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1 Proofs and Technical Details

Proof of Lemma 1

Proof. From the vectorized linear model (3), we can see that B(,,11) is the regression
coefficient matrix for the multivariate linear regression of Y on vec(X). Therefore
B(1) = cov{vec(X)}cov{vec(X), Y} = (' @ -+ ® B7") Cnpy. It follows from
the basic property of Tucker operator that B = [C; X, ..., 31 L] ]

Proof of Lemma 2

Proof. Recall that in the tensor PLS regression, E(Y | X) = B,41)vec(X) = E(Y |
T) = ¥, 1yvec(T), where T = [ X; W[, ..., W ]. Therefore,

B iyvee(X) = Wi, qq)vee(T)
= Wiyvee([X; W, ... W )
= Wiy (W@ @ WY) - vee(X)
= [®;Wy,..., W, L) - vee(X).

This implies that B = [¥; Wy, ..., W,,, I.] under the PLS regression assumption, and
hence EPLS = [[\il, 1/7[\/1, - ﬁ\/m, I,]. The rest of the proof follows from the fact that
cov{vec(T} = (W, 3, W,,) ® --- ® (WX, Wj) and then applying Lemma 1 on the

regression of Y on T and O]



Proof of Proposition 1

Proof. From Lemma 2, we have

EPLS = [[‘/I};ﬁ\/la"wwma-rr]]

= [[Cr;(WEW) L, ... (WIS, W) L LL:W,,..., W, L]
= [CrWi(WE W)L W (WIS, W) L]

AN~~~ A

where the last equality follows from Cr = [[6’ : ﬁ\/f s ‘/7[7;, I]. The conclusion then

follows from ﬁ\/l(ﬁ\/ffllﬁ\fl)*lﬁ\/f = Pwk(§k>§3;§1 and Bos = [C:27,..., 81 1]
0

Proof of Proposition 2

Proof. First, X X Qr 1L X X Py, implies 0 = cov{vec(X X Qy),vec(X x Py)} =
Y ® - RQ 2 P ®- - -®3. It holds if and only if Q.3 P, = 0. By the definition of a
reducing subspace (Cook et al., [2010), QX P, = 0 if and only if span(P;) = span(I';)
is a reducing subspace of Xy, i.e., Xy = Ty Q'L + TopQor T

Second, we substitute X = X x; P, + X X Q) into (3) and get

Y = B(m+1)vec(X Xk Pk) + B(m+1)VeC(X Xk Qk) +e

= (B Xg, Pp)minyvee(X Xi Py) + (B xx Q) mr1yvee(X Xi Q) + €.

Therefore, Y 1L X X; Qi | X X Py implies B x; Qr = 0, which is equivalent to B =
B xy. P, = B x;, I',I'[, which gives the parametrization B = [@;T'y,--- ,T',,, I,]. O

Proof of Proposition 3

Proof. We first show Ts;, (B) C Es,,, (Bm)) ® -+ ® Ex, (B)). From Definition 2, this
means we need to show that (a) s, (B(m)) ® - ®Es (B(l)) is a reducing subspace
of ¥x, and (b) it contains span(B(m1)). It is straightforward to see (a) from X x =
Y ®- - ®3; and that &, (B(k)) is a reducing subspace of X, for each k. To show
(b), we can write B = P, By), where Py is the projection on to Ex, (B(k)), because



span(B)) C s, (B(k)) by definition. This further implies that B = B x; Py, k =
1,...,m, and that B = B x1 Py X5 -+ X, P,,. Taking mode-(m + 1) matricization on
both sides of the last equation, we have (b).

We next show Ty (B) 2 Es,, (Bm)) @+ ®Esx, (B()). By definition, we can write
Tsx(B) = &, ® - ® & for some & C RP, k = 1,...,m. It remains to show that
& D&, (B(k)). We achieve this by showing (c) & is a reducing subspace of Xy, (d) &
contains span(By), and then by noticing &, (B(k)) is the smallest subspace satisfying
(c) and (d). Note that (d) can be directly obtained from Proposition 2. To get (c), we
recall that 7s, (B) is a reducing subspace of ¥x =3, ® - -+ ® ¥; and thus

P go.06(Bn® - ®@%1)Q¢, 006 =0,

where P g.0c = Pe,, @ -+ @ Pe, and Q¢ 0..06, = I — Ps,,5..9¢s,- Expand the above

equation we get,

P >, ® QP X — P, 3, P, ®---Q Pg 3 Pe, =0,

m m

which implies the following equality by right-multiplying Ps,, ® Pg, ® I,,:

m

Pe 3, P, @ ® Pg,35Q¢, ® P, 31Q¢, =0,

m

which implies & reduces ¥;. Similarly we get & reduces 3 for all £ =1,...,m. This
completes the proof. O

Proof of Lemma 3

Proof. From Algorithm 4, we know that w, is the dominant eigenvector of é(s—l)k’é(Ts—l)kv
which equals to Q(s,l)kC’OkC’ng(s,l)k. The conclusion follows from noticing C, =

Co.CY,. O
Proof of Theorem 1

Proof. From Lemma 3, we see that wiy, is the first eigenvector of Cj. Then for s > 1,

we have wyy, is the first eigenvector of Q(s,l)ké’kQ(s,l)k where Q1) is the projection



onto the orthogonal complement of span(Ek(wlk, e ,'w(s_l)k)). Following the proof of

Proposition 4.1 in |(Cook et al.| (2013), we have
WO . cwW) =g (Cr) = WM = = WP,

where Ex, (Cy) is the Xj-envelope of span(C}). We next need to show Ex, (Bw) =
Es, (Cy). From Lemma 3, we see that span(C}) = span(Ciry). From Lemma 1, we see
that span(B)) = span(X;'Cy)). Finally, from Proposition 2.4 of |Cook et al.| (2010),
we have &, (B(k)) = €gk(Eng(k)) and thus &x, (B(k)) = &5, (Cwy)) = Egk(é'k). O

Proof of Theorem 2

Proof. From Theorem 1, if dj, is chosen as uy, the population value span(W},) = W,E“’“) =
Es, (B(k)). Since the sample version of Algorithm 4 is based on eigen-decomposition and
v/n-consistent sample covariance matrices C , f]y, and f)k, k=1,...,m,itis clear that
I//‘\/k is y/n-consistent for Wj,. Hence ﬁ\/k is \/n-consistent for the envelope s, (B(k)).
For dj, > wuy, we have W,gd’“) = W,i“k) =&y, (B(k)), therefore the projection PVT/k(ik)
is y/n-consistent for Py, (s,). Since W is a semi-orthogonal basis for the envelope
Es, (Bw), it is a reducing subspace of X and hence Py, (s,) = Pw, by definition.
Therefore, Pﬁ\/k(ﬁk) is y/n-consistent estimator for the projection onto the envelope
Es, (B(k)). Then from Proposition 1, we recall that ﬁPLS = EOLS X1 PWl(fll) Xg o Xom,
PWm(im)' The /n-consistency of Bpis then follows from the y/n-consistency of Bopg

and PWk(ﬁk). O

2 Additional simulations

We consider an additional simulation example, with a univariate response and a 3-way
tensor predictor with higher dimension and rank. Specifically, the simulation setup is
similar to that in Section 5.2, with two main changes. The first is that the response
is now a scalar, which allows a more direct comparison with the CP method of Zhou
et al. (2013) that was designed for a univariate response. The second is that we now
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consider both the original setup of a predictor tensor X € with a core tensor

O € R****? (p = 20,u = 2), and a new setup of a predictor tensor X € IR#7*40>*40 with
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(p.u) | Model Prediction
OLS CP TEPLS TEPLS-CV
I 84.4 (1.3) 7.2 (0.2) 1.4 (0.1) 1.4 (0.1)
(20,2) II 42.0 (0.6) 5.6 (0.1) 1.0 (0.1) 1.0 (0.1)
11 41.0 (0.5) 5.4 (0.1) 1.0 (0.1) 1.0 (0.1)
I 1504.9 (21.4) 17.7 (0.3) 4.0 (0.1) 4.4 (0.1)
(40, 5) II 367.5 (4.9) 4.8 (0.1) 1.2 (0.1) 1.2 (0.1)
11 361.9 (5.3) 4.5 (0.1) 1.0 (0.1) 1.0 (0.1)
(p.u) | Model Estimation
OLS CP TEPLS TEPLS-CV
I > 104 > 103 1.1 (0.1) 1.1 (0.1)
(20,2) II 60.9 (0.3) 20.4 (0.2) 1.7 (0.1) 1.7 (0.1)
11 > 106 > 10° 1.7 (0.1) 1.7 (0.1)
I > 10° > 10* 5.8 (0.1) 6.2 (0.1)
(40, 5) II 305.9 (1.5)  30.9 (0.3) 6.4 (0.1) 6.4 (0.1)
11 > 107 > 10° 6.3 (0.1) 6.3 (0.1)

Table S1: Univariate response and 3-way predictor. Performance under various scenarios
and comparison of estimators. OLS, CP, tensor envelope PLS with true and estimated
envelope dimensions. Reported are the average and standard error (in parenthesis) of
the prediction mean squared error evaluated on an independent testing data, and the
estimation error, all based on 100 data replications.

a core tensor @ € R?*°*7 (p = 40,u = 5). The latter has a higher predictor dimension
and rank, and is comparable to the dimension of the ADHD real data example in Section
6.2. The sample size for training and testing data is still fixed at n = 200. Table
summarizes the prediction and estimation results based on 100 data replications. It is
again clearly seen that the proposed tensor envelope PLS method is more competitive
than the alternative solutions in terms of both prediction and estimation accuracy across

all model scenarios.
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