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Abstract5

We introduce envelopes for simultaneously reducing the predictors and the re-6

sponses in multivariate linear regression, so the regression then depends only on7

estimated linear combinations of X and Y. We use a likelihood-based objective8

function for estimating envelopes and then propose algorithms for estimation of a9

simultaneous envelope as well as for basic Grassmann manifold optimization. The10

asymptotic properties of the resulting estimator are studied under normality and ex-11

tended to general distributions. We also investigate likelihood ratio tests and in-12

formation criteria for determining the simultaneous envelope dimensions. Simula-13

tion studies and real data examples show substantial gain over the classical methods14

like, partial least squares, canonical correlation analysis and reduced-rank regres-15

sion. This article has supplementary material available online.16
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1 Introduction21

Multivariate linear regression with predictors X ∈ Rp and responses Y ∈ Rr is a corner-22

stone of multivariate statistics. When p and r are not small, it is widely recognized that23

reducing the dimensionalities of X and Y may often result in improved performance.24

Perhaps the most popular methods for reducing the number of predictors and responses25

are principal component analysis (PCA), partial least squares (PLS) regression, canonical26

correlation analysis (CCA) and reduced-rank regression (RRR).27
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Principal component analysis (Jolliffe, 1986, 2005) is an un-supervised dimension28

reduction method designed to select orthogonal linear combinations of X and Y with29

maximal variation. However, it does not use any information about the relationship be-30

tween X and Y, and thus separate PCA reductions of X and Y could be ineffective for31

regression. Partial least squares was proposed as iterative algorithms, NIPALS (Wold,32

1966) and SIMPLS (de Jong, 1993), for predictor reduction. These methods, which are33

used extensively in chemometrics, reduce the predictors by iteratively estimating linear34

combinations of them that have maximal covariance with the response vector. Canonical35

correlation analysis (Hotelling, 1936; Anderson, 1984) is used to investigate the overall36

correlations between the two sets of variables X and Y. It can simultaneously reduce37

X and Y by finding pairs of linear combinations such that the correlations of these pairs38

are in descending order and components are uncorrelated across different pairs. A prob-39

abilistic interpretation of CCA was given by Bach and Jordan (2005) as a latent variable40

model for two normal random vectors. Reduced-rank regression (Izenman 1975; Reinsel41

and Velu 1998) restricts on the rank of the regression coefficient matrix and therefore42

improves prediction by reducing the number of parameters in the model.43

Sufficient dimension reduction methods for multivariate responses are also available44

for reducing dimensionality. For example, sliced inverse regression (Li, 1991) was ex-45

tended to multivariate response data by Li, et al. (2003). Li, Wen and Zhu (2008) pro-46

posed “projective resampling” to deal with a multivariate regression by using univariate47

reduction methods. However, such methods are beyond the scope of this work since they48

are designed to estimate only a subspace as a preliminary step in an analysis. In contrast,49

we work in the context of the multivariate linear model with a view toward prediction and50

coefficient estimation.51

Informally, multivariate linear regression can involve both material and immaterial52

variation in the responses and in the predictors. Material variation provides information53

that is directly relevant to the regression, while the immaterial variation is essentially ir-54

relevant to the regression and serves to increase estimative variation. Envelopes, which55

were introduced by Cook, Li and Chiaromonte (2010) for response reduction, use a sub-56

space to envelop the material information and thereby exclude the immaterial variation.57

2



Essentially a form of targeted dimension reduction, this process can lead to substantial58

efficiency gains when the immaterial variation is large relative to the material variation.59

Cook, Helland and Su (2013) adapted envelopes to the predictors, and showed that the60

SIMPLS algorithm for partial least squares regression converges to an envelope in the61

predictor space. Following Cook, et al. (2010), they demonstrated that using a likelihood-62

based objective function to separate the material and immaterial variation and to provide63

an estimator of the coefficient matrix produces clear and often substantial estimative and64

predictive advantages over SIMPLS.65

However, little is known about using envelopes for joint reduction of the responses66

and predictors. The previous developments kindle a hope that we can combine their67

advantages to produce efficiency gains than are greater than those possible by reducing68

either the responses or the predictors alone. In this article, we develop likelihood-based69

envelope methods for simultaneously separating the material and immaterial variation in70

the responses and in the predictors. We show a potential for synergy in a synchronized71

reduction, producing an overall reduction in estimative variation surpassing that indicated72

by the marginal reductions. Finding a likelihood-based envelope can be computationally73

challenging, and so we propose a novel and fast optimization algorithm.74

The rest of this paper is organized as follows. In Section 2, we briefly review the alge-75

braic definition of an envelope as a prelude to our development of simultaneous reduction76

that starts in Section 3. We depart a bit from convention and integrate our review of indi-77

vidual response and predictor envelopes into our development of simultaneous envelopes.78

We also link the simultaneous envelope method with partial least squares and canonical79

correlation analysis. In Section 4 we introduce a likelihood-based objective function that80

includes the objective functions used by Cook, et al. (2010) and Cook, et al. (2013) as81

special cases. Novel algorithms for estimating a simultaneous envelope are also given in82

this section. In Section 5, asymptotic properties of the simultaneous envelope estimators83

are studied under normality and under general distributional assumptions. Encouraging84

simulation results on prediction and on determine the dimensions of envelopes are given85

in Section 7. In Section 8, we demonstrate the superiority of the simultaneous envelope86

estimator compared to classical methods by simulations and by predicting the contents of87
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biscuit dough samples. Proofs and other technical details are included in the Supplement88

to this article.89

The following notations and definitions will be used in our exposition. Let A ∼ B90

denote that A has the same distribution as B, let A ⊥⊥ B denote that A is independent91

of B and let A ⊥⊥ B|C indicate that A is conditionally independent of B given C. Let92

Rm×n be the set of all real m × n matrices and let Sk×k be the set of all real symmetric93

k × k matrices. If M ∈ Rm×n then span(M) ⊆ Rm is the subspace spanned by columns94

of M. We use θ̂u to denote sample estimator for θ with known parameters u. We use95

PA(V) = A(ATVA)−1ATV to denote the projection onto span(A) with the V inner96

product and use PA to denote projection onto span(A) with the identity inner product.97

Let QA(V) = I−PA(V). For an m×n matrix A and a p× q matrix B, their direct sum is98

defined as the (m+p)×(n+q) block diagonal matrix A⊕B = diag(A,B). We will also99

use the⊕ operator for two subspaces. If S ⊆ Rp andR ⊆ Rq then S⊕R = span(S⊕R)100

where S and R are basis matrices for S and R. The sum of two subspaces S1 and S2101

of Rm is defined as S1 + S2 = {v1 + v2|v1 ∈ S1,v2 ∈ S2}. We will use operators102

vec : Ra×b → Rab, which vectorizes an arbitrary matrix by stacking its columns, and103

vech : Ra×a → Ra(a+1)/2, which vectorizes a symmetric matrix by extracting its columns104

of elements below or on the diagonal.105

The estimation of envelopes will eventually be done by optimizing over Grassmann106

manifolds. A Grassmann manifold is the collection of all linear subspaces of a vector107

space of a given dimension. We use G(k,n) to denote all the k-dimensional subspaces in108

Rn, which is a Grassmann manifold with dimension k(n − k). For more background109

in Grassmann manifolds and Grassmann optimizations, see Edelman, Tomas and Smith110

(1998). There are two currently available packages for Grassmann manifold optimiza-111

tion: R package GrassmannOptim by Adragni, Cook and Wu (2012) and the MATLAB112

package sg_min by Ross A. Lippert (http://web.mit.edu/~ripper/www/software/).113
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2 Definition of an envelope114

In this section we briefly review definitions and a property of reducing subspaces and115

envelopes.116

Definition 1. A subspaceR ⊆ Rp is said to be a reducing subspace of M ∈ Rp×p if and117

only ifR decomposes M as M = PRMPR+ QRMQR. IfR is a reducing subspace of118

M, we say thatR reduces M.119

This definition of a reducing subspace is equivalent to the usual definition found in120

functional analysis (Conway, 1990) and in the literature on invariant subspaces, but the121

underlying notion of reduction is incompatible with how it is usually understood in statis-122

tics. Nevertheless, it is common terminology in those areas and is the basis for the defi-123

nition of an envelope (Cook, et al., 2010) which is central to our developments.124

Definition 2. Let M ∈ Sp×p and let B ⊆ span(M). Then the M-envelope of B, denoted125

by EM(B), is the intersection of all reducing subspaces of M that contain B.126

The intersection of two reducing subspaces of M is still a reducing subspace of M.127

This means that EM(B), which is unique by its definition, is the smallest reducing sub-128

space containing B. Also, the M-envelope of B always exist because of the requirement129

B ⊆ span(M).130

The following proposition from Cook, et al. (2010) gives a characterization of en-131

velopes.132

Proposition 1. If M ∈ Sp×p has q ≤ p eigenspaces, then the M-envelope of B ⊆133

span(M) can be constructed as EM(B) =
∑q

i=1 PiB, where Pi is the projection onto the134

i-th eigenspace of M.135

From this proposition, we see that the M-envelope of B is the sum of the eigenspaces136

of M that are not orthogonal to B; that is, the eigenspaces of M onto which B projects137

non-trivially. This implies that the envelope is the span of some subset of the eigensvec-138

tors of M. In the regression context, B is typically the span of a regression coefficient139

matrix or a matrix of covariances, and M is chosen as a covariance matrix which is usu-140

ally positive definite.141
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3 Simultaneous envelopes142

3.1 Definition and structure143

The standard multivariate linear model can be written as144

Y = µY + βT (X− µX) + ε, (3.1)

where µY is the mean for Y, µX is the mean for X, ε is the error vector that has mean 0,145

variance ΣY|X > 0 and is independent of X, and β ∈ Rp×r is the regression coefficient146

matrix in which we are primarily interested. We use ΣX > 0 and ΣY > 0 to denote147

the population covariance matrices of X and Y, and use ΣXY to denote their cross-148

covariance matrix. The covariance matrix of the population residual vector ε is then149

ΣY|X = ΣY−ΣT
XYΣ−1

X ΣXY. Similarly, let ΣX|Y = ΣX−ΣXYΣ−1
Y ΣT

XY. The sample150

counterparts of these population covariance matrices are denoted by SX, SY, SXY, SY|X151

and SX|Y. We also define ΣA|B and SA|B in the same way for two arbitrary random152

vectors A and B.153

Envelope methods have the potential to increase efficiency in estimation of β after154

reducing Y (Cook et al., 2010) and to improve prediction of Y after reducing X (Cook155

et al., 2013). Our goal is to combine their advantages by simultaneously reducing X156

and Y to decrease both predictive and estimative variation. We next give a coordinate157

representation of simultaneous envelopes.158

Let d ≤ min(r, p) denote the rank of β and consider the singular value decomposition159

of β = UDVT , where U ∈ Rp×d and V ∈ Rr×d are orthogonal matrices, UTU = Id =160

VTV, and D = diag(λ1, . . . , λd) is a diagonal matrix with elements λ1 ≥ · · · ≥ λd > 0161

being the d singular values of β. We define the column space (the left eigenspace) and162

the row space (the right eigenspace) of β as span(β) = span(U) ≡ L and span(βT ) =163

span(V) ≡ R. Then two envelopes can be constructed for simultaneously reducing the164

predictor space and the response space:165

1. X-envelope (left envelope): EΣX
(L) with dim(EΣX

(L)) = dX , d ≤ dX ≤ p.166

2. Y-envelope (right envelope): EΣY|X(R) with dim(EΣY|X(R)) = dY , d ≤ dY ≤ r.167
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We know from Cook, et al. (2010; Proposition 3.1) that EΣY
(R) = EΣY|X(R). Con-168

sequently, an alternative definition of the Y-envelope is EΣY
(R), which then has the169

same form as X-envelope, by replacing X with Y and L with R. We use EΣY|X(R) as170

the definition of the Y-envelope to facilitate later parameterizations. If we imaging that171

the elements of β are generated with respect to Lebesque measure then it follows from172

Propostion 1 that no reduction is possible: EΣX
(L) = Rp and EΣY|X(R) = Rr with prob-173

ability one. Later in this section we show that proper envelopes imply certain relations174

between X and Y that may reasonably hold in practice.175

From the definitions of the X- and Y-envelopes, if d = r < p then we can reduce176

X only and EΣY|X(R) = Rr. Similarly, if d = p < r then EΣX
(L) = Rp and reduction177

is possible only in the response space. Hence, we will assume d < min(r, p) from178

now on and discuss the general situation where simultaneous reduction is possible. Let179

L ∈ Rp×dX be an orthogonal basis for EΣX
(L) and let R ∈ Rr×dY be an orthogonal basis180

for EΣY|X(R). Also, (L,L0) is an orthogonal basis for Rp and (R,R0) is an orthogonal181

basis for Rr. Then from Definition 1 we can write the covariance matrices as182

ΣX = LΩLT + L0Ω0L
T
0 , (3.2)

ΣY|X = RΦRT + R0Φ0R
T
0 . (3.3)

The covariance matrix decomposition in (3.2) indicates that the eigenvectors of ΣX fall in183

either EΣX
(L) or E⊥ΣX

(L) with corresponding eigenvalues being the eigenvalues of Ω and184

Ω0. No relationship is assumed between the eigenvalues of Ω and Ω0: The eigenvalues of185

Ω could be any subset of the eigenvalues of ΣX. Similar results hold for the eigenvalues186

and eigenvectors of ΣY|X, as seen in (3.3).187

All of the information that is available about β is carried by the reduced variables188

RTY and LTX, which can be seen as follows. Recall the singular value decomposition189

of β: β = UDVT , where span(U) = L ⊆ span(L) and span(V) = R ⊆ span(R)190

by the definition of the X- and Y-envelopes. Hence, β = UDVT = (LA)D(BTRT )191

for some semi-orthogonal matrices A ∈ RdX×d and B ∈ RdY ×d. Then RT
0 β

T = 0,192

βTL0 = 0 and model (3.1) can be reduced to193 {
RTY = RTµY + ηT{LT (X− µX)}+ RTε,

RT
0 Y = RT

0µY + RT
0 ε,

(3.4)
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where η = BDAT ∈ RdX×dY has rank d. The simultaneous envelope model then be-194

comes195

Y = RRTY + R0R
T
0 Y

= µY + RηTLT (X− µX) + ε. (3.5)

with ΣX and ΣY|X given by (3.2) and (3.3).196

Comparing to (3.1), we see that the regression coefficient matrix is now β = LηRT ,197

where η contains the coordinates of β relative to L and R. This implies that the columns198

and rows of β vary only within the Y-envelope and the X-envelope. By letting L = Ip or199

R = Ir, there will be reductions only in the column space or the row space of β. These200

are the two special situations studied by Cook et al. (2010) and Cook et al. (2013).201

If L = Ip, it follows from (3.3) and (3.4) that cov(RTY,RT
0 Y|X) = 0 and RT

0 Y|X ∼202

RT
0 Y, which motivated the construction of response envelopes (Cook, et al., 2010). If ε203

is normally distributed, then this pair of conditions is equivalent to RT
0 Y ⊥⊥ RTY|X and204

RT
0 Y|X ∼ RT

0 Y. If (X,Y) is jointly normal then this pair of conditions is equivalent to205

RT
0 Y ⊥⊥ (RTY,X). We refer to RTY and RT

0 X as the material and immaterial parts of206

the responses. This is because RT
0 Y is neither affected by the predictors nor correlated207

with the complementary part of the responses RTY and in this sense has no contribution208

to linear regression.209

If R = Ir then, from (3.2) and (3.5) , cov(Y,LT
0 X|LTX) = 0 and cov(LTX,LT

0 X) =210

0, which are the two conditions used by Cook, et al. (2013, Proposition 2.1) for predictor211

reduction. If (X,Y) has a joint normal distribution, then this pair of conditions is equiv-212

alent to LT
0 X ⊥⊥ (LTX,Y). We refer to LTY and LT

0 X as the material and immaterial213

parts of the predictors. Similar to the response, this is because LT
0 Y is neither affected214

by the response nor correlated with the rest of the predictors.215

The above conditions for L and R are not stated symmetrically because of the natural216

of regression. Cook et al. (2010) treated X as fixed since SX is an ancillary statistic217

for the Y-envelope, while Cook et al. (2013) treated X as random because SX is not218

ancillary for X reduction. For simultaneous reductions, we assume that X and Y have a219

joint distribution throughout this article. The covariance decompositions (3.2) and (3.3)220
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play a critical role in obtaining the above relationships, and they distinguish the envelope221

reductions from other methods for reducing the column and row dimensions of β.222

The previous relationships follow from the marginal response and predictor envelopes.223

The following lemma describes additional relationships between the material part in X224

(or Y) and the immaterial part in Y (or X) that come with the simultaneous envelopes.225

Lemma 1. Assume the simultaneous envelope model (3.5). Then cov(RTY,LT
0 X) = 0226

and cov(LTX,RT
0 Y) = 0.227

This lemma, which does not require normality of X or Y, is implied by the previous228

discussion if L = Ip or R = Ir. It shows a similarity between simultaneous envelope229

reduction and canonical correlation analysis: the selected components are uncorrelated230

with the rest of the components. Additional discussion of the connection between en-231

velopes and canonical correlation is given in Section 3.3.232

3.2 A visualized example of simultaneous envelope233

Figure 3.1 (a) and (b) illustrate the working mechanism of the simultaneous envelope234

reduction for a multivariate regression with two response Y = (Y1, Y2)T and two predic-235

tors X = (X1, X2)T . For ease of illustration, we assume that Y = βTX + ε with rank236

one regression coefficient matrix β = LRT for some 2 × 1 matrices L and R such that237

(L,L0) ∈ R2×2 and (R,R0) ∈ R2×2 are orthogonal matrices. Then the plots demonstrate238

the set-up where L and R span the X- and Y-envelope.239

In the first plot, the conditional distribution of Y|X is represented by the ellipses,240

whose axes are the directions of the eigenvectors of ΣY|X. The shift from one contour to241

another is captured by βTX = RLTX, which is in the direction of R and has magnitude242

proportional to LTX. From Proposition 1, the Y-envelope is the sum of eigenspaces of243

ΣY|X that are not orthogonal to R. In this plot, the eigenvector corresponds to the larger244

eigenvalue of ΣY|X is orthogonal to R and hence represents the immaterial information245

of the regression. By projecting the data onto RTY, we will eliminate the immaterial246

variation in the response. The response envelope reduction in this case is very efficient247

because R lies in the eigenspace corresponds to the small eigenvalue of ΣY|X.248
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The second plot represents the marginal distribution of X. From Proposition 1, the249

reduction by X-envelope is available when L is contained in a subset of the eigenspaces250

of ΣX. In this plot, L happens to be the first eigenvector of ΣX, which means it spans251

the X-envelope and LT
0 X will be immaterial information of the regression. It should252

be pointed out that if we assign the Lebesgue measure to this 2-dimensional space, the253

probability of L being one of the two eigenvector of ΣX will be zero. But statistically,254

this event could happen because it is equivalent to requiring (a) cov(Y,LT
0 X|LTX) = 0255

and (b) cov(LTX,LT
0 X) = 0, see discussion in Section 3.1. As represented by this plot,256

the predictor envelope reduction has great advantage over OLS when L corresponds to257

the larger eigenvalue of ΣX. This can be seen from the first plot, where the magnitude of258

LTX is proportional to the strength of the linear relationship.259

For a toy data example, we use the meat data analyzed by Cook et al. (2013) for enve-260

lope predictor reduction in multivariate linear regression. This dataset consists of spectral261

measurements from infrared transmittance for 103 meat samples. There are three re-262

sponse variables: percentages of protein, fat and water. The sum of the three percentages263

is not one because of the other chemical content in the sample. We take Y1 to be protein264

and Y2 to be the sum of water and fat. We take two spectral measurements at 910nm265

and 960nm for illustration. The estimated X-envelope and the Y-envelope are both one-266

dimensional. The left plot was constructed by conditioning on the high, median and low267

values of L̂TX, we can clearly see that the estimated envelope direction R̂ matches the268

major axes of the contour of each sub-sample. So in this example the Y-envelope reduces269

the dimension but not very much immaterial information. On the other hand, the right270

plot closely resembles the schematic representation shown in top-right. Consequently,271

the simultaneous envelope method offers a more precise estimate of β than the standard272

method. The standard errors of the OLS estimated coefficients in β̂OLS are 1.2, 12.7, 12.8273

and 49.5 times of that of the simultaneous envelope estimator.274

3.3 Links to PCA, PLS, CCA and RRR275

As stated previously, the eigenvalues of Ω0 could be any subset of the eigenvalues of276

ΣX. When some or all of the largest few eigenvalues of ΣX come from Ω0, the first few277
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Figure 3.1: Working mechanism of simultaneous envelope reduction. (a) Schematic rep-
resentation of response envelope reduction; (b) schematic representation of envelope in
the predictor space; (c) the meat data with estimated Y-envelope, where the data points
were marked differently according to their values in the predictor envelope L̂TXi.
; (d) the meat data with estimated X-envelope and the first eigenvector of SX. To help
visualization, elliptical contours that cover 90% of the data points were added in (c) and
(d).

11



principal components of X will be from the immaterial part of X, which is ineffective for278

the regression as we can see from the above relationships. Principal components may be279

effective only if the larger eigenvalues of ΣX all come from Ω; that is, from the material280

variation. Similar problems of principal component analysis arise for reducing Y.281

As mentioned in the Introduction, the partial least squares method reduces only the282

predictors and so it is comparable to simultaneous envelopes method when setting R =283

Ir. Cook, et al. (2013) showed that in this case the SIMPLS algorithm (de Jong, 1993)284

produces a
√
n-consistent estimator of EΣX

(L), and that a likelihood-based estimator can285

do much better for prediction than the SIMPLS estimator.286

Canonical correlation analysis is widely used for the purpose of simultaneously re-287

ducing the predictors and the responses. In the population, it finds canonical pairs of288

directions {ai,bi}, i = 1, . . . , d, such that the correlations between aTi X and bTi Y are289

maximized. The maximization is over the constraints aTj ΣXak = 0, aTj ΣXYbk = 0 and290

bTj ΣYbk = 0 for all j 6= k, and aTj ΣXaj = 1 and bTj ΣYbj = 1 for all j. The solution is291

then {ai,bi} = {Σ−1/2
X ei,Σ

−1/2
Y fi}, where {ei, fi} is the i-th left-right eigenvector pair292

of the correlation matrix ρ = Σ
−1/2
X ΣXYΣ

−1/2
Y .293

Lemma 2. Under the simultaneous envelope model (3.5), canonical correlation analysis294

can find at most d directions in the population, where d = rank(β) ≤ min(dX , dY ).295

Moreover, the directions are contained in the simultaneous envelope as296

span(a1, . . . , ad) ⊆ EΣX
(L), span(b1, . . . ,bd) ⊆ EΣY|X(R). (3.6)

Hence, canonical correlation analysis may miss some information about the regres-297

sion by ignoring some material parts of X and/or Y. For example, when r is small, it298

can find at most r linear combinations of X, which can be insufficient for regression.299

Moreover, the most correlated pairs are not, in general, the most predictable pairs for300

regression. Canonical correlations are often used for data visualization instead of regres-301

sion, so it may be expected that they can fail in prediction. In the simulation studies of302

Section 7.1 and Section J in the Supplement, we found that the prediction performances303

based on canonical correlations varied widely for different covariance structures.304
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The maximum likelihood estimator of RRR is obtained as305

β̂RRR = arg min
rank(β)=d

{
n∑
i=1

(Yi − βTXi)
TS−1

Y|X(Yi − βTXi)}, (3.7)

which is the same as the regression coefficient matrix obtained by using the canonical306

variables (see Reinsel and Velu 1998; Section 2.4.2). Therefore, in the purpose of estima-307

tion and prediction, the maximum likelihood RRR estimator is equivalent to the estimator308

based on CCA estimator. RRR can also be applied with identity inner product in (3.7)309

instead of SY|X. And for any minimization criteria of RRR, the estimators always have310

the form β̂ = ÂB̂ where Â ∈ Rp×d and B̂ ∈ Rd×r are both
√
n-consistent estimators311

for their population counterparts A and B. Similar to Lemma 2, we have the following312

relations by definition,313

span(A) = span(β) ⊆ EΣX
(L), span(BT ) = span(βT ) ⊆ EΣY

(R). (3.8)

Therefore, RRR has the same drawback as CCA that it may loss some material infor-314

mation in regression. Simulation studies in Section 7 includes RRR estimator based on315

identity inner product.316

3.4 Potential gain317

To gain intuition about the potential advantages of simultaneous envelopes, we next con-318

sider the case where EΣX
(L) and EΣY

(R) are known. Estimation of these envelopes in319

practice will mitigate the findings in this section, but we have nevertheless found them to320

be useful qualitative indicators of the benefits of simultaneous reduction.321

The envelope estimator for β with known semi-orthogonal basis matrices L and R,322

denoted by β̂L,R, can be written as323

β̂L,R = Lη̂L,RRT = L(LTSXL)−1LTSXYRRT = PL(SX)β̂OLSPR, (3.9)

where β̂OLS = S−1
X SXY is the ordinary least squares estimator. Clearly, the estimator324

β̂L,R uses only the material variation in Y and X. It can be obtained by projecting β̂OLS325

to the reduced predictor space and the reduced response space, and so does not depend326

on the particular bases L and R selected. The estimator η̂L,R is the ordinary least squares327

estimator of the coefficient matrix for the regression of RTY on LTX.328
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The next proposition shows how the variance of the ordinary least squares estimator329

with normal predictors can be potentially reduced by using simultaneous envelopes. Let330

fp = n− p− 2 and fx = n− dX − 2.331

Proposition 2. Assume that X ∼ Np(µX,ΣX), n > p + 2 and that semi-orthogonal332

basis matrices L, R for the left and right envelopes are known. Then var(vec(β̂OLS)) =333

f−1
p ΣY|X ⊗Σ−1

X and334

var(vec(β̂L,R)) = f−1
x

(
RΦRT

)
⊗
(
LΩ−1LT

)
= fpf

−1
x var(vec(β̂OLS))− f−1

x R0Φ0R
T
0 ⊗ LΩ−1LT

−f−1
x RΦRT ⊗ L0Ω

−1
0 LT

0 − f−1
x R0Φ0R

T
0 ⊗ L0Ω

−1
0 LT

0 ,

where Ω = LTΣXL, Ω0 = LT
0 ΣXL0, Φ0 = RT

0 ΣY|XR0 and Φ = RTΣY|XR.335

This proposition shows that the variation in β̂L,R can be seen in two parts: the first336

part is the variation in β̂OLS times a constant fpf−1
x ≤ 1, and the second consists of337

terms that reduce this value depending on the variances associated with the immaterial338

information LT
0 X and RT

0 Y.339

If R = Ir then Φ = ΣY|X and we get the multivariate version of Proposition 2.3 by340

Cook, et al. (2013) for univariate response regression:341

var(vec(β̂L)) = fpf
−1
x var(vec(β̂OLS))− f−1

x ΣY|X ⊗ L0Ω
−1
0 LT

0 . (3.10)

When p is close to n and the X-envelope dimension dX is small, the constant fpf−1
x could342

be small and the gain by β̂L,R over β̂OLS could be substantial. If there is substantial co-343

linearity in the predictors, so ΣX has some small eigenvalues, and if the corresponding344

eigenvectors of ΣX fall in E⊥ΣX
(L), then the variance of β̂L could be reduced consider-345

ably since Ω−1
0 will be large. It is widely known that colinearity in X can increase the346

variance of β̂OLS. However, when the eigenvectors of ΣX corresponding to these small347

eigenvalues lie in E⊥ΣX
(L), the variance of β̂L,R is not affected by colinearity.348

Similarly, if L = Ip then Ω = ΣX and we get the following new expression for Y349

reduction:350

var(vec(β̂R)) = fpf
−1
x var(vec(β̂OLS))− f−1

x R0Φ0R
T
0 ⊗ΣX. (3.11)
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If the eigenvectors with larger eigenvalues of ΣY|X lie in E⊥ΣY|X
(R), then the variance of351

β̂R may be reduced considerably since then Φ0 will be large.352

More importantly, the last term of the expansion in Proposition 2 represents a syn-353

ergy between the X and Y reductions that is not present in the marginal reductions. If354

the eigenvectors of ΣY|X with large eigenvalues lie in EΣY|X(R) or if the eigenvectors355

of ΣX with small eigenvalues lie in EΣX
(L), then the variance reductions in either (3.11)356

or (3.10) could be insignificant. However, the synergy in simultaneous X and Y reduc-357

tions may still reduce the variance substantially because one of factors in the Kronecker358

product f−1
x R0Φ0R

T
0 ⊗ L0Ω

−1
0 LT

0 could be still be large.359

Let xN denote a new observation from N(µX,ΣX), let zN = xN −µX be held fixed360

and consider var(β̂
T
zN) = var

(
(zTN ⊗ I)vec(β̂

T
)
)

, which is the variance of a fitted361

vector for β̂ = β̂OLS and β̂ = β̂L,R. It is straightforward from Proposition 2 that,362

fpvar(β̂
T

OLSzN) = fxvar(β̂
T

L,RzN) + R0Φ0R
T
0

(
zTNLΩ−1LTzN

)
+RΦRT (zTNL0Ω

−1
0 LT

0 zN) + R0Φ0R
T
0

(
zTNL0Ω

−1
0 LT

0 zN
)
.

We see from the above equality that only the part of zN that lies in EΣX
(L) will contribute363

to the variance in prediction from β̂L,R, while the prediction variance from β̂OLS depends364

on the whole of zN . If, in an extreme case, zN ∈ E⊥ΣX
(L), then var(β̂

T

L,RzN) = 0.365

4 Estimating envelopes366

Let C = (XT ,YT )T denote the concatenated random vectors, which has mean µC367

and covariance ΣC, and let SC be the sample covariance matrix of C. In order to es-368

timate the parameters of the simultaneous envelope model (3.5), we introduce and probe369

a likelihood-based objective function that includes the objective functions in Cook, et al.370

(2010) and Cook, et al. (2013) as special cases. Variations on the objective function and371

their corresponding algorithms are also studied. We first give coordinate dependent and372

coordinate independent representations of ΣC in Section 4.1 to facilitate estimation.373
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4.1 Structure of ΣC374

Since we already have the structure of ΣX and ΣY|X in (3.2) and (3.3), and ΣXY =375

ΣXβ = LΩηRT , we need only the following expression for ΣY to complete the neces-376

sary ingredients of ΣC,377

ΣY = ΣY|X + ΣT
XYΣ−1

X ΣXY

= RΦRT + R0Φ0R
T
0 + RηTΩLT

(
LΩLT + L0Ω0L

T
0

)−1
LΩηRT

= R(Φ + ηTΩη)RT + R0Φ0R
T
0 .

Then we get the coordinate representation of the covariance ΣC as378

ΣC =

(
ΣX ΣXY

ΣT
XY ΣY

)
=

(
LΩLT + L0Ω0L

T
0 LΩηRT

RηTΩLT R(Φ + ηTΩη)RT + R0Φ0R
T
0

)
. (4.1)

By noticing that ΣX = PLΣXPL + QLΣXQL, ΣXY = PLΣXYPR and ΣY =379

PRΣYPR + QRΣYQR from the above expression, we can further obtain the coordi-380

nate independent representation381

ΣC = PL⊕RΣCPL⊕R + QL⊕RΣCQL⊕R,

= PL⊕RΣCPL⊕R + QL⊕RΣDQL⊕R, (4.2)

where ΣD ≡ ΣX ⊕ΣY and PL⊕R = PL ⊕ PR is the projection onto the direct sum of382

two envelopes, EΣX
(L)⊕ EΣY|X(R).383

So far we have considered EΣX
(L) and EΣY|X(R) as separate subspaces. Motivated384

by (4.2), the next lemma states that the direct sum of two arbitrary envelopes is itself an385

envelope. Let M1 ∈ Sp1×p1 , M2 ∈ Sp2×p2 , and let S1 and S2 be subspaces of span(M1)386

and span(M2), which is required by Definition 2. Then387

Lemma 3. EM1(S1)⊕ EM2(S2) = EM1⊕M2(S1 ⊕ S2).388

From this lemma, we have EΣX
(L)⊕EΣY|X(R) = EΣX

(L)⊕EΣY
(R) = EΣX⊕ΣY

(L⊕389

R) = EΣD
(L ⊕R). We call this the simultaneous envelope for β.390
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4.2 The estimation criterion and resulting estimators391

Assuming multivariate normality for C, the negative log-likelihood minimized over µC392

leads to the following objective function for estimation of ΣC,393

F(ΣC) = log |ΣC|+ trace(SCΣ−1
C ). (4.3)

We use this as a multi-purpose objective function, which gives the maximum likelihood394

estimator of β under normality of C and a
√
n-consistent simultaneous envelope esti-395

mator of β when C has finite fourth moments. We also use F(·) as a generic objective396

function whose definition changes and is implied by its own argument. This should cause397

no confusion since F(·) will always be written with its arguments.398

Substituting the coordinate form for ΣC from (4.1) into F(ΣC) leads to an objective399

function that can be minimized explicitly over Ω, Ω0, Φ, Φ0 and η with R and L held400

fixed. The resulting partially minimized objective function for simultaneous envelopes401

can be expressed as follows.402

F(L⊕R) = log |(LT ⊕RT )SC(L⊕R)|+ log |(LT ⊕RT )S−1
D (L⊕R)|, (4.4)

where SD = SX ⊕ SY is the sample version of ΣD. Let |A|0 denote the product of all403

nonzero eigenvalues of a matrix A. Then we have the following coordinate independent404

representation of (4.4),405

F(PL⊕R) = log |PL⊕RSCPL⊕R|0 + log |PL⊕RS−1
D PL⊕R|0. (4.5)

Moreover, if we substitute the coordinate free representation of ΣC from (4.2) into406

F(ΣC), we immediately get (4.5).407

Objective function (4.4) is invariant under orthogonal transformations: for any or-408

thogonal (dX + dY ) × (dX + dY ) matrix O, F(L ⊕ R) = F((L ⊕ R)O). The same409

result holds if we replace SC and SD with their population counterparts. Minimization of410

F(L ⊕ R) is thus a Grassmann optimization problem with special direct sum structure.411

Consequently, neither L nor R is identified. However, EΣX
(L) and EΣY|X(R) are identi-412

fied, and these are all that is needed to estimate β, ΣX and ΣY|X. While the estimators413

of η, Ω, Ω0, Φ and Φ0 depend on the particular bases chosen to minimize F(L ⊕ R),414
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the estimators of β, ΣX and ΣY|X are independent of the choice since the estimated415

projection matrices PL̂ and PR̂ do not depend on the basis. In short, any values L̂ of L416

and R̂ of R that minimize F(L⊕R) are allowed. Estimators of L0 and R0 are then any417

semi-orthogonal matrices L̂0 and R̂0 so that (L̂, L̂0) and (R̂, R̂0) are orthogonal matrices.418

The next lemma summarizes the estimators that result from this process.419

Lemma 4. Let L̂ ⊕ R̂ = arg min F(L ⊕ R), where L ∈ Rp×dX and R ∈ Rr×dY are420

semi-orthogonal basis matrices. Then the estimators of the remaining parameters are421

Ω̂ = L̂TSXL̂, Ω̂0 = L̂T
0 SXL̂0, η̂ = (L̂TSXL̂)−1(L̂TSXYR̂), Φ̂0 = R̂T

0 SYR̂0 and422

Φ̂ = R̂T

(
SY − STXYL̂

(
L̂TSXL̂

)−1

L̂TSXY

)
R̂.

The simultaneous envelope estimator for β is then423

β̂ = L̂η̂R̂T = PL̂(SX)β̂OLSPR̂. (4.6)

The simultaneous envelope estimator for β in (4.6) coincides with the plug-in enve-424

lope estimator β̂L̂,R̂ obtained by regarding estimated L̂ and R̂ as the known values of L425

and R. We next turn to methods for minimizing (4.4).426

4.3 Alternating algorithm427

If we fix L as an arbitrary orthogonal basis, then the objective function F(L⊕R) in (4.4)428

can be re-expressed as an objective function in R:429

F(R|L) = log |RTSY|LT XR|+ log |RTS−1
Y R|. (4.7)

Similarly, if we fix R, the objective function F(L⊕R) reduces to the conditional objective430

function431

F(L|R) = log |LTSX|RT YL|+ log |LTS−1
X L|. (4.8)

We use the following alternating algorithm based on (4.7) and (4.8) to obtain a minimizer432

of the objective function F(L⊕R) in (4.4).433

1. Initialization. Set the starting value L(0) and get R(0) = arg minR F(R|L(0)).434
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2. Alternating. For the k-th stage, obtain L(k) = arg minL F(L|R = R(k−1)) and435

R(k) = arg minR F(R|L = L(k)).436

3. Convergence criterion. Evaluate
{

F(L(k−1) ⊕R(k−1))− F(L(k) ⊕R(k))
}

and re-437

turn to the alternating step if it is bigger than a tolerance; otherwise, stop the itera-438

tion and use L(k) ⊕R(k) as the final estimator.439

In the initialization step of the algorithm, we could also set R(0) to be some initial value440

and get L(0) = arg minL F(L|R(0)). Then interchanging the roles of L and R in the441

alternating step will give us another algorithm, which has the same performance as the442

alternating algorithm outlined above. Comparing to the objective function used by Cook443

et al. (2010), we see that F(R|L) is the objective function for estimating the Y-envelope444

in the regression of Y on the reduced predictors LTX for fixed L. Similarly from the445

objective function used by Cook et al. (2013), we notice that F(L|R) is the objective446

function for estimating the X-envelope in the regression of the reduced responses RTY447

on the predictors X for fixed R.448

In our experience, as long as we use good initial values, the alternating algorithm,449

which monotonically decreases F(L⊕R), will converge after only a few cycles, typically450

less than four. Root-n consistent starting values are particularly important to mitigate451

potential problems caused by multiple local minima and to ensure efficient estimation.452

For instance, under joint normality of X and Y, one Newton-Raphson iteration from any453

√
n-consistent estimator will be asymptotically as efficient as the maximum likelihood454

estimator, even if local minima are present (Small et al., 2000; Lehmann and Casella,455

1998, Theorem 4.3).456

4.4 One-dimensional optimization457

In this section we propose a fast 1D algorithm for
√
n-consistent envelope estimation.458

The algorithm, which does not itself require starting values, can be used for standalone459

estimation or to obtain starting values for the alternating algorithm. We state our algo-460

rithm in terms of estimating EΣX
(L) from f(L) ≡ F(L|R = Ir). It works similarly for461

estimating EΣY|X(R) and for estimating a general envelope EM(S).462
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Optimization over G(p,dX), as required in each cycle of the alternating algorithm, can463

be computationally expensive. The next lemma offers a way to break down the dX-464

dimensional manifold into fast 1D components.465

Lemma 5. Let M ∈ Sp×p be a positive definite matrix and let S ⊂ Rp. Suppose (B,B0)466

is an orthogonal basis of Rp where B ∈ Rp×q, B0 ∈ Rp×(p−q) and span(B) ⊆ EM(S).467

Then v ∈ EBT
0 MB0

(BT
0 S) implies B0v ∈ EM(S).468

Suppose we have an estimate B of q directions in the envelope EM(S). Then we can469

estimate the rest of EM(S) by focusing our attention on EBT
0 MB0

(BT
0 S), which is a lower470

dimensional envelope. This leads to the following 1D algorithm.471

Let `k ∈ Rp, k = 1, . . . , dX , be the stepwise directions obtained. Let Lk = (`1, . . . , `k),472

let (Lk,L0k) be an orthogonal basis for Rp and set initial value `0 = L0 = 0, then for473

k = 0, . . . , dX − 1, get474

vk+1 = arg min
v∈Rp−k

fk(v), subject to vTv = 1, (4.9)

`k+1 = L0kvk+1,

where fk(v) = log |vTLT
0kSX|YL0kv| + log |vT (LT

0kSXL0k)
−1v| for v ∈ Rp−k. This475

algorithm does not require an initial value search. It starts simply from `0 = L0 = 0 and476

builds the estimator sequentially.477

Suppose we know span(Lk) ⊂ EΣX
(L), then we can estimate the remaining part of478

EΣX
(L) by substituting L = (Lk,L0kV), where V ∈ R(p−k)×(dX−k), into f(L), leading479

to the objective function log |VTLT
0kSX|YL0kV|+ log |VT (LT

0kSXL0k)
−1V|, whose one480

dimensional version is exactly fk(v). This describes how the 1D algorithm is minimizing481

the full objective function f(L) sequentially. Let L̂1D denote the estimator from this482

algorithm.483

The following proposition formally states the
√
n-consistency of the 1D algorithm for484

estimating EΣX
(L). Similar results hold for estimating EΣY|X(R) and for estimating an485

arbitrary envelope using the 1D algorithm.486

Proposition 3. Assume that SX and SX|Y are
√
n-consistent estimators of ΣX and487

ΣX|Y. Let L̂1D denote the estimator obtained from the 1D algorithm. Then PL̂1D
is488

√
n-consistent for the projection onto EΣX

(L).489
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We have also considered sequentially minimizing f(`) = log |`TSX|Y`|+log |`TS−1
X `|,490

so that `Ti `j = 0 if i 6= j and equals one if i = j. Although this seems to be a reasonable491

way of sequentially constructing the envelope, we do not know if this procedure results in492

a consistent estimator. Our numerical experience is that the 1D algorithm (4.9) performs493

much better than such sequential optimization.494

The 1D algorithm can be used to get fast
√
n-consistent starting values for the al-495

ternating algorithm in Section 4.3 by separately estimating the X-envelope and the Y-496

envelope bases. Since the 1D algorithm turns the optimizations over dX and dY -dimensional497

manifolds to dX and dY sequential optimizations over 1D manifolds, the computation498

complexity is reduced drastically. For the simulation examples we studied, the computa-499

tion costs of the 1D algorithm are from tens to hundreds times less than the computation500

costs of using dX and dY -dimensional Grassmann manifold optimizations.501

Perhaps more importantly, we have found L̂1D and R̂1D to be practically as efficient502

as the final estimators obtained by alternating because the alternating algorithm nearly503

always converges after only a few iterations and produces only small changes. To em-504

phasize the utility of the 1D estimators, we use them in the simulations and real data505

examples that follow in later sections. In Section 7.3, we use a simulation example to506

demonstrate that estimators from the 1D manifold algorithm may have the same behavior507

as maximum likelihood estimators.508

5 Asymptotic properties509

The parameters involved in the coordinate representation of the simultaneous envelope510

model are η, Ω, Ω0, Φ, Φ0, L and R. In Sections 5.1 and 5.2, we focus on the asymptotic511

properties of the estimable functions β = LηRT , ΣX = LΩLT +L0Ω0L
T
0 , and ΣY|X =512

RΦRT + R0Φ0R
T
0 . Specifically, we study the asymptotic covariances of the following513
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parameters φ and estimable functions h.514

φ =



φ1

φ2

φ3

φ4

φ5

φ6

φ7


≡



vec(η)
vec(L)
vec(R)
vech(Ω)
vech(Ω0)
vech(Φ)
vech(Φ0)


, h =

 h1(φ)
h2(φ)
h3(φ)

 ≡
 vec(β)

vech(ΣX)
vech(ΣY|X)

 .

Since h ∈ R 1
2

(p+r)(p+r+1) and φ ∈ R 1
2
p(p+1)+ 1

2
r(r+1)+dXdY , the simultaneous envelope515

model reduces the total number of parameters by 1
2
(p + r)(p + r + 1) − 1

2
p(p + 1) −516

1
2
r(r + 1)− dXdY = pr − dXdY .517

5.1 Without the normality assumption518

Let ĥfull =
(

vecT (β̂OLS), vechT (SX), vechT (SY|X)
)T

denote the OLS estimator of h519

under the standard model (3.1), and let ĥ denote the estimator from Lemma 4 under520

the simultaneous envelope model (3.5). The true values of h and φ are denoted as h0521

and φ0. Define ∆ ≡ ∂h(φ)/∂φ to be the gradient matrix, whose explicit form is522

given in the Supplement, Section I.1. We use “avar” to denote an asymptotic covari-523

ance matrix: avar(
√
nĥ) = A is equivalent to

√
n(ĥ − h0) → N(0,A) in distribu-524

tion. We use the expansion matrix (Henderson and Searle, 1979) Ep ∈ Rp2×p(p+1)/2
525

to relate the vec operation and vech operation: for any symmetric matrix M ∈ Sp×p,526

vec(M) = Epvech(M). Then
√
n(ĥfull − h0) → N(0,Γ), for some positive definite527

covariance matrix Γ. Since there is a one-to-one relationship between h and ΣC, we528

treat the objective function F(ΣC) in (4.3) as a function of h and ĥfull and write it as529

F(h, ĥfull). Let Jh = 1/2× ∂2F(h, ĥfull)/∂h∂h
T evaluated at ĥfull = h = h0, which is530

the Fisher information matrix for h when C is normal,531

Jh =

 Σ−1
Y|X ⊗ΣX 0 0

0 1
2
ET
p (Σ−1

X ⊗Σ−1
X )Ep 0

0 0 1
2
ET
r (Σ−1

Y|X ⊗Σ−1
Y|X)Er

 . (5.1)

The following proposition formally states the asymptotic distribution of ĥ.532

Proposition 4. Assume that the data (xi,yi) are i.i.d. from a joint distribution with

finite fourth moments. Then
√
n(vec(ĥ)−vec(h0)) converges in distribution to a normal
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random variable with mean 0 and covariance matrix

W = ∆
(
∆TJh∆

)†
∆TJhΓJh∆

(
∆TJh∆

)†
∆T ,

where † indicates the Moore-Penrose inverse. In particular,
√
n(vec(β̂) − vec(β)) con-533

verges in distribution to a normal random variable with mean 0 and covariance W11, the534

upper-left pr × pr block of W. Moreover, avar(
√
nĥfull) ≥ avar(

√
nĥ) if span(J

1/2
h ∆)535

is a reducing subspace of J
1/2
h ΓJ

1/2
h .536

The
√
n-consistency of the estimator β̂ is essentially because SX, SY and SXY are537

√
n-consistent and because of the properties of F(h, ĥfull). The asymptotic covariance538

matrix W11 can be computed straightforwardly, but its accuracy for any fixed sample size539

may depend on the distribution of C. Fortunately, bootstrap methods can provide a good540

approximation of W11, as discussed in Section 5.3.541

5.2 Under the normality assumption542

The asymptotic covariance W simplifies when C ∼ N(µC,ΣC) because then objective543

function F(h, ĥfull) agrees with the negative log-likelihood function and Γ = J−1
h =544

avar(
√
nĥfull). And {avar(

√
nĥfull)−avar(

√
nĥ)}will be positive semi-definite because545

span(J
1/2
h ∆) is always a reducing subspace of J

1/2
h ΓJ

1/2
h = I.546

Proposition 5. Assume that C ∼ N(µC,ΣC). Then avar(
√
nĥ) = ∆(∆TJh∆)†∆T .547

Moreover, avar(
√
nĥ) ≤ avar(

√
nĥfull),548

J−1
h −∆(∆TJh∆)†∆T = J

− 1
2

h Q
J

1
2
h ∆

J
− 1

2
h ≥ 0.

In particular, avar(
√
nvec(β̂)) ≤ avar(

√
nvec(β̂OLS)).549

This proposition is obtained by direct computation, and is consistent with Cook et550

al. (2010) and Cook et al. (2013). Also, because the estimator β̂ is the MLE under551

normality, its asymptotic variance is no larger than that of X-envelope estimator or Y-552

envelope estimator. Explicit expressions can be found in the Supplement, Section I. To553

further interpret this result, we next consider the asymptotic variance of vec(β̂), which554

can lead to the asymptotic variances for predictions and fitted values.555
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Proposition 6. Assume that C ∼ N(µC,ΣC). Then556

avar(
√
nvec(β̂)) = avar(

√
nvec(β̂L,R)) + avar

(√
nvec(QLβ̂η,R)

)
+ avar

(√
nvec(β̂η,LQR)

)
,

where we use β̂η,R, β̂L,R and β̂η,L to denote the maximum likelihood estimators when557

the parameters in their subscripts are known. Explicit expressions for the asymptotic558

variances of β̂η,R, β̂L,R and β̂η,L are given in the Supplement, Section I.559

The first term in the above decomposition, avar(
√
nvec(β̂L,R)), is the same as that in560

Proposition 2, which gave the asymptotic variance if we knew bases for the true envelope.561

If we set L = Ip in the above decomposition, so we are pursuing Y reduction only, then562

the decomposition reduces to that given by Cook et al. (2010; Theorem 6.1). Setting563

R = Ir, which indicates X reduction only gives the corresponding result of Cook et al.564

(2013; Proposition 4.4). The projections QL and QR serve to orthogonalize the random565

vectors so that the asymptotic variances are additive.566

5.3 Residual bootstrap567

To illustrate the application of the above bootstrap method, we consider a simple model568

with p = r = 3 and dX = dY = 1. We generated L, R and η by filling in random569

numbers from uniform(0, 1) distribution. Then we orthonormalized L, R and obtained570

corresponding L0, R0. The covariance matrices were Ω = 5, Ω0 = I2, Φ = 1 and571

Φ0 = 10I2. The data vectors Ci = (XT
i ,Y

T
i )T , i = 1, . . . , n, were simulated from572

Σ
1/2
C Ui where Ui is a vector of i.i.d uniform random variables with mean 0 standard573

deviation 1. Therefore, Ci would follow a distribution with mean 0, covariance ΣC and574

finite fourth moments. A dataset with n = 100 observations was generated and B = 100575

bootstrap datasets were used throughout. We used the bootstrap method to estimate the576

variances of two estimators: the OLS estimator β̂OLS and the simultaneous envelope577

estimator β̂1D which was obtained by using the 1D algorithm without alternating.578

Table 1 summarizes all the p × r = 9 elements of vec(β), vec(β̂OLS) and vec(β̂1D)579

and their asymptotic, bootstrap and actual standard errors. We included the asymptotic580

standard errors of the elements in β̂OLS, which were the square roots of diagonals in581
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True parameter
vec(β)× 100 30 30 32 36 36 38 14 14 15

OLS estimator
vec(β̂OLS)×100 37 37 14 29 42 53 39 2 15

EN

{
vec(β̂OLS)

}
×100 29 29 32 37 36 38 13 17 13

Asymptotic se×100 22 22 22 20 20 19 26 26 26
Bootstrap se×100 21 20 17 17 17 16 25 28 25

Actual se×100 22 23 22 21 22 18 30 24 23
Simultaneous envelope estimator

vec(β̂1D)×100 31 34 30 39 43 38 16 18 16

EN

{
vec(β̂1D)

}
×100 30 30 32 36 35 38 14 14 15

Asymptotic se×100 3 3 3 3 3 3 2 2 2
Bootstrap se×100 3 2 3 3 3 3 2 2 2

Actual se×100 3 2 3 3 3 3 2 2 2

Table 1: Bootstrap and estimated asymptotic standard errors of the 9 elements in β̂ under
the OLS estimator and the simultaneous envelope estimator with fixed dX = dY = 1.

ΣY|X ⊗ Σ−1
X /n and the asymptotic standard errors of the MLE under normality for the582

simultaneous envelope model, which is given in the Supplement, in order to compare with583

the estimator from the 1D manifold algorithm. We also repeatedly simulated N = 100584

datasets under the same setting, and estimated the averaged coefficient estimates EN(β̂)585

and the actual standard errors of vec(β̂) from the N = 100 replicates.586

The asymptotic standard errors and the actual standard errors were well estimated587

by the bootstrap method. Moreover, the estimated asymptotic standard errors for the588

1D algorithm are really close to the asymptotic standard errors of the MLE although589

the normality assumption was violated. As expected, the envelope estimator had much590

smaller standard errors than that of the OLS estimator.591

6 Selecting the dimensions592

6.1 Rank of β593

Since the simultaneous envelope contains the row and the column space of β, the di-594

mensions dX and dY are bounded below by d = rank(β). Thus when determine the595

dimensions dX and dY , it is helpful to first have some guidance on d. Bura and Cook596
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(2003) developed a chi-squared test for the rank d that requires only that the response597

variables have finite second moments. The test statistic is Λd = n
∑min(p,r)

j=d+1 ϕ2
j , where598

ϕ1 ≥ · · · ≥ ϕmin(p,r) are eigenvalues of the p× r matrix599

β̂std = {(n− p− 1)}/n}1/2S
1/2
X β̂OLSS

−1/2
Y|X . (6.1)

Then they derived that Λd is asymptotically distributed as a χ2
(p−d)(r−d) random variable600

under the null hypothesis that rank(β) = d. The rank is then determined by comparing601

a sequence of test statistics Λk, k = 0, . . . ,min(p, r) − 1, to the percentiles of their null602

distribution χ2
(p−k)(r−k). The first non-significant value of k will serve as our estimate of603

the rank of β.604

6.2 Selecting dX and dY605

One way to determine dX and dY is by using a sequence of likelihood ratio tests based606

on the statistic ΛdX ,dY = 2(L̂full − L̂dX ,dY ), where L̂full = −(n/2) log |SC| − n(p +607

r)/2 is the log likelihood for the standard model and L̂dX ,dY = −(n/2) log |Σ̂C| −608

(n/2)trace(SCΣ̂
−1

C ) is the maximum log likelihood for simultaneous envelope model,609

where Σ̂C = PL̂⊕R̂SCPL̂⊕R̂ +QL̂⊕R̂SDQL̂⊕R̂ is the MLE of the simultaneous envelope610

model. Under the null hypothesis, the test statistic ΛdX ,dY is asymptotically distributed as611

a χ2
(p−dX)(r−dY ) random variable. We start testing with dX = dY = d0 where the choice of612

d0 can be guided by the Bura-Cook estimator. Then sequentially test dX = d0, d0+1, . . . ,613

until first non-significant value, and sequentially test dY = d0, d0 + 1, . . . , until first non-614

significant value.615

Information criteria such as Akaike’s information criterion (AIC) and Bayesian infor-616

mation criterion (BIC) could also be used to select the dimension dX and dY , similar to617

Cook et al. (2010). For dimensions dX and dY , AIC is A(dX , dY ) = 2kdX ,dY − 2L̂dX ,dY ,618

where kdX ,dY = p(p + 3)/2 + r(r + 3)/2 + dXdY is the number of parameters in the619

model; and BIC is B(dX , dY ) = kdX ,dY log(n) − 2L̂dX ,dY . We search (dX , dY ) from620

(d0, d0) to (p, r) and choose the pair that has the smallest AIC or BIC. See Section 7.3621

for a simulation to illustrate determining the dimensions by likelihood ratio testing, AIC622

and BIC.623
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Our experience suggests that BIC is the most favorable criterion for determining di-624

mensions when sample size is not too small. Since the true dimension always exist, BIC is625

consistent in the sense that the probability of selecting the correct dimension approaches626

1. According to Shao (1997) and Yang (2005), BIC would perform better than AIC when627

the true model has a simple finite dimensional structure. However, if one is concerned628

more about the correctness of the envelope model itself over its simplicity, AIC is more629

favorable since it is more conservative on choosing the dimensions.630

In practice, we use cross-validation to determine the optimal dimensions for predic-631

tion, although the best predictive dimensions can be different from the true envelope632

dimensions dX and dY .633

7 Simulations634

In practice, we found the estimator from the 1D algorithm essentially as efficient as the635

final estimator by alternating because the alternating procedure usually converged after636

only a few iterations and produced only small changes. To emphasize the 1D algorithm,637

we use it for all the simulations and examples in this section. In Section 7.2, we use a638

simulation example to demonstrate that estimators from the 1D manifold algorithm may639

have the same behavior as maximum likelihood estimators.640

In Section 7.1, we compared the simultaneous envelope estimator to many other meth-641

ods including OLS, PLS, CCA, RRR, X-envelope and Y-envelope, where the dimensions642

for each method were chosen purely based on the simulated data with no prior knowledge.643

In the Supplement Section J, the true dimensions were used for each method and we also644

used two different criterion for prediction and estimation. Given the true dimension, the645

simultaneous envelope estimators always had the best performance in both prediction and646

estimation among all estimators and always performed substantially better than OLS.647

7.1 Prediction with cross-validation648

Prediction error of a multivariate linear model is a composite of the variability in β̂ and649

the intrinsic variance in ε. As illustrated by Table 1, the simultaneous envelope method650

can substantially increase estimation accuracy in the regression coefficient matrix and651
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thus it may also increase prediction accuracy. We simulated such situations in the follow-652

ing examples where we generated data from joint normal distribution of X and Y.653

We simulated data from two envelope models (E1 and E2) and two reduced-rank654

regression models (R1 and R2) as follows. The dimensions were p = 10, r = 15 and655

varied d, dX and dY . For the envelope models, we generated L, R and η by filling in656

random numbers from the uniform(0,1) distribution. Then we orthogonalized L and R657

and obtained corresponding L0 and R0. For the RRR models, we simulated β = cABT
658

where c ∈ R1, A ∈ Rp×d, B ∈ Rr×d were filled with uniform(0, 1) random numbers,659

then A and B were standardized to semi-orthogonal matrices. The covariance matrices660

Ω, Ω0, Φ, Φ0, Σ and ΣX were generated as follows.661

(E1) Isotropic envelope covariances. {Ω,Ω0,Φ,Φ0} = {5IdX , Ip−dX , 5IdY , Ir−dY }.662

(E2) Randomized envelope covariances. All Ω, Ω0, Φ and Φ0 were randomly generated663

as MMT where M had the same size as the corresponding covariances and were664

filled with uniform(0, 1) numbers.665

(R1) Identity covariances. ΣX = 5I10 and Σ = 5I15.666

(R2) Randomized covariances. Both ΣX and Σ were randomly generated as MMT in667

the similar way as in model (E2).668

We simulated 200 data sets for each setting and used 100 for training and the others669

for testing. For each method, after obtaining the estimator β̂ from one training data set,670

we used the testing data set to compute the following quantity, which is an estimate of671

the variance of Ŷ −Yfit =
(
β̂ − β

)T
Xnew for a new observation Xnew.672

α =
(
β̂ − β

)T
Σ̂X

(
β̂ − β

)
∈ Rr×r, (7.1)

where Σ̂X is the sample covariance matrix of X obtained from the testing set. Notice that673

cov(Ŷ−Y) = cov(Ŷ−Yfit)+cov(ε) for all unbiased estimators, so we could make our674

comparison in the magnitudes of cov(Ŷ − Yfit). Therefore the Frobenius norm ||α||F675

was used as a measure of overall prediction error. We also considered the Frobenius norm676
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||β−β̂||F as a measure of overall parameter estimation accuracy in the simulation studies677

in Supplement Section J.678

We used five-fold cross-validation to find the best predictive dimensions for each of679

the methods. The results were summarized in Table 2. Our simulation results suggested680

that simultaneous envelopes with dimensions determined by cross-validation could be681

used in practice as a powerful prediction method. The simultaneous envelope methods682

had significantly better performance than all the other methods in most cases. For each of683

the other methods, it could perform as well as the simultaneous envelope in some cases684

but could have much worse performances in other cases.685

In model (R2), where the true envelope dimensions were (dX , dY ) = (p, r), the en-686

velope estimators with its true dimensions will be equivalent to OLS. Nevertheless, the687

X-envelope and the simultaneous envelope showed significant improvement over OLS688

in prediction by using the best predictive dimensions. This was probably due to the689

variance-bias tradeoff in finite samples. Model (R1) is both an envelope model and a690

RRR model with d = dX = dY . It has the simplest structure, but the simultaneous en-691

velope estimators still produced significant improvement over OLS. RRR outperformed692

OLS but was still not as efficient as the simultaneous envelope estimators. Model (E2)693

produced immaterial covariances Φ0 and Ω0 that had much larger eigenvalues than the694

material parts Φ and Ω. The simultaneous envelope method efficiently discarded the im-695

material information and performed drastically better than other methods in models (E2).696

Moreover, CCA aimed for the most correlated pairs of L̂TX and R̂TY and mistakenly697

found the immaterial pairs in model (E2).698

To further study how the relative magnitude of immaterial variation over material699

variation can affect the performance of envelope methods, we repeated the above simu-700

lations in model (E2) for varying d = dX = dY from 1 to 8 with the same sample size701

N = 200. The true envelope dimensions were used instead of using cross-validation. We702

then plotted the averaged prediction error ||α||F over that of OLS in Figure 7.1. When the703

rank of β was smaller than 5, which is the half of its maximum possible rank, the immate-704

rial variance Φ0 contained the larger eigenvalues of ΣY|X hence the Y-envelope and the705

simultaneous envelope estimators had drastic gains in efficiency over OLS estimators.706
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(dX , dY , N) or (d,N) OLS PLS CCA RRR X-env. Y-env. S. env. S. E.≤

E1
(3, 3, 100) 3.15 1.55 1.14 2.46 1.50 2.53 0.63 0.06
(3, 3, 400) 0.70 0.46 0.22 2.23 0.46 0.58 0.12 0.01
(3, 3, 900) 0.30 0.14 0.08 2.28 0.14 0.25 0.05 0.006

E2
(2, 5, 400) 0.82 0.40 2.17 0.28 0.22 0.47 0.17 0.04
(5, 3, 400) 1.00 0.51 1.76 0.36 0.55 0.65 0.27 0.07
(7, 4, 400) 1.01 0.82 1.75 0.68 0.75 0.59 0.32 0.08

R1
(1, 200) 1.68 0.85 1.01 1.05 0.97 1.53 0.73 0.03
(2, 200) 1.68 0.98 1.49 1.89 0.97 1.52 0.97 0.04
(3, 200) 1.68 1.35 2.00 2.38 1.19 1.52 1.18 0.05

R2
(2, 200) 2.63 1.23 8.94 0.90 1.08 2.63 1.08 0.11*
(3, 200) 2.86 1.54 26.6 1.52 1.08 2.79 1.08 0.15*
(4, 200) 2.96 2.67 16.4 1.97 1.45 2.96 1.45 0.13*

Table 2: Prediction performances measured by ||α||F , where * in the last column means
the corresponding S.E. upper bound were computed without the S.E. of CCA. The best
two methods for each setting were emphasized with boldface.

With increased rank of β, the immaterial variance parts were reduced but the simulta-707

neous envelope reduction can still gain significantly over the OLS estimator. Even for708

d = 8, the prediction error measurement ||α||F of the simultaneous envelope estimator709

was only 70% of that of the OLS estimator.710

7.2 Optimization with 1D manifold algorithm711

The simulation results in Section 7.1 were all based on the 1D algorithm. The full Grass-712

mann manifold optimization, which gives the MLE solution, would give indistinguishable713

performances for small dimensions but could have trouble converging in larger dimen-714

sions. To gain some insight on the computation cost of 1D algorithm versus the full715

Grassmann manifold optimization, we simulated 100 data sets from model (E2) with716

N = 400 and computed the averaged CPU time for estimating an envelope using the two717

methods. When dX = dY increased from 2 to 3, the ratio of the averaged time costs on718

full Grassmannian optimization over that of the 1D algorithm were increasing from 1.1719

to 2.8 for estimating X-envelopes and from 1.4 to 3.8 for estimating Y-envelopes.720

To examine how well the 1D manifold algorithm estimators can approximate the721

MLE, we studied probability plots of the asymptotic χ2 likelihood ratio test statistics.722

Using model (E2), we simulated 100 dataset with sample size N = 200 with p = r = 7723
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Figure 7.1: Prediction versus OLS for varying d = dX = dY . Each point is the ratio of
||α||F for a specified estimator and for OLS estimator. The lines for CCA and RRR (not
shown in the plot) were always larger than or close to 1.

and dX = dY = 3. Consider the following hypothesis test given dX and dY ,724

H0 : EΣX
(L)⊕ EΣY|X(R) = span(L⊕R);

Ha : EΣX
(L)⊕ EΣY|X(R) 6= span(L⊕R).

The likelihood ratio test statistic for this hypothesis is Λ = −2 log(L(L,R))+2 log(L(L̂, R̂)),725

where L̂ and R̂ are MLEs, is asymptotically χ2 distributed. The degrees of freedom is726

the sum of the two Grassmann manifolds dimensions: (p − dX)dX + (r − dY )dY = 24.727

We computed the likelihood ratio test statistics using the 1D algorithm (4.9) to estimate L̂728

and R̂. Figure 7.2 summarized the calculated sample quantiles of the one hundred statis-729

tics and the expected quantiles of the χ2
24 distribution. All the points fall near a straight730

line, indicating that the estimators from the 1D algorithm behave as MLEs.731

7.3 Determining the dimensions (dX , dY )732

We simulated 100 datasets for each of the following settings, and performed the chi-733

square test for the rank of β with level 0.05, the likelihood ratio test with level 0.01, AIC734

model selection and BIC model selection. We used model (E2) in Section 7.1 with p = 6735
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Figure 7.2: Probability plot based on the 1D algorithm

predictors and r = 8 responses in two settings: (I)N = 100 observations for each dataset736

with X- and Y-envelope dimensions dX = dY = 2. (II) N = 300 observations for each737

dataset with X- and Y-envelope dimensions dX = 2, dY = 3. Table 3 summarizes738

the simulation performances of various tests. Clearly, the χ2 test quite often reveals the739

correct dimension of β and BIC has the best performance on determining the envelope740

dimensions.741

We further studied the likelihood ratio test statistics obtained by the 1D algorithm742

and SIMPLS. We used p = r = 7, dX = dY = 3 and simulated 100 dataset with743

N = 300 observations from model (E2) in Section 7.1. The likelihood ratio test was744

computed for the hypothesis dX = dY = 3. The test statistic follows a χ2-distribution745

with pr−dXdY = 40 degrees of freedom as shown in Section 6.2. The probability plot of746

expected quantiles versus sample quantiles from the 100 datasets are given in Figure 7.3.747

Since the test statistic depends on our estimators of L and R, the probability plot should748

follow a straight line if the estimators behave as MLEs. From this plot, we see again749

that the behavior of the 1D algorithm is as expected for MLEs. However, the SIMPLS750

algorithm produced noticeable curvature in its probability plot.751
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Figure 7.3: Chi-squared distribution probability plots. The 1D algorithm results the left
plot, and the SIMPLS algorithm results the right plot. The reference distribution is the
χ2

40-distribution.

correctness on setting (I) setting (II)
χ2 d 89% 97%

LRT dX 98% 97%
dY 100% 90%

dX and dY 98% 89%
AIC dX 75% 92%

dY 67% 63%
dX and dY 56% 61%

BIC dX 98% 99%
dY 100% 100%

dX and dY 98% 99%

Table 3: The numbers indicate how many times each true/estimated dimensions occurs
among the 100 datasets.
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8 Biscuit NIR spectroscopy data752

This experiment involved varying the composition of biscuit dough. Two sets of dough753

pieces were measured, a calibration set and a prediction set. They were created and754

measured as two distinct sets, on separate occasions, and do not result from a random (or755

any other) split of a larger set. We have r = 4 response variables: fat, sucrose, flour and756

water percentages of biscuit dough. To keep the number of predictors less than the sample757

size of the training set, we used the spectral range 1200-1280nm with 4nm steps, which758

gave p = 20 predictors with n1 = 39 training samples and n2 = 31 testing samples.759

The prediction accuracy was based on the sum of squared error for predicting the given760

testing set.761

The rank test of β indicated that d = rank(β) = 2 at the 0.05 significant level.762

Simultaneous envelope dimension dY = 2 was selected by AIC, BIC and LRT; dX =763

10, 3, 8 was selected by AIC, BIC and LRT respectively. Based on the prediction error,764

AIC chose the best dimension, while BIC made a bad choice, which was probably due to765

the small sample size of the training set.766

The sum of squared prediction errors (prediction SSE) on the testing sets are summa-767

rized in the Figure 8.1. When the number of components was less than 8, the envelope and768

SIMPLS estimators had similar performances and were both inferior to OLS because the769

dimension was too small to cover all the material information. Starting at 8 components,770

the envelope estimator performed much better than the SIMPLS and OLS estimators. It771

converged to the OLS estimator at 13 components and stayed the same thereafter. How-772

ever, SIMPLS performed much worse than OLS unless the number of component was773

larger than 16. To aid visualization, prediction errors from CCA and RRR were not plot-774

ted because they were more than twice of that of OLS. We also considered predictions775

based on X- or Y-envelope reduction alone. The prediction errors for the X-envelope776

estimator traced the errors from the simultaneous envelope estimator but were uniformly777

larger. The prediction errors for the Y-envelope estimators were indistinguishable to that778

of the OLS estimator for dY > 1 and were larger than that for dY = 1.779
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Figure 8.1: Prediction sum of square errors on the testing set. X-axis denote the num-
bers of components for PLS and simultaneous envelope X-dimension, dX , where the
Y-dimension of simultaneous envelope is fixed at dY = 2. To help visualization, the
CCA performance is not included and the SSE for CCA are all greater than OLS no
matter how many components to use.
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9 Discussion780

The partial envelope model (Su and Cook, 2011) is an extension of the envelope model781

in which some predictors are of special interest. Suppose X can be partitioned into X1 ∈782

Rp1 and X2 ∈ Rp2 , p1 + p2 = p, and the regression coefficient becomes β =
(
βT1 ,β

T
2

)T
783

correspondingly. The partial envelope model focus on estimating β1 instead of β, and784

can be written as,785

Y = µY + βT1 (X1 − µX1) + βT2 (X2 − µX2) + ε, (9.1)

whereµX1 = E(X1) andµX2 = E(X2). The partial envelope in this model is EΣY|X(span(βT1 )),786

which is contained in the envelope EΣY|X(R) = EΣY|X(span(βT )). Since the partial en-787

velope model focuses on a smaller subspace, there is potentially more efficiency gain788

than with the envelope model.789

It is straightforward to extent partial envelope to simultaneous envelopes. Let ΣX1 ∈790

Rp1×p1 be the covariance matrix of X1, and let ΣX2 ∈ Rp2×p2 be the covariance ma-791

trix of X2. We can then study the simultaneous partial envelope EΣY|X(span(βT1 )) ⊕792

EΣX1
(span(β1)) to reduce Y and to reduce X1.793

The simultaneous envelope model contains the envelope models in Cook et al. (2010)794

and Cook et al. (2013) as special cases. Extensions to the simultaneous envelope methods795

provide unified treatments for these methods. For instance, variable selection in multi-796

variate linear regression has started to become an interesting and important research area.797

Multivariate linear methods that have well performances in classical problems were ex-798

tended to high-dimensional situations. To deal with high-dimensional problems where799

p, r > n, Chun and Keles (2010) introduced sparse PLS and Chen and Huang (2012)800

proposed sparse RRR. We conjecture that an variable selection extension of the simul-801

taneous envelope methodology will have nice applications in high-dimensional settings.802

Alternatively, we can first apply the SIMPLS algorithm, which is actually an envelope803

algorithm shown by Cook et al. (2013), to reduce the dimensionality and then apply the804

simultaneous envelope methods to gain efficiency in estimation.805
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877

Supplement: Proofs and Technical Details for878

“Simultaneous envelopes for multivariate linear879

regression”880

R. Dennis Cook and Xin Zhang881

The referred equations in the Supplement are labeled as (A1), (A2) and so on, whereas882

labels such as (1), (2), etc. refer to equations the main text. We also include here addi-883

tional lemmas and corollaries (and when necessary, their proofs), sometimes within the884

proof of an assertion in the main text. In the following proofs, we use f and F as generic885

functions whose definitions change.886

A Proof of Lemma 1 and Lemma 2887

Lemma 1 and Lemma 2 follow directly from the discussions in Section 3 and the defini-888

tion of envelopes.889

B Proof of Proposition 2890

Proof. Let X ∈ Rn×p and Y ∈ Rn×r be the centered data matrices from i.i.d. random vec-891

tors X and Y. Then β̂OLS = (XTX)−1XTY and β̂L,R = L(LTXTXL)−1LTXTYRRT .892

For the variance of vec(β̂
T

OLS), we decompose it into two terms, conditioning on X.893

var(vec(β̂
T

OLS)) = var
{

vec(YTX(XTX)−1)
}

= var
{(

(XTX)−1XT ⊗ Ir
)

vec(YT )
}

= var
{

E{
(
(XTX)−1XT ⊗ Ir

)
vec(YT )|X}

}
+E

{
var(

(
(XTX)−1XT ⊗ Ir

)
vec(YT )|X)

}
≡ V E + EV.

1



The first term is894

V E = var
{

E{
(
(XTX)−1XT ⊗ Ir

)
vec(YT )|X}

}
= var

{(
(XTX)−1XT ⊗ Ir

)
E{vec(YT )|X}

}
= var

{(
(XTX)−1XT ⊗ Ir

)
vec(βTXT )

}
= var

{
vec(βTXTX(XTX)−1)

}
= 0.

Then the variance is just the second term which is895

var(vec(β̂
T

OLS)) = EV = E
{

var(
(
(XTX)−1XT ⊗ Ir

)
vec(YT )|X)

}
= E{

(
(XTX)−1XT ⊗ Ir

)
var(vec(YT )|X)

(
(XTX)−1XT ⊗ Ir

)T}
= E{

(
(XTX)−1XT ⊗ Ir

)
(In ⊗ΣY|X)

(
(XTX)−1XT ⊗ Ir

)T}
= E{(XTX)−1 ⊗ΣY|X}

= f−1
p Σ−1

X ⊗ΣY|X,

where the last equality come from the fact that XTX ∼ Wp(ΣX, n − 1). The degrees896

of freedom n − 1 are greater than p − 1. Then (XTX)−1 follows an inverse Wishart897

distribution W−1
p (Σ−1

X , n− 1), and its mean equals Σ−1
X /(n− p− 2) = f−1

p Σ−1
X .898

Similarly for β̂L,R, we have the following expressions by noticing that vec(β̂
T

L,R) =899

(L⊕R)vec(η̂T ) and η̂ is the OLS estimator of RTY on LTX.900

var(vec(β̂
T

L,R)) = f−1
x (L⊗R)(Σ−1

LT X
⊗ΣRT Y|LT X)(LT ⊗RT )

= f−1
x (L⊗R)((LTΣXL)−1 ⊗ (RTΣY|XR))(LT ⊗RT )

= f−1
x

(
L(LTΣXL)−1LT

)
⊗
(
RRTΣY|XRRT

)
= f−1

x

(
LΩ−1LT

)
⊗
(
PRΣY|XPR

)
.

Next, by noticing that901

Σ−1
X = L(LTΣXL)−1LT + L0(LT

0 ΣXL0)−1LT
0 , (B.1)

ΣY|X = PRΣY|XPR + PR0ΣY|XPR0 , (B.2)

ΣY|X = RΦRT + R0Φ0R
T
0 , (B.3)

2



we have902

var(vec(β̂
T

OLS)) = f−1
p Σ−1

X ⊗ΣY|X

= fxf
−1
p var(vec(β̂

T

L,R)) + f−1
p LΩ−1LT ⊗R0Φ0R

T
0

+f−1
p L0Ω

−1
0 LT

0 ⊗RΦRT + f−1
p L0Ω

−1
0 LT

0 ⊗R0Φ0R
T
0 ,

where Ω = LTΣXL, Ω0 = LT
0 ΣXL0, Φ0 = RT

0 ΣY|XR0 and Φ = RTΣY|XR. Then903

the result follows directly.904

C Proof for Lemma 3905

From Proposition 2.2 in Cook et al. (2010), we have EMi
(Si) =

∑qi
j=1 PijSi, i = 1, 2,906

where Pij is the projection onto the j-th eigenspace of Mi. Since M = M1 ⊕M2, then907

the eigen-projections of M will be P1j⊕0p2 , j = 1, . . . , q1, and 0p1⊕P2k, k = 1, . . . , q2.908

Therefore, applying Proposition 2.2 of Cook et al. (2010) again, we have909

EM(S) =

{
q1∑
j=1

[(P1j ⊕ 0)(S1 ⊕ S2)]

}
+

{
q2∑
k=1

[(0⊕P2k)(S1 ⊕ S2)]

}
= {EM1(S1)⊕ 0}+ {0⊕ EM2(S2)}

= EM1(S1)⊕ EM2(S2).

D Proof for Lemma 4910

D.1 The log-det term: log |ΣC|911

Apply the following orthogonal transformation to ΣC,912

OTΣCO =

( (
L L0

)T
0

0
(

R R0

)T
)(

ΣX ΣXY

ΣT
XY ΣY

)( (
L L0

)
0

0
(

R R0

) )

=


(

Ω 0
0 Ω0

) (
Ωη 0
0 0

)
(
ηTΩ 0

0 0

) (
Φ + ηTΩη 0

0 Φ0

)
 .

We can further transform it into a block diagonal matrix as in the following general913

case:914 (
I 0

−BTA−1 I

)(
A B
BT C

)(
I −A−1B
0 I

)
=

(
A 0
0 C−BTA−1B

)
. (D.1)

3



By taking the transformation matrix T =

(
I T12

0 I

)
where T12 =

(
−η 0
0 0

)
, we915

have the block diagonal matrix916

TTOTΣCOT = diag{Ω,Ω0,Φ,Φ0} ≡ Σdiag. (D.2)

Also, because of the determinants of T and O are both 1, |ΣC| = |Σdiag|, and917

log |ΣC| = log |Ω|+ log |Ω0|+ log |Φ|+ log |Φ0|. (D.3)

D.2 The trace term: trace(SCΣ−1C )918

trace(SCΣ−1
C ) = trace(SCOTΣ−1

diagTTOT ) = trace(TTOTSCOTΣ−1
diag).

Write O ≡
(

Og 0
0 Oh

)
, where Og = (L,L0) and Oh = (R,R0). Next, we compute919

the matrix920

TTOTSCOT = TT

(
OT
g SXOg OT

g SXYOh

OT
hSTXYOg OT

hSYOh

)
T =

(
OT
g SXOg ∗
∗ M1

)
.

Since we only need the trace of TTOTSCOTΣ−1
diag, and Σdiag is block diagonal, so921

the off-diagonal blocks of TTOTSCOT are not needed. And the matrix M1 can be922

computed to be923

M1 = OT
hSYOh + (OgT12)TSX(OgT12) + (OgT12)TSXYOh +

[
(OgT12)TSXYOh

]T
.

Therefore,924

trace(SCΣ−1
C ) = trace(TTOTSCOTΣ−1

diag)

= trace(OT
g SXOgdiag(Ω−1,Ω−1

0 )) + trace(M1diag(Φ−1,Φ−1
0 ))

≡ trace1 + trace2.

The first trace term,925

trace1 = trace(OT
g SXOgdiag(Ω−1,Ω−1

0 ))

= trace

{(
LT

LT
0

)
SX

(
L L0

)( Ω−1 0
0 Ω−1

0

)}
= trace{LTSXLΩ−1}+ trace{LT

0 SXL0Ω
−1
0 } = trace{SXΣ−1

X }.
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Similarly for the second trace term,926

trace2 = trace(M1diag(Φ−1,Φ−1
0 ))

= trace{RTSYRΦ−1}+ trace{RT
0 SYR0Φ

−1
0 }

+trace{(Lη)TSX(Lη)Φ−1} − 2× trace{(Lη)TSXYRΦ−1}.

D.3 Partial derivatives of the objective function927

The objective function F(ΣC) now becomes an objective function of all the parameters928

F(L,R,η,Φ,Φ0,Ω,Ω0) = log |Ω|+ log |Ω0|+ log |Φ|+ log |Φ0|

+trace{LTSXLΩ−1}+ trace{LT
0 SXL0Ω

−1
0 }

+trace{RTSYRΦ−1}+ trace{RT
0 SYR0Φ

−1
0 }

+trace{(Lη)TSX(Lη)Φ−1} − 2trace{(Lη)TSXYRΦ−1}.

We will apply the following result repeatedly in this section.929

arg min
A
{log |A|+ trace(A−1B)} = B, (D.4)

where B is positive definite symmetric matrix and the minimization is over all positive930

definite symmetric matrices.931

D.3.1 Minimization over Ω, Ω0, Φ and Φ0932

Applying (D.4), we have933

Ω̂ = L̂TSXL̂; (D.5)
934

Ω̂0 = L̂T
0 SXL̂0; (D.6)

935

Φ̂0 = R̂T
0 SYR̂0. (D.7)

After we obtain the minimizer of η̂ and substitute it into the objective function, we can936

also use (D.4) to get the following.937

Φ̂ = R̂T

(
SY − STXYL̂

(
L̂TSXL̂

)−1

L̂TSXY

)
R̂. (D.8)
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D.3.2 Partial derivative w.r.t. η938

∂

∂η
F(L,R,η,Φ,Φ0,Ω,Ω0) =

∂

∂η

(
trace{(Lη)TSX(Lη)Φ−1}

)
−2

∂

∂η

(
trace{(Lη)TSXYRΦ−1}

)
= 2LTSXLηΦ−1 − 2LTSXYRΦ−1.

Set it to 0, we have939

η̂ = (L̂TSXL̂)−1(L̂TSXYR̂). (D.9)

Substituting (D.5), (D.6), (D.7) and (D.9) into the full objective function, we have the940

following partially optimized objective function941

F(L,R,Φ) = log |LTSXL|+ log |LT
0 SXL0|+ log |Φ|+ log |RT

0 SYR0|

+trace{Il}+ trace{Ip−l}+ trace{RTSYRΦ−1}+ trace{Ir−m}

+trace{(LTSXYR)T (LTSXL)−1(LTSXYR)Φ−1}

−2× trace{(LTSXYR)T (LTSXL)−1(LTSXYR)Φ−1}.

If we ignore the terms that do not change with Φ, the rest part of the objective function942

becomes943

F(Φ) = log |Φ|+trace{RTSYRΦ−1}−trace{(LTSXYR)T (LTSXL)−1(LTSXYR)Φ−1},

which leads us to (D.8)944

D.4 MLE945

The MLE for L̂ and R̂ are obtained by minimizing over the Grassmann manifolds G(dX ,p)946

and G(dY ,r), (L̂, R̂) = arg min(L,R){F(L,R)},where the objective function F(L,R) is947

F(L,R) = log |LTSXL|+ log |LT
0 SXL0|+ log |RT

0 SYR0|

+ log |RT
(
SY − STXYL(LTSXL)−1LTSXY

)
R|

= log

∣∣∣∣ LTSXL LTSXYR
RTSTXYL RTSYR

∣∣∣∣+ log |LT
0 SXL0|+ log |RT

0 SYR0|

= log

∣∣∣∣(LT ⊕RT
)( SX SXY

STXY SY

)
(L⊕R)

∣∣∣∣
+ log

∣∣(LT ⊕RT
) (

S−1
X ⊕ S−1

Y

)
(L⊕R)

∣∣ ≡ F(L⊕R).

Then the MLEs for η,Ω,Ω0,Φ,Φ0 are as given in the lemma.948

6



E Proof for Lemma 5949

From our set-up, we know that BT
0 MB0 > 0 thus EBT

0 MB0
(BT

0 S) exists. Let Γ be a basis950

of EM(S), and (Γ,Γ0) be a orthogonal basis of Rp, then M = ΓΩΓT + Γ0Ω0Γ
T
0 and951

S ⊆ span(Γ) for some Ω > 0 and Ω0 > 0. Therefore,952

BT
0 MB0 = (BT

0 Γ)Ω(BT
0 Γ)T + (BT

0 Γ0)Ω0(BT
0 Γ0)T (E.1)

BT
0 S ⊆ span(BT

0 Γ), (E.2)

where span(BT
0 Γ) is the orthogonal compliment of span(BT

0 Γ0) in Rp−q since span(B) ⊆953

span(Γ). Then we see954

BT
0 MB0 = PBT

0 ΓBT
0 MB0PBT

0 Γ + QBT
0 ΓBT

0 MB0QBT
0 Γ,

which means span(BT
0 Γ) is a reducing subspace of BT

0 MB0 which also contains BT
0 S955

by (E.2). By definition, we know EBT
0 MB0

(BT
0 S) is the smallest reducing subspace of956

BT
0 MB0 that contains BT

0 S. Hence, EBT
0 MB0

(BT
0 S) ⊆ span(BT

0 Γ). Therefore, v ∈957

EBT
0 MB0

(BT
0 S) implies B0v ∈ B0span(BT

0 Γ) ⊆ span(Γ) = EM(S).958

F Proof for Proposition 3959

Let L ∈ Rp×dX be a semi-orthogonal basis of EΣX
(L), then we have ΣX = LΩLT +960

L0Ω0L0, ΣXYΣ
−1/2
Y = Lξ and ΣX|Y = L(Ω− ξξT )LT + L0Ω0L0, where ξ is dX × r961

matrix with rank d. We also assume that Ω > 0, Ω0 > 0 and Ω − ξξT > 0. In this962

section, we first prove that the population 1D algorithm is estimating the envelope, then963

we show the
√
n-consistency of the sample algorithm as stated in Proposition 3.964

F.1 The first direction `1 in the population965

We first solve the optimization for the first direction `1 = arg min`∈Rp f0(`) subject to966

`T ` = 1, where f0(`) = log |`TΣX|Y`| + log |`TΣ−1
X `|. We want to show that `1 ∈967

span(L).968

Let ` = Lh + L0h0 for some h ∈ RdX and h0 ∈ R(p−dX). Consider the optimization969

problem as unconstrained problem, `1 = arg min`∈Rp

{
f0(`)− 2 log |`T `|

}
. Then we970

7



will have the same solution as the original problem up to an arbitrary scaling constant.971

Next, we plug-in these expressions for `, ΣX and ΣX|Y,972

f0(`)− 2 log |`T `| = log{hT (Ω− ξξT )h + hT0 Ω0h0}+ log{hTΩ−1h + hT0 Ω−1
0 h0}

−2 log{hTh + hT0 h0}

≡ f(h,h0)

Taking partial derivative with respect to h0 and h, we have973

∂

∂h0

f(h,h0) =
2Ω0h0

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1

0 h0

hTΩ−1h + hT0 Ω−1
0 h0

− 4h0

hTh + hT0 h0

∂

∂h
f(h,h0) =

2(Ω− ξξT )h

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1h

hTΩ−1h + hT0 Ω−1
0 h0

− 4h

hTh + hT0 h0

To get local minimums we need to set ∂
∂h0

f(h,h0) = 0 and ∂
∂h
f(h,h0) = 0 which974

become the following.975 {
2Ω0

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1

0

hTΩ−1h + hT0 Ω−1
0 h0

}
h0 =

{
4

hTh + hT0 h0

}
h0{

2(Ω− ξξT )

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1

hTΩ−1h + hT0 Ω−1
0 h0

}
h =

{
4

hTh + hT0 h0

}
h

Since the matrices involved in the above equations are all positive definite: Ω−1 > 0,976

Ω− ξξT > 0, Ω0 > 0 and Ω−1
0 > 0. The solutions to the above two equations can only977

be eigenvectors of the matrices978

A0 =
2Ω0

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1

0

hTΩ−1h + hT0 Ω−1
0 h0

(F.1)

A =
2(Ω− ξξT )

hT (Ω− ξξT )h + hT0 Ω0h0

+
2Ω−1

hTΩ−1h + hT0 Ω−1
0 h0

. (F.2)

The eigenvectors of A0 are the same as those of Ω0. Hence, we have h0 equals 0 or any979

eigenvector of Ω0(and of course Ω−1
0 ). Therefore, the minimum value of f(h,h0) has to980

be obtained by 0 or some eigenvector of Ω0 (since h0 =∞ can be easily eliminated). If981

h0 = 0 then our conclusion follows.982

Let’s assume h0 6= 0 and Ω0h0 = λkh0.983

Then,984

f(h,h0) = log{h
T (Ω− ξξT )h + λkh

T
0 h0

hTh + hT0 h0

}+ log{
hTΩ−1h + 1

λk
hT0 h0

hTh + hT0 h0

}

= log{h
T (Ω− ξξT )h

hTh
Wh + λk(1−Wh)}+ log{h

TΩ−1h

hTh
Wh +

1

λk
(1−Wh)}

8



where Wh = hT h
hT h+hT

0 h0
is the weight between 0 and 1. Because log() is concave, we have985

log(aWh + b(1−Wh)) ≥ Wh log(a) + (1−Wh) log(b), hence,986

f(h,h0) ≥ Wh

{
log

hT (Ω− ξξT )h

hTh
+ log

hTΩ−1h

hTh

}
+ (1−Wh)

{
log(λk) + log(

1

λk
)

}
= Wh

{
log

hT (Ω− ξξT )h

hTh
+ log

hTΩ−1h

hTh

}
≥ Wh · min

h∈RdX

{
log

hT (Ω− ξξT )h

hTh
+ log

hTΩ−1h

hTh

}
≥ min

h∈RdX

{
log

hT (Ω− ξξT )h

hTh
+ log

hTΩ−1h

hTh

}
The last inequality can be seen by noticing minh∈RdX

{
log hT (Ω−ξξT )h

hT h
+ log hT Ω−1h

hT h

}
<987

0. This is because that988

log
hT (Ω− ξξT )h

hTh
+ log

hTΩ−1h

hTh
< log

hTΩh

hTh
+ log

hTΩ−1h

hTh
,

where the minimum of the right hand side is zero by taking h equals to any eigenvector of989

Ω. The inequality holds because the strict concaveness of logarithm function and because990

we have hTξξTh > 0 for all h 6= 0. (If hTξξTh = 0 for some h then it will contradict991

with the dimension of the envelope.)992

Moreover, the lower bound of f(h,h0), which is negative, will be attained if we let993

Wh = 1 and let h = arg minh∈RdX

{
log hT (Ω−ξξT )h

hT h
+ log hT Ω−1h

hT h

}
. So we have the994

minimum found at Wh = hT h
hT h+hT

0 h0
= 1, or equivalently, ` = Lh ∈ span(L).995

F.2 The (k + 1)-th direction `k+1 in the population996

Suppose Lk = (`1, . . . , `k) ∈ span(L), k < dX , then we want to show that `k+1 ∈997

EΣX
(L). Since the minimization is over998

fk(v) = log(vTLT
0kΣX|YL0kv) + log(vT (LT

0kΣXL0k)
−1v), (F.3)

subject to vTv = 1. We know that this gives vk+1 ∈ ELT
0kΣXL0k

(LT
0kL) which will lead999

to `k+1 = L0kvk+1 ∈ EΣX
(L) by Lemma 5.1000

9



F.3 The
√
n-consistency for the sample algorithm1001

The proof hinges on Amemiya’s (1985) results on the asymptotic properties of extremum1002

estimators. We first state these results and then sketch how they can be used to prove the1003

√
n-consistency for our algorithm.1004

LetQn(y,θ) be a real-valued function of the random variables y = (y1, . . . ,yn)T and1005

the parameters θ = (θ1, . . . ,θK)T . We shall sometimes write Qn(y,θ) more compactly1006

as Qn(θ). Let the parameter space be Θ and let the true value of θ be θ0 which is in Θ.1007

Then Theorem 4.1.1 in Amemiya (1985) gave the consistency of the extremum estimator,1008

θ̂n = arg maxθ∈ΘQn(y,θ), as follows.1009

Theorem 1. Under the following assumptions, θ̂n converges to θ0 in probability.1010

(A) The parameter space Θ is a compact subset of RK .1011

(B) Qn(y,θ) is continuous in θ ∈ Θ for all y and is a measurable function of y for all1012

θ ∈ Θ.1013

(C) n−1Qn(θ) converges to a nonstochastic function Q(θ) in probability uniformly in1014

θ ∈ Θ as n goes to infinity, and Q(θ) attains a unique global maximum at θ0.1015

The continuity of Q(θ) then follows from assumptions (A) − (C). For a consistent1016

θ̂n, Theorem 4.1.3 in Amemiya (1985) established the asymptotic normality of θ̂n as1017

follows.1018

Theorem 2. In addition to the assumptions in Theorem 1, we assume the following con-

ditions.

(D) ∂2Qn(θ)/∂θ∂θT exists and is continuous in an open, convex neighborhood of θ0.

(E) n−1
{
∂2Qn(y,θ)/∂θ∂θT

}
θ=θ∗n

converges to a finite nonsingular matrix

A(θ0) = lim
n→∞

E
{
n−1

{
∂2Qn(θ)/∂θ∂θT

}
θ=θ0

}
,

for any random sequences θ∗n such that plim(θ∗n) = θ0.

(F) n−1/2 {∂Qn(θ)/∂θ}θ=θ0
→ N(0,B(θ0)), where

B(θ0) = lim
n→∞

E
{
n−1 {∂Qn(θ)/∂θ}θ=θ0

{
∂Qn(θ)/∂θT

}
θ=θ0

}
.

Then
√
n(θ̂n − θ0)→ N(0,A(θ0)−1B(θ0)A(θ0)−1).1019
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In our adaptation of Theorem 1 and Theorem 2, we let θ ≡ ` whose true value1020

is denoted by `0 and let the random variables y = {(X1,Y1), . . . , (Xn,Yn)} where1021

(Xi,Yi)’s, i = 1, . . . , n, are i.i.d. random variables. The parameter space is the 1D1022

manifold Θ = G(p,1) which is a compact set of Rp×1, so condition (A) in Theorem 1 is1023

satisfied. The function to be maximized is defined as follows.1024

Qn(`) = −n/2 log(`TS−1
X `)− n/2 log(`TSX|Y`) + n log(`T `). (F.4)

Condition (B) holds because that SX|Y and S−1
X are measurable functions of the i.i.d.1025

variables {(X1,Y1), . . . , (Xn,Yn)}, and because Qn is continuous in θ, S−1
X and SX|Y.1026

We next verify condition (C) that n−1Qn(`) converges uniformly to1027

Q(`) = −1/2 log(`TΣ−1
X `)− 1/2 log(`TΣX|Y`) + log(`T `). (F.5)

It follows from Section F.1 that Q(`) attains the unique global maximum at `0. For sim-1028

plicity, we assume ΣX and ΣX|Y both have distinct eigenvalues so that `0 is the unique1029

maximum of Qn(`) in the 1D manifold Θ. For the case where there are multiple local1030

maxima of Q(`), we can obtain similar results by applying Theorem 4.1.2 in Amemiya1031

(1985) as an alternative of Theorem 1. When p and dX are fixed and n goes to infinity,1032

the eigenvectors and eigenvalues of SX, S−1
X and SX|Y are

√
n-consistent for the eigen-1033

vectors and eigenvalues of ΣX, Σ−1
X and ΣX|Y. Then n−1Qn(`) converge in probability1034

to Q(`) uniformly in `, as can be seen from the following argument.1035

n−1Qn(`)−Q(`) = −1/2
(
log(`TS−1

X `)− log(`TΣ−1
X `)

)
−1/2

(
log(`TSX|Y`)− log(`TΣX|Y`)

)
= −1/2 log(`TS−1

X `/`TΣ−1
X `)− 1/2 log(`TSX|Y`/`

TΣX|Y`).

Hence, sup`∈Θ log(`TS−1
X `/`TΣ−1

X `) = sup`∈Θ log(`TΣ
1/2
X S−1

X Σ
1/2
X `/`T `). Notice that1036

sup`∈Θ log(`TΣ
1/2
X S−1

X Σ
1/2
X `/`T `) equals to the logarithm of the largest eigenvalue of1037

Σ
1/2
X S−1

X Σ
1/2
X which converges to 0 in probability. Similarly, sup`∈Θ log(`TSX|Y`/`

TΣX|Y`)1038

converges to zero in probability. Therefore, n−1Qn(`) converges to Q(`) in probability1039

uniformly in ` ∈ Θ. Note that we have assumed ΣX|Y > 0 and Σ−1
X > 0, so their1040

eigenvalues will be bounded away from zero.1041
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We next verify conditions (D)− (F ). By straightforward calculation, condition (D)1042

follows from the second derivative matrix1043

n−1∂
2Qn(`)

∂`∂`T
= 2(`TS−1

X `)−2(S−1
X ``TS−1

X )− (`TS−1
X `)−1S−1

X

+2(`TSX|Y`)
−2(SX|Y``

TSX|Y)− (`TSX|Y`)
−1SX|Y

−2(`T `)−2P` + (`T `)−1Ip. (F.6)

Condition (E) holds because the above quantity is a smooth function of `, S−1
X and SX|Y.1044

Last, we need to verify condition (F ). From the proof of Theorem 2, we only need to1045

show that n−1 {∂Qn(θ)/∂θ}θ=θ0
= Op(1/

√
n) for

√
n-consistency of the estimator θ̂n.1046

n−1 {∂Qn(`)/∂`}`=`0 = −(`T0 S−1
X `0)−1S−1

X `0 − (`T0 SX|Y`0)−1SX|Y`0 + 2`0. (F.7)

Following the derivation in Section F.1, we know that {∂Q(`)/∂`}`=`0 = 0. Then the1047

result follows from the fact that n−1∂Qn(`)/∂` is a smooth function of S−1
X and SX|Y1048

which are
√
n-consistent estimators.1049

So far, we have verified the conditions (A)− (F ) so that the sample estimator ̂̀will1050

be
√
n-consistent for the population estimator. For the (k + 1)-th direction, k < dX ,1051

let L̂k denote an
√
n-consistent estimator of the first k directions and let (L̂k, L̂0k) be1052

an orthogonal matrix. The (k + 1)-th direction is defined by `k+1 = L̂0kv where the1053

parameters are v ∈ Θ ⊂ Rp−k and the parameter space is Θ = Gp−k,1. We show that we1054

can obtain a
√
n-consistent estimator v̂n, so the

√
n-consistency of ̂̀k+1 = L̂0kv̂n then1055

follows. From Section F.2, we define our function Qn(v) and Q(v) as1056

Qn(v) = −n/2 log(vT L̂T
0kSX|YL̂0kv)− n/2 log(vT L̂T

0kS
−1
X L̂0kv) + n log(vTv)

Q(v) = −1/2 log(vTLT
0kΣX|YL0kv)− 1/2 log(vTLT

0kΣ
−1
X L0kv) + log(vTv)

Following the same logic as verifying the conditions for the first direction, we can see1057

that v̂n = arg maxQn(v) will be
√
n-consistent for v0 = arg maxQ(v) by notic-1058

ing that L̂T
0kSX|YL̂0k and L̂T

0kS
−1
X L̂0k are

√
n-consistent estimators for LT

0kΣX|YL0k and1059

LT
0kΣ

−1
X L0k. Since all the dX directions will be

√
n-consistent, the projection onto L̂1D =1060

(̂̀1, . . . , ̂̀dX ) will be a
√
n-consistent estimator for the projection onto the envelope1061

EΣX
(L).1062
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G Proof for Proposition 41063

The Jacobian matrix Jh can be obtained by following Cook et al. (2010), and we make1064

use of the following lemma from Cook et al. (2013).1065

Lemma 6. Suppose that A ∈ St×t is non-singular and that the column-partition (B,B0) ∈1066

Rt×t is orthogonal. Then (1) |BTAB| = |A| · |BT
0 A−1B0|, and (2) |A| ≤ |BTAB| ·1067

|BT
0 AB0| with equality if and only if span(B) reduces A.1068

In the population, the objective function F(L⊕R) from (4.4) can be written as,1069

F(L⊕R) = log |LTΣXL|+ log |LT
0 ΣXL0|+ log |RT

0 ΣYR0|

+ log |RT
(
ΣY −ΣT

XYL(LTΣXL)−1LTΣXY

)
R|.

≥ log |ΣX|+ log |RT
0 ΣYR0|+ log |RTΣY|LT XR|

≥ log |ΣX|+ log |RT
0 ΣY|LT XR0|+ log |RTΣY|LT XR|

≥ log |ΣX|+ log |ΣY|LT X|

≥ log |ΣX|+ log |ΣY|X|,

where ΣY|LT X = ΣY − ΣT
XYL(LTΣXL)−1LTΣXY. The first and third inequalities1070

came directly from Lemma 6, which also says that the first inequality turns to equality1071

if and only if (C1) span(L) reduces ΣX and that the third inequality becomes equality1072

if and only if (C3) span(R) reduces ΣY|LT X. The second and the last inequalities are1073

obtained from the fact that ΣY ≥ ΣY|LT X and ΣY|LT X ≥ ΣY|X for any L. Hence, these1074

two inequalities become equalities if and only if (C2) span(ΣY −ΣY|LT X) ⊆ span(R)1075

and (C4) span(ΣT
XY) ⊆ span(L). Since dX is the dimension of the smallest subspace1076

satisfying condition (C1) and (C4), span(L) = EΣX
(L). Therefore, condition (C2) and1077

(C3) will be equivalent to (C2′) span(ΣY−ΣY|X) = span(ΣXY) ⊆ span(R), and (C3′)1078

span(R) reduces ΣY|X. Again, because dY is the dimension of the smallest subspace1079

satisfying (C2′) and (C3′), we can conclude that span(R) = EΣY|X(R).1080

The rest of the proof relies on Shapiro’s (1986) results on the asymptotics of overpa-1081

rameterized structural models. In order to apply Shapiro’s (1986) theory in our context,1082

we define the minimum discrepancy function as1083

F(ĥfull,h) = log |ΣC|+ trace(Σ−1
C SC)− log |SC| − trace(S−1

C SC). (G.1)
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Then F(ĥfull,h) satisfies: (1) F(ĥfull,h) ≥ 0 for all ĥfull and h; (2) F(ĥfull,h) = 01084

if and only if ĥfull = h; and (3) F(ĥfull,h) is twice continuously differentiable in ĥfull1085

and h. Recall from Section 5.1 that we use the subscript 0 to emphasize the true param-1086

eter: h0 and φ0 correspond to the true distribution of C. Then ĥfull is
√
n-consistent1087

for h0. Notice that ĥfull is a smooth function of the sample covariance matrices which1088

converges in distribution to the population covariance matrices, then by the delta method1089

we know
√
n(ĥfull − h0) → N(0,Γ), for some positive definite covariance Γ. Using1090

Shapiro’s (1986) Proposition 3.1 and Proposition 4.1, we will have
√
n-consistency re-1091

sults for vec(ĥ). We next need to compare Γ = avar(
√
nĥfull) with W = avar(

√
nĥ).1092

By noticing that P
J
1/2
h ∆

= J
1/2
h ∆(∆TJh∆)†∆TJ

1/2
h , we have1093

Γ−W = Γ− J
−1/2
h P

J
1/2
h ∆

J
1/2
h ΓJ

1/2
h P

J
1/2
h ∆

J
−1/2
h

= J
−1/2
h

(
J

1/2
h ΓJ

1/2
h −P

J
1/2
h ∆

J
1/2
h ΓJ

1/2
h P

J
1/2
h ∆

)
J
−1/2
h .

Then the conclusion follows from the above expression.1094

H Proof for Proposition 51095

Proposition 5 can be seen from Proposition 4 by letting Γ = J−1
h under the normality1096

assumption.1097

I Proof for Proposition 61098

I.1 The gradient matrix ∆ = ∂h(φ)
∂φ1099

The first three columns of the gradient matrix ∆ ≡ (δ1, . . . , δ7) are1100

(δ1, . . . , δ3) =

 R⊗ L RηT ⊗ Ip Kr,p (Lη ⊗ Ir)
0 2Cp

(
LΩ⊗ Ip − L⊗ L0Ω0L

T
0

)
0

0 0 2Cr

(
RΦ⊗ Ir −R⊗R0Φ0R

T
0

)
 ,

and the last four columns are1101

(δ4, . . . , δ7) =

 0 0 0 0
Cp(L⊗ L)EdX Cp(L0 ⊗ L0)Ep−dX 0 0

0 0 Cr(R⊗R)EdY Cr(R0 ⊗R0)Er−dY

 ,
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where Cp ∈ Rp(p+1)/2×p2 is called the contraction matrix and Ep ∈ Rp2×p(p+1)/2 is called1102

the extraction matrix (Henderson and Searle, 1979). They relate the vec operation and1103

vech operation for any symmetric matrix M ∈ Sp×p as: vech(M) = Cpvec(M) and1104

vec(M) = Epvech(M). More properties about the contraction and extraction matrices1105

can be found from Henderson adn Searle (1979).1106

Proof. We can write ∆ = ∂h(φ)
∂φ

as

 ∂h1/∂φ
∂h2/∂φ
∂h3/∂φ

 and compute it by rows.1107

(1) Computation of ∂h1

∂φ
.1108

First, h1(φ) = vec(β) = vec(LηRT ) and thus, ∂h1(φ)/∂φk = 0, k = 4, 5, 6, 7.1109

The rest of the terms are:1110

∂h1(φ)

∂φ1

=
∂
[
vec(LηRT )

]
∂vec(η)

=
∂ [{R⊗ L}vec(η)]

∂vec(η)
= R⊗ L

∂h1(φ)

∂φ2

=
∂
[
vec(LηRT )

]
∂vec(L)

=
∂
[
{RηT ⊗ Ip}vec(L)

]
∂vec(L)

= RηT ⊗ Ip

∂h1(φ)

∂φ3

=
∂
[
vec(LηRT )

]
∂vec(R)

=
∂
[
{Ir ⊗ Lη}vec(RT )

]
∂vec(R)

= {Ir ⊗ LΩ−1η}Kr,m

= Kr,p{Lη ⊗ Ir}.

(2) Computation of ∂h2/∂φ.1111

Since h2(φ) = vech(ΣX) = vech(LΩLT +L0Ω0L
T
0 ), it follows that ∂h2(φ)/∂φk =1112

0, k = 1, 3, 6, 7. The rest terms can be found in Cook, Li and Chiaromonte (2010). In1113

our notation, they are1114

∂h2(φ)

∂φ2

= 2Cp(LΩ⊗ Ip − L⊗ L0Ω0L
T
0 ),

∂h2(φ)

∂φ4

= Cp(L⊗ L)EdX ,

∂h2(φ)

∂φ5

= Cp(L0 ⊗ L0)Ep−dX .

(3) Computation of ∂h3/∂φ.1115
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Since h3(φ) = vech(ΣY|X) = vech(RΦRT + R0Φ0R
T
0 ), we have1116

∂h3(φ)

∂φk
= 0, k = 1, 2, 4, 5,

∂h3(φ)

∂φ3

= 2Cr(RΦ⊗ Ir −R⊗R0Φ0R
T
0 ),

∂h3(φ)

∂φ6

= Cr(R⊗R)EdY ,

∂h3(φ)

∂φ7

= Cr(R0 ⊗R0)Er−dY .

1117

I.2 Transformation ∆ = ∆̃T1118

We want to find a transformation such that span(∆) = span(∆̃) and ∆̃
T
Jh∆̃ is block1119

diagonal. Partition ∆ into its first three columns and its last four column, and denote them1120

as ∆ ≡ (∆1,∆2). It is easy to check that ∆T
2 Jh∆2 is already block diagonal. So we1121

need to find a transformed ∆̃1 such that ∆̃
T

1 Jh∆̃1 is block diagonal and ∆̃
T

1 Jh∆2 = 0.1122

By direct computation, we have1123

∆̃1 =

 R⊗ L RηT ⊗ L0 Kr,p (Lη ⊗R0)
0 2Cp (LΩ⊗ L0 − L⊗ L0Ω0) 0
0 0 2Cr (RΦ⊗R0 −R⊗R0Φ0)

 ,

≡ (δ̃1, δ̃2, δ̃3)

∆̃2 = ∆2.

And the 7× 7 blocks transformation matrix T can be written as a 7× 3 blocks matrix T11124

and a 7 × 4 block matrix T2 =

(
03×4

I4×4

)
whose blocks conform to those of ∆̃. Also,1125

∆̃T1 = ∆1 and T1 is given by1126

T1 =



IdXdY ηT ⊗ LT KdY ,dX

(
η ⊗RT

)
0 IdX ⊗ LT

0 0
0 0 IdY ⊗RT

0

0 2CdX (Ω⊗ LT ) 0
0 0 0
0 0 2CdY (Φ⊗RT )
0 0 0


.
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It can be easily noticed that T has full row rank, hence, span(∆) = span(∆̃). There-1127

fore, the asymptotic covariance for ĥ under the envelope model is given by1128

avar(
√
nĥ) = ∆

(
∆TJh∆

)†
∆T = ∆̃

(
∆̃

T
Jh∆̃

)†
∆̃

T

=
3∑
i=1

δ̃i(δ̃
T

i Jhδ̃i)
†δ̃
T

i +
7∑
j=4

δj(δ
T
j Jhδj)

†δTj .

I.3 Asymptotic covariance matrix for vec(β̂)1129

The asymptotic covariance matrix for vec(β̂) is the upper left block of the full covariance1130

matrix for ĥ. Under the standard model, it is just ΣY|X ⊗Σ−1
X . From Proposition 2, we1131

recognize this as the asymptotic variance of vec(β̂OLS).1132

avar(
√
nvec(β̂OLS)) = ΣY|X ⊗Σ−1

X . (I.1)

For the envelope model, only δ̃i, i = 1, 2, 3, have contributions to this block. We use1133

the subscript ββ to denote the upper left block of dimension pr × pr for a matrix and1134

compute the corresponding three terms.1135

(1) Contribution from δ̃1.1136

[δ̃1(δ̃
T

1 Jhδ̃1)†δ̃
T

1 ]ββ = (R⊗ L)
(

(R⊗ L)T (Σ−1
Y|X ⊗ΣX)(R⊗ L)

)†
(R⊗ L)T

= (R⊗ L)
(
Φ−1 ⊗Ω

)†
(R⊗ L)T

= RΦRT ⊗ LΩ−1LT = avar(
√
nvec(β̂L,R)).

(2) Contribution from δ̃2. Let A1 = Ep (Cp (LΩ⊗ L0 − L⊗ L0Ω0)) then,1137

δ̃
T

2 Jhδ̃2 =
(
RηT ⊗ L0

)T
(Σ−1

Y|X ⊗ΣX)
(
RηT ⊗ L0

)
+ 2AT

1 (Σ−1
X ⊗Σ−1

X )A1

= ηΦ−1ηT ⊗Ω0 + Ω⊗Ω−1
0 + Ω−1 ⊗Ω0 − 2IdX ⊗ Ip−dX

≡ M2. (I.2)

Thus for the covariance,1138

[δ̃2(δ̃
T

2 Jhδ̃2)†δ̃
T

2 ]ββ = (RηT ⊗ L0) (M2)† (ηRT ⊗ LT
0 ). (I.3)

17



(3) Contribution from δ̃3. Let A2 = ErCr (RΦ⊗R0 −R⊗R0Φ0) then,1139

δ̃
T

3 Jhδ̃3 = (Kr,p (Lη ⊗R0))T (Σ−1
Y|X ⊗ΣX) (Kr,p (Lη ⊗R0))

+ 2AT (Σ−1
Y|X ⊗Σ−1

Y|X)A

= ηTΩη ⊗Φ−1
0 + Φ⊗Φ−1

0 + Φ−1 ⊗Φ0 − 2IdY ⊗ Ir−dY

≡ M3.

Thus for the covariance,1140

[δ̃3(δ̃
T

3 Jhδ̃3)†δ̃
T

3 ]ββ = Kr,p (Lη ⊗R0) (M3)† (Kr,p (Lη ⊗R0))T

= (R0 ⊗ Lη) Kr−dY ,dY (M3)†KT
r−dY ,dY

(
ηTLT ⊗RT

0

)
= (R0 ⊗ Lη)

(
KT
r−dY ,dY M3Kr−dY ,dY

)† (
ηTLT ⊗RT

0

)
the last equality is because Kr−dY ,dY is non-singular and Kr−dY ,dY KT

r−dY ,dY = I(r−dY )dY .1141

Therefore,1142

[δ̃3(δ̃
T

3 Jhδ̃3)†δ̃
T

3 ]ββ = (R0 ⊗ Lη)
(
KT
r−dY ,dY M3Kr−dY ,dY

)† (
ηTLT ⊗RT

0

)
= (R0 ⊗ Lη) (M4)†

(
ηTLT ⊗RT

0

)
,

where1143

M4 = Φ−1
0 ⊗ ηTΩη + Φ−1

0 ⊗Φ + Φ0 ⊗Φ−1 − 2Ir−dY ⊗ IdY . (I.4)

I.4 Interpretations1144

The Fisher information matrix for φ = (φT1 , . . . ,φ7)T , ∆TJh∆, has the form1145 

Jη JηL JηR 0 0 0 0
JTηL JL JLR JLΩ 0 0 0
JTηR JTLR JR 0 0 JRΦ 0

0 JTLΩ 0 JΩ 0 0 0
0 0 0 0 JΩ0 0 0
0 0 JTRΦ 0 0 JΦ 0
0 0 0 0 0 0 JΦ0


.

If L and R are known, then the asymptotic variance of the MLE of vec(η), denoted1146
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by vec(η̂L,R), is simply J−1
η = Φ⊗Ω−1. As we discussed before,1147

avar(
√
nvec(β̂L,R)) = avar(

√
nvec(Lη̂L,RRT ))

= (R⊗ L)avar(
√
nvec(η̂L,R))(RT ⊗ LT )

= RΦRT ⊗ LΩ−1LT .

I.5 If η and R are known,1148

then the asymptotic variance of the MLE of vec(L), denoted by vec(L̂η,R), is
(
JL − JLΩJ−1

Ω JTLΩ

)−1.1149

Notice that1150

JL − JLΩJ−1
Ω JTLΩ = δT2 Jhδ2 − δT2 Jhδ4

(
δT4 Jhδ4

)†
δT4 Jhδ2

= δT2 J
1/2
h

(
I−P

J
1/2
h δ4

)
J

1/2
h δ2

= δT2

(
Jh − Jhδ4

(
δT4 Jhδ4

)†
δT4 Jh

)
δ2

≡ δT2 (Jh − J0) δ2.

In the second equality above, P
J
1/2
h δ4

is the projection matrix onto J
1/2
h δ4. But it1151

not obvious how the projection might facilitate the calculation here. We look into the1152

last equality, recall that δT4 = (0, (Cp(L ⊗ L)EdX )T , 0) and that Jh was given in (5.1).1153

Therefore,1154

J0 = Jhδ4

(
δT4 Jhδ4

)†
δT4 Jh

= Jhδ4

(
1

2
ET
dX

(LT ⊗ LT )PEp(Σ−1
X ⊗Σ−1

X )PEdX
(L⊗ L)Ep

)†
δT4 Jh

= Jhδ4

(
1

2
ET
dX

(LT ⊗ LT )(Σ−1
X ⊗Σ−1

X )(L⊗ L)EdX

)†
δT4 Jh

= Jhδ4

(
1

2
ET
dX

(Ω−1 ⊗Ω−1)EdX

)†
δT4 Jh.

The matrix δ4

(
1
2
ET
dX

(Ω−1 ⊗Ω−1)EdX

)†
δT4 has 3×3 blocks. Only its middle [·]22 block1155

is nonzero, other 8 blocks are all zeros. Then we compute the middle block as following,1156
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where we let A3 = Cp(L⊗ L)EdX .1157 [
δ4

(
1

2
ET
dX

(Ω−1 ⊗Ω−1)EdX

)†
δT4

]
22

(I.5)

= A3

(
1

2
ET
dX

(Ω−1 ⊗Ω−1)EdX

)†
ET
dX

AT
3

= 2A3EdX

(
ET
dX

(Ω−1 ⊗Ω−1)EdX

)†
ET
dX

AT
3

= 2A3PEdX
(Ω⊗Ω)PEdX

AT
3 (I.6)

= 2Cp(LΩLT ⊗ LΩLT )CT
p .

Where the equation (I.6) is obtained using Corollary E.1. in CLC (2010; supplemen-1158

tary material): EdX ∈ Rd2X×dX(dX+1)/2 is nonsingular and PEl
commute with (Ω ⊗ Ω),1159

then EdX

(
ET
dX

(Ω−1 ⊗Ω−1)EdX

)−1
ET
dX

= PEdX

[
(Ω−1 ⊗Ω−1)

]−1
PEdX

.1160

Now, J0 = Jhδ4

(
δT4 Jhδ4

)†
δT4 Jh only has its [·]22 block nonzero. For notational1161

convenience, let A = Σ−1
X ⊗Σ−1

X and B = LΩLT ⊗ LΩLT . Then1162

[J0]22 =
[
Jhδ4

(
δT4 Jhδ4

)†
δT4 Jh

]
22

= 2−1ET
p AEp × 2CpBCT

p × 2−1ET
p AEp

= 2−1ET
p APEpBPEpAEp = 2−1ET

p ABAEp = 2−1ET
p BEp.

Then, recall that δ2 =

 RηT ⊗ Ip
2Cp

(
LΩ⊗ Ip − L⊗ L0Ω0L

T
0

)
0

 and,1163

JL − JLΩJ−1
Ω JTLΩ = δT2 Jhδ2 − δT2 J0δ2

=
(
ηRT ⊗ Ip

) (
Σ−1

Y|X ⊗ΣX

) (
RηT ⊗ Ip

)
+2
(
ΩLT ⊗ Ip − LT ⊗ L0Ω0L

T
0

)
PEp{(Σ−1

X ⊗Σ−1
X )−

(LΩ−1LT ⊗ LΩ−1LT )}PEp

(
LΩ⊗ Ip − L⊗ L0Ω0L

T
0

)
= ηΦ−1ηT ⊗ΣX + 2ATPEpBPEpA.

The second term 2ATPEpBPEpA is defined by A = LΩ⊗ Ip − L⊗ L0Ω0L
T
0 , and1164

B = (Σ−1
X ⊗Σ−1

X )− (LΩ−1LT ⊗ LΩ−1LT )

= LΩ−1LT ⊗ L0Ω
−1
0 LT

0 + L0Ω
−1
0 LT

0 ⊗ LΩ−1LT + L0Ω
−1
0 LT

0 ⊗ L0Ω
−1
0 LT

0 .

Then we compute this term directly by noticing PEp = 1
2
(Ip2 + Kp,p) and B commutes1165

with PEp , 2ATPEpBPEpA = 2ATBPEpA = ATB(Ip2 + Kp,p)A. Then, notice that in1166
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ATB only the first term in B will not vanish. Hence,1167

ATB = (LΩ⊗ Ip − L⊗ L0Ω0L
T
0 )TLΩ−1LT ⊗ L0Ω

−1
0 LT

0

= LT ⊗ L0Ω
−1
0 LT

0 −Ω−1LT ⊗ L0L
T
0 .

And,1168

ATB(Ip2 + Kp,p)A = ATB
(
LΩ⊗ Ip − L⊗ L0Ω0L

T
0

)
+ATB

(
Ip ⊗ LΩ− L0Ω0L

T
0 ⊗ L

)
Kl,p

= ATB
(
LΩ⊗ Ip − L⊗ L0Ω0L

T
0

)
= Ω⊗ L0Ω

−1
0 LT

0 − IdX ⊗ L0L
T
0 − IdX ⊗ L0L

T
0 + Ω−1 ⊗ L0Ω0L

T
0

= Ω⊗ L0Ω
−1
0 LT

0 − 2IdX ⊗ L0L
T
0 + Ω−1 ⊗ L0Ω0L

T
0 .

So far, we have found,1169

JL − JLΩJ−1
Ω JTLΩ = ηΦ−1ηT ⊗ΣX + 2ATPEpBPEpA

= ηΦ−1ηT ⊗ΣX + ATB(Ip2 + Kp,p)A

= ηΦ−1ηT ⊗ΣX + Ω⊗ L0Ω
−1
0 LT

0 − 2IdX ⊗ L0L
T
0 + Ω−1 ⊗ L0Ω0L

T
0 .

Comparing this expression with (I.2) and (I.3), we have1170

δ̃
T

2 Jhδ̃2 = (IdX ⊗ LT
0 )
(
JL − JLΩJ−1

Ω JTLΩ

)
(IdX ⊗ L0)

= (IdX ⊗ LT
0 )
(

avar(
√
nvec(L̂η,R))

)†
(IdX ⊗ L0).

Consequently,1171

[δ̃2(δ̃
T

2 Jhδ̃2)†δ̃
T

2 ]ββ

= (RηT ⊗ L0)

(
(IdX ⊗ LT

0 )
(

avar(
√
nvec(L̂η,R))

)†
(IdX ⊗ L0)

)†
(ηRT ⊗ LT

0 )

= (RηT ⊗ L0L
T
0 )
(

avar(
√
nvec(L̂η,R))

)
(ηRT ⊗ L0L

T
0 ) (I.7)

= avar
(√

nvec(QLL̂η,RηRT )
)

= avar
(√

nvec(QLβ̂η,R)
)
.

where (I.7) can be obtained using Corollary E.1. in CLC (2010; supplementary ma-1172

terial): IdX ⊗ L0 has full column rank, and its projection IdX ⊗ L0L
T
0 commute with1173

C ≡
(

avar(
√
nvec(L̂η,R))

)†
=
(
JL − JLΩJ−1

Ω JTLΩ

)
, then1174

IdX ⊗L0

((
IdX ⊗ LT

0

)
C (IdX ⊗ L0)

)−1
IdX ⊗LT

0 =
(
IdX ⊗ L0L

T
0

)
C−1

(
IdX ⊗ L0L

T
0

)
.
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I.6 If η and L are known,1175

then the asymptotic variance of the MLE of vec(R), denoted by vec(R̂η,L), is
(
JR − JRΦJ−1

Φ JTRΦ

)−1.1176

Either by similar computation or by symmetry, we have1177

[δ̃3(δ̃
T

3 Jhδ̃3)†δ̃
T

3 ]ββ = avar
(√

nvec(β̂η,LQR)
)

= avar
(√

nvec(LηR̂T
η,LQR)

)
= (R0R

T
0 ⊗ Lη)avar

(√
nvec(R̂T

η,L)
)

(R0R
T
0 ⊗ ηTLT ).

J Additional simulations1178

We used the same models as in Section 7.1. We simulated 1000 data sets for each setting1179

and used 500 for training and the others for testing. We used the known dimension for1180

each method: the true ranks of β were used for CCA and RRR, the X-envelope dimen-1181

sions dX were used for PLS, and the true envelope dimensions were used for envelope1182

methods. The Frobenius norm ||α||F was used as a measure of overall prediction er-1183

ror. And we also used the Frobenius norm ||β − β̂||F as a measure of overall parameter1184

estimation accuracy.1185

Simulation results were summarized in Table 4. We tried different dimensions and1186

different sample sizes for all these models. As expected, the simultaneous envelope es-1187

timators always had the best performance among all estimators and always performed1188

substantially better than OLS. For each of the other methods, it could perform as well1189

as the simultaneous envelope in some cases but could have much worse performances in1190

other cases. We did not include the model (R2) because the true envelope dimensions1191

were p and r, which gave no reductions. Interpretations of the results were similar as in1192

Section 7.1193
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Prediction Criterion ||α||F
(dX , dY , N) or (d,N) OLS PLS CCA RRR X-env. Y-env. S. env. S. E.≤

E1
(3, 3, 100) 3.2 1.3 0.75 2.3 1.3 0.57 0.48 0.02
(3, 3, 400) 0.70 0.32 0.14 0.37 0.31 0.11 0.10 0.004
(3, 3, 900) 0.30 0.14 0.06 0.15 0.13 0.05 0.04 0.002

E2
(2, 5, 200) 1.6 0.55 2.8 1.6 0.51 0.76 0.28 0.03
(5, 3, 200) 1.9 1.2 11 1.9 1.2 0.12 0.10 0.04*
(7, 4, 200) 1.9 1.8 44 1.9 1.5 0.29 0.23 0.04*

R1
(1, 100) 3.8 1.5 1.83 2.3 2.2 1.7 1.4 0.03
(3, 100) 3.8 2.5 3.9 2.7 2.8 2.7 2.6 0.03
(5, 100) 3.8 3.0 4.7 3.3 3.3 3.2 3.1 0.04

Estimation Criterion ||β − β̂||F
(dX , dY , N) or (d,N) OLS PLS CCA RRR X-env. Y-env. S. env. S. E.≤

E1
(3, 3, 100) 253 28 31 142 28 25 11 2.6
(3, 3, 400) 14 2 1 3 2 1 1 0.1
(3, 3, 900) 2.6 0.3 0.2 0.4 0.3 0.2 0.1 0.02

E2
(2, 5, 200) 451 23 116 425 127 197 59 11
(5, 3, 200) 994 94 80 946 493 45 26 26
(7, 4, 200) 1152 599 225 1112 876 154 104 36

R1
(1, 100) 73 30 36 46 42 34 27 0.7
(3, 100) 73 49 76 53 54 52 50 0.8
(5, 100) 73 58 90 64 64 62 60 0.8

Table 4: Prediction performances measured by ||α||F and estimation performances mea-
sured by ||β − β̂||F , where * in the last column means the corresponding S.E. upper
bound were computed without the S.E. of CCA. The best two methods for each setting
were emphasized with boldface.
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