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1 | INTRODUCTION

Alzheimer’s disease is a progressive neurodegenerative condition marked by psychiatric, cognitive, and structural deterioration
that accounts for 60% to 80% of all dementia cases (Alzheimer’s Association, |2021). With no known cure available, there is
considerable interest in better understanding the characteristics of the disease. Specifically, early diagnosis is crucial for effective
disease management and timely use of disease-modifying drugs.

Our motivating example is the Alzheimer’s disease neuroimaging initiative (ADNI) study (Weiner et al.,2010), an international
research that actively supports the investigation and development of treatments to alleviate or prevent the progression of
Alzheimer’s disease. One of the overarching goals of the ADNI study is to detect Alzheimer’s disease at the earliest possible
stage (pre-dementia) and identify ways to track the progression of the disease. There are numerous literatures on the prediction
of participants at risk in an early stage of the disease before symptomatic onset (Mirabnahrazam et al.,2023; Nakagawa et al.
2020; |Orozco-Sanchez et al., [2019)).

For time-to-event risk prediction, the Cox proportional hazards model (Coxl [1972)) is a common approach to handling time-
independent risk factors; that is, they do not change over time or are measured at a single time point (e.g., at baseline). When the
risk factors vary with time, we can either consider these predictors as time-dependent covariates in a Cox model or adopt the
landmark model framework (Anderson et al.l [1983). Landmark analysis is desirable when there is a clear rationale for focusing
on survival from a specific time point onward, which is often the case when the data are collected at fixed time points, while
the Cox model with time-dependent covariates is more suitable when the visiting time is irregular. In the ADNI data, since the
visiting schedule is fixed in advance, we will adopt the landmark model framework.

At each landmark time (typically aligned with clinical visiting time), the landmark model predicts the residual lifetime of the
at-risk population using covariates defined at the landmark time. This model is thus restricted to the subset of individuals who
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survived up to the landmark time. It has been extensively studied in longitudinal research to predict the time-to-event outcome
using repeated measured risk factors (L. Li et al.|[2017; [Van Houwelingen & Putter, 2011} |Yao et al., [2023;|Zheng & Heagertyl,
2005). However, these models typically focus only on covariates measured at or just before the landmark time, disregarding
earlier measurements. This approach may overlook important dynamics and relationships among covariates at different times. It
is thus imperative to include the history of multivariate time-dependent covariates in landmark analysis.

Data in the form of multi-dimensional arrays, also known as tensors, are becoming increasingly common in a wide range
of scientific and clinical applications. We refer the readers toBi et al.| (2021)); Mai & Zhang|(2023); |Sun et al.| (2021)), which
provide comprehensive reviews of the applications of tensor methods. In addition, Zhou et al.| (2013)) proposed a tensor
regression model with a univariate response and a tensor predictor in a generalized linear model (GLM) framework under the
CANDECOMP/PARAFAC (CP) decomposition structure. X. Li et al.|(2018)) extended the GLM based tensor regression to a
Tucker decomposition structure. L. Li & Zhang|(2017)) studied the regression problem with a multi-dimensional array response
and a vector predictor.|Zhang & Li (2017) proposed a partial least squares (PLS) approach with a vector response and a tensor
predictor under the Tucker decomposition structure. [Lock|(2018)) introduced a CP factorized regression model with a tensor
covariate and a tensor response. Related work has also explored Bayesian approaches to tensor data, with a specific interest on
applications to the ADNI study. Miranda et al.| (2018) proposed a Bayesian hierarchical model based on CP decomposition to
predict disease status in the ADNI study. |Spencer et al.| (2022) introduced a Bayesian tensor regression model under Tucker
decomposition and compared the prediction outcomes. More recently, [Lyu et al.|(2024)) proposed a data augmentation-based
Bayesian classification approach under low-rank CP assumption and showed the classification accuracies on MRI data from the
ADNI data.

However, studies on right-censored survival data using tensor longitudinal covariates are limited. In this article, we present a
tensor landmark model (TLM), assuming that longitudinal predictors are in a tensor form with a low-rank CP decomposition
structure, thereby reducing the number of parameters to be estimated. In the ADNI data, for example, we stack the multiple visits
(including the baseline) of 21 longitudinal covariates and treat them as matrix observations. We adopt an estimation approach in
Nygard et al.| (2008)), which updates survival coefficients based on current estimates of the baseline hazard increments using an
iteratively reweighted least squares (IRLS) estimation. We extend the estimation approach to the tensor regression coefficients,
including the coefficients for the baseline covariate.

The rest of the article is organized as follows. Section [2]introduces the tensor landmark model (TLM). Section [3| presents the
estimation procedure with the corresponding algorithm, including the Akaike information criterion (AIC) and the Bayesian
information criterion (BIC) for CP rank selection. Section[d compares our proposed model and the traditional landmark analysis
model in the simulation results. Section [5|shows an application of the tensor landmark model (TLM) to the Alzheimer’s disease
neuroimaging initiative (ADNI) data. We conclude the article with a discussion in Section [6]

2 | MODELS
2.1 | Tensor and CP decomposition

We start with a brief review of tensor notations and operations that will be used in this article. A scalar a € R, vector a € R,
matrix A € R™*" are denoted lowercase, bold lowercase, and bold uppercase, respectively. As mathematical norms within a
vector space, for matrix A, ||A||r indicates a Frobenius norm which is a square root of the sum of squared singular values of A,
while ||A||s is a spectral norm of A representing the largest singular value of A. lal indicates an absolute value of the scalar a.
I(-) is an indicator function, that is, if A is a subset of some set X, then I,(x) = 1 if x € A, and I4(x) = O otherwise. Lastly, an
operator for the unit vector indicates unit(a) = a/||a|| where ||a|| is the size of the vector a.

A D-mode tensor A € R ¥ %P> _denoted by bold calligraphic letters, is a multi-dimensional array that generalizes a matrix
(a 2-mode tensor) to higher dimensions. For vectors aj,...,ap of length I, ..., Ip, respectively, define the outer product
a; o --- o ap as the D-mode array of dimensions I; x --- x Ip, with entries A;, . ;, = HdD=1 a,4,;,. The vec(-) operator stacks the
entries of the D-dimensional tensor A € RP'*""*P> into a column vector, so that an entry A;,_;, maps to the j-th entry of vec(A)
where j =1+ Zfl):l(id -1 Hj,;llpd/. A vectorized inner product (-, -) is defined as (A, B) = (vec(A), vec(B)) = Zj]jz a;,j,bj ), -

CANDECOMP/PARAFAC (CP) decomposition is a tensor factorization method that generalizes the concept of matrix
decomposition to higher-dimensional arrays (tensors). It breaks down a tensor into a sum of rank-one component tensors,
where a rank-one tensor is defined as the outer product of vectors. The rank of a tensor 4 is the minimum number of rank-
one tensors needed to represent .A. It is important to note that the definition of rank for a tensor differs from that of a matrix.
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For D-mode tensor A € R”*P>**Pp the CP decomposition factorizes the tensor as A ~ Zle aj oajo---oap where
a, c R d=1,...,D,and R is the CP rank. Also, when the tensor is a matrix, the CP decomposition is reduced to the singular
value decomposition for the matrix. An example of CP decomposition of mode 3 tensor is in Figure[l| See also Kolda & Bader
(2009) for more details about tensors.
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FIGURE 1 Example of CP decomposition of a mode three tensor A € RP1XP2%P3,

2.2 | Landmark model

Landmark analysis was introduced by |/Anderson et al.|(1983). A review was given by Dafni|(2011). In landmark analysis, a
specific time point s - the landmark time is designated, and the analysis includes only subjects who have survived up to that point.
Let x;(s) € R” denote a time-dependent observation at time s, where s represents the predefined landmark time. Let z; denote a
time-independent (baseline) observation. For ¢ € (s, s + v) where v represent prediction time of clinical interest, a hazard function
for each individual i conditional on covariates from time s up to time s + v is

Amit 18) = Aot 1 s)exp {0z + Buy(s) 'xi(9)}, i=1,....n (1)

where A\ po(7 | 5) is a baseline hazard function at time ¢ for landmark time s, and 3 () is a coefficient vector depend on s. The
landmark model predicts the risk at s and thus traces the path of the hazard rate from s onward.

2.3 |  Tensor landmark model

Assume that we have right-censored survival data with  individuals, denoted by {#;, d;, X;,Z;}i=1..._., Where ¢; is the observed or
censored failure time, ¢; is an indicator of whether the failure time is observed (J; = 1) or censored (§; = 0), and z; € R? is a
vector observation of the baseline covariates. X; € RP!1* %P> ig the observation of a D-mode tensor which stacks (D — 1)-mode
tensors by the landmark time s. Thus, the length of the first mode aligns with the number of landmark times, p; = s. We display
the matrix example of the stacked covariates in Figure E} The tensor landmark model (TLM) is defined as follows:

Arimi(t1s) = Armo(f | s) exp {nTz,- + (B(s), Xi(s)) }, i=1,...,n, 2)
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where B(s) is a tensor of regression coefficients on the CP decomposition structure as B(s) = Z,R:1 o’(s) - (bi(s)o---obp(s)) €

RP1>>Po_where bjj(s) € RP ford = 1,...,D, and R is the CP rank. We add the scalar parameter ¢"(s) € R to avoid a
scalability issue on each vector b);(s). Thus, we impose a length constraint on b);(s). More details are provided in Section
With appropriate R, we can reduce the number of parameters to R X (p; + - - -+ pp) + g instead of (p; X - - - X pp) + g. Moreover,
model preserves the structural property in X;(s) and (B(s), Xi(s)) summarizes the history of X;(s) over landmark times by
maintaining the temporal and structural information. We then need to estimate B(s) under the tensor decomposition structure and
7 without the structural assumption.

To simplify our description, we set the tensor covariates in (2)) as a mode 2 tensor, i.e., a matrix, as in the ADNI data example.
For the matrix observation X;(s) € R”'*P2 and the multivariate baseline observation z;, the hazard function is as follows:

Aimi(t 18) = Mromo(t | s)exp {n ' z; + (B(s),Xi(s)) }, i=1,...,n, (3)

where B(s) = Zle a’(s) - (bi(s) o bi(s)) € RP**P2 is a matrix of coefficients on the CP decomposition structure where
bi(s) € RP', b5(s) € R, 0’(s) € R, and the CP rank R. For simplicity of notation we omit the subscript "TLM" in the hazard
functions hereafter, and use A\(z | s) and \o(z | 5) instead.

The full likelihood for tensor landmark model (3) is written as follows:

n

LB(s),m) = [ ] [(Mot: 1 ) exp(n "z + (B(s), Xi()))}* exp{~Ao(t; | s)exp(n ' z; + (B(s), Xi()))}]
i=1
where Ag(#; | s) is the cumulative baseline hazard - a non-negative, non-decreasing function. The full likelihood is maximized
when all probability masses are concentrated at the distinct observed failure times (Johansen, [1983)). With distinct failure times
H <t <---<ty, the extended full likelihood takes the form of

n

LB(s),m) = [ ] [{ANo( | 5)expm " z; + (B(s), Xi()))}* exp{—Ao(ti | 5) exp(n "z + (B(s)Xi(s))}], 4)

i=1

where Ag(¢; | s) = Zj:t/ <, AAo(t 1's), and AAg(7; | 5) is the increment of the cumulative baseline hazard at time .

Given values of B(s) and ), the baseline hazard increments that maximize likelihood (@) are determined by
dj
Zi:tlzf/ exp(nTZi + <B(S), Xi(5)>)’

ARt 15) = )

where d; = )
coefficients is

isti=t 0; is the number of individuals who fail at time #;. For #; < #, < --- < ty, the profile likelihood for the

w
_ exp(n ' z; + (B(s), X;(s))) 5
PL(B(s),m) = H H Zl:nzn exp(n 7 + (B Xi (S)>)) ) (6)

J=1 iti=t;

Estimation in the Cox regression model is usually conducted in two steps: first maximize coefficients in profile likelihood
(6) using an iterative algorithm, e.g., Newton-Raphson, and then insert the maximum likelihood estimates to the increments
of baseline hazard function (5). We have a set of parameters O(s) = {o"(s), b{(s), b5(s),n, 7 = 1,..., R} where the first three
parameters are involved in the tensor coefficient matrix B(s) for each rank r; while 7 is not related to r, i.e., it does not depend
on the choice of CP rank R. We then adopt a block relaxation algorithm to update the parameter set ®(s). Specifically, we update
the parameters through an iteratively reweighted least squares (IRLS) estimation for each rank. [Nygard et al.|(2008) derived the
coefficient estimator on the likelihood from the Newton-Raphson algorithm when the baseline hazard increments AAq(%;) are
treated as fixed quantities. The details of the estimation procedures are introduced in Algorithm I}

Taking the ADNI data as an example, in Figure 2| we construct a matrix covariate X;(s) € R**? that stacks the p covariates
x;(s) for the first s visits. The observation of the stacked matrix variate X;(s) has a trajectory of x;(s) to predict the risk after s for
each subject i. This means that the visiting time s is the same as p; in (3), i.e., the number of rows varies by the number of visits
for the landmark modeling. Thus, the TLM estimates a different matrix coefficient B(s) € R**” for each landmark time s. For
ADNI data analysis, we fit the TLM with the first four (s = 4), five (s = 5), and six (s = 6) visits separately.
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[Landmark analysis model (LM)] [Tensor Landmark model (TLM)]
x;(1) x;(1)
xi(2) xi(2)
X,(s) € R¥*P
J1<s<8S
X ( S ) :':
\:'. X ( S )

FIGURE 2 [llustration of the covariates in the landmark analysis model (LM) and the tensor landmark model (TLM). In the
real data example - the ADNI data, we use 21 longitudinal covariates (p = 21) with the first s visits, s € {4, 5, 6}.

3 | ESTIMATION
3.1 | Identifiability

For model (3), identifiability for B(s) implies (X;(s), B(s)) # (Xi(s), B*(s)) if B(s) # B*(s). The identifiability is also related
to parameters for matrix coefficients {b}(s), b5(s), o.(s),r = 1,...,R}. The conditions required for their identifiability align
with those needed for the identifiability of CP decomposition, Wthh has been widely discussed in the literature (Chang et al.,
20215 |Lock, [2018; [Sidiropoulos & Brol 2000; Zhou et al., 2013). To manage arbitrary scaling and arrangement of components,
we impose length constralnts on b/ (s) and bz(s) and the scale w111 be absorbed in ar(s) Without loss of generahty, we rescale
each vector of length 1 to b’(s) = unlt(b’(s)) b (s)/ ||b’(s)|| and bg(s) = unlt(bz(s)) = bg(s)/ ||b2(s)|| where b’(s) and bz(s) are
obtained as the IRLS estimators in Section [3.2and the unit vectors b’ (s), b; %(s) preserve the directional information.

32 | Algorithm

We apply the block relaxation algorithm for the matrix coefficient B(s) and 7 using the IRLS method in Algorithm 1} To simplify
the notation, we omit the landmark time s in B(s) and X(s), though a different B needs to be estimated for each landmark time s.
Moreover, we can easily implement this estimation procedure to the Cox proportional hazards model with matrix covariates. The
proposed algorithm simultaneously updates the cumulative baseline hazard and the regression coefficient estimates. The inputs
are {t;,9;, X;, Z; }i=1...., and we estimate the matrix coefficients B = Zf=1 B = Zle o’ (b} o b}) under the CP decomposition
structure and the baseline coefficient 1. Denote the four components of the parameter setby ® = {o", b}, b}, n,r=1,...,R}. We
set the initial values as non-informative values, b|® = (0.00001, . ..,0.00001)" € R”, b® = (0.00001, . ..,0.00001)T € R,
g0 =1, 77(0) 0 € RY, to avoid bias from the starting point. Then we iterate the updating steps until the convergence of the
logarithm of full likelihood (@) with the tolerance level € of 1075.

Algorithm [I]introduces detailed updating steps for the components in ©. Since the updating procedures for each component
in © are similar, we introduce the estimation steps for b{. As a first step, we calculate the pseudo-observation based on the
current baseline estimate in the k-th update. The pseudo-observation represents the predicted risk score with current coefficient
updates for each individual. In the second step, we formulate the mode-1 observation x;;, which multiplies the other components
of the matrix coefficients. We compute the (k+ 1)-th IRLS update gg(k”) by using the weight matrix i\’(lk) in the third step. Finally,
we rescale the B;(kﬂ) for the unit vector and update Bi(k”). The estimation procedures are as follows:

Step 1) Calculate pseudo-observation fr(k) 707 ;1' (Xi,kA Y+ (X, ,@r Y+ (0 — u(k))/ﬁ(l]f), where B’ =0 (ﬁ’l o B/2>’
and ﬁ(ll? A(llf))(ti) exp {n(k)Tzi + j:l <X,-, B] Y+ (X, ﬁr( )>} when A(llg(t,-) is a cumulative Breslow baseline hazard

(Lin, 2007) at time ¢; with current updates ,@r( and 1 n®.
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Step 2) For the least-squares approach, compute the mode-1 observation x;; = Er(k)Xing). Then, the mode-1 observation

matrix is X; = Xy, . . ., X1,) | € R?¥P1,

Step 3) bV = (XlT\Af(lk)XQ_leﬁ(lk)/f’l(k) where il = @, ..., 2T, V¥ = diag(), and the vector of pseudo-
observations £% = (f7®, . frinT,

Step 4) Update b**" as the unit vector that is calculated as b/**" = unit(b!**").

In Algorithm |1} b’ has similar estimation steps to b. The scalar parameter ¢” and the clinical coefficient 17 do not require the
last step (step 4) since the unit vector constraint is for the identification of the factors in the CP decomposition, as described in
Section Nygard et al.| (2008) showed that this least squares estimator can be obtained from the Newton-Raphson algorithm
using a score function of full likelihood ().

3.3 | Rank selection

One major challenge is that there is no straightforward algorithm to determine the rank of a given specific tensor; in fact, the
problem is NP-hard (Hastad, [1989). We implement the Akaike information criterion (AIC;|Akaikel 1974} and the Bayesian
information criterion (BIC;|Schwarz, [1978)) for rank selection. Liang & Zou|(2008)) proposed an improved AIC variable selection
method for survival analysis. |Volinsky & Raftery|(2000) suggested a modification to the penalty term in the BIC, defining it based
on the number of uncensored events rather than the total number of observations. Here, the AIC and BIC with right-censored
data are as follows:

AIC = —2L(B, ) + 2dg, BIC =—2L(B,n) +dg log (Z 5,»), )
i=1

where dg = R(p; + p2) + g represents the degree of freedom under rank R and §; is event for each individual. We show how both
AIC and BIC work on different strength of signals in Table[2]

4 | SIMULATION

In this section, we examine the estimation of coefficients in the tensor landmark model (TLM). We first set p; = 8, p» = 9,
g = 2 and generate matrix variate observations X; ~ MN(0,X,X,), i=1,...,n where MN(-) represents a matrix normal
distribution with matrix mean 0 and covariances 3; and 3, and the covariances have autoregressive structure with parameter
0.6 in each mode. A definition of matrix normal distribution is introduced in the Supplementary Material |Al We set z = (z1,22)
where z; follows a binomial distribution with a probability of 0.5 and z, follows a standard normal distribution.

We consider two different signal shapes on B € R8*? for the tensor landmark model (TLM): some variables are available at
all visits as the vertical shape in panel (a) in Figure [3] and some variables are significant for a few visits as the square shape in
panel (e) in Figure 3] The positions of the non-zero values are:

o Vertical shape (| ): values at 1 in the fourth and fifth columns,
o Square shape (H): values at 1 in the upper-left block with size 4 x 4.

We can check the non-zero coefficients of B as a colored part in the panels (a) and (e) in Figure [3] The coefficients for z are set
as 17 = (0.8, 1.2). For survival data generation, we assume that the baseline hazard follows a Weibull distribution with scale and
shape parameters («, ) = (2, 3). The survival time is then generated using #; = [-a log(U;)/ exp(nTzi + (B, X;))1”, where U; is
drawn from the uniform distribution range of [0,1]. The censoring time C; is generated from a uniform distribution range of
[0,1], resulting in a censoring rate of approximately 50%.

To assess the performance of estimation for B, we use a relative Frobenius norm loss and a relative spectral norm loss, denoted
by lossg and lossg, respectively. We divide the norm losses by the corresponding norm of the true coefficient B in the range of 0
to 1. When the norm loss is 1, we have B-= 0, and the estimation is meaningless. The effective estimation has a relative norm
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Algorithm 1 Block relaxation algorithm for tensor landmark model (TLM)
Input {tl»alsxt’zl}, 1! R

Output: B= SR B = 3’-(5{059, n
1: Initialize n(
2: for r in 1,...,R do
3: Initialize bg(o),bg(o),&\’(o)
4: repeat k=0,1,...
_ ~r(k) o ~
5: Calculate f’(k) 7® 7z +Z (X,, > X;,8 )+(6ﬂfﬁ)") > Update for bj
~ ~(k k OT 10
where B/—Uf- b’ ob’) /J,(]l) A(lo)(t,)exp{n() Zi + (X,, > (X;, 8 )}
when A(k)(t,) is a cumulative Breslow basellne hazard at time ¢t;.
6: Calculate the mode-1 observation xli:U’(k)-X,-bg(k), i=1,....,n
7: Calculate br(kH) (XTV(k)X) {7(k)/f\r(k)
k) _ o~k ~(k k k k k r(k
where u(;] @Y. .0 kﬁ,lj)T Vi = dlag(u( N, TR =P, T
8: Update br( L unlt(br( Dy
_ b, (g ~
9: Calculate fr(k) 7% 72 + (X,, ) (Xi,8, Y+ (é’ﬁgf‘) > Update for b}
~ ~ ~ ~r(k)
where ,62 =5'®. br(k”)obr(k), ,ug;) A(Zlg(t,)exp{ 0T 4 + (X,, > (Xi, 3, )}
when Agg(t,) is a cumulative Breslow baseline hazard at time ¢.
10: Calculate the mode-2 observation Xy =o"® . XTbr(kH) i=1,...,n
11 calculate b = (XJVPX,) ' X, VIEY
K o~k ~(k k k k k r(k
where H((k)+1> @), (ki;))T Vo = dlag(u(z)), B0 =G0, eyT
I I
12: Update b, 7 < unit(b,"" )
~r(k) i N
13: Calculate fr(k) a® 7z + <X,, > (Xi,B; Y+ (&Tiff’) > Update for o
~ —~ ~ ~r(k)
where ,6 =50 . b’(k“) br(k“) (k) Agg(t,)exp{ 0T + (X,, ) (X;, Bs )}
when Ago)(tl) is a cumulative Breslow baseline hazard at time t;.
14: Calculate the scalar observation xz =ad® . br(kH)X br(k”), i=1,....,n
15: Update "% ( Tng)X3) X3V(3k)fr(k)
~k) _ k) ~NT k) _ (k) (k) r(k) Zr(kNT
where [y =(y,....03,) » V3 =diagp3), 557 = i) -
~r(k) 5 ~
16: Calculate fr(k) a® 7z + <Xl, > Xi, B, )+ (ﬂfif’) > Update for 7}
~ k+1 k)~ k k —1 > ~rk)
where £"7'4 =U’(k+l)-bq(+)ob;(+), () Afm)(t,)exp{n() Zi + ;=1<Xi, )+ <X,,[)’4 )}
when A(k)(ti) is a cumulative Breslow baseline hazard at time ¢.
~ N 1y Sy
17: Update n(k+l) (ZTV(k)Z) ZV(k)fr(k)
o k ok k k k k
where Z=(z],...,z, )T,ui) (ugl),...,,uin))T VO = diag(@l), TP =P, 0T,
~ (k+1) —~
18: until convergence I10gL(® )—10gL(® )|<e

19: end for

loss of less than 1 and close to 0. Relative norm losses are defined as

BBl

IB-BJ |
18]S

lossg =
B~

Sg =
where || - ||r indicates a Frobenius norm and || - ||s represents a spectral norm. The performance of the estimates for coefficients
71 = (n1,7m2) is evaluated by the mean absolute bias and the mean squared error (MSE). Additionally, we calculate the bias as a
ratio of the true value, referred to as ‘RBias.” A lower RBias, closer to 0, indicates better estimation accuracy.
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We compare the tensor landmark model (TLM) with a standard landmark model that vectorizes the matrix covariate X;
(LM-Vec) in Table[I] For LM-Vec, we concatenate each row of X; in a multivariate form (as in Figure[2), and use the R package
survival (Therneau et al.l 2000). We select the CP rank as 2 which has the lowest value of AIC. Thus, the number of
parameters is reduced from 8 X 9+2 =74 to R X (p; +p2) + ¢ = 2(8 +9) + 2 = 36. As in Figure 3] the non-zero coefficients
(signals) are recovered at rank 2. For regression coefficients = (1, nz)T, the TLM has lower bias and MSE in different sample
sizes and is more accurate than the LM-Vec regression model. A clearer difference is evident in the relative norm losses of the
matrix coefficient B. When the sample size (n) is 300, the LM-Vec model shows relative norm losses (lossg, lossg) close to 1,
indicating that it fails to capture the signals in B. In contrast, the relative norm losses of the TLM (< 0.2) demonstrate that it
accurately captures the structured signals in B. Furthermore, as the sample size increases, all values are consistently decreased.
Thus, the results in Table|1|support that the TLM is more efficient and accurate than the LM-Vec model.

Parameter

Shape n Model n m B
RBias MSE RBias MSE lossg lossg
0.2331 0.2176 0.1960 0.1703
o | oo BT oo PP oo oo
LM-Vec (0:0769) 06121 (0:0423) 1.1025 (0:0438) (0:0295)
0.0943 0.0989 0.1389 0.1203
o | o M) ooy P ooy oo
LM-Vec (0:0309) 0.0984 (0:0123) 0.0817 (0:0085) (0:0065)
0.0261 0.0362 0.1278 0.1166
wo | | Cousy BV ooy PV oo oong
LM-Vec (0:0170) 0.0362 (0:0091) 0.0419 (0:0040) (0:0033)
0.1994 0.2237 0.1876 0.1580
Y B B i ol
LM-Vec (0:0884) 11367 (0:0421) 1.0670 (0:0467) (0:0315)
APRL Rt it
LM-Vec (0:0261) 0.0668 (0:0106) 0.0910 (020077) (0:0057)
0.0603 0.0669 0.1087 0.0933
N K e s B R I
LM-Vec (0:0164) 0.0428 (0:0696) 0.0355 (0:6058) (0:0044)

TABLE 1 Numerical assessments of parameter estimation with 100 replicates. The true value is (11, 17;) = (0.8, 1.2). lossg
and lossg indicate relative Frobenius and spectral norm losses, respectively. RBias represents a ratio of the bias and the true
value. The numbers in parentheses represent the standard errors (SE).

We also consider the strength of the signals (values of non-zero coefficients in B) in three magnitudes: 0.3 (weak), 1 (moderate)
and 3 (strong). Table 2] shows the ratio of selected rank by AIC and BIC with 100 replications. We find that the AIC and BIC
results in the three different magnitudes of signals are mostly consistent.

5 | REAL DATA ANALYSIS

Alzheimer’s disease (AD) is a complex neurodegenerative disorder marked by progressive loss of memory and cognitive
functions. It is the leading cause of dementia, projected to affect more than 78 million people by 2030 (Gauthier et al., 2021).
The Alzheimer’s disease neuroimaging initiative (ADNI), launched in 2004, is an ongoing research project that aims to develop
clinical, imaging, genetic, and biochemical biomarkers for the early detection and monitoring of Alzheimer’s disease progression
(Weiner et al., |2010). As a multi-site longitudinal study, ADNI tracks 2,428 individuals (by April 2023) aged between 55 and
90 at sixty three sites in the US and Canada. During repeated intervals over subsequent years, participants underwent clinical
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FIGURE 3 True and estimated matrix coefficient by rank in different signal patterns (I, W) with sample size n = 600.

. Raic Reic
Shape | Magnitude n 1 N 3 | ) 3
300 1.00 0 0 1.00 0 0
Weak 600 1.00 0 0 1.00 0 0
900 1.00 0 0 1.00 0 0
300 0 1.00 0 0.03 097 0
Moderate 600 0 1.00 0 0.02  0.98 0
900 0 1.00 0 0 1.00 0
300 0 0 1.00 0 0 1.00
Strong 600 0 0.01 0.99 0 0.01 0.99
900 0 0 1.00 0 0 1.00
300 1.00 0 0 1.00 0 0
Weak 600 1.00 0 0 1.00 0 0
900 1.00 0 0 1.00 0 0
300 0 1.00 0 0.01 0.99 0
| Moderate 600 0 1.00 0 0 1.00 0
900 0 1.00 0 0 1.00 0
300 0 0 1.00 0 0 1.00
Strong 600 0 0 1.00 0 0 1.00
900 0 0 1.00 0 0 1.00

TABLE 2 Rank selection on the AIC and BIC in different shape and magnitude of signals: weak (non-zero values in B is
0.3), moderate (non-zero values in B is 1), strong (non-zero values in B is 3) with 100 replicates. The numbers are the percentage
of each rank selected by AIC and BIC, Rajc and Rgjc, respectively. The bolded number represents the most selected rank R.

evaluation, neuropsychological tests, genetic tests, lumbar puncture, and magnetic resonance and positron emission tomography
scans. During each visit, ADNI participants were classified as cognitively normal (CN), mildly cognitively impaired (MCI), or
affected by dementia.

In this section, we apply the tensor landmark model (TLM) to data from Alzheimer’s disease neuroimaging initiative (ADNI).
Here, we predict the time from the landmark time to the diagnosis of dementia for subjects who entered the study as CN or
MCI. For analysis, we adopt five baseline covariates (age at baseline, sex, baseline diagnosis, number of apolipoprotein alleles
¢4, and years of education) and 21 longitudinal covariates listed in the Supplementary Table[CI] These covariates are chosen
based on their relevance as dementia predictors and their relatively low incidence of missing values. Missing values are imputed
using the most recently recorded value of that variable. Due to significant skewness and differing scales among some variables,
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we apply logarithmic transformations to seven variables: entorhinal, fusiform, hippocampus, ICV, whole brain, ventricles, and
midtemporal. To train the models, we use 5-fold cross validation (5-fold cv). In each fold, we ensure that the distribution of
patient events mirrors that of the original data set by applying stratified sampling to the ADNI data. This approach maintains the
same ratio of censored and uncensored patients in each fold.

We compare our proposed tensor landmark model (TLM), the landmark model with the covariate at the landmark time (LM;
Anderson et al.|[1983)), and the landmark model with vectorized longitudinal covariates (LM-Vec). The prediction performance
is evaluated using the concordance index (C-index) (Harrell et al.l [1982) and the integrated inverse probability of censoring
weighting (IPCW) Brier score (IBS). The C-index, an extension of the area under the receiver operating characteristic curve
(AUC) for right-censored survival data, ranges from O to 1, where 1 indicates perfect prediction and 0.5 indicates a random
ordering of risk scores. The Brier score (Brier, |1950) measures the accuracy of probabilistic predictions and has been adapted
for right-censored data by (Gerds & Schumacher|(2006) and |Graf et al.|(1999) as the [IPCW Brier score. To summarize prediction
accuracy over multiple time points, we integrate the IPCW Brier scores for 2-year predictions from each landmark time s. The
IBS ranges from 0O to 1, with lower values indicating better prediction performance. Further details on the C-index and integrated
IPCW Brier score are provided in the Supplementary Material [B]

The results are tabulated in Table E} We set the CP rank to 1 for TLM. Thus, compared to the LM-Vec model, TLM reduces
the number of parameters from (89,110,131) to (30,31,32) for each visit s € {4,5,6}. In Table 3] the TLM achieves the highest
C-indexes and the lowest IBS at three different landmark times, indicating that matrix risk factor history from baseline to the s-th
visit improves the prediction performance. In contrast, the LM-Vec method shows the lowest C-indexes since the concatenated
multivariate risk factors at different time points may have multicollinearity issues.

Number of visits Status . Assessment
Year ) 0 1 Sample size Model C-index IBS
TLM 0.9180 0.0382
1.5 4 556 69 625 LM 0.9154 0.0430

LM-Vec 0.8337 0.0534

TLM 0.8883 0.0226
2 5 516 27 543 LM 0.8757 0.0263
LM-Vec 0.7589 0.0250

TLM 0.9238 0.0164
2.5 6 428 26 454 LM 0.9123 0.0187
LM-Vec 0.8008 0.0178

TABLE 3 Assessments for the predictions on the year 1.5, 2 and 2.5 in 5-fold cross validation (5-fold cv).

6 | DISCUSSION

In this article, we have proposed the tensor landmark model under a low-rank tensor structure. The numerical results demonstrated
that the proposed IRLS solution performs well in both estimation and prediction. We make a few remarks regarding our proposed
models. First, our results are also aligned with the fact that the estimation of profile likelihood alone may not be sufficient,
as shown in |[Nygard et al.| (2008). Moreover, we can maintain structural information in the tensor covariate using the block
relaxation IRLS algorithm. Second, the tensor landmark model can convey the trajectory information of risk factors from
baseline to the landmark time, incorporating the longitudinal history prior to the landmark time. Third, the AIC and BIC for rank
selection consistently estimate the CP rank when the signals vary in magnitude. In practice, when we have enough samples, the
rank one or two is enough for survival prediction.

Our work also suggests several possible extensions. First, image data can be considered as a matrix of covariates in the
tensor landmark model. Next, instead of the CP decomposition for low-rank structures, a Tucker decomposition could be
naturally imposed on the matrix/tensor covariates. Under the Tucker assumption, we could effectively estimate the matrix/tensor
coefficient by imposing useful constraints, e.g., orthogonality assumptions on factor matrices. Moreover, envelope modeling
could be applied to the tensor landmark model. (Cook & Zhang|(2015) introduced a general constructive framework by applying
the sufficient dimension reduction technique to the Cox regression model. Relevant information for estimating the survival
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coefficients in the envelope modeling gives more efficient estimates of the regression coefficients in the tensor landmark model.
Finally, covariates at the latest visiting time might be closely related to the prediction time and may be the most predictive of
residual survival time. We could effectively estimate the matrix coefficient by selecting the significant rows (which is similar to
the variable selection for all visits).
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APPENDIX

A  MATRIX NORMAL DISTRIBUTION
Let X be a p; x p; random matrix with X ~ MN (M, X1, 3,), where M is the mean matrix and X1, X, are positive-definite
covariance matrices. The probability density function of the random matrix X is as follows:

1

(XlM,E»E): P n ©
d b det(Z)% det(2) %

PP

o Xp { - %trace (2;‘ X-M)Z; (X - M)T) }

where det(-) denotes the determinant and trace(-) denotes the trace of the matrix. The matrix normal distribution is connected to
the multivariate normal distribution by the following relationship:

X ~ MNM, X,3,) if and only if vec(X) ~ /\fplm(vec(M), 3H ® X)),
where ® denotes the Kronecker product.

B ASSESSMENTS FOR PREDICTION
B.1 C-index
The C-index is defined as
S PEVRRS PSY
Cuindex = il Teogd ij=1,....n,

ZiJ Il;<f/ . 5i

where (; is the predicted risk score for subject i, calculated as ¢; = " z; + (B, X;).

B.2 Integrated IPCW Brier score
A Brier score (Brier, |1950) is a metric used to evaluate the accuracy of probabilistic predictions. For a binary outcome, the Brier
score is defined as

1 n
rier " iE:I (fi— o))

where 7 is the number of observations for prediction, f; is the predicted probability of the event occurring for the i-th observation,
and o; is the actual outcome for instance i where o; = 1 if the event occurred and o; = 0 if it did not.

The Brier score ranges from O to 1, where 0 indicates perfect accuracy, meaning the predictions exactly match the actual
outcomes, and 1 represents the worst possible accuracy, reflecting completely incorrect predictions. The Brier score measures
the probabilistic difference between predicted and actual outcomes, providing a comprehensive assessment beyond just
discrimination. The Brier score is typically examined as follows:

0~ 0.25: good, 0.25 ~ 0.5 : moderate, 0.5 ~ 1 : poor.

The inverse probability of censoring weighting (IPCW) Brier score (Graf et al.| [1999; Gerds & Schumacher;, 2006) for survival
analysis extends the traditional Brier score to handle censored data. For a survival model with right-censored data, the IPCW
Brier score at a specific time ¢ is defined as

Brierpew(f) = % > wi {81 Xi,z) -1t > ),

i=1

where n is the number of individuals, §(t | X;,z;) is the predicted survival probabilities at time ¢ for individual i given matrix
covariates X, t; is the observed time for individual i (either the event time or the censoring time), z; is a time-independent
covariate vector, I(#; < £) is an indicator function that equals 1 if the event occurred before or at time ¢ and O otherwise, and w;(¢)
is the inverse probability of censoring weight for individual i at time ¢.



Tensor Landmark Analysis with application to ADNI data | 15

The weight w;(¢) adjusts for the bias introduced by censored observations by weighting the contribution of each observation
according to the inverse probability of remaining uncensored up to time ¢. The weight w;(¢) is defined as

d;

Wil) = G Xz’

where G(t | X, z;) is the estimated probability of being uncensored at time ¢ for individual i. The censoring distribution G(#) can
be estimated using the Kaplan-Meier estimator applied to the censoring times. The integrated [IPCW Brier Score (IBS) provides
a single summary measure of the IPCW Brier Score over a range of times. The IBS from landmark time s to 7 year prediction is
defined as follows:

S+T
IBS =/ Brierpew (1) dt,

where 7 is the time horizon for evaluating the predictions.

C VARIABLE DESCRIPTION OF ADNI DATA

Name [ Description
PTGENDER Sex (male, female)
AGE Baseline age for participants
DX_bl Baseline diagnosis (CN,SMC,EMCILLMCI)
PTEDUCAT Education (4-20)
APOE4 Number of APOEe4 alleles
ADASI11 Alzheimer’s Disease Assessment Scale (ADAS) 11
ADAS13 ADAS 13 (including delayed word recall and number cancelation)
ADASQ4 ADAS Delayed Word Recall
Entorhinal University of California, San Francisco (UCSF) Entorhinal
Fusiform UCSF Fusiform
Hippocampus UCSF Hippocampus
ICv UCSFICV
MidTemp UCSF Middle temporal gyrus
Ventricles UCSF Ventricles
WholeBrain UCSF WholeBrain
RAVLT forgetting Rey Auditory Verbal Learning Test (RAVLT) forgetting
RAVLT.immediate RAVLT immediate
RAVLT.learning RAVLT Learning
RAVLT.perc.forgetting | RAVLT percent forgetting
TRABSCOR Trail-making test B (Trails B) score
. ADNI-modified Preclinical Alzheimer’s Cognitive Composite
mPACCtrailsB (PACC) with Trails B ¢ "
mPACCdigit ADNI-modified PACC with digit symbol substitution
LDELTOTAL Logical memory - delayed recall
CDRSB Clinical Dementia Rating scale Sum of Boxes
FAQ Functional Assessment Questionnaire (0-30)
MMSE Mini-Mental State Examination (MMSE) score

TABLE C1 Listof covariates used for the ADNI data analysis. The gray rows indicate baseline covariates used for analysis.
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