy Sy xSy Sxy Sy Py [{y — P(Y)Hy" — P(Y™)}]}
+2tr { Sy 'Sy x Sy Py [{x — P(X)}{y" — P(Y")}]}.

We can substitute the Py|- - - ] terms as follows,

Py [{z = POOHY = PO} = Sxy — (0 — 1x)(pivo — piy)",
where we simplified notation as px = P(X), uy = P(Y), px,0 = Po(X) and py,g = Po(Y).
We decompose the term [ D(P)(0)dPy(0) = Ty + T» into two parts accordingly. The first part
is Op(1/n) if px and py are close to f1x o and iy in the order of O, (n~'/2):
Ty = 2tr {3 Sy xSy (x.0 — px) (v — py)" }
—tr { S5 Sxv Sy Sy xSy (1x0 — px)(pxo — px)"}
—tr {9y Sy x Sy Sxy Sy (v — py) (yo — py) "} -
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The second part is small when Xs are close to Xg’s, but not small enough (i.e. Op(n~=1/?)
instead of Op(n~!)) and will be combined with ®(P) — ®(Py) later:

T = 2tr (Sy' Sy x S¥' Sxvy)
—tr (Sx' Sxy Sy Sy xSy Ex) — tr (Sy ' Sy x Sy  Sxv Sy ' Sy )
=2tr {5 Sy xSy (Exy — Sxv)} + tr { S Sxy Sy Sy xSy (Sx — £x)}
+tr { Sy Sy xS  Sxyv Syt (Sy — Sy )}

In Rem(P), we express ®(P) — ®(Fp) as follows,

q)(P) — (I)(Po) = tl"(S;(ISXyS;leX — E;(lzxyz;lzyx)
= tr {Exyz;lz:yx(s;(l — 2;(1)} + tr {Zyxs)_(lzxy(sgl — E;l)}
+tr {S)_(IEX}/S;I(SYX - ny)} + tr {S;ISY)(S;}(SXY — ny)} ,

where the first two part can be re-organized by noticing (S)_(1 — 2)}1) = S;(l(E x—=9S X)E)_{l.
Hence, we have

(P) — d(Py) = tr {¢' Exy Iy By x Sy (Ex — Sx)}
—+tr {S;lzyxs)_(lzxyz;/l(zy — Sy)}
+tr {S;(lzxys;l(‘gyx — ny)} + tr {S;ISY)(S;(l(SXY — EXy)} .

Adding the various terms, we have

Rem(P) =T + 1> + ®(P) — ®(F)
= 2tr { Sy Sy xSy (mx0 — pux) (o — )" }
—tr {Sx! Sxy Sy Sy xSy (x0 — px) (x0 — px) "}
—tr { Sy Sy xSx Sxv Sy (v — pv) (v — py) "}
+tr { Sy (Zyx — Syx)S¥' (Sxy — Exv)}
+tr { (2 Exy Sy Sy x — S Sxv Sy Syx) S (Sx — Sx)}
+tr {97! (Zyx Sy SxvEy' — Sy xSy SxvSy!) (Sy — Sy)},

135



140

145

150

10 MCKEAGUE AND ZHANG

which leads to the following final expression after expanding the last two terms,

Rem(P) = T) 4+ Ty + ®(P) — ®(Py)

= 2tr {5 Sy xS (1x0 — px) (pyio — py) "}
—tr {55 Sxy Sy ' Sy xSy (x0 — mx)(txo0 — px)"}
—tr {55 Sy x S5 Sxv Sy (wvio — py) (kvio — )"}
+tr { Sy (Syx — Syx)Sy (Sxy — Exv)}
+tr {E Exy 5y By x — Syx)Sx (Ex — Sx)}
+tr {E¢ Exy 59 (Sy — By) Sy Sy xSy (Ex — Sx)}
+tr {3 (Exy — Sxv)Sy Sy xSy (Sx — Sx)}
+tr {E¢1(Sx — Ex) S Sxv Sy Sy xSx' (Bx — Sx)}
+tr { Sy Sy x S Sxy 3 (Sy — Zy) Sy (Sy — Sy)}
+tr { Sy Sy x 095 (Exy — Sxv)Sy (Sy — Sy)}
+tr {57 (Syx — Syx) Sy Sxv Sy (Zy — Sy)}- (S.3)

S.4.4. Proof of Lemma 1

Let X eR" Sz Y eR"™S and Z € R™! be the centered data matrices of Xk,
Y7 and Xj. That is, the i-th row of X is (Xx;— Xx)". Note that Sx, =
XXT/n is the sample covariance matrix of Xy, which is assumed to be posi-

. . . 1a—1/2 —-1/2

tive definite. Then we can write Cy, x,. =n 1Syj/ YTXS X;c/ and Cy, x, C}T/J X =
nilS;jl/QYTX(XTX)*1XTYS;;/2, where X(XTX)~I1X" = Px € R™ " is the projection ma-
trix onto the s,-dimensional subspace spanned by the columns of X. Then,

1Cy, I3 = tr(Cry x, CF x) = 07 te(Sy 2V T Py S %), (S.4)

1Cy s X = 10y x|} = n e {8y YT (P gy — PO)YSy,*}, (8.5)

where P(x 7)€ R™™" is the projection matrix onto the (s, + 1)-dimensional subspace of R"
spanned by the columns of (X, Z). That is,

XTX X7z ' /X7
Py = (XZ) <ZTX ZTZ> <ZT>
_ -1 S)_(,lg + S)_()ICSXICXkSI;L;SXkXKS)_(}C _S)_(IICSX’CX]CSE; Xt
=n (X Z) -1 —1 —1 7T
_SRk SXkX)CSX)C SRk
= n XS X" + 0 HZ - XS5 Sxyex, ) SR, (2" — Sx,xSx.XT),
= Px + Pyx,

where Sg, =n HZZ — Z*X(XTX)"1XTZ} is the sample covariance of the fitted residual
(Z — XSy, Sx,cx,)- Specifically, (Z — XSy Sx, x,)"(Z — XSx! Sx,x,) = nSg,. There-
fore, Pyx € R™ ™ is indeed the projection matrix onto the one-dimensional subspace spanned
by (Z — XS)_(}C Sxxx,)- The conclusion follows from (S.4), (S.5) and Prx 7y = Px + Pzx.
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S.5. STABILIZED ONE-STEP ESTIMATOR
S.5.1. Recursive computation of the one-step estimator
In the implementation, given a new observation O; 1, we need to update the weight w; =
0,,/0; and the variance of the canonical gradient EJZ in order to update the current estimate ),
of the target parameter 7,,,x. Since we only need to know these quantities when all observations
arelincluded, an efficient approach is to exploit the following recursive properties of ¢; /; and

7

Yip1 1 -y W (Py) + D% (P)(0j41) Loy

Tj+1 7j+1

We then obtain the final estimate when j = n:

_ -1 . ) -1
7. {\D%@HD%(PJ-)(@H)}, UL SPE)
2

Tmax = Yn = / = 7
n—4tn 7 Onj n—4tn
J=*%n J

S.5.2.  Proofs of Theorems 2 and 3

The proofs are analogous to those of Theorems A.10 and A.11 in Luedtke & van der Laan
(2018), which will henceforth be abbreviated to LL.2018, establishing the asymptotic validity of
the confidence interval (extending Theorem 1 of LL2018). In what follows, we first state various
lemmas that together give all the ingredients we need.

Recall that in Theorems 2 and 3 we assume each variable X, k=1,...,p, or Y;, j =
1,...,q, takes values within [—1,1]. The other conditions are as follows. The canonical gra-
dient satisfies for some constant y > 0

inf min varp {D*(P) (0)} 2 7.
To ensure that the canonical gradient is uniformly bounded for all d, we assume that, for some
6 >0,

sup maxc{]|SxL [ 551 } < 67,
deD,,
where || M || denotes the operator norm. We treat 0, y and s = s, = s, as fixed when n — oo,
and thus omit the dependence on J, v and s in the asymptotic statements. On the other hand,
we allow both the dimensions p and ¢ to grow quickly with the sample size n. We define 32 =
n~1/2 . logmax{n, p, ¢} and, for any € € (0, 2), assume

: ¢
ogmax(n.p.g) g logg2 — 0, limsup — < 1, (5.6)

En n n—oo N

where
= max { (logmax(n, p, ), nexp(~6;27) } .

For Theorem 3, we further assume the following margin condition. For some sequence ¢,, —
00, there exists a sequence of nonempty subsets D), C D,, such that, for all n,

sup {\I/dl(Pg) — \I/d2(P0)} = o(n"1/?), inf (Py) — sup WPy >t,nV%B,.
di1,d2€D} deDy, deD,\D%

Replacing X and Y above by Xx and Y, the remainder term Rem®(P) given by (S.3) can
be bounded as follows.
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12 MCKEAGUE AND ZHANG
LEMMA S.1. Ford € D,, define
My (P,d) = jegiélc{\EP(Yj) — Ep,(Y))], [Ep(Xk) — Ep, (Xi)|};
My(P,d) = max {|varp(Y;) — varp,(Y;)|, [varp(Xy) — varp, (Xi)|, [covp(Xk, Y;) — covp, (X, Yj)[}.

JjET kEK
Suppose 5~ and X are some positive constants such that, for all d € Dy,
max (IS5 IS7A) <378 max {IS2 ST 2L ISYESLE I} <A s
Then the second-order remainder term (S.2) is bounded by
IRem?(P)] < 6 12(s, + 5,) My (P, d) + {20 + (4 4 2)2)(80) " Y505, M2 (P, d)
< 6 MsMy(P,d) 4 {2071 + (4 + 222)(80) '} s> MZ(P, d).

Let F,, denote the following class of functions mapping R* x R into the real line:

{(:v,y) —afyl 0<a,b<4, a+b<4, ke{l,....p} je {1,---,q}}- (S.8)

Then | F,| < pg, where < denotes less than or equal to up to a universal multiplicative constant.

We define the empirical process for f € F,, and based on the first j € {1,...,n} observations
as

J
Gry =323 _{F(0) = Pof} = /(P = R)f,
i=1
where P; is the empirical distribution of O1,...,0; and Pf = Ep{f(O)}. Let ||Gy;|| 7, =
supser, |Gnjl,

E|Gu;ll7, < (logpg)'/? = (logp + log q)'/? < (2log max{p,q})"/.

Forall j = 1,...,n, define the events

n

Anj = {]Icréa],__x |(P] — Po)f| S CKnj} ﬂ ngy Kn] = J 1/ (logmax{n p7Q})1/2
n j:
(S.9)
where C in the definition is the smallest universal constant satisfying

E[|Gnjl 7, < (C—1)(2logmax{p,q})"/.
LEMMA S.2. For any sample size n, the event A,, occurs with probability at least 1 — 1/n.

Next we show that the various estimators are close to their population versions when A,
occurs.

LEMMA S.3. For any fixed sample size n > 2, the event A,, implies the following statements
forj=2,...,n, and for any d € Dy,

maX{Ml(Pj,d),Mg(Pj,d)} 5 KTLj) (SIO)
where M1 (P, d) and Ms(P,d) are defined in Lemma S.1.

LEMMA S.4. Let C be the smallest universal constant in (S.10) and let n be any natural
number satisfying n > [4025_252 log max{n, p, q}] = J(n,d). The occurrence of event A,
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implies that, for all j = J(n,d),...,n, forany d € D,

maxe {|| 23755 2 1L ISX2 S 22N | < 2 (s.11)
maX(HSX}CH 1571 15! Sxevy S _JlH,HS;(}CSX,CYJS;;SYJX,CS)}}CH) <957l (5.12)
|Dnj(0)| < 2(s3/? + 5,/%)%67 1 < 85 s; (S.13)

and the estimator 7%(P;) of the Pillai trace satisfies
172 = 72(P))| = |Un(Po) — U9 (P))| S 025Ky (S.14)

LEMMA S.5. Under the same conditions as in Lemma S.4, the occurrence of event A,, implies
that, for all j = J(n,d),...,n, forany d € Dy,

G2, — o2, < 072 Ky (S.15)
—_— 2
62 = varp, {Dus (P)(O)}] < 67452 + (Remy) (S.16)

Remyj| = Rem™ (P)| S 6 (50 + 5,) K2 + 0 2508, K2; S (6715 + 6726%) K2

~ an njy*

(S.17)

LEMMA S.6. Let~y > 0 be as defined in (14). For a constant C(6,~, s) > 0 relying on~y, d and

s only, the occurrence of event Ay, implies that, for all j = [C(4,7, s)logmax(n,p,q)],...,n,
Ga; > /2. (S.18)

In what follows, we treat d, y and s as fixed and omit them in the asymptotic statements. Recall
that

B2 =n"log(p+q), £y = max { (logmax(n, p, )" nexp(~ 5,7+ }.
LEMMA S.7. The following properties hold as n — oo
(C1) There exists M < oo such that

n—1
1 D,
Py <|]()|<M|Oo,...,0j1) —1
ag

nj

in probability.
(C2) (n— L) 1305, |o
(C3) (n—4y)~ 1/2 Z] _é o 1Remn] — 0 in probability, where Remn] is from Lemma S.5.

2 /87%] — 1‘ — 0 in probability.

S.5.3.  Proof of Lemma S.1
Under the assumption (15), we have the following immediate implications for any X and J:
L=l <6 and |55 0| <67
—-1/2 _ —-1/2 _
2. HEXIIC/ | <6 1/21 and [[S51/% < 671/2;
3. 1B% Bxevy By, |l <67
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-1 -1 -1 -
4. szjzijlcleclecyjzyjn <40 1

For the last two statements, we notice that ||Zfl/ ’s XYy Z;,;/ 2 || < 1 because the singular val-

o —-1/2

ues of Axy = YxvZy 1/2 are no larger than 1.

The first three terms in (S.3), and the remainder term Rem®(P), can be bounded as follows.
For notational convenience, we omit the subscripts in X and Y7. Let 6x = S)zl/ 2 (1x,0— px)

and 0y = S;I/Q(MY,O — py ), and note that the singular values of Cxy = S)_(I/QSXYS;I/Q are
less than 1. Then the absolute value of the first three terms in (S.3) becomes

26% Cxy 0y — 63 Cxy Cxydy — 0% Cxy Cxydx| < 2[6% by | + |16y |* + [|6x >
< 2[|x [0y [ + I8y || + [16x |1
<Ob (5o + sy + 258/ 2s1/%) - {My(P,d) Y
<o '-ds- {My(P,d)}>
To bound the fourth term in (S.3),
|tr { Sy (Zyx — Syx)Sx' (Sxy — Txv) }| < IS ISy IISxy — Sxv |7
< 5_23$sy A My(P,d)}>
<0282 {My(P,d)}?.
Similarly, for the other terms in (S.3), we have
IS5 ® S5 Sxy Byt < (88) 7,
15718y x S5t @ S Sxy BP| < (36) 7,
157 Syx Syt @ x| < (68)7,
1S5 Sxy SytSy x S5t @ 2 < (36) 7,
1S5 Sxy Syt @ Syt < 672

Further, [|Sy' ® S5 Sy xSy Sxy Sy | is bounded above by g_IHSglEYXS;(lEXyE;lH,
which equals

R S R e AR i e
—1/2 1/2 1/2 ~_ 1/2
< Y= 2 sy s RSy e
T—1c— 1/2 A— 1/2 1/2 _ 1/9
N Rl iy
< (66)71X2.
The term ||S;* ® S5 'Sy xSy | is bounded above by
O Eb b v SO R R A R DS
ngl(571”2%//2 121/2” HEI/Q 121/2H
< (06)71A2,
Adding all the terms together completes the proof.

S.5.4. Proof of Lemma S.2
Onmitted since it is analogous to the proof of Lemma A.4 in LL2018.
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S.5.5.  Proof of Lemma S.3
First recall the definitions of M; (P;, d) and My (P;, d) given in Lemma S.1. By definition,

(X)) — < - <
Joax [Bp; (Xe) = Epy (Xi)| < max|(F; = Po)f| < Kn

holds for all j = 2, ..., n. Similarly,

max [Ep, (Y;) — Ep, (Y3)]

1<i<q S’ Knj’ lréll?%(p |Vaer (Xk) — varp, (Xk)‘ S Kn]

and maxi<;<q [varp, (Y;) — varp, (Y;)| < Ky;. Therefore My (Pj,d) < Ky for all j and d. To
see Ma(Pj,d) S Kyj, we notice that [cov p, (X, Y;) — covp, (Xg, Y;)| is bounded above by

|Ep, (X1Y;) — Epy (XzYi)| + |Ep,(Xi)| - [(Ep; — Ep)Yi| + [Ep, (Yi)| - [(Ep, — Epy) Xi| S Knj.
S.5.6.  Proof of Lemma S.4

First we show H21/25’ 21/2H < 2. Note that 230

1/2 1/2 yo1/2 1217
HE/S 2/ H_H{ /(Ex,c—i-Sx,C EX}C)EXl;C/} l

— _ —1
= {2, + 252 (Sxe — Tx0)TR7}

Xk
= {1 125 (Se — Dx0)% ”2||}
< [ IS xe — Bxel} (5.19)

where HE}}CH <67t by (15) and ||Sx, — x|l < 11Sxe — Zxyc |1 < 8,CKpj from (S.10).
Moreover, 5,CKp; < s,C5'/%(logmax{n, p, ¢})"/2. Then for

§ > J(n,d) > 4C*6 3 {max(sp, t,)}* log max{n, p, ¢}
we have

=L 1Sxe — Sxell < 675, Ci 2 (log max{n, p,¢})'/* < 1/2,

which immediately implies HEl/ 25 El/ 2H <2 by (S.19). A similar argument shows that
1228y, 351 < 2.
Next, to see [|Sx .|| < 267!, note that

1/2 1/2 _
ISLI < 1IS%LSx MIZRL I = 1= SL SIS < 2L

Similarly, [|SyH| <2671 Then, [[SxLSxev, Syl < 1Sk %Il 1Sx Sy, Syt Pl s
155,21 < 1S5, 20 - 115 ) < 2572, and similarly, SX,CSX,CYJSYJSYJXK Sxll =267,

To show |ﬁnj(0)| < 2(8711/2 + t}/2)26_1, recall from (11) that

Dyj(0) = —{zx — Ep(Xx)} SxL Sxvy Syt Sy xe Sxh{zx — Ep(Xk)}
~{y7 = Bp(Y7)}" Sy} Sy, xic Sx Sxicvy Sy {yr — Ep(Yr)}
+2{ys — Ep(Y7)}" Sy, Sv, xSk, {2k — Ep(Xic)}-



16 MCKEAGUE AND ZHANG
Because of the bounded support of X, and Y;, we have that, under the event A,,,
|Dnj(0)] S sallSxrSxcvy Sya Sy x Sxi | + syll Sy 1Sy xie Sx e Sxevy Syl
+253/ 2512195} Sy xic Sx
< (sm + 5y + 28316/28;/2) 2071
<8 ls.
Turning now to the Pillai trace, we write
7 — T2 (P))] = [tr(Zx, Bxevy By, Byy xie — Sy Sxcvy Sy Sy x|
< [0 {Z% By By, By xe = Sy}
Htr{Zx Exev, By, — Sy0) Sy xic )
Hor{Sx By xie — Sy xic) Sy, vy x|
‘Htr{(z)_(,lc - S)_(,lc)SX/cYJS;;SYJXKH'
20 We bound each of the four terms on the right hand side of the above inequality. For the first term,
[tr{Z 5 Sxievy By By e — Svpxic) H < 185, Bxev, By IF - 12y, x0 — Sy xcllr
S min(sn, t) | S5y Sxevy Syt | - s/ 2t/ K
< {max(sp, ty)}26 1 K.
For the second term,
|tr{E% Zxiev, (By, = 8v,) Sy, xc H = [tr{E%, Exiev, By (Sv; — By,) Sy Sy, x|
% Sxev, Sy - 1Sy 1 - 15y, = Sy, lle - 1Sy, xclle
< 6he25 4, K - sY Y2,
< 52, {max(sn,tn)}2 - Kpj,

~

where HS;;H <2671 by (S.12), and 1Sy, xc P S 371/2 31/2 is by the boundedness of X} and

Y;. For the third term,
‘tr{z;(}c(EYjX;c - SYJXIC)S;;SYJX)C}‘ < HE;(l,CH : HS;;H ’ ||EYJXIC - SYJXIC”F ) HSYJX}CHF
<20 S s
< 5_2{max(sn,tn)}2Knj.
For the fourth term,
tr{(Zx, — Sxp)Sxicv Sy Sy xic H = [br{E % (Sxic = Zxic) Sk Sxicvr Sy Sy xic
< ”2)_(11<|| ) HSX)C - EXK:HF ) HS)_(}CSXICYJS;;SYJXIC”F
= =51 [1Sxc = Zxelle - 7(Py)
< oL {max(sn,tn)}2 - Ky,

25 where the last inequality is by the boundedness of the Pillai trace: 72(P;) < rank{Cxy (P;)} <
min(sy, t, ). Finally, we have

78 = T2(P)] S (671 + 67 {max(sn, tn)} Ky S 02 {max(sn, tn) }* Knj.

~
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S.5.7.  Proof of Lemma S.5
The proof of |372Lj - 072”-\ < 5~ %{max(sy, t,) }2Knj follows from the proof of Lemma A.6.
in LL2018. The only difference lies in the factor {max (s, t,)}? = max(spt,, s2,t2), which

~

comes from the trace terms in |(P; — Py)Dp;|.
—_— 2
To show [62, — varp,{ Dy (Po)(0)}] < 6~ *{max(sn, tn)}2Kn; + (Remnj) , notice that

P Oﬁnj =18 —7%(P)) + ﬁé;lnj and therefore
=~ 2 2 2 2 — 2
<P0Dnj) < max {TO -7 (PJ)} + (Remnj) )

The rest of the proof follows from (S.14) and the proof of Lemma A.6. in LL2018. Finally for
|Rem,,;|, we apply Lemma S.1 and note that 6 > 6/2 (S.11) and A < 2 (S.12),

IRem(P)| < 6~ (sp + ta)CKpj + (6 + 246 2)5,tn, C* K.

S.5.8.  Proof of Lemma S.6
From Lemma S.5,

—varp,{ Dy (P)(0)}| < 6 *max(s2,12)Kp; + 6 2 max(s? tQ)Kij. (5.20)

~2
|U n>tn nsln

nj
It is easy to verify that, for a universal constant C' > 0, the right hand side of the above inequality
is bounded above by /2 for all j such that

nitn),y 207 max(sy, t,,) } log max(n, p, q). (S.21)

n» n

§ > Oy 167? max{max(s

Since s, and t,, are both greater than 1, we can let C'(,v) = Cy~ 16 2 max{1,7 256}. Then,
if 7 > C(d,v) max(s, t*)log max(n, p, q), it must satisfy (S.21) and hence

n’»’n
152, — varp, {Dnj(Po)(0)}] < /2.

The result then follows from (14) and application of the triangle inequality.

S.5.9. Proof of Lemma S.7

Because we have fixed 6, v and s as n grows, (S.6) implies that, for n large enough, /,, is
at least J(n,d) and is at least C'(0, 7, s) log max(n, p, ¢), where these quantities are defined in
Lemmas S.3 and S.6. We next verify properties (C1), (C2) and (C3) in Lemma S.7.

Property (C1): Because ¢, is at least C'(0,, s) log max(n,p, q), we have Gflj > /2 from

Lemma S.6. Because /,, is at least J(n,d), we have \ﬁnj(o)| < 85~ !s from Lemma S.4. For

j > ¢, and under the event A,,, we have \ﬁnj(o) |/Gnj < 867 1y~1/2. By Lemma S.2, A,, occurs
with probability at least 1 — 1/n. Properties (C2) and (C3) can be verified in the same way as in

Theorem A.10 of LL2018 and noting that \ﬁnﬂ S K,%j and \87213» - ,2”] S K.
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