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Supplementary Materials

The Supplementary Materials provide additional estimation details, numerical stud-
ies, and theoretical proofs for the paper “The Tucker Low-Rank Classification Model For
Tensor Data”. Specifically, Section [S1| presents detailed algorithms for the penalized es-
timator and the maximum likelihood estimator (MLE). Section [S2| includes simulation
studies on covariance MLE, matrix-variates where coefficients are randomly generated,
model mis-specification, and rank selection. We provide more real data analysis in Sec-
tion [S3|and the comparison between TLC and tensor factor analysis in Section [S4, Theo-
retical proofs are given in Section Section [S6| reviews tensor decomposition methods.
At last, technical lemmas used in the proofs are summarized in Section [S7]

The estimation process of TLC is constructed based on the connection between the
low-rank structure in mean differences and discriminant coefficients. Therefore, two sets
of Tucker decomposition expressions are used and summarized in Table Note that the
two sets depend on each other and could be transformed interchangeably by ®, = G, — G,

and D,, = X 'A,, because By, is defined as By, = [ur — p1; 27 ..., 3/

Tensor|Core tensor|Factor matrix

M gk Am
By (7% D,,

Table S1: Tucker decomposition expressions

In addition to notations introduced in Section 2, we further introduce following no-



tations to facilitate the readability. For two numbers a, b, define a V b = max{a, b}. For

< b,, if there exists a constant ¢ such that

Y

two sequences of numbers a,,b,, we say a,
a, < cb,. We say a,, < b, if there exists a constant ¢ such that a, < ¢b, and b, < ca,,.
For two matrices A, B € RP*?, we say A B if there exists a constant ¢ € R such that
A = ¢B. For a positive integer 1 < i < p, Ali,:] denotes the i-th row of A. Further
define [[All = maxi<i<, D27, layl, Al = maxicj<q 22, lail, [[Allmax = max;; [as;]
and ||Al|r = i; @7~ When p = g and A and B are symmetric, we say that A < B
if B — A is positive semi-definite. We also define Apax(A), Amin(A) to be the largest

and the smallest eigenvalue of A, respectively. For tensor A € RP1*PM _its subtensor

............. ive—1] = Ajir,.ine_1,k)- The inner product of two

tensors, A, B € RP1*"PM ig defined to be (A, B) = > B

$1-ipg Ai1~-'iM i1-ving e

S1 Algorithms and Rank Selection

In this section, we summarize the TLC algorithm in Algorithm [ST]in Section present
the algorithm to solve (4.14]) in Section |S1.2 and introduce the estimation process for the

maximum likelihood estimator of {By}£, in Section [S1.3|

S1.1 The TLC Algorithm

Algorithm S1 Algorithm for TLC

1. Input fi, {&,}M_,, and rank 7 = (r1, ..., rar).
2. Apply HOOI on fi to obtain {®,}X , and {A,,}M_,.
3. For m =1, ..., M, minimize the following objective function with Algorithm S1 and let D,,, denote

the solution
1 . N Pm T'm
. T AT 2
e, 1 (;2"EnD - LD} 4035 ot
-1\ j=

4. Compute and output B, = [[@k;ﬁl, ...,f)M}],k =2,..,K.
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S1.2 The Block Coordinate Descent Algorithm to Solve (4.14))
The algorithm to solve (4.14)) relies on the following result.

Proposition S1. Let D;. = (dj, ..., d;,, ) denote the [-th row of the matrix D € RPm*"m,

With A, 3,,, and {Dy., !’ # I} being known, the solution of D;. to (4.14) is

D, =D, (1— A ) , (S1.1)
D2/,

D 7 7 o 3 a1 — >0 di 6
where D;. = (djs, ..., dy,, ) with dj; = —L—=Z 2t

Gm, il

Proof of Proposition[S1. The conclusion can be proved in the same way as Lemma 1 in

Mai et al.| (2019a) and hence is omitted. O

By Proposition , we can solve (4.14]) by iteratively updating d;; while keeping all

other elements fixed. Such an algorithm is summarized in Algorithm [S2]

Algorithm S2 Algorithm to solve (4.14))

1. Tnput &, A,,. Initialize DY = 0.
2. For w =1,2, ..., do the following steps until convergence:
Forl=1,...,pm, do

(a) Based on f)(w_l)

m.p- > I # 1, update ]55:; with

o ) pm J(w—1) &
Jw Am,lj — 21 dm,tj Om,lt
m,lj

Om,il

~ (w ~ (w A
Ding = Dirl,3~ (1 - ~(w)) .
Dy ll2)

3. Output f)m = f)sff) at convergence.

(b) Compute

S1.3 The Algorithm to Obtain Maximum Likelihood Estimators

In this section, we present the initialization, estimation algorithm, and the stopping rule

to solve for maximum likelihood estimators (MLEs) of TLC.



Initialization To implement the iterative method to solve for MLEs, gk, m, and Em,

we first need to determine initial values as follows.

(0 - S0 1 ~0) %0
Y = Z X;, np= Z ik G = Y-Zk[[Xi; O30, (S1.2)
- Z (X A“”) (®m,¢m§f§?>_l (X - ﬁ,ﬁ’,))T , (S1.3)
NG <= m) /()
- L, ~ N 1, (= <o L
A0 — . AY = argmax tr (Hg%Am> — —tr (HgﬂiAﬁ (ES?) Am) ,
AT A, =1, 2

0(pm_7"m)><7”m

r - -1+ -~ ~ 50 ~ .
IO = (A ED)AD)  ADTED) T B =3 Gy (S AINTED) ) X, (B0)

i=1
7o — z”: G (@i AOYTSO) 1RO (G T

2m “ Yi(m) m'FEm\ m/ m/ Yi(m)/ -
The objective function in (S1.4) could be converted into a minimization problem under the

constraint AT A,, =1, and solved using the function OptStiefelGBB in the R-package

TRES.

Estimation The estimation process is summarized in Algorithm |53l and implemented by

applying OptStiefelGBB iteratively.
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Algorithm S3 Algorithm for TLC MLEs

~(0) —~
1. Input: 7 ugf),gi ,ASS),E;S),k: 1,..Km=1,.. M.

2. Fort =0,1,2,..., do the following steps until convergence or ¢t = t,,x:

(a) t+1 [[g A(t) » 7;&5\?]]7 k= 17...,K.

~ -1 T
(b) E%H):LZ (X A(t+1))( )<® ) mz(t+1)) (Xi_ﬁgfj-l))( ),m:l,...,M.

ngm

S+ ~
(©) G =& Yy [Xi I LT, where

-1

0 = (AT EE)AY) T RYTEE) L m = 1M k= 1K

(d) Solve

N 1/~ . -1
ar AX tr (Hgﬁ:l)Am) — itr (Héﬁ:”A}; (21(;;“)) Am) , (S1.5)

for K%,Jrl), m=1,...., M with
t+1 g (t+1) Al )T i(t+1))_1 xT (f}(“rl))—l
Zz 1 7Yi(m) ®m’7$m( m’ ( m’ i(m) m )

1) t+1) ~ ~ 1 t+1)
AU = 550, G5y (@ AT S AL (G5 o)™

(Note that H(Hl) and HM are calculated using M,? rather than f&%ﬂ), which avoids

2m

introducing another iterative sub-process.)
end for
3. Output: ék,f&m, ﬁm, and

ﬁk: [[ak;;&17...7gjyjﬂ, Ek: [[ak—al;iflz&17...,ig4lz&Mﬂ7 ]le,...7K,m:1,...,M.

Stopping rule We use >.r ||y, () _ ﬁ,(f)HF < € as the criterion to determine if the
Algorithm has achieved convergence. In simulation studies, we set € = 107% and tp. =

101.



S1.4 Rank Selection

In practice, true ranks of mean differences are rarely known and hence need to be esti-
mated. One solution is to treat the rank as a tuning parameter and then apply cross
validation to select the rank. However, it is usually computationally expensive and time
consuming to tune the rank in this way, especially when it comes to multiway data.

Therefore, we propose to use the following BIC criterion to conduct rank selection,

-~

BIC(r) = —21(0) + p.(r) log(n) (S1.6)

~ ~

where [(0) = >""_, (log fy,(X;; 0)+log Ty; ) is the log-likelihood function of the sample with
6 representing all parameters in TLC, and p,(r) = (K — 1) [12_, 7o+ 0 7 (Do — 7))
is the number of free parameters in {B;}2% ,. Like classical BIC, balances the
goodness-of-fit for the data and the degree of freedom of the model. We search over all
candidate ranks with A set to be 0 and select the one that minimizes the proposed BIC.
After we select the rank, we further find the penalized estimator by using cross validation

to determine \.

S2 Additional Simulation Studies

To implement the competing methods, we use R packages sparsediscrim for DLDA,
glmnet for [;-GLM, penalizedLDA for [;-FDA, catch for CATCH, and the MATLAB
toolbox TensorReg for TuckerReg. Authors of Li and Schonfeld (2014) kindly provided

the code for CMDA and DGTDA. Since DLDA, [;-GLM, and [;-FDA are designed for

vector predictors, we vectorize tensor data before applying these two methods.
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S2.1 Variable Selection

To quantify the variable selection performance of the proposed penalized estimator, we
use the practical true positive rate (PTPR) and the practical false positive rate (PFPR)

which are defined as,

DN D)
|D|

D N D

PTPR = —_—
Dl

, PFPR =

where D is the set of nonzero entries in discriminant coefficients and D = {(k, i1, ..., ip) :
|Diyirs | > €, ¢ is the 5th percentile of the absolute value of {]A3k}£<:2 entries in D N D}.
PTPR and PFPR of Models M1-M4 are presented in Table [S2 We adopt PTPR and
PFPR because we find that TLC may result in small entries that are very close to zero
and most of them are false positives. As shown by the visualization of B, for Model M1
(see Figure S1 in Supplementary Materials) and numerical results for Models M1-M4 in
Table 2 these false positives have little effect on signal recovery and classification. Specifi-
cally, from Table [S2| we can see that TLC preserves a high accuracy in selecting important
features in all considered scenarios and bears a reasonable amount of false positives. The
method [;-FDA has similar performance with matrix-variates, but the performance deteri-
orates much when the method is applied on higher-order predictors. CATCH and [;-GLM
significantly under-select important variables in the matrix case and the under-selection
becomes more severe when we consider 3-way tensors. The performance of TuckerReg
is not reported in Table because its penalty term is applied on the core tensor and
hence has much worse variable selection result compared to all other methods. Results in
Table [S2| illustrate the advantage of TLC in variable selection, especially when data are

high-order and high-dimensional.



M1 M2 M3 M4
(@ () [ @ ® (©[@& G (©]@& ®B (©
PTPR |94.91 88.55|94.45 90.95 79.62|94.21 86.43 83.70{94.12 78.19 81.49| (1.71)

S.E. <

TLC
PFPR| 0.03 4.13 | 2.13 9.93 15.33| 1.13 6.17 3.93 | 1.09 8.60 4.24 | (1.07)

PTPR |71.77 53.13|13.07 12.28 8.06 |21.82 15.91 14.92| 4.68 6.98 6.53 | (0.50
CATCH

PFPR| 6.32 191 | 0.57 0.67 0.52 | 0.86 0.37 0.11 | 0.14 0.22 0.03 | (0.15

)

)

1-GLM PTPR |46.47 37.22| 853 7.44 6.27 | 3.49 267 1.71 | 1.07 0.85 0.46 | (0.53)
PFPR| 2.80 0.99 | 0.27 0.32 0.52 | 0.02 0.04 0.01 | 0.02 0.01 0.00 | (0.12)

)

)

I FDA PTPR|86.25 94.15|38.23 46.84 26.50|35.02 47.11 50.57 |47.16 55.51 58.12| (2.56
1-

PFPR |17.17 1.45 [14.11 15.96 12.30|12.78 20.19 23.88|34.74 28.28 26.01| (1.59

Table S2: Variable selection comparison. Mean and standard error of practical true positive rates and
practical false positive rates in M1-M4.

S2.2 Covariance MLE

In parallel to the MOM covariance estimate (4.10]) proposed in Section another widely

used estimator is the MLE. Under ({3.1)), the covariance MLE can be estimated as follows,

~ ng ~ 1 "

Te= o = > Xi ng= Z ly—r, k=1, K, (52.7)
Yi=k =1

~ 1 . ~ _ -

B = o 2K = )o@ Zon) N (Ki = By = L M (528)

i=1
The calculation of involves an iterative process and hence is more time-consuming
than the MOM estimator. Under the same settings considered in Section [0, we report the
prediction and computational cost comparison of covariance MOM estimator and MLE
in Tables [S3| and [S4] It is clear that there is no significant difference between error rates
obtained using MOM estimator and MLE of covariances. However, covariance MLE is
much more time-consuming, and the time cost margin becomes larger as the dimension

of data grows.
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Error(%)

M1

M2

M3

M4

(a) (b)

(a) (b) (o)

(a) (b) (c)

(&) (b) (o)

S.E.<

Bayes

7.11 6.65

6.345.90 6.41

6.546.72 7.14

7.79 5.23 5.15

(0.05)

TLC-Oracle (covMOM)
TLC-Oracle (covMLE)

8.477.93
8.48 7.90

7.419.67 13.07
7.41 9.68 13.04

7.319.14 9.06
7.319.109.07

11.21 13.59 10.08
11.21 13.57 10.10

(0.23)
(0.23)

Table S3: Prediction comparison. Mean and standard error of classification error rates in M1-M4 in 100

replicates.
M1 M2 M3 M4
Time(s) Method S.E.<
(@) ()| (&) (b) () | (&) (b) ()] (& (b) (o)
TLC-Oracle (covMOM)|0.99 1.01| 4.30 4.30 4.51 [4.17 4.22 4.36|19.42 18.91 18.57 |[(0.17)
Covariance calculation
TLC-Oracle (covMLE) [3.80 4.69(29.97 36.00 38.32(28.86 34.86 37.16|170.55 200.48 198.23|(1.61)
Iteration times TLC-Oracle (covMLE) | 4 5 | 4 4 4 4 4 4 4 4 4 (0)

Table S4: Computational cost comparison. Mean and standard error of covariance calculation time (in s)
in M1-M4 in 100 replicates. For TLC-Oracle (covMOM), we stop the iteration when ||§£,Z+1) S lr <

10=6, Vm € {1,..., M}.

S2.3 Classification on Matrix Data

Recovery of the 2-D signal in M1

For Model M1, we present the visualization of ]§2 in Figure . It can be seen that
TLC recovers the cross shape well, although it induces some small false positives in the
recovered image signal. However, as suggested by Table [2| Table [S2] and Figure [SI] these

practical zeros barely have an impact on classification and signal recovery.

Randomly generated discriminant coefficients

In parallel with Models M2-M4 in Section [0, we compare the performance of TLC with
alternative methods in the case where {B}X_, are randomly generated matrices. Core

tensors {Gy}X | and factor matrices {Dy}M_, are generated using the same way as in




TLC 1;-GLM
a
T
e
CATCH 1;-GLM TuckerReg
e, £
& . =
I =I|'|-'5 . ¥ ?.’l-'ﬁ'

Figure S1: Snapshots of ]§2 in Model M1 in one replicate.

Section [} In particular, G,’s are diagonal matrices here. Let m, = 1/K, p = (64,64),
r = (3,3), and s = (10, 10). We examine the performance of these methods in binary and
multiclass (K = 4) classification with Models M5 and M6. For each model, we consider
the following three covariance structures,

(a) X1 = 3y = Igq,

(b) ¥, = AR(0.3),%, = AR(0.7),

(c) ¥, =CS(0.3), 3y = AR(0.7).

(a) mimics the case where all entries of a predictor are independent to each other,
while (b) and (c) are cases where entries are correlated along both modes with different
covariances. We report classification results in Table [S5| and variable selection results in
Table[S6l Again, TLC has significantly outperformed alternative methods across different
covariance structures and the number of classes with the lowest error rate and the highest

variable selection accuracy.
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M5 M6

Error(%) S.E.<

@ 0 ©@ ® «©
Bayes 5.72 6.86 6.39 | 6.47 7.38 6.40 |(0.05)
TLC-Oracle (sparse, co-MOM) | 6.54 8.30 8.49 |6.85 8.02 7.22(0.08)
TLC-Oracle (sparse, covMLE) | 6.53 8.34 8.45|6.83 8.03 7.17(0.08)
TLC-Oracle (MLE) 9.08 11.04 10.35|7.01 8.10 6.98(0.13)
TLC-BIC (sparse) 8.06 9.77 10.24| 7.35 8.02 7.32(0.19)
CATCH 8.62 10.09 9.24 | 8.87 9.80 8.90 |(0.08)
CMDA 13.81 16.19 13.95(12.47 14.07 11.91(0.12)
DGTDA 50.10 50.03 43.32|74.92 74.86 51.45|(0.22)
TukerReg 30.26 32.45 28.68| - - - 1(0.23)
DLDA 20.92 18.59 18.03|23.61 20.89 20.17{(0.10)
11-GLM 10.25 12.00 10.09|14.82 15.75 12.18(0.10)
l1-FDA 8.16 13.76 17.47| 9.06 13.49 17.95|(0.09)

Table S5: Prediction comparison. Mean and standard error of classification error rates in M5 and M6 in

100 replicates.

M5
(&) () (¢

M6
(@ () (¢

PTPR
PFPR

TLC

93.20 85.52 87.29
248 254 11.19

94.61 89.88 94.14
1.19 3.13 6.52

PTPR
PFPR

CATCH

40.50 40.95 23.53
0.35 0.95 0.25

55.89 54.15 29.69
0.01 0.20 0.07

PTPR
PFPR

11-GLM

31.97 31.17 19.93
0.92 1.18 0.63

21.60 21.25 17.01
0.28 0.43 0.60

PTPR
PFPR

[1-FDA

48.94 62.20 76.35
1.78 8.48 36.46

39.77 34.40 66.28
0.70 2.61 36.06

Table S6: Variable selection comparison. Mean and standard error of practical true positive rates and
practical false positive rates for M5-M6.

S2.4 Rank Selection Performance

To examine the performance of the proposed BIC, we apply it on Models M1-M6 and
choose the rank that minimizes BIC among all candidate ranks. In particular, for models

with matrix predictors, we search over 5 candidate ranks, {(1,1),(2,2),...,(5,5)} so that



the selected Tucker rank is in line with the definition of matrix rank. For models with
3-way tensor predictors, we conduct a grid search over {1,...,5} x {1,...,5} x {1, ..., 5} for
Models M2-M3 and {3,...,7} x {3, ..., 7} x {3, ..., 7} for Model M4. As in Wang and Zeng

(2019) and |Lu et al.| (2020]), we report the mean and standard error of selected ranks in

Table [ST
M1 M2 M3
truer () (b) € |truer  (a) (b) © |truer (a) (b) (c)
mode-1| 2 1.78 (0.04) 1.00 (0) 2.02 (0.01)] 3  3.00 (0) 3.16 (0.04) 4.04 (0.08)] 2 2.01 (0.01) 2.00 (0) 2.29 (0.05)
mode-2| 2 1.78 (0.04) 1.00 (0) 2.02 (0.01)] 3 2.99 (0.01) 2.99 (0.01) 3.62 (0.07)| 3 3.01 (0.01) 3.00 (0) 3.38 (0.06)
mode-3| - - - - 3 3.00 (0) 3.12 (0.04) 3.98 (0.08)] 4  4.00 (0) 4.09 (0.05)4.48 (0.05)
M4 M5 M6
truer  (a) (b) € |truer (a) (b) € |truer (a) (b) (c)
mode-1| 5 3.01 (0.01) 2.17 (0.06) 3.57 (0.09)| 3  2.04 (0.04) 2.48 (0.06) 1.00 (0) | 3 4.65 (0.06) 3.00 (0) 3.12 (0.04)
mode-2| 5 3.01 (0.01) 2.53 (0.05) 3.38 (0.06)| 3  2.04 (0.04) 2.48 (0.06) 1.00 (0) | 3 4.65 (0.06) 3.00 (0) 3.12 (0.04)
mode-3| 5 3.03 (0.02) 2.14 (0.06) 3.29 (0.08)| - - - - - - - -

Table S7: Rank selection result. Mean and standard error of the selected ranks in 100 replicates using

the proposed BIC.

As we can see from Table the true rank is within 3 standard errors of the selected
rank under most settings, especially when data are of high-order and when there are
multiple classes. This agrees with intuition because high-order variates tend to contain
more structure information than matrix ones when they have similar numbers of elements.
Similarly, the structure information could be better collected and analyzed when there are
multiple classes due to constant loading matrices. On the other hand, when data are high-
dimensional along all modes and have high-rank, e.g., Model M4, their intrinsic structures

become less parsimonious, which makes the rank selection more challenging. However,
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even in this case, the difference between error rates obtained by using the true rank and
the selected rank is not significant, which supports the application of the proposed BIC

criterion.

S2.5 Model mis-specification

In this section, we test the robustness of the sparse TLC estimator under the following

settings where TLC assumptions are violated.

e TuckerReg: Assume that data follow the TuckerReg model

Pr(Y = 1|X) = p, log = By + (B, X) (S2.9)

p
L—=p
where the regression coefficient B is the one used in M1 without scaling.
(a) Each element in X follows N(0, 1) independently and identically

(b) Each element in X follows ¢, independently and identically

e Separable covariance assumption being violated: Assume that

Pr(Y = k) =m, vec(X)|(Y = k) ~ N(vec(p), %) (52.10)
we—m=1[G;A1, .., Ay], k=1,.. K, (S2.11)
where ¥ € RIln=ipmxIlizirm Tt follows that vec(By) = X tvec(py — ). Set
K =2 m =m = 1/2, p = (10,10,10), » = (3,3,3), and consider following
covariance settings.
(a) ¥ = AR(0.5)

(b) ¥ = Erdés-Rényi random graph, ER: Let © = (@;;) where &y = uj;0;; with

d;; ~ Ber(1,0.05) and w;; ~ Unif[0.5,1] U [-1, —0.5]. Symmetrize the matrix by



setting €2 = (Q + Q7)/2. Let © = € + {max(—Amin(€2),0) + 0.05}I, and then

rescale it so that € is positive definite with unit diagonals. Let ¥ = Q1.
Note that By does not share the same rank with p; — 1.

e Low-rankness assumption being violated: Set K = 2, m; = m = 1/2, and
= (64,64). Generate py = —po from N(0,1) and scale it so that the Bayes error
is controlled to be 5-10%. Note that B, is dense in this case. Consider following
covariances settings.
(a) 31 = 3y = Ig4.
(b) ¥; = AR(0.3), %y = AR(0.7).

(¢) ) = 0S(0.3), By = AR(0.7).

TuckerReg Non-seperable covariance Full-rankness
Model
(a) (b) (a) (b) () (b) (©)

Bayes - - 10.53 (0.06) 10.51 (0.06)| 5.31 (0.04) 6.82 (0.04) 5.30 (0.04)
TLC-Oracle (sparse)|26.21 (0.26) 25.79 (0.26)[14.17 (0.14) 16.15 (0.34)(19.98 (0.09) 23.40 (0.10) 20.22 (0.09)
TLC-BIC (sparse) [25.42 (0.15) 25.08 (0.16)|13.92 (0.11) 20.33 (0.11)|42.18 (0.15) 48.44 (0.15) 49.22 (0.12)
CATCH 41.22 (0.14) 41.54 (0.14) | 18.84 (0.10) 19.68 (0.29) [29.72 (0.11) 43.26 (0.16) 41.53 (0.13)
CMDA 37.92 (0.47) 36.46 (0.47) [ 23.62 (0.14) 24.48 (0.15) | 38.60 (0.12) 39.23 (0.12) 37.50 (0.13)
DGTDA 49.84 (0.08) 49.95 (0.10) | 50.03 (0.10) 50.11 (0.09) | 49.95 (0.09) 50.11 (0.09) 50.06 (0.08)
TuckerReg 29.88 (0.41) 29.88 (0.37)|18.04 (0.13) 18.07 (0.14) |43.49 (0.12) 44.46 (0.11) 43.00 (0.12)
DLDA 40.66 (0.10) 40.71 (0.10) [31.17 (0.11) 26.25 (0.19)|20.00 (0.09) 44.69 (0.09) 47.63 (0.10)
1,-GLM 41.81 (0.14) 42.12 (0.15) [20.93 (0.13) 16.48 (0.10)|34.11 (0.14) 45.15 (0.14) 44.24 (0.15)
1,-FDA 40.17 (0.10) 40.44 (0.11)|22.98 (0.14) 15.99 (0.11)[20.15 (0.09) 44.75 (0.09) 47.79 (0.12)

Table S8: Prediction comparison. Mean and standard error of classification error rates in 100 replicates.

Overall, TLC-Oracle (sparse) performs the best or very close to the best under all
settings in this section, and TLC-BIC (sparse) is fairly competitive under most settings.

When data are generated following the TuckerReg model, TLC outperforms compet-
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ing methods when X follows the standard normal distribution and ¢4-distribution. This
suggests the stableness of TLC when data follow non-normal heavy-tailed distributions.
When the Kronecker covariance assumption in (3.1)) is violated, the performance of TLC-
Oracle (sparse) is among the best and TLC-BIC (sparse) also has comparable perfor-
mance to other methods. This is because the low-rank structure in mean contrasts is
still informative in projecting data onto a low-dimensional subspace and conducting clas-
sification. When the low-rankness assumption is violated, the setting reduces to that of
the TDA model without sparsity. Not surprisingly, TLC-BIC (sparse) is outperformed
by other methods because TLC-BIC (sparse) under-selects the rank and pursues for a
low-dimensional subspace ineffectively with information loss. However, it is encouraging
to note that TLC-Oracle (sparse) performs well or even the best under this setting. This
indicates the effectiveness of estimation process of TLC when the rank is selected cor-
rectly. In general, TLC is robust when there exists mild model mis-specification and can

achieve promising performance under various settings.

S3 Additional Real Data Analysis

In this section, we present additional analysis on the Gene Time Course dataset and pro-
vide the application of our method on another three datasets. Moreover, as recommended
by the AE, we conduct and report the results of the covariance separability test (Aston

et al., 2017) for these datasets to assess the validity of the Kronecker product assumption.



S3.1 Gene Time Course Data

To examine the relationship between gene expression profiles and patients’ responses to
rIFNS. We examine the dataset with the ]§2 obtained by the TLC model. Specifically, we
apply TLC on the whole dataset and tune the parameter using 10-fold cross-validation.
The discriminant coefficient estimate is plotted in Figure It can be seen that only 42
out of 76 genes have nonzero coefficients, which suggests that only part of the measured
genes may have an impact on responses to the treatment. Factor matrix estimates are
plotted in Figure . For ]31, coefficients are all less than 0.26 and show little variability
across time after baseline. Moreover, coefficients corresponding to 3 month and 9 month
are close to zero, suggesting that we can ignore corresponding gene expressions when
performing classification. Considering ]51 € R™! this implies that even a partial average
of gene expressions does not lead to any information loss. In other words, the response
to the treatment is invariant to changes of gene expressions across time. For ]32, out of
the 42 genes that may contribute to the binary classification, the top 4 genes that have
the largest negative and positive coefficients are Jak2, STAT-6, Caspase 10, CD80, and
IRF8, FLIP, RIP, STAT3, respectively.

To investigate the effect of time and individual genes in more details, we present side-
by-side boxplots from the two classes after reducing X; to XzTIA)l € R™*! and X,D, €
R™! Figures and suggest that expression values combined across time for each
single gene are not discriminative enough, even for Jak2 and IRF8 which have the largest
negative and positive coefficient values in ]32. However, if we consider a linear combination
of all gene values instead, as shown in Figure [S§| the separation is perfect and presents a

similar pattern at different time points. This also implies that gene expressions may be
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associated with patients’ responses. Furthermore, such an association is not influenced
by time.

To visualize the classification performance of TLC, we present the scatter plot of
(Xi,]§2>, which is equivalent to <)~(Z,</I\>2) with )Zz = [[Xi;f)l,f)Q]], in Figure . It is
clear that the two classes are well separated. Together, the performance of TLC and the
estimated parameters suggest that there may exist an association between the baseline
gene expressions and patients’ responses to the treatment, which is in agreement with
the conclusions in Baranzini et al.| (2004), |Lyu et al.| (2017)), and Molstad and Rothman

(2019).

S3.2 Finger-Tapping fMRI Data

The Finger-Tapping fMRI dataset was collected by Maitra et al.| (2002)). This dataset pro-
vides 12 functional magnetic resonance imaging (fMRI) scans of the brain of a right-hand
dominant male subject when he was performing a right-hand finger-thumb opposition
task. Another 12 fMRI scans of the same subject when he used the left hand were recorded
as well. Each pair of scans includes 12 sessions within a two-month period. As suggested
by Thompson et al. (2020)), we focus on the analysis of the 20th slice of the image volume
as it is adequate to distinguish the activation between the left- and right-hand finger-
tapping (Maitra, [2010). The 20th slice of the image has 128x128 pixels. Considering
the limited sample size (24 observations in total), we follow the procedure in [Thompson
et al.| (2020) and select a 20x20 section of the 20th slice which has the left-topmost pixel
located at (33, 67). This section displays the highest average activation in the left-hand
activation images as determined by the FAST-fMRI algorithm in |[Almodévar-Rivera and

Maitra; (2019). We consider the binary classification problem which distinguishes right-
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Figure S2: The absolute value of ﬁg. White entries have zero values, while dark entries correspond to

values of large magnitude.
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Figure S5: Gene Time Course Data. Estimated coefficients and the classification result.
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Figure S6: Side-by-side boxplots of gene expression combinations across time for STAT-6, Caspasel0,
and CD80 from the two groups of patients.
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Figure S7: Side-by-side boxplots of gene expression combinations across time for FLIP, RIP, and STAT3
from the two groups of patients.
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Figure S8: Side-by-side boxplots of expressions across genes at time points 3 months, 6 months, 9 months,

12 months, and 24 months.
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and left-hand tasks. We randomly split the sample into a training set of size 20 and a test
size of 4 and compare the performance of TLC with competing methods. For TLC, we
use # = (1, 1), which is suggested by singular values of pis — ;. Other tuning parameters
of are selected based on 5-fold cross validation on the training set. Error rates based on
100 replicates are reported in Table[S9] It can be seen that TLC has the best performance

with the error rate being significantly smaller than others.

S3.3 Primary Biliary Cirrhosis Data

Primary Biliary Cirrhosis (PBC) is an autoimmune disease which leads to cirrhosis and
liver decompensation slowly. To study this disease, the Mayo Clinic collected clinical,
biochemical, serologic, and histologic measurements of 312 patients during their regular
visits between 1974 and 1984 (Fleming and Harrington, 2011). This dataset is available
in the R package survival. We apply TLC and established classification methods on
the measurements of 187 patients who had complete records and study the relationship
between biomarkers and the survival time. Specifically, we consider the measurement of
bilirubin, albumin levels, and the prothrombin time at 4 time points: 6 month, 1 year, 2
years, and 3 years, which results in 3 x 4 matrix predictors. We categorize the survival
time into two classes depending on whether the patient had survived within 5 years after
treatment or not. For the TLC model, BIC suggests that the selected rank is # = (3, 3).
Error rates based on 100 replicates are reported in Table [S9 We can see that TLC has

the smallest error rate among all methods.
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S3.4 The Extended Yale Face Database B

The Extended Yale Face Database B (Georghiades et al., 2001)) contains 16128 greyscale
images of 28 human subjects. For each subject, there are 576 images under 9 poses and 64
illumination conditions, respectively. To facilitate the computation, we crop these images
so that only the area containing a face is kept. Then, we downsize each image to 30 x 24
pixels. Furthermore, for each person, we stack images of the same pose with odd and
even illumination condition indices separately and form tensor observations of dimension
30 x 24 x 32. Finally, we obtain 28 x 9 x 2 = 504 observations which are evenly from
28 classes. We randomly split the sample into a training set of size 454 and a test set of
size 50. Tuning parameters of the methods are selected by 5-fold cross validation on the
training set. We report the classification error rates in 100 replicates in Table [S9 It is

clear that TLC outperforms other methods with the lowest error rate.

Datasets | TLC-BIC CATCH CMDA DGTDA DLDA [;-GLM [,-FDA

FTF | 8.00 (1.17) 13.75 (1.60) 12.00 (1.40) 29.00 (2.30) 11.75 (1.44) 13.75 (1.72) 11.75 (1.44)
PBC | 14.74 (0.54) 14.50 (0.54) 20.32 (0.70) 26.37 (0.70) 17.16 (0.54) 16.08 (0.54) 15.34 (0.54)
EYF | 048 (0.10) 8.28 (0.51) 0.48 (0.11)  3.36 (0.35)  3.16 (0.28)  2.08 (0.23)  3.16 (0.28)

Table S9: Mean and standard error of classification error rates based on 100 replicates for the Finger-
Tapping fMRI (FTF), Primary Biliary Cirrhosis (PBC), and the Extended Yale Face Database B (EYF)
datasets.

S3.5 Covariance separability test

We assume that the covariance matrix has a Kronecker product structure. To check if
the data conforms with this structure, Aston et al. (2017) developed the computation-
ally efficient and theoretically guaranteed nonparametric bootstrap test. We perform this
test in our real data analysis after preprocessing and centering data in each class using

the corresponding sample mean. Specifically, we use the function empirical_bootstrap_test



in the R package covsep. The Extended Yale Face Database B is not tested because
observations in this dataset are 3-way tensors while the test was designed to work on
matrix-variate data only. The null hypothesis is that the covariance admits a Kronecker

product structure. The obtained p-values of the three matrix-variate datasets are pre-

sented in Table [STQL

Datasets | GTC FTF PBC

P-values | 0.197 0.003 0.518

Table S10: P-values of the Gene Time Course (GTC), Finger-Tapping fMRI (FTF), and Primary Biliary

Cirrhosis (PBC) datasets.

For both the GTC and the PBC data, we cannot reject the null hypothesis, which
supports the separable covariance assumption and the application of our model. For the
FTF data, we have a reason to doubt the Kronecker product covariance assumption.
However, considering the limited sample size of this dataset (n = 24) and the relatively
high dimension (p; X py = 20 x 20), we need some assumptions to facilitate efficient
estimation and computation. Our model serves this purpose by drastically reducing the
number of parameters in the covariance matrix. Moreover, our method leads to higher
accuracy than many state-of-art methods. In this sense, we believe that it is reasonable

to apply our model to improve the efficiency of classification.

S4 Connection to tensor factor analysis

In this section, we discuss the connection between the TLC model and the tensor factor
analysis model. Without loss of generality, assume that ft = 0. Then conditional on Class

Y =k, we have that
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X = [G; A1, ..., Ay] +E, (S4.12)

where E ~ TN(0, X4, ..., ¥)/). Equivalently, we can write a marginal model for X that
absorbs Y into the mean effect. Define G € R > xK "'where G[:,...,:, k] = G}, and a

dummy variable Y4m € REX! where V3™ = 1(Y = k). Then we have
X =[G;A, ..., Ay, Y™] +E. (S4.13)

Equation appears similar to the tensor factor analysis model in Equation (4)
of (Chen et al.|(2022). However, there are noticeable differences in the interpretation. For
example, our core tensor G is fixed, while in the tensor factor analysis model the core
tensor is random; one of the factor loading in our model, Y™ is random but observed,
while in the tensor factor analysis model all factor loadings are constants and unobserv-
able. Moreover, in tensor factor analysis model, the primary interest is to estimate the
factor loadings, while the variance structure of E is nuisance. For this reason, in tensor
factor analysis usually few assumptions are made on the variance of E. In contrast, in
TLC our main goal is accurate classification that relies on the discriminant coefficients
B, defined in . In order for B to have a Tucker low-rank decomposition, we have
to assume the separable covariance on E.

Nevertheless, results in tensor factor analysis shed light on other possible methods
to estimate the TLC model, especially when the dimensions p,,,m = 1,..., M diverge.

Straightforward calculation shows that

Var(vee(X)) = (R) An)vec(G)vec (@)(R) AL) + R) S (S4.14)

Under the pervasive-type condition that the factors A,, have nonnegligible contributions



(Stock and Watson|, 2002; |(Chen and Fan| 2021} e.g), the factors are closely connected
to the top eigenvectors of Var(vec(X)) (Wang et al. [2019; [Han et al., 2022; [Yu et al.|
2022)). In this case, we can develop methods in the same line as the tensor factor analysis.
However, we leave such a topic as future research, as it has many challenges beyond the
TLC model. For example, it is worth investigating how the pervasive-type condition would
restrict the difficulty of the classification problem. If we require A,, to have sufficiently
large contributions, we are essentially requiring the Bayes error to have an upper bound.
The interplay between the factors and the Bayes error will be a question specific to

classification problems.

S5 Proofs

In this section, we present proofs for the Lemmas, Proposition, and Theorems given in

the paper.

Proof of Lemma [T

Under the TDA model in (3.1]), the probability density function of X given Y = k is

fu(X) = (2m)72 (H det(Em)_q?> exp {—%VGCT(X — )X tvec(X — p,k)}

m=1
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3. Thus, (3.4) is equivalent to

where p = [I_, Py G = p/Pm, and = = ®L_,

Y = arg max {log ? + log ?Ei; }
1 1
e }

1 1
{10g UL —vecT (X — pp) B vee(X — pi) + EvecT(X — p1) X vee(X — p)

= arg max
k=2, K m™ 2
1
= arg max {log % — —vec (pp — p1)E " vee(py + ) + vee (X) S vec (g, — p,l)}
k=2,....K 1

= arg max

\)

m 1
{bg W—k — =(Bp, g + 1) + <Bk,X>}
1

where By, = [ur — ;275 20 L k=2, ., K.

Proof of Proposition

To prove Proposition [I| we need the following result

Proposition S2 (Pan et al| (2019a)), Lemma 2). If W ~ TN(0,4,...,Qy/), then

E[W(j)W(Tj)] = Q; - [[,; tr(€2), where Wy;) is the mode-j matricization of W

Now, we proceed to the proof of Proposition [I}
For any i € {1,...,n}, (X; — py;) "% TN(0,%4, ..., ). Then,

n

1
E[Si] = ————F | Y (X — Fiv) () (X — i)}
S (n— K)p_m “(z 1) (m) (X = B;) (om)

- ZZ

™ k=11Y,=

— o+ e — B () (Ko — e+ o — B) ()| -

In particular,

E [(Mk = ) (m) (X4 — l'l’k)(m)} =E | (mp — — Z X)) m) (Xa = Hk)(m)
]Y =k

1
= _n_kE [(X[ - Hk)(m)(Xl - M’k>?m)] ’



E [(Hk — Bk) (m) (ot — ﬁk)(Tm)] = Ky — — Z X)) (o1 — — Z Xy)(, (m

k= kyvi=

1 1
= D0 B4 o (%= ] = B [ )y (X0 = g ]
LYY=k

According to Proposition S.1,

K
E[Sn] = Kp- > (e = DE [(Xs = ) om) (Ko = ) o))
M k=1
- —z H tr(3,) o
h#m

The second part of the conclusion can be proved in a similar fashion as the Lemma 3

in [Pan et al.| (2019a)) and hence is omitted.

Proof of Lemma [2]

For observations {Y;, X;}, that are independently and identically generated under the

TLC model, the log-likelihood function is
HONHY:, X, Zlog FX[Yi) f(Yi = k)]

=33 |E|——Ztr{ (X = 145,y (B =) (i = ) oy |+

=1 m=1

(S5.15)

where ¢ = Y"1 | log 7y, — (nplog2m)/2. Denote

MOIX) = (X — povis S 31X = pave) =t {330 (X = )y (S B0d) (K = ) } -

(S5.16)

Then (S5.15|) reduces to
= 1 . — log|X,.| — =h(0]X; . 1
OEDY <og7ryl > 5 log (Bl — Sh(6) )) +e (85.17)
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Since

oh

BN 20 (X~ .UY)(m) (®m’¢m2 )(X l"l’Y)(m)Er_nlﬂ (S5.18)

it follows that

ol [ ngr | 1 -1

Note that [(0) is concave. With other parameters being fixed, setting 9l/0%,, to 0 gives

:WZX 1)y (®mimE) (Xi = v ) gy, m=1,.., M. (S5.20)

Without loss of generality, we assume that @ = 0 and hence the Tucker low-rank

assumption reduces to py = [Gr; A1, ..., Ay, k= 1,..., K. Then, h(6|X;) has the form

h(e‘Xi)Ztr{(Q@m’#mZ ) (X = ) gy B (X = “Y><m>}

=1 { (@mrzm ) Xy Zon Xy } = 285 { (@mrtm 2,0) Xy o v m) b

I1

(S5.21)
+Er{(®m’¢m2 )MY( )E;LINYi(m)}/:
12
where
Ilztf{(®m’¢m2 1) Xy 2! A Gy (m) (®mf¢mAmf)T}
— 0 {Gyim) (D AL T} X B1A,,) (85.22)

= tr { (®m’#mA;’2 ) XT 2 AnGyim) } ;



and

I2 =tr { (®m’7ﬁm2 ) (®m’7ém m’) gr}I/;(m)A;rnE;fAmgK(m) (@m’;«émAm/)T}
= tr {Gv,(m) (Onzm A Z A ) Gy (o AL T A} (S5.23)

=t { (Dt Ay Z) A ) G (o) A A Gy |-

It follows that

ol
9G k(m)

= [(@wrm A Z0) X Znt A — (Smrm AL S A) Gl ARSI AL

Yi=k

(S5.24)
With other parameters being fixed, setting 9l/0G ) to 0 gives

~ 1

Gu = - 3 { (AL 40) ™ AL X [ (AL A0) AL |
Yi=k

or equivalently,
~ 1 _
G = oo D [Xs (ATSTTA) AT (AL S AW ALY k=1 K

(S5.25)

When ¥, =1, for all m =1,..., M, the maximizer in ([S5.25) reduces to

G, = Z[[XZ,AlT,.. AT
"k vk

To maximize (|S5.15)) over a factor matrix, we need to solve the following nonconvex

optimization problem,

~ 1
A, = argmax tr (H;,A,,) — =tr (HgmA%ET_nlAm) , (S5.26)
AT An=T, 2
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where
Hip = Gy (QurpmAL S, 1) XE, 5L
_ Z gm(m ®m’7£mAT ) gY (S5.27)

which calls for delicately designed algorithms that optimize over Stiefel manifolds.

Proof of Theorem [

For the first model which applies LDA on vectorized tensor data, the sample covariance
3 and the discriminant coefficient estimator BEPA = £-1(X,, — X;) are both MLEs.
Naturally, we have \/H(ELDA —h*) = N(0,Wg). To derive Wg, we first consider the
asymptotic covariance matrix of vector 7y = (vec(X,)T, ..., vec(X )T, vech(2)T)T. Let

J7! = avar(7,), then

L 1 1 1 o -
Ji =diagd —3%,..., —%,( -E, (X 'eE HE, ,
T 2

TK
where p = [, pm, E, € RF*PFHD/2 with vec(X) = E,vech(X).
Next, consider the asymptotic covariance matrix of vector 7, = (vec(Xy—X1)7T, ..., vec(X g —
X1>T,VeCh(§)T)T. 7> is a linear transformation of 7; with 9, = L7, where Ly =

diag{(—1x-1,Ix-1) ® L, Lyps1)2}- Let J;' = avar(#p). We have
1 -1

where A € RUE—Dx(K=1) s 3 symmetric matrix with diagonal elements being (1 /7, +1/m)
and off-diagonal elements being 1/7;. On the other hand, 175 = (vec(po—p1)7, ..., vec(pur —

)b, vech(X)T)T is a function of hypy. Since

vee(pr — p1) = X8 = vec(I,X8) = (B ® I,)vec(X) = (B ® L,)E,vech(X),



we have

ovec(py, — 1) n ovec(py, — ) _ (I@g ®L)E
= p)Eps

0Bk ’ Ovech(X)
and hence
o, [LeaoS (BTeL)E,
G - (‘)h - )
A
- 0 Lop+1)/2

where B = (Bs, ..., Bx) € RP*E=D_ With the multivariate delta method, we have J,* =

GTW4G. Thus,

Agx! —(ABT® X NE,
W = y

~El(BA® =) ENBAB"® = )E,+ 3E, (X '@ X E,)
(S5.28)

and the Fisher information matrix for hypa is

Jn=W;' = GJ,G"
A 9T+ (T 9 L)EEN(S @ S )EE(80],) (AT OL)EEI(E ! @ E,
IEI(S '@ = )EEN(B®L,) IEN(Z' @ S)E,
Denote H = 0h(t1)/01; and K = 0h(tps)/0v. Following the Proposition 4.1 in

Shapiro (1986), we have

Vn(h(3) —h*) = N(0,Up)

o~

vn(h(¢p;) —h") — N(0, V)
where

Up = HH"J,H)'H", (S5.29)

Vs = K(K'J,K)'KT, (S5.30)



S5. PROOFS

with

a¢ 0 Ovech(X) Ovech(X)
Ovech(X1)? " Ovech(Zm)

and K = 0h(1,)/01s having its elements being

9Bk

_ ! _

vec(@y)  Om=mDm, k=2, K (S5.31)
9B

ovec(D;) =1 {(<®71”=M:m¢ij)‘I’;£(j)> ® ij} (55.32)

dvech(X) Ovec(X) Y 533

dvech(S,) T ovec(Sy)
where T; € RP*? is the permutation matrix such that vec(B) = T;vec(By;y) for tensor
B € RPPv and C, € RPPTD/2P* ig the contraction matrix such that vech(X) =
C,vec(X). For ([S5.33)), we could obtain the explicit form derivatives of m = 1 and M
using formulas from Fackler (2005). However, when 2 < m < (M — 1), we only have
elementwise derivatives.

For Ug and Vg, we have

Ug = H<HTJhH)THT _ J;1/2J2/2H(HTJ}L/2J2/2H)THTJ;L/2J;1/2 _ J;1/2PJU2HJ}:1/27
h

Vs = KK 'L,K)'K" = J,23,°K(K"3,°3,"K)'K" 3,23, 1% = 3, %P 10, 3,12,
h

Also, notice that 0h/dps = Oh/0v; - 011 /0., ie., K = H - 011 /01, according to
the chain rule. Thus, we have span(K) C span(H), span(J,ll/QK) C span(J,llﬂH), and

PJ}L/QK = PJ}/QHPJ;MK = PJ,IL/ZKPJ}L/QH' Therefore,

Us— Vg = J,:l/z(PJ}ll/zH - PWK)J;” ?

g2

—-1/2

3,/°H

—~1/2 —-1/2
= 3 (P12 Qg ) T3 2 0



and

W5 = Up = 3, (L= Puyy) 3,2

_ J;l/QQJi/gHJ;W >0

where Q2 and Q12 are projection matrices onto the orthogonal compliment of
h h

span(J,ll/QK) and span(J,ll/ZH), respectively.

S5.1 Proof of Theorem 2

To proceed with the proof of Theorem [2| we introduce some notations in advance. For
a matrix X € RPVP2 ) let 01(X) > -+ > 0p,0p,(X) > 0 be its singular values in non-
increasing order and SVD,(X) be the first r left singular vectors of X. The max norm,

spectral norm and Frobnieus norm of matrix X are defined to be ||X||max = max; ; |X;],

X = maxyes B2 = 0,(X) and X[l = /S0 S0, X3 = /S0 02(X), e
spectively. Denote the collection of p x r orthogonal matrices as Q,, = {U € RP*" :
U'U =1,}. For U € Opxr, UL € Opyp—r is its orthogonal complement such that
[U,U,] € Opyp. For any U, Uc Opxr, we measure the distance between the two sub-
spaces span(U) and span(U) by sin ©(U, U) = diag (sin 6, ...,sin §,) where 6; = arccos o;
with 07 > --- > o0, > 0 being singular values of UTU. To avoid potential confusion,
we use M,,(p) instead of pu(,,) to denote the mode-m matricization of tensor p in the
proof. Denote AL = SVD,. (M (1)), 1hm = 0r,, (Mo (i) as the leading 7, left singular
vectors and the r,,-th singular value of M,,(@). Then, A is the initial factor matrix

estimate. We furthre denote Am as the mode-m factor matrix estimate after achieving

convergence under Algorithm [S5
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Proof of part (a)

We prove (a) in 5 steps. In step 1, we give a reformulation for the multiclass problem to
facilitate the proof. In Step 2, we establish the initialization error bound for NG using
the perturbation theory and matrix concentration inequalities. In Step 3, we establish
the error bound for the factor matrix estimate A, obtained under Algorithm . In Step
4, we bound the error for the sparse estimate of D,,, based on corollaries of results in |[Min
and Mai (2022). In the last step, we construct and derive the error bound for B using f,

{A, )3 _,, {D,,}3 _,, and corresponding error bounds.

Step 1 Under TLC, we could rewrite X; as

Xil(Y = k) = pp + Zi,  Zi CTN(0,34, 50, 55). (S5.34)

According to the estimation process in Section [,

~ 1 1
Ky k—1] = n_k: Z Xi— _1 Z X = M — p + E[:,:,:,k71]7 k= 2, ) K7 (8535)
Yi=1

n
Yi=k

where E € RP1*p2xpsx(K=1) 551 Ep k-1 = nlk Zyl_:k Z; — n—ll ZYi:1 Z,. Note that

MM+1<E> = : =

110 - 0 ve! (L %y, %)
101 - 0 vecT<iz,_ Zi)
_ na V=2 . (S5.36)
100 - 1 T<L _ Zi)
- - (K-1)xK _VeC K ZYI;K = K Xp1p2ps

vecT (% ZYi:2 Z; — n_ll ZYFI Zi) vec! (niz Zyiﬂ Zi) — vecl <ni1 ZYi:l Zi)

_VecT (# D viei Li = Yy Zi>_ _vecT (i > v—k Zi) — vec? <nil D vt Zi)_



~ id

Denote z; = vec <é > vk ZZ-) € RPP2ps. Then, z, ~ N(O, kE) where ¥ = 330 3, ®

3J1. To simplify the presentation, we assume that n; = --- = ng. Then,

E[MMJrl( )MM—H( )}

_ S - =1 =1 ...
~1 10 - 0| |[EZT%, 0 - 0
1 0 -+ 0
-1 01 -0 0 Ezlz, --- 0 2tr(3)
= o 1 - 0= -
100 - 1| o0 0 - Ezlag
B T 10 0 1
(35.37)
This implies that
~ 2
B~ TN(“’? n_21722723724)7
k
where p = [®; Ay, Ag, Az, Ik 1] and ¥4 = C'S(0.5) when ny = -+ = ng. According to
Lemma [17} [ Z4]| = 01(Z4) = VK/2 and 05(24) = -+ = 0x_1(S4) = /1/2. We could
reformulate p as
~ A 1 5
pEpt+—> 7 (S5.38)

where Z; ~ TN (0,231, 35, 53, %,) and 3y = CS(0.5).

Step 2: Error bound for A{Y. We aim to show that

Pm
(0 Tl ng +c
Hsm@ (A, m)H <C| ——
m

>1 = 2exp{—Tpm} — 2exp{—"(nyoy, (Mu(p)) —2(] [ P)CS)}, m =1,2,3. (S5.39)
l#m

CS(0.5).



S5. PROOFS

where fASP, A,, € 0,, «, are the leading r,, left singular vectors of M,, (@) and M,,(p),
respectively, and C, ¢, , ¢’ > 0 are some constants. We give the proof for (S5.39)) along
mode-1. The proof along other modes follows a similar fashion and hence is omitted.

According to Lemma [7, we have

g o (AT M ( HAuM (B)P (a7 0, ()7
= a,?l(ATM( ) — 0% (M)

sin @(Kg(]), AI)

Al (S5.40)

Cy

Note that function f(z,y,2) = %5 < OReEYIon

ite > C;,y < Cy, and z < C..
Thus, to give an upper bound for (S5.40), our goal is to find the lower bound for

o, (AT My (@) and upper bounds for

AT Mi(B)P (a7 a1, ayyr || and 07 4 (M (). We

analyze o, (AT M,( HAuM (n)P (AT My ()T

,and o7 (M (f1)) separately in Steps

1.1 - 1.3 and construct the upper bound for ||sin @(Kg‘”, A,)|| in Step 1.4.

Step 2 Firstly, we aim to show that

P (o2 (AT Mu(@) 2 (o () - ZEZ DR ) )

g

2
>1—2exp {047“1 — 3 (nkop, (Mi(p)) — 2(K — 1)papsC) (z A %)} : (S5.41)
By (S5.38]), we know that
o) — il 7.) € RP1*p2ps(K—1)
Mi(p) = Mi(p) + - ZM1( i) € :
where My(Z;)  MN(0,25,, %, ® 5 ® %) and

My ()M ()

ng 7Nk

=M (p) +n—kZM (1) + /\/l( )iM{(ZH% M(Z)MT

i=1 j=1

(Z;).



It follows that

=Mi(p) M7 (p) + niz ZE [Ml(z’)MlT(Z)}

=My ()MT () >, (S5.42)

B [ATM @M @A) —AT (Ml ) + 2EZDEEE ) )
—diag {0 (Mo (1) -, (Mo 0} + 2L g
(S5.43)

Obviously, E [AT M, () M7 (@)A,] is positive definite. We could find a symmetric nor-

malization matrix N € R™*" guch that

2(K — D)tr(Xq)tr(Xs

2 Jars AL
N = (diag{a% (Mi(p)),...,or, (Ma(p))} + A7 21A1> .

ng
(S5.44)
Consequently,
E [NTAT My (B)M; (1) AIN] =T,
and
IN|I* = 0}(N) = 0,(N?) = 0, (N7?)
2(K — 1)tr(3g)tr(X
= o} (diag{a% (My(1) o0, (M)} + ZE ;i 2)tr( 3)A1T21A1) |
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According to Lemma [§]

2K — 1)tr(y)tr(;)

o, (M () - DI,
<o, (diag {0% (My(p)), ..., afl (M1(M))} + 20K~ 1)tr(22)tr(23)A1T21A1)
ng
<o7, (Mi(p)) + 2K~ Dir(E)ir(Z) 5 ) (S5.45)

g
and hence

2K — 1)tr(To)tr(X)

2K — 1)tr(Zp)tr(Zy) ||21||> .

(o2 Muta) + HElH)_l < INP? < (o2 M) -

ng Nk
(S5.46)

It follows that
o2 (AT My(m)) =02 (N7Y) o2 (NTATM, (1)) (S5.47)

=0r, N_2) Ory (Im + NTA{MI(ﬁ)MlT(ﬁ)AlN - IT1)

2<K - 1)tr(22)tr(23)

> (2 (Mutu) - 240 (1= INTATAM @M @AN - 1)

(S5.48)



where the inequality (S5.47)) holds due to Lemmalgland the inequality (S5.48) comes from

(S5.45) and Lemma[9] For any unit vector u € R™, we have
u” (NTAT M, ()M (B)AIN — T, ) u
T NTAT M, ()M () ANu — "B [NTATM, () M (3)AN]

=u'NTAT M, (p)M] (1)A;Nu — u"E [NTAT M, () M7 (p)A1N] u
+ 20" NTAT My () (nk > Mz ) A;Nu - 2E [ TNTAT M, (1 (nk > M{(Z ) A Nu]

+u'NTAT ( Z M ( ) ANu — [ TNTAT ( Z M ( )) AlNu]

1]1 231

=2u"'NTAT M, (u ( ZMT )AINu
ng

.

12

+u’NTAT < Z M ( )) A Nu—E [uTNTAIT ( Z M ( )) A Nu] .

zgl z]l

-~

I
(S5.49)

We analyze I; and I, separately.

Step 2.1 - Analysison I, Set F =1,,,,(x_1) ® ((AlNu) (AlNu)T). Note that

AlNu ( 3 inzk./\/l )> (AlNU)
<n ZM ), (A;Nu)(A;Nu)” (n ZM >>
—vec! n—ZMl(Z) ((AlNu) (A;Nu)” (n ZM ))

1 ~ 1 ~
:VeCT n_k Z Ml(Zz) (Ip2p3(K*1) X (AlNU)(AlNu)T) vec (n_k Z Ml(ZJ)
=1 =1

n Nk
:mT%ZM@)N%%ZM@».
k=1 L
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Thus, I; could be rewritten as

I, = vec? (ni iMl(Z)) Fvec (ni iMﬂZ)) —E lvecT (ni ZMKZ)) Fvec (ni ZMl(Z))] .

Note that F € Rrp2ps(K=1)xpipops(K—1) - apd

F]|= (A, Nu) (AN = [NulZ < [N|Pulz< (ofl (M () — 2= Dir(Ba)tr(2s) I\Elll)_

N

(S5.50)

I F[[7=paps (K — 1)[|(A1Nw) (A Nw)" |3 = paps (K — 1) Nulfy < pops(K — 1)[N|[*]|ull3

2(K — 1)t;izz)tr(23) ”21“) - (85.51)

<ppa(K — 1) (afl (M) —

where the first equality holds due to Lemma |5 and the last inequality comes from (|S5.46))

for both (S5.50) and (85.51). Let Z; “¢ MN (0,1,,,Tppp(x—1)). Then, H% " vec(Z:)

_Co_

NG

<

P2

M(Zs) = V227, (240 By @ 29)V%, vec (Ml(Zi)> =2 [(24 ® T, ® )% @ 21/2} vec (Z;)

Set T2 = [(24 90 e 2}/2] Then,

K
2

S1ops 8 2K ~ )papsCy”
IEVAEE <] 11 = IF]- 1202l -2l 1200 < 0 (o (Mata) - Ly

ny

(S5.52)

~ ~ 2
I=2FS < (HEWH [Fle - HEWII) = |[FI5 - I1* = [FUF - 120 - [l - 12 - |24

K(K —1)pypsC8 2K — 1)papsCe\ >
< MU G (2 () - 2y

(S5.53)



where the first inequality holds due to Lemma {4 for both (S5.52) and (S5.53]). By the

Hanson-Wright inequality in Lemma |11}

xr
P (’[1| > 5)

:P(—Vec (ZM >Fvec (ZM ) —Vec (ZM )Fvec (ZM )] >g)
L ( o (nik > z) S2FS 2vec (Fk > z) B fvec” (a > ZT> ZFE vec <n_k 2 Z)]

(2% (ngo? (Ma(p) = 20K = DpapsC3)” @ (mo? (Ma(p) — 2(K — 1)papsC)
<2exp q —c; min TG , .
2K (K — 1)papscyCyy V2K 3Cs,

(S5.54)

Step 2.1 - Analysis on I, Note that

I = (M7 (p)A,Nu)” (n ZMT ) A Nu = tr { (; iMf(ZJ) (A;Nu) (M{(M)AlNu)T}

— vecl (nik Z M{(Z)) vee (A Nu) (MT (u) A Nu)T),

M (1) AxNu =W diag {01 (M (n)), ... o7, (M (1) } -

— Dtr(Zy)tr( ~1/2
) r( 2) r( 3) A?EIAI u,

[diag{a%(/\/h(ﬂ)): 9 1"1 }+

ng

which implies that ||M7 (p)A NuH < 1. Thus,

|[vec ((A1Nu) (M7 (n)ANu)”) 2 = | (A1 Nu) (M7 (1)A;Nu) H

I,
2(K — 1)tr(Xq)tr(X3) ||21||>_1

ng

+ = [INulf3 | M7 (1) ANl

<|INJ? < (ozwl(u» -

e ooy



S5. PROOFS

and hence

[ vee ((ANw) (M () ANw)T) | < (8] - [vee ((ANw) (M () AsNw) )

= [[Sll - 5] - 12l - [ Zall - [[vee ((A1Nw) (M (1) A Nw)T)

sC%\/g (o—fl (M) - 2= szpgcg ) _1

By Lemma [12] we have

P<|212| > %) =P | |(MT(p)A;Nu)” (WZMT >A1Nu > Z)

=P nik ZvecT (M?(Z)) vec ((A1Nu) (M{(N)AlNu)U

>
4
=P | |vec” (nik Z Zl> > 2vec ((A1Nu) (M] (p)ANu)")| >
i=1

<2exp _Cza:2 (nkafl (My(p)) — 2(K — 1)p2p3(j’%)
- 8V2K3CS, '

Combining (S5.49)), (S5.54) and (S5.55) gives

(S5.55)

2
P (Ju"NTAT M (B)M] (i) A1 Nu — u"I, u| > z) < 2exp {—03 (ngo? (Mi(p)) — 2(K — 1)papsCyy) (z A .r_)

]
8’}
By the e-net argument in Lemma [10] we have

~ . 22
P (||NTAiFM1(u)M1T(u)A1N -I, || > flf) < 2Zexp {047“1 —C3 (nkafl (Mi(p)) — 2(K - 1)1?2]030%) (@ A g)} ’

(S5.56)

which implies that

P (o2 (AT Mu(@) 2 (o (o)) - 25 1)]’2]’30%) 1)

ng

2
> 1 —2exp {047"1 — ¢ (o, (Ma () = 2(K = 1)papsC) (x A %)} |



Step 2.2 Secondly, we aim to show

2v2(K — 1)C%,
niy/ o2 (M) — 2D

HAuM (B)Parrg@yr| S 2+

N

>1—2exp {04]91 - CénkQJQ} —2exp {—05 (nkafl (Mi(p)) —2(K - 1)2721?30%)} :
(S5.57)

Note that

| AT AMUBP g e | = [ AT MG ragan, e
= || AT M () (NTAT M () [NTAT M (@M () AN] T (NTALM ()|
< AT My (@) (NTAT M, ()7 o7 (NTAT M, (1),

(S5.58)
where the inequality in holds due to Lemmasand . We analyze || AT, My () (NTAT M, ()|

and o, '(NTAT M, (1)) separately.

Step 2.2 - Analysis on o, '(NTATM;()) In Step 1.1 we know that
o2 (NTATM () = o7, (NTATM, ()M (B)AN) > 1~ [[NTAT M, () MT (AN — 1, |
and by ([S5.56|), we have

P (o, (NTAT M () 2 1 —2) 21— 2exp {cm = ¢s (meoy, (Mi()) = 20K = DpapsC) (2 A %2>} |
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Set x = 1/2. Since n* > C'gap]z)“r’/Q/n;g and r,, < Cop'/? for large constants Caap, Co > 0,

P (0;11 (NTAT M, (i) < \/5) = P( C(NTAT My () > %)
> 1 —2exp {cary — & (ol (M () = 2(K — 1)papsC3) }

> 1—2exp {—65 (nkafl (Mi(p)) = 2(K — 1)p2p30§)} :

(S5.59)

Step 2.2 - Analysis on HAU_MI( )(NTATMl( ))TH Note that
AT M () (NTATM (/)"

T 1 T 1 Lk 1 Tk

=AM - Z Zi | MT(u)AN + AT M, o Z 7 — Y AIYS
1 ~ 1 -

BATM (257 )Ml (L3°7,) AN
For any unit vector u € R™ and v € RP17"1,

1 & ~
vIAT (n—k Z/\/M(Z@)) MT(u)ANu = tr { (nk ZM ) T(p )AlNUVTAﬂ}

=vec’ (nk ZM ) vec (M7 () A Nuv'AT)) = vec” (— Z Zl> »12vec (M] (n)ANuv”AT)),

1
n
k =1

and

1= 2vee (MY () A Nuv?AT)) |12 <||IZ] - [[vec (MT (p) A NuvTAT)) |3
K
ISl 1Sl sl ISl M () ANul3 - ALV < O3/ 5

By Lemma [12] it follows that

(

1 ~
VTA{L (n—/\/h(zl)) M{([J,)AlNu
k

2

T C3NET
> — ) <2expy ————— . (5S5.60
- 2\/5) - p{ 4\/2}(@30;} ( )



By Lemma [10] we have

P <HA1TL (niMl(Z)) Mi (p)

k

— — z2€X C D AN
20v/2) = PV erecs

(S5.61)
Moreover,
JTAT 1 & 1 p 1 & 1 &~
AT M, n—ZZZ MT nkZz A;Nu = tr{ M? - Z; | A\Nuv’AT M, n—kZzl
i=1 Jj=1 i=1
1 &
=vec! (n_ ZZ] ) vec <A1NuvTA1lM1 (— ))
J=1
1 Nk nE »
:VeCT 1 (n—kZZ] > (Ip2p3(K 1) & (A Nuv A?L)) vec ( 1 (n—kzzl)>
=1 i=1
nk

1 1
7 T 1/25s1/2 A
=vec’ | — g 727 | TV2FERY2vec E Z; |,

o ) (nk p )

where F = I, (x—1) ® (A;Nuv’ A7) and

2(K — 1)tr(S,)tr(S e
Il A Nuv? AL | = [NuvT] < IN] - uv < (o () - 25 s )

(S5.62)

|F[|3=p2ps(K — D][(A1v) (AN |2 = pops (K — 1)[|Arov]f3 - | ANl < pops(K — 1)||N||?
2K — 1)tr(s)tr(s) -
1Z)

Ny

<pap3(K —1) (‘731 (Mi(p)) — (55.63)

SR . - K
ISRV I<|F| - (Z] = [F(] - 120 - 122l - 18] - 1Za] < Ce\| 5 (031 (M () —

(S5.64)

~ ~ o~ ~ ~ ~ 2 ~ ~ ~
IZVPFE2 %< (||21/2H N[ - ||21/2H> = [[FE - (1217 = [[F1F - 1210 12l - (123 - 124
Q(K— 1)]?2]?30%)_1

ng

< pops(K — 1)C5, (031 (My(p)) — (S5.65)
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By Lemma |11}, we have

- ( JTAT, [Ml (iiz) A (i i Z-) (K - 1)tr(22)tr(23)21

A;Nu
3

j=1

)
llege)m ) e (i)

— 2(K — 1)]92]7302 \/
pap3cyCS 2\/_036’3 o

~ | —

*ny, (ngo2 (M
§26Xp{—c1min< ¢ (0 1(/1

Again, by the e-net argument in Lemma [10, we have

P (AT A (3 (NAL My (3)” — B [AT My (3) (NTAT M )] > 22 )

/2 2 5
CLT Ny (”kar (Mi(p)) —2(K — 1)19229302)
<2e Cap1 — L ) S5.66
<2exp { 4p1 K — Dpars (55.66)
Besides,
2(K - 1)]?2]730% e
AT Z AN < 2] [N]) < Css (o2, (M) = = ~(95.67)

Combining (S5.58)), (S5.59)), (S5.66|), and (S5.67]), we have

<x+

2W2A>AK —1)C3
(AuM ()P (a7 0, ()7 ( ) )

iy 02, (M(p)) — 2Dy

Nk

>1—2exp {04]91 - Cg”k"fﬂz} —2exp {—05 (nkafl (Mi(p)) —2(K - 1)?22730%)} :

Step 2.3 Thirdly, we aim to prove that

P <a,?1+1(/\/ll(ﬁ)) < UK~ Zp iC% a:))

>1 —2exp {04(P1 — 1) — 2c1Pp2p3 (\/50%2%— 2 A (QC%CQZ(KK_ 1)> ) } (S5.68)

Note that

Ort (M) = min [lMy (@) — G < [Mai(B) = Pa,Mi(B)]| < AT Mi(B)]]

rank(G)=r

- 2(K - 1)292])30%)



and

AT M (B)|) = | AT M (B)MT ()AL
2K — 1)tr(Zy)tr(Ss)
Nk

2(K - 1)]?21930%
N

IAT, S1A || + AT My(@IMT ()AL — E[AT, My(B)M] ()AL

< + [|AT M (B)MT (2)A1L — E [AT, My (m)M] (B) A L] ||
Similar to the proof of (S5.41)), for any unit vector v € RP1=",

VAT My (B)MT (B)A v = vTE [AT My (B)MT (R)Aq L] v

:vTAlTL< Zkzk./\/l )) A v—vIAlE Zkzk/\/l )] Av
=1 j=1 =1 j=1

e (n > ) Fuec (n > ) - [ (n > (2 ) Fuec (n > )
=vec” (nk >z ) S2EEY 2vec <nk >z, ) lvec (nk >z, ) S2EEY 2vec <nk >z >

where F = I, (x—1) ® ((A11v)(A11v)T) with

} e < s . [K -
IFI <1, ZPES < 3] - [E] = 150 - (1] - 1] - 124l - 1Fl < Co /50 IFIE < pops(K = 1),

P2P3K(K - 1)023

ISVPESYE < ISV (BRI = Bl - Sl - 1Sl - (2] 1 FYIE < 5

Again, by Lemma [11}
P ([v"AT My (B)M] ()AL v — v E [A], My ()M (B)Aq L] v] > 2)
1 & S 1 & 1 &
=P | |vecI | — A SI2ESY 2vec | — Z:; | — E |vecT ZT S2E 2yec VA
(o (5 20) 3 5 5

<9 . 2x2ni ﬂxnk
exp { —c; min , )
=SSO T L K (K — )08 VEACS

> 2
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Then, by Lemma |10 we have

M (i T 2K — 1)popsCS
P (“A{LMl(M)Mf(u)All —E[AT M ()M (B)AL]]| > ( )P2p3 Zx)

g

2 2 .\ 2
<2Zexp {04(271 — 1) = 2¢{p2ps <\/§c€2x A (202x) ) } : (55.69)

2
0 €o

It follows that

r (“31+1(M1(ﬁ)) < HEZ DpopsCy ) ﬂf))
Nk

V2021 2021\ 2
>1—2exp {04(191 — 1) — 2¢{paps3 ( 022 A ( = ) .

2
0 Co

o7, (Ma(m))

S Toor gives
32, vt (- 2 )

Step 2.4 For (|S5.41), setting x =

g ("31 (ATM () > 20, (M) — 2 1>p2p30;>

2
3 T
csniod (Mi(w)) }

72 [nkafl (Mi(p)) — 2(K — 1)p2p30§] (S5.70)

>1 —2exp {c4r1 —

0.2
For (S5.68), set & = ~£nMU) 5 e haye

G(K—l)pngc'%

P (0_2 . (Ml(ﬁ)) < Ozl(Ml(y’)) B 2(K — 1)p2p30§])

3 N

>1—2exp {04(291 =) —cf (nkafl (Mi(p)) — 12(K — 1)2922930%)} : (S5.71)

When 7% > Cyop (K — 1)p*? /0y, with Cy,, being large enough, for some small ¢ > 0,

conio? (Mi(w)) s ol (Mi(w))
72 [m0?, (Mi(n)) — 2(K — L)papsC)] = o, (M) — 20K — DpapaCl
(S5.72)

entat (Mi(p)
0, (Ma(w) — 20K — DpapsCy’

(S5.73)

cf (”kafl (Mi(p)) — 12(K — 1)1921930%) —cy(pr — 1) >



which implies that

A1

18(K—1 C2 ~
)H ) \/6031 (Mi(p) = =E=G AT M (B)P (a7 s (1

Pl llsinoA?. A
JsinOAL. A, 22 (Ma(w)

'cvniaf:l (M1(N))
21~ 2exp {‘nkazl (M () — 2(K — 1papaCl } ' (85.74)

Further set x = \/p1/ny for (S5.57)). Then,

< [P 2V2(K — 1)C%,
SV fon (My () - 2

1 Nk

P HA{LMI(IAL)P(A{MN?L))T

>1—2exp{—(cy — ca)pi} — 2exp {—c5(nyo (Mi(p)) — 2(K — 1)popsCs) } . (S5.75)

It follows that

Ory (Ml(lJ’)) z_i_’_c

r o2 (M)

sinO(AY A))|| < C

> 1 —2exp{~Cp1} — 2exp{—¢" (o7, (Mi(p)) — 2p2p3C%) }-

where ¢ > 0 is is a constant depends on Cy, C,

sap, and ny. Similar inequalities hold for

sin @(Kg‘”, A,)|| and

sin @(;‘1&0), A3>H as well. Hence, we have

My /52 +c
P Yy

sin@(;‘;g),Am)H <C 5
U

>1 = 2exp{—pn} — 2exp{—7"(no?, (Mi(w)) — 2] [ P)CD)}. m=1,2,3

Tm
l#m

Step 3: Error bound for A,,. Our goal is to show that

_ I
SiHG(Am,Am)H < Q\/p 8P —1,2,3 (S5.76)
n ng
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with probability at least 1 — O(p~') as long as ¢y, > 1. Denote

sin O(AY, Am)(

€t = IMax €¢m, €tm =

. t=0,1,2, ...
m=1,2,3

We aim to show that

2 1 2
1 < el \/ POgP 6 —61; < \/7_ (S5.77)

fort =0,1,2,... We conduct the proof using induction. First, we prove that ((S5.77)) holds

when ¢t = 0. Next, we prove that (S5.77)) holds for ¢ + 1 if it holds for ¢. Then, we use

(1S5.77) to derive (S5.76]).

Step 3.1 - Induction: t =0 Based on ([S5.3Y)), there exist C's, > 0, ng, and a large Cgap, > 0
such that ey < 4/2/2 with probability at least 1 — 2exp{—p} — 2exp{—"nxn’}. By

Lemma [I9] we have

Ml (i Z?klz> (IK 1®V3®V2) p271
max < Cy|—,
V2€RP2X72, V3€RP3XT3 [Vall - V]| T,
M (5008 Z) (T4 @ Vs @ V1) o [ o
max < —_—, 5.78
V1€RP1X71 V3 ERP3X"3 ||V1|| ’ ||V3|| B T ( )
M (L0 Z:) (e 1 @ Vo @ Vi) o e
max < U
V1ERP1XT1,V,€RP2XT2 [Vl - [[ V2 B Tl

with probability at least 1 — C'exp {—C’pr}. By Lemma [16]

=3 My (Zxa AT < AT) | < G/ BRIy M (2 AT e AT )| < 0[5
klim1 k Rt

1 & ~ 1

— > My (Zixi AT %2 AT )| < 4 pip, (S5.79)

klizt

with probability at least 1 — O(p™1).



Under Algorithm [S5| the estimate of A in the (¢ + 1)-th iteration is

;&gt+1) = S\/])r1 <M1(ﬁ X9 ;&;t)T X3 A:())?))T X4 IKfl))
1 o~ O
= S\/vDT1 (./\/ll (M + — Z ZZ) <IK—1 & A:())t) ® A;ﬂ)) .
(g
By Wedin’s sin © theorem in Lemma [30] we have

o (4 522) (o 20 < 29
or, (Ml(u) (IK_1 oAV @ Kg”))

€t4+1,1 S (8580)

Moreover,

Ory (Ml(m (IK—I ® Két) ® 2&9)) =0, (Ml(ﬂ) ‘Pl 0A304, (IK—l ® th) ® Ké“))

(S5.81)
=00, (M) (T © Ay @ A) (T © Ay © A)” (T 0 A @ AY) )
—,, (Ml(u) (Ix_1 © Ay @ Ay) (IK,1 © ATAY & A;&gﬂ))
>0y, (M (1)) i (As) i (A2) i (ATAL) i (AFAL) (35.82)
>0, (My(p)) (1 —€7), (55.83)

where the equation in (S5.81f) holds because Ix_1 ® A3® A, spans the right singular space

of Mi(p), the inequality in (S5.82) holds due to lemma |8, and the inequality in ([S5.83)
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holds due to lemma [6] Meanwhile,

1 &
M, o Z Z; (IKA ® Aét) ® Ag”)
k=1

=||M; n_k Z zl (PIK—1®A3®A2 + PIK—1®A3L®A2 + PIK71®II)3®A2) (IK—l ®A;® A2)

5 ¢ ¢
+ || My n—k Z Z; | P1, 0A; A, <IK71 ® A;(g) ® A§)>

Pr_1eas04, <IK—1 ©AY ® Aét)>

IA

=

S~
~ M

F N

J LA
M > Zi| Py ioasens, <IK—1 2 AY ® Aé”)
k =

1 o ~
+ Ml . Z ZZ PIK—1®A3J_®A21_ (IKfl & A:(),t) (029 Agt))
T =1

1 o~
= HMI (n—k Z Zi) (I 1 ®As @A) (I 1 @ Ay @ Ay)” (IK—l ® Aé“ ® A;t)>
i—1

1 &
(V)
+ g n—k;z (IK1®(PA3LA ® (Pa,A )

1 o~
+ ||M; n_kzzi (IK71®(PA3A§) (Pa, A )

1 o=~
—+ M1 n— Z Zz <IK—1 & (PAgLA.gt)) ® (PA2LA(t))> H
kizh

1 ng 2
<\l (nkZz> (Ix_1 ® Az ® Ay)|| + C Al ~HPA2A§) (5.84)
# 0P [Paal| [Paal] + oy /2T HPAu oAl

1 1 2
<Cyy /2 ng+2c,/ﬁet+c,/ﬂe§ <oy 222 4 ae, [P, (S5.85)
ny, ny ny, N, N

with probability at least 1 — O(p~!) where the inequality in (S5.84]) holds due to (S5.78)

and the first inequality in ((S5.85)) holds due to (S5.79)) and Lemma @ Thus,

Cy\ /P2 4 3C, [Exe

%(Ml(u))(l —€f)

€411 <

(S5.86)



When t = 0, we have

201 /plogp GC' p3r
€11 > —— —€p-
\/ N,
Similarly, we can obtain
2CY4 plogp 6C |p?r 2CY4 plogp 6C |p*r
612<—\/ \/—60, and e;3 < \/ \/—60
N,

Since 12 > Cyapp®? /1y, and r,,, < Cop!/?, there exists a large constant Cy,p, > 0 such that
2C | 6C 2 60 1
e < et D0 ng —eo < £ and < —
n g n -\ 2 n\ e T2

Step 3.2 - Induction ¢t >0 Assume that (S5.77)) holds for t. By ([S5.86)),

lo r
Gy pn—fp—f—?)c\/iket /plogp 6C pr <\/§
— 27

o, (Ma(p))(1 = €7) e

err1 <

where the last inequality holds because e, < v/2/2. Consequently, (S5.77) holds for

t=0,1,2,... Combining ([S5.77) and the condition % % < % yields
4C4 plogp ( 6C |p 27”) 6C [ p?
€t+1 < - 1-— — —et
Ui Ui Nk
4C4 plogp 6C [p*r < 401 plogp)
:>€t+1——\/ \/ 6——
N N

4C4 plogp (60 | p? ) ( 4C4 /plogp)
= 6tmax - T = - O e
n Mg
1 1
ey < /p 08P thax < C [plogp

as long as ty.x > 1. Therefore, we have

- 1
sin@(Am,Am)H Cemn < S P12 0
n Ny,

with probability at least 1 — O(p™1).
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Step 4: Error bound for D,,. Specifically, we aim to show that

_ C 1
ID,, — Dyllr < ?/@, m=1,2,3 (S5.87)

with probability at least 1 — O(p~'). Note that Tucker decomposition is unidentifiable
to orthogonal transformations of factor matrices. We consider the factor matrices, A,,’s,

that have the the minimum Frobenius norm error with the obtained estimates. Then,

8" = & oo < | A — A

< [An- 212

n

max

sin © (Am,Am) H < % plogp
(95.88)

with probability at least 1 — O(p~!) where ﬁl(m), al(m) € RP" are the I-th column of A,,

and A,,, respectively. Meanwhile, note that

N 1 o~ ~ bm
D,, = in ¢tr( =D'Y,D—-A'D )+ D,
arg min { r<2 m )+ ;H ZHQ}

DeRPm Xrm
T 1 R T Pm
= argmin Z (éd;‘FEmdl - al(m) dl) + /\Z D2 ¢
D=[dy,odrn] 5 =1
d,....dy,, ERPm

which suggests that we are essentially solving ((S7.127)) along each mode. Hence, we could

apply Lemmato obtain the upper bound for Hf)m—DmH r. Specifically, (S5.88]) suggests

that condition (i) holds with probability at least 1 — O(p~!). By Lemma [20kondition

(ii) holds with probability at least 1 — O(p~'). Moreover, condition (iii) holds due to

Lemma . Since \ < %, by Lemma we have
~ C 1
IDy = Dinllr < =/ 2L =123
n n

with probability at least 1 — O(p™1).



Step 5: Error bound for |B — B|z. Since B is constructed by
B = [[fi; A7, AL, AJ[; Dy, Do, Dy = i x; DiAT x; DAL x3 DAL,
we have
B-B
=i x1 D1AT 5, DoAY x5 D3AT — p xy DIAT x, DoAY x5 DAY
—p x1 D1AT %, DoAY x5 D3AT — p xy D1AT x5 DoAY x5 D3AT
. (nizz> i DLAT x5 DyAT xg DaAT

=p X1 (ﬁy&? — DlA{) X9 ﬁg.&%ﬂ X3 ]/:\)3;&? + Xy DlA,{ X9 (ﬁg;&%ﬂ — DgAg) X3 ]/:\)3;&?
ng

~ o~ 1 ~ ~ o~ ~ o~ ~ o~
+ Xy DlA? X9 DgAg X3 (DgAg: — DdAg) -+ ( Z Zz) X1 DlA{ X9 DgAg X3 Dg,Ag:
i=1

Nk

Then,
Hﬁ —Bl|lp <L + I+ I3+ Iy,
where
I = || x1 (D1AT — D1AT) x5 DoAY x5 D3AT||p,
I = || x1 BT ALAT x5 (DoAT — DLAT) x5 DsAT |,
Iy = || x1 B7TALAT x5 B ALAT x5 (DsAT — DA ||,

g

1 &~ PN - -
[4 = H( E ZZ> X1 DlA{ X9 DQAg X3 Dg,z&%1
i=1

F
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Note that

DAL — D, AL ||z =|(D,, — Dp)AL + D,(A, — AT

~

SHAm(Dm - Dm)THF + ”Dm(Am - Am)THF

<[Awll - 1D = Do)l + 1551 - (Al [ A — Al

SHﬁm - DmHF + CEHAm - Am“F

1 1
n n n

||f)mA\%”F - “(f)m - Dm);‘:gm + Dm;‘\*:{mHF < H;‘:m(f)m - Dm)THF + ||Dm;&:{1||F

< G [erploep o (S5.90)
n n

and

N ~ EN C 1
DAL < Dyl < D = Do + D] < S35 55+ Cs (35.91)

It follows that

1~ (DAY - DATIM (1) (DAT & DaAL )|

< |DiAT —DiAT| - lle - |[DaAS| || D2AT]
2
C 1 1 C 1
e (\/srp ogp+\/rp 0gp> (_2 [srp ogp+02) |
n n n n n

I = H(ﬁ%&g — DyA}) Ma(p)(DsA] ® ZIIAlA?)THF

< | DAL - DaA| - llr- |[DaAS| (|5t AAT

C 1 1 C 1
el (\/srp ng+\/rp 0gp) (_2 [srp ngJrCE)’
n n n n n




I3 = H(ﬁsgg — DA )M;(p) (5 ArA] @ EflAlAip)THF

< | DAL = DyAL|| - lule - 1551 A2AT) - |10 AT

< G (\/Wplogp N \/prgp> |
n n n

with probability at least 1 — O(p~!), and

2
Lf:'

1 & o PN PN PN
(— E Zz) XlDlA{ X9 DgAg X3 DsAg
ng =
=1

F

HEW (IK_1 ® (®;1:311m15§13m11§)> 21/2H

<|=|-||ADID,AT

-||A:DiD,A%

: Hzgﬁgﬁgzg

~ 2 —~ 2 ~ 2
<=0 - |Ba |- B2 - |Ds

6
K [ C 1
<og/% GJ@WE) |

~N A~~~ 2
|22 (T (@), _,A.DED,AL) ) 52|
F

e~ o~ 2 o~ o~~~ 2 e~ o~ 2
<(K—1)|IZ|?- HAIDlTDlAlT " HAQDgDQAQT . HA;;D?D;;A?HF
4

~ o~ 4 ~ o~ 4 ~ o~
<(K-1) =) |[D.AT|| - |[D:AS| - |DsAS

12
K(K-1C$ [ Cy [srpl

F
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1 & o~ 1 &
B((L3 2 ) 2 (1 0 (e)A,D0D,A0)) 22 [ Ly g,
(Lt Ny “

1 S
— {21/2 (IK_1 ® (®;:3AmD§DmA,Tn)) 21/2}

N

1 i~
=—tr { (IK,1 ® (®}n:3AmDﬁDmAfl)) (®}n:42m)}
k

3
1 U 1 P
= tr {24 ® (@ngAngDmAgzm)} = —u(2y) [] o <AmDﬁDmATTn2m>
N

n 6
(i K Zi> N rirors(K — 1)CS (9 [srplogp +Cz> .
ng < ng n n

1 & 1 & i 1 & 1 & i
[ e 20 r e 20 [ P
(
, 2nix? V21
<exp{ —cmin 3 5
K(K —1)C%c} ( 2 [ SPIO8D 4 sz) C3VE e ( 2 [ SP8R 4 O )

\

Set x = 2rpler  Then
2 )

6
pl1< rirars(K —1)C% [ Cy [srplogp Lves ) o+ srplogp
2ny, n n nn?

2
2srplogp 1
9 £8rPogp 2srplogp
7> \/5 nn?

>1 —exp { —cmin =,
K(K —1>06c0( s [rin ¢ f) 3 VRS (%x/—wggucz)

6



Consequently,

srplogp

|B-B| <n+n+n+n<o)/"0
F nn

with probability at least 1 — O (p™1).

Proof of part (b)

Under conditions (C1) to (C5), we have (55.88) and hence

<o, /? logp
max TLT]2

(A — A1j) = (A — Arj)| < A — A+ Arj — Ay <2 Hl&m - Am‘

with probability at least 1 — O(p~!). Furthermore, according to Lemma A.2 in Min and

Mail (2022)),
Vod = log p
R R
with probability at least 1 — O(p™'). Let ¢ = prl;gzp’ then by Lemma ’ we Lave

S, =S, with probability at least 1 — O(p~!) if there exist constants vy, such that

3 Dm min
U1y /BB < A < min{ =5 (1 — k) )

Proof of Theorem [3

Denote 5 = H%:l Sm. By Lemmas 26| and , we know that

~ slo
Ivee(fie = mo)los < € =2, (35.92)

The misclassification risk Rg(a) equals to

Re(C) = m Py(C(X) = 2[label(X) = 1) 4+ mPo(C(X) = 1[label(X) = 2).  (S5.93)
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Denote A = /vecT (By)Zvec(Bs) and A= VecT(ﬁg)Evec(ﬁg). Then, vec” (Bs)vec <X - @>+

log 2 ~ N (vec! (By)vec (i, — B552) + log 2, A%), and

P(é( ) = 2|label(X) = 1)

=P (log ZTT2 + VeCT(:/B\Q)VeC <X — K1 ‘;—“2) >0 VGC(X) ~ N(VeC(Ml), E))
T
VeCT(ﬁ Jvec (u — M) + log g—f veCT(]A32)Vec <u "1+"2> + log
A A

VeCT(ﬁg)VeC (@ — u1> — log 22

P ( — 1|label(X) = 2)
=P (log = + vec” BQ)VeC (X _ ; NQ) < O‘VGC(X) ~ N(vec(p2), 2))
vecT (By)vee ,u “1+“2> + log vecT (By)vec (@ — ,u,2> — log %
= =1-0 | - —
A A
vecT (By)vec (@ — ,ug) — log %
—¢ | — " :
A

where ®(z) = 1 — ®(x) and ®(z) is the cumulative density function for N(0,1). It follows

that
. VeCT(ﬁg)vec (@ - u1> — log % - vecT(ﬁg)Vec (@ — ,u,2> — log %
RQ(O) :7T1CI) — A +7T2(I) — 3

Replacing the parameter estimates with corresponding true values yields the misclassifi-

cation risk of the oracle Bayes rule,

R pt(o) — o ® (_Vec (BQ)VeC (NH-M — Hl) — log ;—f) L 7r2(i) (_vec (Bz)VeC (m—i—uz N /1'2) ~log %)
0, A A

A2 s A2 s
—5 +log =2 _ (5 t+log




To bound Re(C) — R,p:(0), we introduce an intermediate quantity,

A =

1...T o - 1. T N _
R = m® <—§V6C (2 — p)vec(By) + log Ff) iy <§Vec (p2 — ul)AveC(BQ) + log Ff) |

(S5.94)

~

and complete the proof in two steps which bound Rg(C)—R* and R*— R,,:(0) respectively.

Denote §,, = H]§2 — Bal||r V ||vec(fe1) — vec(pr)]|25 V ||vec(pia) — vec(ps)||2 5

Step 1  We aim to show that

A2
R* — Ropi(0) < AS2exp {—§} : (S5.95)

2% g T2 A2 g T2

Applying Taylor’s expansion to the two terms of R* at points ——5—+ and ——x—"*

respectively yields

~

A

2 s 2 s
& (—% +logw—f> L (—% +logﬁ—j)
A A

o (—%vecT(pQ — p1)vec(By) + log :—f)

~

A vecT (py — py)vec(By) g ™2 (1 1>

2 2A T

N 2
1_, A vecT (py — py)vec(By) m (1 1
and
5 (%vecT(ug — p1)vec(By) + log ;—?)
A

2 2A T

_% %2+log:—f Y %Q—i-log;r—f
A A

. 2
1_ A vecl (py — py)vec(By) my [ 1 1
S (ty,) | =2 P e 2 (L1
T laa) |75 2A e
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_a? log =2 —1yecT (o —p1 )vec(Ba)+log =2
where ¢, is some constant between % and — (ke m% (Ba)tos -} and ta,, is
a? log X2 LyecT — vec(B log X2
some constant between % and 2 (b M);C( 2)Ho8 =) . Since
1 T ) T A2 s
—5vec’ (pg — Nl/)\VGC(BQ) + log 72 LT + log 72 as 6,0,
A A
we have
A2 T A2 s A2 s 2
—5 +log =2 5 —log 22 1 (-5 +log* A A2
1D (t1,)] < |9 | —2—TL & m = || Z—" & m exp{ —= | ———=™ & m = |—exp —— ¢|.
’ A A 2 A 2 8
(5.98)
Let v = S2vec(By) and 5 = $Y/2vec(B,). Then,
A Veel (2 — p)vee(By) | YAl Al ="
- = = |llvllz = 75| = =
A 17112 17]2
<A -ABS LB~ Bof2 S 102 (85.99)
~ A 2~ A 2 2lF ~ A n’ .
where the first inequality in ((55.99) holds due to Lemma . Besides,
A-al< \/vecT (B, — By)Sivec(B, — By) < BB <o (S5.100)
F

Combining (S5.99) and ([S5.100)), when §,, = o(1),

2 2A mAA A
o ~
- é _vec (to — py)vec(Bs) N logﬁ (i B l)‘ < 1 62 40, <6, (S5.101)

2 2A
It follows that

1
_©”tn
58 (1)

2 2A US|

A vecT (py — py)vec(By) oo ™ ( 1 1 )
A A




In a similar fashion,

1

~

_(T)H(tQ,n)

2 2

Thus,

R* — Ry (0)

A2 s

A

)

A2 s
=2 + 10g 2
(bl 2 1
+ 9 <—A )
and
R* — R,,:(0)

A N vecT (o — pp)vec(By) g ™2 ( 1

A

2

A veel (py — ul)veC(ﬁQ)

23 T

A~

VeCT(NQ _ Ijl)veC(BQ) +log T2 <
2A T
A vecT (g — py)vec(By) log ™
—_— — P 0 —
2 2A & T

A vecT (py — py)vec(By)

A~

2A

~

A vecT(

p2 — 1) vec(By)

2A

2 2A

2
<AGS2 exp {—%} :

Hence ((S5.95)) is proved.

2A

Step 2 We aim to show that

2

Re(C) — R* < AJ? exp {——

+0 (Aéi exp {

o

A vec! (pg — p)vec(By) log ™ < 11

-4

™

2
+0 (Aéi exp {—%})

)

(S5.102)

U
log — [ = — —
+0g7T1<A A
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Similar to step 1, applying Taylor’s expansion to Rg(a) at =

1
2

1 ecT (14— B:)+log 22 : i
vec’ (p2 Hl)l’ec( 2)+log 1 respectlvely yleldS

1vec (pa— u1)vec(B2)+1og—

and

Re(C) — R*

/ —svec”
:71'1(1)

—~

A

—~

A

(g — M1)V€C(]§2) + log %) —VeCT(BQ)VeC (ﬁlguz u1+u2) + log — log Z—j

2

- (%vecT(,ug — p1)vec(By) + log :—j) —vec” (By)vec (@ - 1+u2> + log — log 72
— Ty

+0 <A5i exp {

As n — 0o, we have

A~

—vec! (By)vec

A A

—%2}) . (S5.103)

log% — logfr—f

~

Bitis N1+M2 T2 T Bitps _ patpe
< 5 > + log —log 22 vec' (Bg)vec <T - T)

S

A A

1114 — — ~ — —
S |[B2 = Be| - vee (i — pur + o = o) o+ [vee” (Ba)vee (s — pa + iz — 12|

<5,

Then, denote v = vec(pe — p1). We have

Ro(C) — R*
\/TT17T9
. 2 2
iy (%VGCT(BQ)V log ;%) 1 ( vecT (By)v + log ”2> 1 m
lexp { — ~ — —log— 3 —expg — — —log —
~ P 2A2 2 % P 2A2 2 o

vecT (
exp

2A2

]§2)V log2 1. m VGCT(]§2)V log? 1. m
——log— 7 —expq — = + —log —
T

2
vo(sen{-21).

2A2 2 Ty



(%vecT(ﬁg)v)2+ (log L? :
2A2

Note that

exp{—%Q}. Besides,

VecT(Bg/zv log 72 B llog@ _ llogﬂ vecTA(]§2)V 1) < 1 VecT(Aﬁg)v _Al< ﬁ
2A? 2 "m 2 °m A? A A A?

T8 T2
vec (BQ)VIOg;
2A2

Re(C) — R A2) 42 ) A2 ) A2
LA R _—__\ n —_ < S
— % 0 €XP { 3 5+ O Ad;, exp 3 S Ad; exp <[

Next, combining (55.95) and ((S5.102) gives

Let z = — 3 log ™. Then, |exp{z} —exp{—z}[ Sz < Z—%. Consequently,

. N A
Ro(C) = Ropt(8) = Ro(C) — " + R* — Rop(0) S Ady, exp {_?} .
In Theorem 2, we have proved that Hﬁg — Bs||lr S ,/5”:11% with probability at least

1 —O(p™"). According to the definition of §,, we have

(s3V srp)logp

Ro(0) ~ Bu(6) £ =0

(S5.104)

with probability at least 1 — O(p™1).

S6 Review of Tucker Decomposition

In this section, we present the review of Tucker decomposition and provide two well estab-
lished algorithms to implement the decomposition. Tucker decomposition is a widely used
decomposition method for tensors. It was first introduced in Tucker (1963)) and then more
formally discussed as a three-mode factor analysis method in [Tucker| (1966)). Although
Tucker decomposition was originally proposed for three-way tensors, it generalizes well to

M-way tensors, M > 3. For an M-way tensor A € RP***PM its Tucker decomposition
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could be written as
A:C><1 U1 Xog +oe XMUM: [[C,Ul,,UM]] (S6105)

where C € R?**9M jg called the core tensor and U,, € RPm*9" m =1, ..., M are factor
matrices.
Note that Tucker decomposition (S6.105|) is not identifiable. Given nonsingular ma-

trices O,, € R it is easy to find
C X1 U1 XMUM = (C X1 01 XMOM) x1U10f1~~~ XMUMOX;, (S6106)

which implies that the core tensor and factor matrices are not unique. To solve the
identifiability issue, we require the factor matrices to be orthogonal unless otherwise
specified. It is easy to find that if A € RP1***PM admits a Tucker decomposition as in
(S6.105)), its number of free parameters would be Zf\n/[ﬂ DG + H%ﬂ Gm — Z%zl ¢, in
which — Z%:l q¢2, adjusts for the nonsingular indeterminacy.

If A € RP**PM could be decomposed as in ((S6.105)), then the following result holds

as well,
Ay =U,Cuy(Uy® - ®@U,1 08U, ;1 @---U)", m=1,.,M, (56.107)

where A(,) and C,) represent the matricization of tensor A and C along mode m,
and ® denotes the Kronecker product. A is said to have Tucker rank r = (rq,...,rps) if
Ty = 1ank(Aqy),m =1,..., M. When r,, < p,,, m = 1,..., M, we say that A has a Tucker
low-rank structure. Considering and the identifiability constraint, A naturally
admits a Tucker decomposition with C € R™**"™ and U,, € QP»*"» m =1,..., M if it

is of Tucker rank r = (ry,..., ).



Given a tensor A and its rank 7, the Tucker decomposition of A can be obtained by

solving the problem as follows,

min A - C x; Uy -+ x5 U3, (S6.108)
CERTIX-»-XTI\J
U,,eQPm>X™m m=1,....M

which is equivalent to

max |A x; U -+ x5 Uy |3 (S6.109)
M

U, €0Pm>xrm m=1,...,
Algorithms to solve this optimization problem have been well studied. The most popular
two methods are Higher-order SVD (HOSVD) (Tucker|[1966; De Lathauwer et al.|2000a)
and Higher-order Orthogonal Iteration (HOOI) (De Lathauwer et al., 2000b)).

HOSVD adopts the first r,, left singular vectors of A, as its factor matrix along
mode-m, and calculates the core tensor after obtaining all factor matrices. The estimation
procedure of HOSVD is outlined in Algorithm Based on HOSVD, HOOI further
improves the estimation accuracy by using an iterative alternative least squares (ALS)
method to further refine the obtained factor matrices and the core tensor. Steps in HOOI

are summerized in Algorithm [S5|

Algorithm S4 Higher-order Singular Value Decomposition (HOSVD)
1. Input A, rank r = (r1,...,7n1).
2. Form=1,...,M, do:
ﬁm = leading left singular vectors of A ().
3. Calculate C = A X1 IAJ? cee XM ﬁM‘
4. Output é,ﬁl, ...,ij.

S7 Technical Lemmas

Lemma 1. For any full rank matriz X € R™" m > n, if its SVD is X = UDV” where

U € O,xn, and V € OQ,,, D € R™ " is the diagonal matrix containing the singular values
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Algorithm S5 Higher-order Orthogonal Iteration (HOOI)

1. Input A, rank r = (1, ..., 7n1).

2. Tnitialize U, m = 1,..., M, with HOSVD.

3. While the stopping criterion is not satisfied, do:

Form=1,..., M, do: R R R

A=Ax U] X001 UL Xt ULy x Ul
ﬁm = rp, leading left singular vectors of K(m).

4. Calculate C = A X1 IAJ? cee XM ﬁ}»}

5. Output 6,61, ...,ﬁM.

of X, [(XTX) 7 XT|| = 0,3, (X).

min

Proof. ||(XTX)™'XT|| = |(VD2VT)~'VDU?|| = |[VD'UT|| = 0.} (X). O

min

Lemma 2 (Lemma 2. [Pan et al.[2019b)). IfW ~ TN (0,4, ..., Qy), then EJM,,(W)ML (W)] =

Qo [l tr(), m=1,..., M.
Lemma 3. For X, 3 € RP*P gnd B € RP,

I8 = 2)8lloo < 1E = Zlmax1Bll2 < I1Z = ZlhmacllBl1-
Lemma 4. For X € RP*P2 'Y € RP2*P3 = rank(X), then

XN < IX[[r < VI 11X lnax < 1K< v/Prp2] X mas,
IXY|[r < [X[[p[[Y]r,  omnX)[Y]r < [XY[r < XY (57.110)

omin(X) [ Y| < [IXY]| < [[X[[[[Y]].

Lemma 5 (Lemma 4. Zhang and Xia|2018)). Suppose we have Uy € RP**™ and U,y €

RP2%"2 " then

U1 ® Uyl = [|[Uy]| - |Usl|, [[U1®Usllp = |[Usllr- |Usllr, Omin(Ur ® Us) = Oin(U1)0min(Uz)

(S7.111)



Lemma 6 (Lemma 2.5. & 2.6. (Chen et al.|2021). For any U,ﬂ~ € Opxr, one has

IUU" — UU”| = ||sin©(U, U)|| = [UU|| = [U"UL| = \/1 — 025 (UTU)

1
V2
|UUT ~UU| < _min |[UR-U| <v2|UU" - UU7|

S

TXT

1 T 17777 . I T 11177
— — < — < —
\@HUU UU'|r < min [[UR-Ulr < [[UU" —UU|p

|UUT — UUY || = || sin©O(U, U)||r = |ULU||r = [UTU ||r = \/r — |[UTU|%

Lemma 7 (Proposition 1. |Cai and Zhang| 2018). Suppose that X € RP**P2 is a rank-

r matriz with its full SVD decomposition being X = UDVT, where U = [U U,] €

Op, U € Opur, UL € Oy x(p,—r) are the leading r and the last py — v left singular

vectors, V.= [V V] € Q,,, V € Q,,,,, V. € Opox(po—r) are the leading r and the

D 0; 5 (pp—r)

last po — r right singular vectors, D = € RP>P2 gnd D =

O(Pl —T)Xr O(Pl —7)X(p2—7)

diag{o1(X),...,0.(X)}. Let W = (W W, | € O, be any orthogonal matriz with W €

Op,r and W1 € Oy, x(py—r). Given that o,(W'X) > 0,11(X), we have

o (WTX) || WIXP wrxr ||

inO(U, W) < Al
SO WI = = W) — o2,(X)
Lemma 8. Let X € R™*" and Y € R™*. Then
Umin(XY) 2 Umin(X)Jmin(Y)a

where omin(X) is the minimum nonzero singular value of X.
Proof. By definition,
XY XY XYl [y XYY

wB Tul e [Yulh Jule e [Vl weE [ul

(S7.112)

(S7.113)

= Omin(X) Omin (Y).

O
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Lemma 9 (Weyl’s inequality for singular values, Lemma 2.3. (Chen et al.[2021)). For
X,Z € RP*P2 gnd every 1 < i < min{py, pa}, the i-th largest singular values of X and

X + Z obey
0:(X + Z) — 0:i(X)[ < || Z]. (57.114)

Lemma 10 (Lemma 5. Cai and Zhang 2018). For any p > 1, denote B? = {x : x €
RP||x|lo < 1} as the p-dimensional unit ball. Suppose that A € RPY*P2 45 a random

matrixz. Then, we have for any t > 0,

P (||A]| > 3t) < 7Pz max P (ju"Av| >1). (S7.115)
ueBrP
veBP2

Lemma 11 (Theorem 1.1. Rudelson and Vershynin 2013, Hanson-Wright inequality). Let
X = (Xy,...,X,) €1 be a random vector with independent components X; which satisfy

EX; =0 and | X;||y, < K. Let A be an p x p matriz. Then, for everyt >0,

TAx - o z? x
P{|X"AX - E [X"AX]| >z} < Qexp{ cmin (K4||AH%157 K2||AH)} (S7.116)

Lemma 12 (Theorem 2.6.3. Vershynin 2018). Let X, ..., X,, be independent, mean zero,

sub-Gaussian random variables, and a = (aq, ..., a,) € R™. Then, for everyt > 0, we have

a ct?
i=1

where K = max; || X;||y, -

Lemma 13 (Corollary 5.35. |Vershynin| 2010). Let X be a p; X ps, p1 > pa, random
matriz whose entries X;; are independent standard normal random variables. Then, for

any t > 0, we have

Vi =V < 03,(X) < X < Vi + Vit (S7.118)



with probability at least 1 — 2 exp(—t%/2).

Lemma 14 (Corollary of Lemma. Let A € RP*P2 be a matriz with A;; Y N(0,0?),

1 <1< p,1 <j<py. Then for anyt >0, one has

P(IAl olvpr+ i+ ) < e (-5 ) (s7.119)

Proof. By definition, [|A|/ = max (Au,v), which is also the supremum of the Gaussian
esr2—1
vES”l E

process Xuy = (Au,v) = v Au indexed by (u,v) € 87271 x SP~1. Consider another
process Yy = (g,u) + (h,v) where g € R” and h € R are independent Gaussian
random vectors with each element following N (0, 0?) identically and independently. Then,

for any (u,v), (0/,v') € Sz~ x SP~1,

2 2

p1 p2 p1 p2

E|Xuv — Xu v \ ZZAUUJM ZZAUU

11]1 =1 j=1

55 i = (3 -0

=1 j=1 =1 j5=1

p1 P2
_ 2 : 2 : ro
E Aij (Uj/Ui — ’LLj’Ui)
i=1 j=1

< o~ [} + 0%y — V3= E[Yuy — Yuul?
Applying Lemma 5.33 in [Vershynin| (2010) results in
E[A||=E Lmuf?)(Xu,v} <E |:I(E’a‘;})(Yu,v:| = E||gll2 + E||h|]2 < o(y/p1 + /P2).  (S7.120)
By Proposition 5.34 in [Vershynin| (2010)), we have
P(||A| = E||A]| > ot) < exp(—c?t?/2). (S7.121)
Combining and , one has

P(IAll > o(v/Fi + VB2 +1)) < exp(—0*/2).
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Lemma 15 (Proposition 2, Koltchinskii et al|[2011). Let Zy,...,Z, be i.i.d. random

matrices with dimensions py X pe that satisfy E(Z) = 0. Define

1 & 1 &
—Y E(Z,ZF - E(Z'Z,
”;:1 (2:Z;) ";:1 (Z; Z;)

1/2 1/2

0z = max

and the 1, norms of || Z|| as

Uéa):inf{u>0 Eexp(H I )SQ}, a>1.

Suppose that Uéa) < o0 for some a > 1. Then there exists a constant C' > 0 such that,

for all t > 0, with probability at least 1 —e™*,

l/a
— E Z;|| < Cmax Uz\/ og(p1 +p2) : (@) <log Uy ) og(p1 + p2) +
n Uy

- n Oy n
=1

(S7.122)

Lemma 16 (Bernstein Inequality). For tensors Z; € RPr<P2xpsx(K=1) which follows
TN(0,2%, 3,33, %,) where 2, = 0, O5' < 0min(Zm) < 0max(Zm) < Cs, m = 1,23,

and ¥4 = CS(0.5), we have the following tail bound

( ZM > C(/p1 + /paps(K — 1)) <\/10g p1+paps(K —1)) +1 N log(p1 + pops(K — 1)) H))

n n
< exp(—t). (S7.123)

Proof. Let B; % TN(0,1,,,1,,,1,,, Ix_1). Then,

IM(Z)]| = [Mi(E) (VoI 0 33 @ B 0 21%)

< V2 MUED | IZall 1252 (22 12

< OY*VEK [Mi(E))



By lemma |13 we know that

P(|My(E:)|| > (vp1 + V/paps(K — 1) + 1)) < exp(—t?/2).

Let u = Co(/p1 + /p2p3(K — 1)) where Cy > 0 is a large uniform constant. Then, for

any r > 1,

p (1421, )

IN

u

» (c;“mw@»u . )

P (HMl(Ez)” = 3/2\/— (VD1 + Vpap3(K — 1)) )
< P (IM (B = Vo1 + Viaps(K = 1) + Cor)

< ( 6’3932)
<exp | — .

2
Consequently,

posp (L) _ [ yp (1L ),

1 0 242
< / exp(x)dx +/ exp(z) - exp(— 02 )dx
0 1
[e5) 2,.2
=exp(l) —1 +/ exp <x — CO; ) dx
1
§exp(1)—1—|—/ exp(l—— )
1
2 2-C¢
:exp(l)—1+2_02exp( 5 0y <2,
which suggests that Ug) = [[IMi(Z)][|l,,, = inf{u > 0 : Eexp(|[Mi(Z;)||/u) < 2} <

Co(\/P1 + /p2p3(K — 1)) for some uniform constant Cy > 0. Then, by Lemma ,
Z M

1 K—1) +1¢
- Cmax{gz\/ og(p1 + paps( ) +
n

)

1)+t

Collv + mnog((j”_“% _— )k’g Dt sl -

n

}
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with probability at least 1 — exp(—t) where

1 n
=1
_ max{|]2tr(24 ® By @ Bo) S ||V, |2t0(2) s @ By @ 22”1/2}

o\ /4
< max {\/pgpg(K — 1)KC’;/2, v/ 2p1 (5) C’%} )

1/2 1/2

0z = max

S ELME (Z)My(2)

n

Lemma 17. For ¥ = CS(p) € RP*? where ¥;; = 1 and X;; = p,i # j,i,j € {1,...,p},
the largest eigenvalue is A\ (X) = 1+ (p — 1)p and remaining (p — 1) eigenvalues are

M(E) = = M) =1 p,

Lemma 18 (Lemma 7. [Zhang and Xia|[2018). Let X, ,, = {X € RP?2 | X|| < 1}
be the unit ball around the center in spectral norm. Then there exists an e-net X, ,, in
spectral norm with cardinality at most ( Pz for X, 5, 1o be specific, there exists
XWX with N < (22€)PP2 such that for all X € X, p,, there exists i € {1,...,N}

satisfying || X — X|| < e.

Lemma 19. For tensors Z; € Rrvp2xpsx(K=1) which follows TN (0,2%, Xy, B3, X4)

where K > 2 is an integer, B, = 0, Og' < 0in(Zm) < Omax(Em) < Os, m = 1,2,3 and

n

1 K -1 t 1 K —
> C(/p1 + /102p3 —1) <\/ng1—|—]92}93( )+ +0g(p1+p2p3(

),

< exp(—t)



3, = CS(0.5), we have

1) +=x

max
Vo €RP2XT2 V3 cRP3XT3
[[V2[I<1,||V3]I<1

1 n
1 (ﬁ;zl ngg ngg)

n

(S7.124)

with probability at least 1 — C" exp(—x).

Proof. By Lemma , for m = 1,2,3, there exist e-nets: V%), - V) for {V,. €

Remxrm ||V || < 1}, Ny < (35€)Pmm such that for any V€ RP»*™ with || V|| < 1, there

exists a V) which satisfies |V — V|| < e. For any fixed V) € RP2x72 and VP € Rpsxrs

in such e-nets, M, (z xo (VENT (V<q>)T> ~ MN (0, 25,8, 0 VOTs, v ¢ Vgs)Tzwgs)).
Let Z; % MN (1, Ly k1))- It follows that

M, (zi xo (VENT 5, (Vg‘”)T) — V2317, (24 VIS, VY g V§S>T22V§S))l/2.
Then,
Egsq) 2 My <% z": Z; X3 (Vés))T X3 (V:(sq))T>
i=1
_ \/521/2 (% i Z) <24 2 V§Q)T23V§Q) ® V§S)T22V§S))1/2 e RPxars(K=1).
=1
with

B < vz

1 o=~
2
Zz

ISl )1 || V7

) 1/2 Hvés)

< C¥? 2KV

By Lemma |16 we know that

P (|t

n

>O<\/_+\/7’27"37—1> \/logp1+r2r3(K—1))+x> < exp(—1).

1 K —
< 0 (VB + V(R =) et Tl
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By Lemma |18, we have

(max

for all x > 0. Let

sq)

n €

— p2r2+p3rs
e <\/_+ m) \/log p1 +ror3(K — 1)) +m) > 1-9 (2 + 6) exp (—x)

(87.125)

Il

n
1
(V3,V3) arg max M| = E Z; xo VI x3 VI,
V2 ERP2X72 V3 cRP3XT3 n=
(V]| <1,|V3]I<1

1 n
M| =Y Z;xo VI x3 VT
max 1(7122:; 2 2 3 3>

1>

M
V,€RP2XT2 V3 cRP3XT3
IVl <1, V3]I<1

By the definition of e-net, we can find 1 < s < Ny, 1 < ¢ < N3 such that ||V§S) — Vil <e

and ||[V§” — V|| < e. Then,

M = ||M; (%iz X9 (V3T x5 (V;)T> H

S 1(%izwv@w(v@f) (i ma i) ()|
i=1 =1

+{[My (%zn:zixz,(v;)T xs (V5 -V )H
=1

1
<C(\/_+\/7“2’I“3 —1)\/Og 1+7”27'3 —|—2€M

n

with probability at least 1 — 2 (22“)1”2’“*”"3’"3

(\/_+ m) \/log(pﬁ-rme D)+z 24 ¢ P2r2tP3T3
21—2( ) exp (~2).

1—2¢

exp (—x), i.e.,

Pl M<

€

Let € = 1/3 and & = Cy(pars + psrs)t. We have
max
V2€RP2XT2 V3 €RP3 XT3

1 n
M — Zix VTX VT
(i)
Va2 <1,] V3] <1 i=1

1 K — C t
< <\/_+ Vrars(K — 1) ) \/ 08(p1 + rars(K — 1)) + Colpars + pars)

n




with probability at least 1 — exp{—C{(pars + p3r3)t}. O

Lemma 20 (Lemma A.3. Min and Mai[2022). Under the TLC model (3.1)€(3.2), the

method of moment estimator for 3., proposed in Section [4.9 satisfies

. 1og prm
H(zm—zm)le <Ndillor/ B2 i =1, e, m=1,.., M. (S7.126)
00 n

Lemma 21 (Corollary of Lemma A.4 in Min and Mai 2022). Consider D = [&1, o ar]

which satisfies

N ; L7 AT -
D:argmm{tr<§D D-A D) —l—A;HDl.HQ}

DeRpx”
r 1 R p
= argmin { ) (ﬁleEdl —alel) +AD Dl g (S7.127)
2:[d3~~~:%;] =1 =1
1yeeesy T

where ﬁl,al € R, A = [@i,..,a,],D=[dy,..,d,] € R*" D, €R" is the jth row of D,

and ||Dy|lo = \/> 21y d% is the ly norm of D;.. With properly chosen A =< %\/@, if
(i) & — ayflo < Sy /2202,

(i) |(Z — B)dyl|oc < Coy/"E2,

where C, Cy are some positive constants, we have

Do ITallz <2 175 (57.128)

jese jeSs

where Y =D — D and S ={j : dj; # 0 for some l}.

Proof. When conditions (i) and (ii) both hold, we have

C1 [plogp

I=d;, — &l = [|2d, — =d; + Bd, — 4| < |2, — Bdy||oc + [l — Ao < p
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Since D minimizes the objective function in ([S7.127)), we have

p r
~ 1 ~ ~ ~ o~
(AR ANESY {—5@ ~d)"S(d - di) — (Sd; - A, d, - dy)
j=1 1=

S%i“idz—@,al—dlﬂ

<13 S - A @ -,
sS—g\/%iual—dlulzg—%/plj’fp;uﬁj.—mul
< 2n\/”’l‘)ngnD - D, s

_ 2_;, /@ ; 175 - (87.129)

Besides,
p = - ~
AN (1D = 1Dy 12) = A" (sl = lldsll2) + A 3 lids
Jj=1 JES jese

> A sl =AY [ld )z -
jeSe jeS

> A ATl = AD Iyl (7.130)
jeSse JES

Combining (S7.129)) and (S7.130) and setting A > 32—0771 %, we have

Sl =Sy Hz<Z(HD o~ ID; ]l2) < (Z IlTj-!|2+AZI\Tj-I\z>,

jese JjeS jese JjeSs

COlPA

which implies that

Dol <2 15 e

JjES® jes

Lemma 22 (Lemma B.3 & A.6 Min and Mai| 2022). Assume that C5* < Amin(Zh) <



Amax (Zm) < C% for some constant Cs; > 0. Let p_,,, = H#m - If sy log pum/(ngp_m) <

C' for some constant C' > 0, the MOM estimators im, m=1,.... M, satisfy

C5% — Cle, < ¢2n(s) < ¢Bm(s) < C% + Cle, (S7.131)

with probability at least 1 — C" exp(—$,,1og pm), where €5 = ,/s’;:;#, C" > 0is a

constant, C' > 0 is some constant depending on C, C', and Cx, and ¢mm(5) and ¢p=m (s)

max

are the restricted eigenvalues of im such that

ul’s A ul’s
Yau $ Ynau

mis) = max
0 Omix(s) = lulo<s,uzo  ulu

>
- 1S) = min
Plnin(s) = lufo<s,uzo ulu

If we further have Tille <23 s lITjll2 where T = D — D, then

jeSe
nﬁﬁ—nfﬂﬁ—ngzwﬁ—m@. (S7.132)

Lemma 23 (Corollary of Lemma A.1 in Min and Mai|2022). For the problem in (S7.127)),

let s = |S| and assume that \/srplogp/n < C for some positive constant C'. Choose

= /rplogp/n. If S and &, satisfy
(i) @ — eyl < Soyf/2i20E;
(ii) (S = D)dill < Coy/ 22,
ﬁWHﬁ—M@g@ﬁ“ﬁ—DFﬁﬁ—D%,
with probability at least 1 — O(p~') where C1, Cy, C3 are some positive constants, we have

_ C 1
ID - D|r < ?/@. (S7.133)

Proof. By Lemma , we know that when conditions (i) and (ii) hold with A =< %w [ rplogp

S OIDy. = Dylla =Y Tl <2 ITslla =2 |D;. — Dy,

jese jese JjES JjES
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p T
~ 1 ~ o~ ~ o~
AY (1B l2 — Dy 1) < [—§<dz - d)"S(d - d) - (Sd, ~&,di - d»] .
j=1 =1

It follows that

Z(al_dl) S(d - dy) <QZ) (Sd, - a,d;, - dy) ’+2>\Z’HD l2 = [[Dj.]l2 ‘

=1 j=1

<2zuzdl_alu \|dl—dlu1+2AZ\uDJ|rz

lo rplo
\/p ngndz dz||1+—\/ P ngHD —Dj o

Also, note that

ledz dl”l—ZHD - D; ||1<fZIID ~Dj [, <3vr Y [ID; — Dy

jES
<3 [sr)_|D; —Dyf3 < 3V/57|D ~ D
jes

Hence,

PN Cs [srplo

Z(dl ~d)"E(d - dy) < p—ngD D||F.

=1 il
Meanwhile, when condition (iii) holds,

N . ~ N o C [srplo
D~ DI} < Cytr {(D ~ D)E(D ~ D)} = €5 3 (dr ~ ) Bl — ) < /= EFID - Dl
=1

which implies that

~ 1
ID - Dy < & /228D
T] n

[]

Lemma 24 (Lemma S.1. Lyu et al.2019). Assume i.i.d. data Xy, ...,X,, € RP*? follows
the matriz-variate normal distribution such that vec(X;) ~ N (0, ¥*@3*) with ¥* € R7*?

and ¥* € RP*P. Assume that 0 < C7] < Apin(E) < Apax(E*) < 1/C) < o0 and



0 < Cy < Apin(PF) < Apax (TF) < 1/Cy < o0 for some positive constants Cy, Cy. For

any vectors a and b such that ||alls < C3 < 0o and ||blls < Cy < 0o, we have

|

Lemma 25 (Lemma S.12. Lyu et al., |2019)). Suppose that a p-dimensional Gaussian

1 & 1
— > a'X[X;b - —E(a"X] X;b)
np < p

> x||aH2HbH2} < cpexp {—conpa®} . (S7.134)

random vector y ~ N(0,Q). Then, for any v > 2/./p, we have

P L2 vIE - BvIE] > 4ol | < 2esp {22 pvep iz T

For a positive integer s < p, let I'(s) = {u € R? : ||usc|]; < 2||us]|; for some S C

[p] with |S| = s}, where us denotes the subvector of u on the index set S. Define the

restricted norm [[ulla,s = Sup|y,=1.veres) 1’ vI-

Lemma 26 (Lemma A.2. Min and Mai [2022). With probability at least 1 — O(p~'), we

Hl’l'k - .u‘kaaX S C n—k, (87136>

where C' > 0 is a constant.

have

Lemma 27 (Lemma B.5. Min and Mai 2022). Ifu € I'(s) and ||ul|s = 1, then
ull < V5. (57.137)

Lemma 28 (Proposition A.1. Min and Mai|2022). For two vectors vy and 7, if |y —7|2 =

o(1) as n — oo, and ||7v|2 > ¢ for some constant ¢ > 0, then, when n — oo,

VIl = ™3 =< Iy = 75 (S7.138)

For the solution to (S1.1)), we further consider the following assumption:
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(Al) |c}m,” — 0m,ij| S ¢ for any 1= 1, ce oy Pm and j € Sm, and ’(Am] — Alj) — (Am] —

Smax

Ayj)| < € for any m and j, where sy = max{si,..., sy} and € > 0.

Lemma 29. Under the TLC model, if conditions (C1) & (C2) and the assumption (A1)

are all satisfied, there exist constants 11,19 such that if e < A < min{ D”g’(g‘i“,%(l —

Km)}, the sparse factor matriz estimate (S1.1) achieves S =S
Proof of Lemma[29. The proof of Lemma is similar to that of Theorem 1 in Mai et al.

(2019b)), and is thus omitted here. O

Lemma 30 (Theorem 5 in |Luo et al.|2021). Suppose B = A +Z where A is an unknown
rank-r matriz, B is the observation, and Z s the perturbation. Let A = UDVT be the

best rank-r approximation of B. Then,

max{“sm@(ﬁ,U)H, ||sm@(\7,V)||} < (S7.139)
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