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Abstract

We incorporate the nascent idea of envelopes (Cook, Li and Chiaromonte 2010) into
reduced-rank regression, which is a popular techniques for dimension reduction and esti-
mation in the multivariate linear model. We propose a reduced-rank envelope model, which
is a hybrid of reduced-rank regression and envelope models. The resulting estimator is at
least as efficient as both existing estimators and has total number of parameters no more
than either of them. The methodology of this paper can be adapted easily to other envelope
models such as partial envelopes (Su and Cook 2011) and envelopes in predictor space
(Cook, Helland and Su 2013).

Key Words: Envelope model; Grassmannians; reduced-rank regression.

1 Introduction

The multivariate linear regression model for px 1 non-stochastic predictor X and rx 1 stochastic
response Y can be written as

Y =a+8X +e, (1.1)

where the error vector € has mean zero and covariance matrix 3 > 0 and is independent

of X. This model is a foundation of multivariate statistics where interest lies in prediction
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and in studying the interrelation between X and Y through the regression coefficient matrix
B € R"*P. There is a general awareness that the estimation of 3 may often be improved by
reducing the dimensionalities of X and Y, and reduced-rank regression is popular method for
doing so. We propose a reduced-rank envelope model that extends the nascent idea of envelopes
to reduced-rank regression. The purpose of this paper is to integrate reduced-rank regression
and envelopes, resulting in an overarching method that can choose the better of the two methods
when appropriate and that has the potential to perform better than either of them.

Reduced-rank regression (Anderson 1951; Izenman 1975; Reinsel and Velu 1998) arises
frequently in multivariate statistical analysis, and has been applied widely across the applied
sciences. By restricting the rank of the regression coefficient matrix rank(3) = d < min(r, p),
the total number of parameters is reduced and efficiency in estimation is improved. The analysis
of reduced-rank regression (Izenman 1975; Tso 1981; Reinsel and Velu 1998; Anderson 2002)
connects with many important multivariate methods such as principal components analysis,
canonical correlation analysis and multiple time series modeling. The asymptotic advantages
of the reduced-rank regression estimator over the standard ordinary least squares estimator
were studied by Stoica and Viberg (1996) and Anderson (1999). Chen et al. (2012) and Chen
and Huang (2012) extended reduced-rank regression to high-dimensional settings and demon-
strated the advantages of parsimoniously reducing model parameters and interrelating response
variables.

Envelope regression, which was first proposed by Cook et al. (2010), is another way of
parsimoniously reducing the total number of parameters from the standard model (1.1) and
gaining both efficiency in estimation and accuracy in prediction. The key idea of envelopes is
to identify and eliminate information in the responses and the predictors that is immaterial to the
estimation of 3 but still introduces unnecessary variation into estimation. Envelope reduction
can be effective even when d = min(p, r), which is the case where reduced-rank regression has
no reduction.

Envelope and reduced-rank regressions have different perspectives on dimension reduction.
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It may take considerable effort to find which method is more efficient for a problem in practice.
The proposed reduced-rank envelope model combines the strengths of envelopes and reduced-
rank regression, which mitigates the burden of selecting among the two methods. When one of
the two methods behaves poorly, the reduced-rank envelope model automatically degenerates
towards the other one; when both methods show efficiency gains, the reduced-rank envelope
estimator will enjoy a synergy from combining the two approaches and may improve over both
estimators.

The rest of this paper is organized as follows. In Section 2, we review and summarize some
fundamental results for reduced-rank regression and envelopes that are relevant to our develop-
ment. We set up our reduced-rank envelope model in Section 2.3, where we also give intuitive
connections to reduced-rank regression and envelope models. In Section 3.1, we summarize
parameterizations for each model and show that the total number of parameters in the reduced-
rank envelope model is fewer than that of the other models. Likelihood-based estimators for
the reduced-rank envelope model are derived in Section 3.2. Asymptotic properties are stud-
ied in Section 4. We show that the reduced-rank envelope estimator is asymptotically more
efficient than ordinary least squares, reduced-rank regression and envelope estimators under
normal errors, and is still y/n-consistent without the normality assumption. Section 5 discusses
procedures for selecting the rank of the coefficient matrix and the dimension of the envelope.
Encouraging simulation results and real data examples are presented in Section 6 and 7. Proofs
and other technical details are included in a Supplement to this article.

The following notations and definitions will be used in our exposition. Let R™*" be the
set of all real m x n matrices. The Grassmannian consisting of the set of all « dimensional
subspaces of R”, u < r, is denoted as G, ,,. If M € R™*", then span(IM) C R™ is the subspace
spanned by columns of M. If \/ﬁ(a — 0) converges to a normal random vector with mean
0 and covariance matrix V we write its asymptotic covariance matrix as avar(\/ﬁg) = V.
We use Pa(v) = A(ATVA)"' ATV to denote the projection onto span(A) with the V inner

product and use P 5 to denote projection onto span(A) with the identity inner product. Let
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Qav) = I — Pa(v). We will use operators vec : R**® — R, which vectorizes an arbitrary
matrix by stacking its columns, and vech : R**® — R%(@+1)/2 which vectorizes a symmetric
matrix by extracting its columns of elements below or on the diagonal. Let A ® B denote
the Kronecker product of two matrices A and B. We use 55 to denote estimator of 8 with
known true parameter value of £&. For a common parameter 6 in different models, we will use
subscripts to distinguish the estimators according to different models: 5RR for the reduced-
rank regression estimator, éEnv for the envelope estimator, §RE for the reduced-rank envelope

estimator and @ g for the ordinary least square estimator.

2 Reduced-rank envelope model
2.1 Reduced-rank regression

Reduced-rank regression allows that rank(3) = d < min(p, r) so that we can write the model

parameterization as
B=AB, A cR™ BecR> rank(A) = rank(B) = d, 2.1)

where no additional constraints are imposed on A or B. The maximum likelihood estimators
for the reduced-rank regression parameters were derived by Anderson (1999), Reinsel and Velu
(1998) and Stoica and Viberg (1996), under various constraints on A and B for identifiabil-
ity, such as BX¥xB? = I, or ATA = I,;. The decomposition 3 = AB is still non-unique
even with those identifiable constraints: for any orthogonal matrix O € R¥™?4 A, = AO
and B; = OB offer another valid decomposition that satisfies the constraints. The param-
eters of interests, 3 and X, are nevertheless identifiable as well as span(A) = span(3) and
span(BT) = span(3”). We present this article in an apparently novel unified framework so
that every statement involving A or B holds universally for any decomposition 3 = AB satis-

fying (2.1).
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The log-likelihood of model (1.1) under normality of € can be written as,

Lo(e.B.%) = —5 {log =]+ %Z(Yi —a-BX)'E(Y —a- BXZ)} . 22

i=1
which is to be maximized under the constraint that rank(3) = d, or equivalently under the
parameterization 3 = AB. The symbol ~ denotes an equality from which any unimportant
additive constant has been eliminated. We treat L,(«, 3, %) as a general purpose objective
function, which will be maximized under (2.1). The following lemma summarizes the reduced-
rank regression estimator that maximizes (2.2). Rigorous derivation can be found in Anderson
(1999).

Sample covariance matrices in this article are represented as S .) and defined with the divisor
n. For instance, Sx = > (X; — X)(X; — X)T/n, Sxy = > (Xi — X)(Y; — Y)T/n,
Syix = Sy — SYXS;SXY denotes the sample covariance matrix of the residuals from the
linear fit of Y on X, and Sy.x = SYXS;SXY denotes the sample covariance matrix of
the fitted vectors from the linear fit of Y on X. We define the sample canonical correlation
matrix between Y and X as Cyx = S;l/ QSYXS;/ % and Cxvy = ng. Truncated matrices
are represented with superscripts. For example, CS;’;( and S@( are constructed by truncated
singular value decompositions of Cyx and Syx with only the largest d singular values being

kept.

Lemma 1. Under the reduced-rank regression parameterization (2.1), the likelihood-based

objective function from (2.2) is maximized at ogg = Y — BRRX and
Brr = Sy’CyxSx””
Skr = Sy — BraSxy = S {IT - cg‘;;(cgg;} L2,
There are a variety forms of maximizers A and B in the literature under different con-
straints on A and B. They could all be reproduced by decomposing the rank-d estimator

Brr in Lemma 1. The ordinary least squares estimators for 3 and X can be written as

Bors = S¥*CyxSx* and Sors = Syx = SY{I, — CyxCxy} Sy by replacing the
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truncated sample canonical correlation matrices Cgf? with the untruncated ones C,. This
Lemma also reveals the scale equivariant property of both reduced-rank regression and or-
dinary least squares estimators since the truncated sample canonical correlation matrices are

scale invariant.

2.2 Review of Envelopes

The envelope model (Cook et al. 2010) seeks the smallest subspace £ C R" such that
Q:Y|X ~ QY and cov(Q:Y,P:Y|X) = 0. (2.3)

For any £ with those properties, Q¢Y carries only information that is irrelevant to the linear
regression. The projected response Q¢Y is linearly immaterial to the estimation of 3 in the
sense that it responds to neither the predictor nor the rest of response P¢Y, which presents
material information in the response. When the conditional distribution of Y|X is normal, the
second statement in (2.3) implies that P¢Y is independent of Q¢Y given X. The smallest
subspace satisfying (2.3) always uniquely exists and is denoted by x(3) as defined formally

in the following definitions.

Definition 1. A subspace R C R" is said to be a reducing subspace of M € R™", or equiva-
lently saying R reduces M, if and only if R decomposes M as M = PrMPgr + QrMQx.

The definition of a reducing subspace is basic in functional analysis (Conway 1990) but the
notion of reduction is different from the common statistical meaning. Reducing subspaces are

central to the study of envelope models and methods.

Definition 2. Let M € R™™" and let S C span(M). Then the M-envelope of S, denoted by

Em(S), is the intersection of all reducing subspaces of M that contain S.

Definition 2 guarantees the existence and the uniqueness of envelopes by noticing that the
intersection of any two reducing subspaces of M is still a reducing subspace of M. To avoid

proliferation of notation, we may use a matrix in the argument of an envelope as Ey(B) =



141 Em(span(B)). Under the reduced-rank regression model (2.1), £(8) = Ex(A) and the di-
12 mension of the envelope denoted by u is always no less than d since dim(Ex(3)) > dim(span(3)) =
13 rank(3) = d. The following proposition from Cook, et al. (2010) gives a characterization of

14 envelopes.

145 Proposition 1. I[f M € R™" has s < r eigenspaces, then the M-envelope of S C span(M)

s can be constructed as Evi(S) = >_;_| P;S, where P, is the projection onto the i-th eigenspace

17 of ML

148 From this proposition, we see that the M-envelope of S is the sum of the eigenspaces of M
19 that are not orthogonal to S§. This implies that the envelope is the span of some subset of the

150 eigenvectors of M.

s 2.3 Reduced-rank envelope model

12 Let (I', I'y) be an orthogonal basis for R” so that span(I') = Ex(8) and I' € R"™**. Then
153 dim(Ex(B)) = u and

B=AB=T¢=TInB, T =TQr" 4+ T\QI}, (2.4)

s« where € and Q are symmetric positive definite matrices in R*** and RU"~%* (=% respectively
15 and n € R**? y > d, are the coordinates of A with respect to I'. The parameterization 3 = I'§
156 with & € R**P occurs in the envelope model of Cook et al. (2010). We still impose no addi-
157 tional constraint on A, B or 7 other than requiring them all to have rank d. The decompositions
158 of 3 and X in (2.4) are not unique but 3 and X are unique.

159 To see the connections between the reduced-rank envelope model and reduced-rank regres-
160 sion, we next consider the situation in which I' is known. Notice that span(T’) is uniquely
161 defined while I' is unique up to an orthogonal transformation in R*. Although expressions
12 1in Lemma 2 are given in terms of I', the final estimators Br and ip depend on I' only via

163 span(I'): for any orthogonal transformation O € R**", we have Br = Bro and S = f]po.
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Lemma 2. Under the reduced-rank envelope model (2.4), the likelihood-based objective func-

tion from (2.2) with given T' is maximized at ar = Y — BFX and

~ 5 1/2 d —-1/2
Br = TapBr =TS/ C, Sy

{Iu —c9 c@ } SY2 17 1+ QrSyQr.

_ 1/2
¥p = TS r’'y X “xrry [ °rTy

r’y

The implication of Lemma 2 is clear: once we know the envelope, we can focus our atten-
tion on the reduced response I'’ Y and find ?)Fﬁp, which is the rank-d reduced-rank regression
estimator of I'”’Y on X. By Definition 1, the covariance estimator 21« is now reduced by
span(I") since f]p = Prf}rPr + QFEFQF. Hence span(TI") is a reducing subspace of f]r that
also contains span(Br), and the envelope structure is preserved by the construction of these
estimators. In Section 3.2, we derive the likelihood-based estimator T and demonstrate that
the reduced-rank envelope estimators for 3 and ¥ coincide with the estimators in Lemma 2 by
replacing I' with T.

When the envelope dimension v = r, there is no immaterial information to be reduced by
the envelope method. Then the reduced-rank envelope model degenerates to the reduced-rank
regression (2.1), I' = I,. When the regression coefficient matrix is full rank rank(3) = p <,
reduced-rank regression is equivalent to ordinary least squares and the reduced-rank envelope
model degenerates to the ordinary envelope model. Two extreme situations are then: (a) if
p > r = 1 then both methods degenerate to the standard method, which produces no reduction;
(b) if » > p = 1 then reduced-rank regression can not provide any response reduction while
reduced-rank envelopes can still gain efficiency by projecting the response onto the envelope
Es(B). The reduced-rank envelope model can be extended to the predictor envelopes by Cook
et al. (2013), so that it can resolve the problem in (a) and provide potential gain by enveloping

in the predictor space.
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3 Likelihood-based estimation for reduced-rank envelope
3.1 Parameters in different models

Following Cook, Li and Chiaromonte (2010), we define the following estimable functions h
for the standard model (1.1), parameters v for the reduced-rank model, parameters & for the
envelope model and parameter ¢ for the reduced-rank envelope model. The common parameter
« is omitted because its estimator takes the following form for all methods: & = Y — BK,

while Y and X are asymptotically independent of the other estimators.

A vee(T) VecE]_“g
vec(3) vee vec(&) veeln

h = o , =1 vec(B) |,d= vec , = vec(B) ,
( vech(Z) ) vech(X) Vedfégo)) vec£1<(g))

(3.1)
where we defineh = (h?, hI)7, 4 = (1, i)', 6 = (61,...,0.) and ¢ = (¢y,...,P5)"
correspondingly. We have h = h(1)) under the reduced-rank model, h = h(§) under the enve-
lope model and h = h(¢) under the reduced-rank envelope model.

We use N(+) to denote the total number of unique real parameters in a vector of model

parameters. We have the following summary for each method:
(i) standard linear model, Nors := N'(h) = pr +r(r +1)/2;
(ii) reduced-rank model, Ngg :=N(¢) = (p+r —d)d+r(r+1)/2;
(iii) envelope model, Ngyy := N (8) = pu+r(r+1)/2;
(iv) reduced-rank envelope model, Ngg := N (¢p) = (p+u —d)d+r(r+1)/2.

By straightforward calculation we observe that the total number of unique parameters is reduced
by (p — d)(r — d) > 0 from standard model to reduced-rank regression, and is further reduced
by (r — u)d > 0 from reduced-rank regressionto reduced-rank envelopes. Similarly, the total

number of unique parameters is reduced by p(r —u) > 0 from the standard model to envelopes,



205 and is further reduced by (p — d)(u — d) > 0 from the envelope model to the reduced-rank

206 envelope model.

27 3.2 Estimators for the reduced-rank envelope model parameters

208 The goal of this section is to derive the reduced-rank envelope estimators for given d and wu.
200 Procedures for selecting d and u are discussed in Section 5. The likelihood-based reduced-
210 rank envelope estimators is obtained by substituting h = h(¢) into (2.2) and maximizing
an Ly(a,B(¢),X(d)) = Lu(a,n,B,Q,Q,T'|d, u) over all parameters except I' because they
212 live on a product space and the optimizing value of I' cannot be found analytically. We then
213 arrive at the estimator I’ from optimization over a Grassmannian as described in the following
214 Proposition. For any semi-orthogonal 7 x u matrix G, we define Zg = (GTSyG)™'/2GTY
215 to be the standardized version of GTY € R* with sample covariance I,,, and let @;(G), i =

26 1,...,u, be the i-th eigenvalue of S, = (G"SyxG) /*(G"SyG)(G"SyxG) /.

217 Proposition 2. The estimator T = argming F,,(G|d, u) is the maximizer of L,,(at,m, B, 2, Q, T'|d, u),

218 Where the optimization is over G, ,, and

F.(Gld,u) = log|GTSyG|+log|GTSY'G| +log I, — S5 «| (3.2)
= 1og|G"SyxG| +1og|G"SY'G|+ > log[@i(G)]. (3.3)
i=d+1
219 We find in practice that the form of objective function (3.3) can be more easily and stably

220 evaluated than (3.2). The analytical expression of OF,,(G|d, u)/OG based on (3.3) is used to fa-
221 cilitate the Newton-Raphson or conjugate gradient iterations. The formulation in (3.2) describes
222 some operating characteristics of the reduced-rank envelope objective function. Lemma 1 and
223 the relationship S(Zdéox = C(ZCZXCg)ZG implies that the term I,, — S(Zdéox equals the sample
224 covariance of the residuals from reduced-rank regression fit of Zg on X with rank d. Let
s F,1(Glu) = log|G"SyG| + log |GTSY'G| and F,5(G|d,u) = log|I, — Sy x| so that
26 F,(G|d,u) = F,1(G|u) + F,2(G|d, u). The first part F,, ; (G|u) > 0 for all G € G, , and

227 equals zero when G is a u-dimensional reducing subspace of Sy. The effect of F,, ;(G|u) is

10



226 then to pull the solution towards eigenvectors of Sy. The second part F,, »(G|d, u) represents
229 the magnitude of the sample covariance of the residual from reduced-rank regression fit of the
230 standardized variable Zg on X with given rank d. Simply put, this part is a scale-invariant
231 measure for the lack-of-fit of the rank-d reduced-rank regression of GT'Y on X.

232 Our formulation and decomposition based on (3.2) offer a generic way of interpreting the
233 likelihood-based objective functions for envelope methods. For example, the objective function

234 for the standard envelope model in Cook et al. (2010) can be expressed as
log |GTSy G| + log |GTSY G| + log |I, — Sz ox], (3.4)

235 which can be interpreted similar to (3.2) except the lack-of-fit term is now based on ordinary
236 least squares fit rather than reduced-rank regression fit. The above objective function is the
237 same as (3.2) whend = pord = u.

238 Additional properties of the objective function are given in the following Proposition.

20 Proposition 3. The objective function F,,(G|d, u) in (3.3) converges in probability as n — oo
200 to the population objective function F(G|u) = log |GTEG| + log |GT 23! G| uniformly in G.

e The estimator T' = arg ming F,,(G|d, u) is Fisher consistent, Ex(3) = span{arg ming F(G|u)}.

242 The population objective function F(G|u), which does not depend explicitly on the given
2.3 rank d, is exactly the same one as in Cook et al. (2010) for estimating an u-dimensional enve-
214 lope Ex(3). In the proof of Proposition 3, we show that log[w;(G)], for any ¢ > d, converges in
225 probability to zero uniformly in G. Therefore, we could view F,,(G|d, «) in (3.3) as a sample

26 version of F(Glu), F,,(Glu) := log |GTSyx G| + log |GTS{'G

, plus a finite sample adjust-
27 ment for the rank deficiency, > ;. | log[@;(G)], which goes to zero as n — co. Minimizing
28 F,(G|u) leads to another y/n-consistent envelope estimator but it will not be optimal since it
2e0  does not account for the rank deficiency. The impact of the rank d < p on the envelope estima-
250 tion diminishes as sample size increases and reduced-rank envelope estimation moves towards
251 a two-stage estimation procedure: first estimate the envelope from F,,(G|u) ignoring the rank,

252 then obtain a rank-d estimator within the estimated envelope. The effects of rank deficiency

11
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and envelope interdigitate at finite samples and there is a noticeable synergy when sample size
is not large.
Finally, we summarize estimators for the parameters in the reduced-rank envelope model as

follows. The results come naturally from Lemma 2.

Proposition 4. The estimators for the reduced-rank envelope model (2.4) that minimize (2.2)

JE— -~ —_

are arg = Y — BgpX, I' = argmaxgeg, , Fn(Gld, u), Qp = fgSon and

O _ 1/2 el (d) 1/2
€ = SfTY {I“ CfTY,xCx,fTY} SfTY
Sre = DOT 4 Dol

Brp = InBgrg=ISY2 c% g /2
RE X

My 'YX

The rank of ﬁRE is d and the span of @RE is a subset of the entire u-dimensional envelope.

In contrast to reduced-rank regression, the estimator for iRE now has an envelope structure:
Yre = PpXrePs + QpXreQs.

If we let v = r, which is equivalent to setting I' = I,. in Proposition 4, then there is no
envelope reduction and the estimator ,@RE is the same as the estimator BRR in Lemma 1. If we
let d = p, then the estimators in Proposition 4 is the same as the envelope estimators in Cook et
al. (2010). The estimators for the reduced-rank envelope model parameters coincide with those

estimators in Lemma 2 by replacing I' by its estimator T.
4 Asymptotics

4.1 Asymptotic properties under normality

In this section, we present asymptotic results assuming that the error term is normal, € ~
N(0,%), so that the estimators derived in Section 3 are all maximum likelihood estimators.
We focus attention on the comparison between By and By because (1) comparisons between

EEHV and EOLS can be found in Cook et al. (2010); and (2) the advantage of BRE over BEHV 1s

12



272 similar to the advantage of BRR over BOLS, which is due to the rank reduction in the material
s response I'"Y. We then relax the normality assumption in Section 4.2 and show the \/n-
274 consistency of the reduced-rank envelope estimator and its asymptotic distribution.

275 From Cook et al. (2010) we know that the Fisher information for h is

(Js 0\ [ Exex! 0
Jh_( 0 Jg>_( 0 %Ef(2_1®2‘1)Er)’ 1)

276 where Xx = lim,,_,, Sx and E, is the expansion matrix, E,vec(S) = vech(S) for any r x r
277 symmetric matrix S. The asymptotic covariance for the ordinary least squares estimator BOLS
o8 is J;, ', which is the asymptotic covariance of the unrestricted maximum likelihood estimator.

279 Define the gradient matrices

oh() oh(e)
9P op

250 Then the asymptotic covariance for the reduced-rank regression estimator ERR = h(vjb) and for

H= and R = 4.2)

21 the reduced-rank envelope estimator hpp = h(qAb) are summarized in the following Proposition.

2.2 Proposition 5. Assuming that € ~ N(0,X), then avar(\/ﬁﬁOLs) = J; avar(\/ﬁﬁRR) =
e H(HTJ,H)'H” and avar(y/nhgp) = R(RTJL.R)R”. Moreover,

avar(\/ﬁﬁom) — avar(\/ﬁﬂRR) = J;1/2QJ11]/2HJ1_11/2 > 0,
N . N _ —-1/2 B —-1/2
avar(\/ﬁhRR) avar(\/ﬁhRE) Jh (PJ£/2H PJi‘/2R> Jh

= 3,""Pay Qg Ty 2 0,

2s4  Where T indicates the Moore-Penrose inverse. In particular, avar[\/ﬁvec(BOLs)] > avar[\/ﬁvec(BRR)] >

25 avar[y/nvec(Bg)).

286 Proposition 5 follows directly from 1 = 1(¢). Therefore, we have R = Hov(¢)/0¢

267 and span(Jil/ ’R) C span(Jil/ *H). Similarly, it can be shown that avar[\/ﬁvec(BOLs)] >
288 avar[\/ﬁvec(BEnv)] > avar[\/ﬁvec(BRE)].

289 Since we are particularly interested in the asymptotic covariance of h; = vec(3) from

200 different estimators, we summarize some of the results in the following Propositions.

13
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Proposition 6. Assume that € ~ N(0,3) and that rank(3) = d. Then \/ﬁvec(,@OLS — B) and

vnvec(Brr — B) are both asymptotically normal with mean zero and covariances as follows.

avar[y/nvec(Bos)] = Ix' ©
avar[v/nvec(Bpp)] = (Lr — Qrzy) @ Qam—1))avar[ynvec(Bors)]  (4.3)
= avar[\/ﬁvec(BAQgT(Ex))] + avar[\/ﬁvec(BB)] (4.4)

where avar[y/nvec(B,)] = Sx' @ (Paz—1X) and avar[y/nvec(Bg)] = (PprsEx) ® X

The asymptotic result in (4.3) follows from Anderson (1999; equation (3.20)). The results
in Proposition 6 rely on A and B only through their projections Q4 -1y and Qpr(sy), which
serve to orthogonalize the parameters in the asymptotic variance decompositions. This implies
that all the equalities in Proposition 6 hold for any decomposition 3 = AB, with A € R"*¢
and B € R?*?, Hence, Proposition 6 is a unification for all the asymptotic studies of reduced-
rank regression in the literature such as Anderson (1999), Reinsel and Velu (1998), Stoica and
Viberg (1996) and so on.

For the reduced-rank envelope model (2.4), we have the following results on asymptotic

distributions.

Proposition 7. Under the reduced-rank envelope model with normal error € ~ N(0,3),

vnvec(Brg — B) is asymptotically normal with mean zero and covariance

avar[\/ﬁvec(,@RE)] = avar[\/ﬁvec(,fip)] + avar[\/ﬁveC(Qan,B)]
= avar[\/ﬁvec(,@angT(gx))] + avar[\/ﬁvec(Ber)]
+avar[\/ﬁvec(Qan7B)], 4.5)

where avar[\/ﬁvec(ﬁrvanT(zx))] = avar[\/ﬁvec(BAQgT(zx))] from (4.4). Explicit expres-
sions for avar[\/ﬁvec(BRE)] can be found in the Supplemental material (D.7). The above equal-
ities hold for any decomposition 3 = I'nB, where I is semi-orthogonal and the dimensions of

I nand B arer x u, u x dand d X p.
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309 We view the asymptotic advantages of reduced-rank envelopes over reduced-rank regression

s0 by contrasting (4.4) with (4.5). From Propositions 6 and 7, we can write avar|y/nvec(Bgg)] —

o avar[y/nvec(Brg)] as
avar[\/ﬁvec(BB)] — avar[\/ﬁvec(BRB)] - avar[\/ﬁvec(QmeB)} >0, (4.6)

~

22 where B = AgB, BF,B = I'mprpB = KF,BB and '@n,B = f‘nvgnB = A, B are es-
a3 timators with given B. When B is known, the original regression problem simplifies to the
aie regression of Y on BX and A is the new regression coefficient matrix. The estimator KB
a5 is the ordinary least squares estimator of Y on BX and the estimators KRB and .X,LB corre-
asis spond to the usual envelope estimators for A = I'n. The difference in asymptotic covariances
a7 avar[y/nvec(Brg)] — avar[y/nvec(Bgg)] from (4.6) equals the asymptotic efficiency gain of
a1 envelope estimator over the ordinary least squares estimator for regression of Y on BX and is
a9 consistent with the results presented in Cook et al. (2010).

320 Two special situations where the inequality in (4.6) becomes equality are: I' = I, and
w2t X = oI, while the envelope estimator is asymptotically equivalent to the ordinary least
322 squares estimator in these two cases.

323 To see the potential gain of the reduced-rank envelope estimator, we have the following

a4 Corollary, where we have ignored the cost of estimating an envelope.

25 Corollary 1. Under the reduced-rank envelope model with normal error € ~ N (0, %),

avar[y/nvec(Bp)] = Flavar[\/ﬁvec(BEnv’r)] = Foavar[v/nvec(Bgrg)] = F1Fsavar[y/nvec(Bors ),

226 where F1 = 1, —Qpr(s,)®Qun-1) and Fy = I, ®Pr are two positive semi-definite matrices

327 with eigenvalues between 0 and 1.

328 The two matrices F'; and F'; represent fractions of asymptotic covariance reduction from the
329 ordinary least squares estimator to the reduced-rank regression estimator and to the envelope
a0 estimator with given I'. Then the efficiency gain of reduced-rank envelope with known I'
ss1 over ordinary least squares is the superimposition of the efficiency gain of the reduced-rank

a2 regression and the envelope regression with known I'.

15



2 4.2 Consistency without the normality assumption

2 Let horg = (vecT(,@OLS), veChT(SYX)>T denote the ordinary least squares estimator of h
sss  under the standard linear regression model, and let ERE = h(;;\b) denote the reduced-rank enve-
ass lope estimator. The true values of h and ¢ are denoted as hy and ¢,. The objective function
s Ly(a, 3,%)in (2.2) can be written as, after partially maximized over «,

o

Lo(B. %) = -

og |3 — Strace {7 [Syix + (Bows — B)Sx(Bows — B)1} . @41

xs  We treat the objective function L, (3, X) as a function of h and EOLS and define F(h, EOLS) =
w 2/n {Ln(BOLS, Svyx) — Ln(8, E)}, which satisfies the conditions of Shapiro’s (1986) mini-
a0 mum discrepancy function (see Supplement Section F). Hence Jy, = 1/2x9%F(h, EOLS) /OhohT
a4 evaluated at EOLS = h = hy is the Fisher information matrix for h when € is normal. The fol-

a2 lowing proposition formally states the asymptotic distribution of HRE without normality of €.

a3 Proposition 8. Assume that the reduced-rank envelope model (2.4) holds and that €;’s are
s independent and identically distributed with finite fourth moments. Then \/ﬁ(EOLS —hy) —
us  N(0,K), for some positive definite covariance matrix K. And \/ﬁ(ﬁRE — hg) converges in

ss  distribution to a normal random variable with mean 0 and covariance matrix
W =R (R"J,R)'R"J,KI,R (R"J,R)'R”.

a7 In particular, \/ﬁ(vec(BRE) — vec(B)) converges in distribution to a normal random variable
as with mean 0 and covariance W 11, the upper-left pr x pr block of W. The explicit expression

s for the gradient matrix R = 0h(¢)/0¢ is given in the Supplement equation (D.1).

350 The /n-consistency of the reduced-rank envelope estimator BRE is essentially because that
351 BOLS and Syx are y/n-consistent regardless of normality assumption and also because of the
2 properties of F(h, EOLS). The asymptotic covariance matrix Wy; can be estimated straight-
353 forwardly using the plug-in method once K is estimated, but its accuracy for any fixed sample
s« size will depend on the distribution of €, which is usually unknown in practice. Fortunately,

355 bootstrap methods can provide good estimates of Wy, as illustrated in Section 6.3.
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S Selections of rank and envelope dimension

5.1 Rank: d = rank(3)

Bura and Cook (2003) developed a chi-squared test for the rank d that requires only that the

response variables have finite second moments. The test statistic is Ay = n Z?ir;(ff) ©?, where
P12+ 2 Pmin(p,r) are eigenvalues of the p x r matrix
3 123 q-1/2
Bua={(n—p—1)}/n}""*$*BorsSyixc- (5.1)

Under the null hypothesis that Hy : d = d, Bura and Cook (2003) showed that A, is asymp-

totically distributed as a X%p_ do) (r—do) random variable. The rank d is then determined by com-

paring a sequence of test statistics Ay, dy = 0,..., min(p,r) — 1, to the percentiles of their

2
(p—do)(r—do)

of Hy : d = dy and then d serves as an estimate of the rank of 3.

null distribution x . The sequence of tests terminates at the first non-significant test

5.2 Envelope dimension: © = dim(Ex(3))

Since the envelope dimension satisfies d < u < r, standard techniques such as sequential
likelihood-ratio tests, AIC and BIC can be applied to select u, as in Cook et al. (2010).

For any possible combination (d,u) with 0 < d < u < r, let Ed,u denote the maximized
log-likelihood function (c.f. (A.3)), which is evaluated at the maximum likelihood estimators in
Proposition 4. Assuming d is known, then A4, = Z(Zd,r — Edﬂo) is asymptotically distributed
as a X%’r‘—uo) ; random variable under the null hypothesis Hy : u = ug. Thus, a sequence of
likelihood ratio tests of uy = d,...,r — 1 can be used to determine u after d is determined
by the method described in Section 5.1. The first non-significant value of u will serve as the
envelope dimension.

Information criteria such as AIC and BIC can be used to select (d,u) simultaneously. We
write AIC as Ag,, = 2Kd7u—22:d’u, where K4, = (p+u—d)d+r(r+1)/2is the total number of
parameters in the reduced-rank envelope model, and write BIC as B,,, = log(n)K 4, — 2Ed7u.

We search (d,u) from (0,0) to (r,r) with constraint d < u and choose the pair that has the
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smallest AIC or BIC. Alternatively, we can first determine d from the asymptotic chi-squared
tests in Section 5.1 and then search v from d, . . . , r with the smallest AIC or BIC, which could
save a lot of computation. The computation cost for determining d by the sequential chi-squared
tests in Section 5.1 is substantially cheaper than the computation cost in calculating AIC and
BIC, which involves sequence of Grassmannian optimizations.

When sample size is not too small, our experience suggests that the most favorable proce-
dure is BIC selection for u = d,...,r where d is guided by the sequential chi-squared tests.
Since the true envelope dimension always exist, BIC is consistent in the sense that the prob-
ability of selecting the correct v approaches 1, given the correct d. There are many articles
comparing AIC and BIC, from both theoretical and practical points of view, for example Shao
(1997) and Yang (2005).

The rank d and envelope dimension u can also be determined by cross-validation or by
using hold-out samples. These approaches are especially appropriate when prediction is the

primary goal of the study rather than correctness of the selected model.

6 Simulations
6.1 Rank and dimension

In all the simulations, we first filled in I', 7 and B with random uniform (0,1) numbers, and
then I" was standardized so that I''T' = I,, and 3 = I'nB was standardized so that ||3||p = 1.
Estimation errors were defined as ||3 — B| |. Unless otherwise specified, the predictors and
errors were simulated independently from N (0, I,) and N (0, X) distributions. All figures were
generated based on averaging over 200 independent replicate data sets.

In this section, we present simulation results to demonstrate the behavior of the proposed
method using various sample sizes, ranks d, dimensions u. We simulated data from model
(2.4), where [Q];; = (—0.9)7 and [€];; = 5 (—0.5)7. Figure 6.1 summarizes the
effect of dimension and rank on the relative performances of each methods. In the left plot

(d,u,p,r) = (1,10, 10, 20). Since the rank was only one but the envelope dimension was ten,
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reduced-rank regression had a dramatic improvement over ordinary least squares, while the or-
dinary envelope method had a relatively modest gain over ordinary least squares. The reduced-
rank envelope had a relatively small edge over reduced-rank regression. The second case was
(d,u,p,r) = (4,5,6,20), where 3 had nearly full column rank and the envelope dimension was
much smaller than the number of response variables. Not surprisingly, reduced-rank regression
had modest gain over ordinary least squares while the envelope estimator and the reduced-rank
envelope estimator had similar behavior and significantly improved over ordinary least squares
and reduced-rank regression. The last case was chosen as (d, u,p,r) = (5,10, 15,20) so that
there was no particular favor towards either the envelope method or reduced-rank regression.
We found good improvement over ordinary least squares by both reduced-rank regression and
envelopes. However, reduced-rank envelopes combined both of their strengths and resulted in
a bigger gain.

We found in practice that reduced-rank envelopes typically have improved performance
over reduced-rank regression and envelope estimators, and it has similar behavior to one of the
two estimators if the other one performed poorly. Even in the extreme cases where d = p or
u = r, reduced-rank envelopes can still gain drastically over ordinary least squares similar to
the results in Figure 6.1.

We next illustrate the asymptotic chi-squared test for rank detection combined with BIC
selection for envelope dimension, as discussed in Section 5. Using the same simulation model,
we took (d,u,p,r) = (3,5,8,12), where the total number of parameters in the reduced-rank
envelope model was 108. The percentages of correct detections for d an u were plotted in Figure
6.2 versus sample size. The BIC selection of u was based on the correct rank d. The significance
level of the chi-squared tests was 0.05. As seen from the figure, the probability of selecting the
correct d was about 0.9 at n = 400 samples and the probability of correct detection settled at
95% for larger n, as predicted by the hypothesis testing theory. BIC selection for the envelope
dimension u seemed to be very accurate even with small samples. The likelihood-ratio tests and

AIC selection for u were not nearly as effective as BIC and thus were omitted from the plot.
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Figure 6.1: Effect of rank and dimension. Averaged estimation error on the vertical axis is
defined as averaged ||3 — 3||r over 200 independent data sets. The dimensions of the three
plots were: (1) large envelope dimension case (d, u, p,r) = (1, 10, 10, 20); (2) nearly full rank
case (d,u,p,r) = (4,5,6,20) and (3) a typical situation (d,u,p,r) = (5,10,15,20). The
sample sizes varied from 160 to 2000 and were shown in a logarithmic scale.

We also considered BIC selection for u and d simultaneously. The probability of simultaneous
correctness was less than 70% for n < 600 but reached more than 95% correctness for n > 900.
In our experience the best method for determining dimensions is to use the chi-squared test for
d and BIC selection on u based on the selected d. Overestimation of d and « usually is not a

serious issue but underestimation of d and u will certainly cause bias in estimation.

6.2 Signal-versus-noise and material-versus-immaterial

In this section, we describe the behavior of each method with varying signal-to-noise ratios
and ratios of immaterial variation to material variation. We fixed the sample size at 400 and
the dimensions were (d,u,p,r) = (3,7,10,20). The covariances had the forms of [€2];; =

o? - (—0.9)=l and [Q];; = 02 - (—0.9)""~7! with varying constants o, o2 > 0.
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Figure 6.2: The empirical probability of correct detection versus sample sizes. BIC selection
on u was based on true rank d.

In the study of varying signal-to-noise ratio, we kept > = o2. And because ||8||r = 1,
the signal-to-noise ratio was simply 1/02 which varied from 0.1 to 10. Figure 6.3 summarizes
the results of two numerical experiments. All the four lines in this log-log scale signal-to-
noise ratio plot are roughly parallel, which implies that the four methods are exponentially
more distinguishable in weaker signal. Comparing reduced-rank regression to envelopes, the
reduced-rank regression seemed to perform better in stronger signals (signal-to-noise ratio>
1), but the envelope estimator was less vulnerable to weaker signals (signal-to-noise ratio<
1). This was because the envelope method can gain information from the error term ¥ =
ror? + I‘OQOI‘g while reduced-rank regression and the standard method cannot. Reduced-
rank envelope estimators combined the strengths of reduced-rank regression and envelopes, and
hence outperformed both estimators in strong and weak signals.

In the study of varying immaterial-to-material variance ratio, we kept 02 = 1 and changed
o2. The ratio is then defined as 02 and the horizontal axis in the plot is log;,(c?), which
varied from -0.5 to 2. Not surprisingly, reduced-rank regression and ordinary least squares

behaved similarly because they did not gain information from the covariance structure of 3.
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Figure 6.3: Varying the signal-to-noise ratio and the immaterial-to-material variance ratio.

The envelope estimator and the reduced-rank envelope estimator had similar behavior, and
they had much better performances over ordinary least squares and reduced-rank regression
when the immaterial variation was large. This is due to the fact that envelope methods can
efficiently eliminate the immaterial information. In this example, the averaged estimation errors
for ordinary least squares, reduced-rank regression and envelope were 7.2, 3.9 and 1.8 times of

that of the envelope reduced-rank regression when o2 = 100.

6.3 Bootstrap standard errors

To illustrate the application of the bootstrap for estimating the standard errors of regression
coefficients, we considered a model with (d, u,p,r) = (2,4, 6,8). Residual bootstrap samples
were used since we considered X as a non-stochastic predictor. Both €2 and €2y were randomly
generated as MM, where M € R*** was filled with uniform (0,1) numbers. The error term
€; was simulated as €; = s/ 2U,, where U; was a vector of i.i.d. random variable with mean 0

standard deviation 1. We simulated both normal and uniform U,. The standard errors of a se-
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Figure 6.4: Theoretical, bootstrap and actual standard errors with normal and uniform errors
€. The sample sizes were 100, 200, 400,..., 3200. The standard errors for reduced-rank
regression and envelope estimators were consistently between the ordinary least squares and
the envelope reduced-rank regression standard errors, and were not included in these plots for
better visualization.

lected element in ﬁ were plotted in Figure 6.4. For both normal and non-normal data, the three
types of standard error estimates agreed well: the theoretical standard errors were the squared
roots of the diagonal elements in the asymptotic covariances of each estimators divided by 1/n;
the actual standard errors were based on 200 independent realizations; and the bootstrap stan-
dard errors were based on 200 bootstrap replicate data sets. Moreover, the bootstrap standard
errors were close to the theoretical standard errors of the maximum likelihood estimators even
when the normality assumption was violated. As expected, the reduced-rank envelope estima-
tor had much smaller standard errors than those of the ordinary least squares estimator. We
also simulated non-normal errors from ¢-distribution and x2-distribution, and obtained results

similar to Figure 6.4.
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7 Sales people test scores data

This data set consisted of 50 sales people from a firm. Three performances variables were used
as predictors: growth of sales (X), profitability of sales (X5) and new account sales (X3).
And four response variables were test scores on creativity (Y7), mechanical reasoning (Y5),
abstract reasoning (Y3) and mathematical ability (Y;). This data set can be found in Johnson
and Wichern (2007).

The chi-squared rank test in Section 5.1 suggested that d = 2 at level 0.01. Then based on
BIC we selected the envelope dimension to be u = 3. We computed the fractions f;; := 1 —
@1/2(\/5,/5”3}3)/@1/2(\/5[3”) for all i and 7, where 3 denotes one of the estimators to be
compared: BRR, BEHV and BOLS. Comparing to ordinary least squares , the standard deviations
of the elements in the reduced-rank envelope estimator were 5% to 60% smaller, 0.05 < f;; <
0.60. Hypothetically, a sample size of more than 300 observations, in contrast to the original
50 observations, would be needed to achieve a 60% smaller standard deviation in ordinary
least squares. The fractions for comparing with the reduced-rank regression estimator were
0.01 < f;; < 0.24, where 24% smaller standard deviation than reduced-rank regression implies
a doubling of the observations for reduced-rank regression to achieve the same performance
as reduced-rank envelope estimator. At last, the reduced-rank envelope estimator compared
to the ordinary envelope estimator, had 3% to 51% smaller standard deviations, where 51%
smaller standard deviation meant four times the sample size, n = 200, for the ordinary envelope

estimator.

Supplementary Materials

Proofs and Technical Details: Detailed proofs for all Lemmas and Propositions are provided

in the online supplement to this article. (PDF file)
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Supplement: Proofs and Technical Details for
“Reduced-rank Envelope Model”

R. Dennis Cook, Liliana Forzani and Xin Zhang

A Maximizing the likelihood-based objective function (2.2)

In this Section, we consider maximizing L, (c, 3, X) from (2.2) under different model param-
eterizations regarding standard, reduced-rank, envelope and reduced-rank envelope models.
Maximizing L,, from (2.2) is equivalent to deriving maximum likelihood estimators with nor-
mally distributed error € ~ N(0,X) as follows. Lemmas 1 and 2 and Propositions 2 and 4 are

proved directly in the derivation of estimators.

A.1 Standard regression and envelope regression

Maximum likelihood estimators for the standard regression model is the ordinary least squares
estimator, BOLS = SYXS;(;1 and EJOLS = Syx. From Cook et al. (2010), we have the maxi-

mum likelihood estimators for the envelope model as

g, = arg Grgglu {log ‘GTSY\XG| + log ‘GTS§1G|}
BEHV = FEHVSFEI,VY7XS;{1 - Pf‘EDVEOLS

EEHV = PfEnV SY‘XPfEnV + QFEHVSYQf‘Env'
A.2 Reduced-rank regression (proof of Lemma 1)

Following Anderson (1999) equation (2.13), we let L € RP*4 denote S;/ 2[v1, ..., V4], where
v; is the ¢-th eigenvector of S)_(l/ 2SXOyS;/ 2. Then the estimators can be written as ORR =

Y - [ASRRX, BRR = SyxLL” and gy = Sy — BRRsxy. We then use the sample canonical
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correlation matrix notion to get the results in Lemma 1: S;/ 2SXOYS;/ 2 = CxvCvyx and

Brr = SyxLL” = SyxSx/’P

- syzcyxpcgsggﬂ = sy*ci sy,

A.3 Reduced-rank envelope regression
A.3.1 Proof of Lemma 2

Estimation for the envelope model is facilitated by the following consideration which is straight-

forward from (2.4).

'y, = ra+nBX, +I7¢, (A.1)
Yy, = Ila+Tle, (A.2)

where T'7e ~ N(0,9Q), T e ~ N(0,9), TTe I Tle.
The maximum likelihood estimator of a is Giry = Y — BrpX and effectively we could use
centered response Y, :=Y,; — Y and centered predictors X.; = X; — X to omit the analysis

on o and arg. Then the partially maximized log-likelihood with known dimensions u and d

can be decomposed into the following two additive parts since I'" € is independent of '] .
Ln(]__‘, n, B, QO, Q|d, u) ~ Ll,n(r7 n, B, Q|d, U) + L27n(F0, Qo|u) (AS)

where L, ,(T",n, B, Q|d, u) corresponds to the likelihood from (A.1) and is given by

n

5 {log || + trace

n

i=1

and Lo ,,(I'g, €2|u) corresponds to the likelihood from (A.2) and is equal to

1 n
QalH > rchingl“O] } :

=1

—g {log 1| + trace

C

It follows that L,,, is maximized over Qo by > T3 Y. YLTo/n = T'§SyTy. Substituting

back, we find the following partially maximized form for Ly ,:

Lyn(Tolu) ~ —(n/2)log|TESyTy|. (A.5)



ses  Holding I' fixed, the log-likelihood L, ,, is same as the log-likelihood for reduced rank regres-
ses  sion of I'"'Y on X. Therefore, by replacingr — u, Y = T'Y, A - n,B—-Band ¥ — Q
se7 in (2.2) and in Lemma 1, we partially maximize L, ,(I",n, B, Q|d, u) over n, B and € and

sss  obtain the maximum likelihood estimators as

~ 5 1/2 ~(d ~1/2
nrBr = SI‘/TYC;%Y,XSX/

O. _ 1/2 (d) (d) 1/2
Qr = SI‘TY {I“ - CrTY,XCX,rTY} SI‘TY’

sss  from which Lemma 2 follows.

soo A.3.2 Proof of Proposition 2

sot  The log-likelihood function in (A.3) after partial maximization becomes
Lo(Tld, u) ~ —(n/2) {1og IT7SyTo| + log |§r|} , (A.6)

se2 which lead us to the objective function F,,(G|d,u) := (—2/n)L,(G|d, u) for numerical opti-

ses mization over span(G) € G, ,. We next simplify the expression of log 1Q¢| as

log |ﬁG| = log |Sé;/%y {Iu - Cg)TY,Xng,)GTY} Si;/;Y

= 2-log |Sg§Y| +log |1, — C(((;i)TY,XCgi)GTY

= log|Sgry| +log|L, — S5 I,

s where Sgry = GTSyG” and Zg = (GTSyG)'GTY is the standardized random vector in

s R". Equation (3.2) is then obtained by noticing log |GoSyG{| = log |Sy| + log |GTS{' G| in

se6 the objective function (A.6).

597 We next prove the equality in (3.3). The first term in (3.3) can be re-expressed as log |GT Sy x G| =

sss 10g |GTSy G| + log |Sz x| according to the following.

GTSyxG = G"SyxSx'SxvG = SeryxSx' Sx.ary = Ses

Ui SzcxSea

GTYy"

se9 The objective function in (3.3) now become

log |G"Sy G| +log [Szex| +10g|GTSY' G|+ ) log[@i(G)],

1=d+1
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where @;(G) is the i-th eigenvalue of Sz .x. The equality connecting (3.2) and (3.3) is proved
by noticing that Sz |x = Sz, —Szgox = L, —Szs0x and that the log-determinant of a positive

definite matrix is the sum of the logarithms of its eigenvalues.

A.3.3 Proof of Proposition 4

The proof follows trivially by combining the results in Lemma 2 and Proposition 2.

B Proof for Proposition 3

Recall that in (3.3), @;(G) is the i-th eigenvalues of the following matrix.

Szix = (GTSyxG)*(GTSyG)(G"SyxG) */?

= I, + (G'SyxG) "} (G"Sy.xG)(G"SyxG) "/
which relies on the two sample covariance matrices: Syx and Sy.x. These two matrices are
both positive semi-definite and converge to 3 and Yy.x = EYXE;ZXY with probability
one as n — oo. Since rank(Xyox) = rank(EYXE;(lEXY) = rank(,@EXBT) = d, the last
(u—d) eigenvalues W;(G), j = d+1,. .., u, will equal to one with probability one as n — oo

for any value of G. Therefore, as n — oo,

sup {i log[@i(G)]} 25 0. (B.1)

GeGr oy
We next show that log |GTS' G| converges in probability to log |GTX5' G| uniformly in

G by the following argument.

§(G) = sup {log|G"S{'G|—log|G"ES'G|}

GEGru

= sup {log|(G"S{'G)(G"=y'G) [}
GEGr,u

= s {logSYG(GTRY'G) G}
€Yr.u

= sup {log |E¥ZS§12¥2 . 271/2G(GT2§1G)—1GT2;1/2|0}
GEGru

_ 1/2qa—-1v1/2

= o {10g [ZY*S{' =Py gl }
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where we use | - | to denote the product of the non-zero eigenvalues of a positive semi-definite

matrix. We then can derive that

5(G) = sup {1og \Pz;lmc;zi(/?s;lzy?%;uzcyo}, (B.2)

GEgr,u
1/2q—1x1/2 . . . —1/2
where Xy °Sy 3y~ was projected onto an u-dimensional subspace span(3y /' “G). The quan-
tity within | - |¢ then has at most u nonzero eigenvalues. Because the projection matrix can not

inflate the eigenvalues,

5(G) < sup {log T8 Yo} (8B.3)
GeGr oy

which converges to zero in probability. Similarly, we can show that log |G” Sy|x G| converges
in probability to log |G X G| uniformly in G. Hence we have proved that the objective function
F,.(G|d, ) in (3.3) converges in probability to F(G|u) uniformly in G. The rest of the proof
is similar to the proof of Proposition 4.2 in Cook et al. (2013) that
log |GTEG| +10g |GTEL'G| = log|GTEG] + log |G By Gy
— 10g|GTEG| + log |G (S + BExA")G|

v

log |GTEG| + log |GI G|
> log|X|,

where the first inequality achieves its lower bound if span(3) C span(G); and the second
inequality achieves its lower bound if span(QG) is a reducing subspace of ¥. The uniqueness

of the minimizer span(I') = span(arg ming F(G|u)) is guaranteed by the uniqueness of the

envelope, which has dimension w.

C Proof for Proposition 6

For notation convenience, we define two covariance matrices Mp := BT(BEXBT)_lB <
S5 and My = A(ATS7'A)"'AT < 3. For any full row rank transformation O € R%*¢
we could replace A by AO and replace B by OB without changing the value of M 4 or M.

Also the projection matrices P 4 5-1) = M4 ™" and Ppr(s,) = MpZx.



2 C.1 Obtaining equation (4.3)

ess This result can be found in Anderson (1999) using canonical variables. We replicate the com-

e3¢ putation in our framework with details. Recall that the Fisher information is

(Js 0\ [ Exex! 0
Jh_( 0 Jg>_( 0 %E?(Z*@E‘l)Er)’ 1

s where avar(\/ﬁﬁom) = ng =33 ®%.
636 By noticing h; = vec(3) = vec(AB) = (BT @ I,)vec(A) = (I, ® A)vec(B), we have

6!

@

T
- B"®I I,®A 0 . H, 0 ' (C2)
0 0 Ly 0 Ly
637 Because of the similar block-diagonal structure in Jy, = diag(J, Jx), we can get
T T
H(HTJhH)THT ( H1<Hl Jng) Hl Jql > ’
)

ess  Which means that 3 = AB and X are orthogonal parameters in reduced-rank regression and the
&s  asymptotic covariance for vec(Bgg) is Hi(HTJgH,)™HT. Because HY JgH, is not full rank
ss0 under the reduced rank regression model, we can not use the block-matrix inversion formula.
s« However, notice that asymptotic covariance H;(H? J3H;)"H? depends only on the column

sz space of Hy, we thus could use any full row rank matrix T to get
H,(HJsH,)'H] = H,T,(TTH]JsH, T,)'TTH,. (C.3)

sss  More specifically, we have each part

T _ BEXxB'® X! BEx®X'A
HiJot = ( SxBT © ATS! Sy 0 ATS A €4
L., —(BszT)ilBEX ® A
T,
0 L
H,T, = (B"®I (I,-MpEZx)®A ). (C.5)

s4« where we have used M = BT (BXxB”) !B for notation convenience. Then,
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T -1
TTHTIH, T, = (Bsz o2 0 )

0 (Zx — ZxMpEx) @ AT A

To get the Moore-Penrose inverse of TlTHlTJ gH; T4, we first notice that it has rank (p+7)d— d?
and the only non-invertable part is (Xx — XxM p3x ) which causes rank deficiency of d?. The
Moore-Penrose inverse of Xx — XxM p3ix is obtained as follows by noticing MpXxMp =
Mg.

(Zx — ExMpEx)' = 23" — Mp. (C.6)

Therefore,

(C.7)

BXxB) X 0

0 (%' —Mp) @ (ATESTA)!

The asymptotic covariance avar(y/nvec(Bgg)] = HiT1(TTHTJgH, T, ) TTH, is computed
with (C.5),

avar(v/nvec(Bpg)] = Mp® %
+ (I, - MpZx)(Zx' — Mp)(I, - MpEx) @ M4
= Mp@X+ (Zx' —Mp) @My
= X' - (%' ~Mp)|@ X+ (2x' —Mp) @My

= 02— (2% —Mp) ® (2 —My), (C.8)
then the equation (4.3) is derived from the following arguments.

aVar(\/ﬁVeC(BRR)} = XX @% - (B —Mp) @ (8- My)
= T 0% - (I, - MpEx)Zy'] @ [(I - M=) %]
= 2)_(1 ® X — [QBT(EX)E)_;} ® [QA(E)E]
= (I, — Qprisy) ® Qax)Ex © X

= (Lr — Qr(syx) ® Qax))avar[y/nvec(Bops)].
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C.2 Obtaining equation (4.4)

The Fisher information for (47, 42)"

HJH, = ( Ja Jan > =

Jea Js

= [vecT(A), vecT (B)]" is given in (C.4) as
BXx ® X 7'A

( BXxB'@x!

YxBT' @ AT Ix @ ATET'A ) ‘ (€3)

If we known A, then we could cross the first row and the first column, and hence

avar[v/nvec(

Similarly,

avar[y/nvec(Ap

Then by using the fact that vec( B A) =

we have

avar[y/nvec(B,)] = Sx' ® My

)] = 33! = (BExB”

\-

Ba) =J5' =2 @ (ATZIA) L (C.10)

le . (C.11)

(I,@A)vec(Ba) and that vee(Bg) = (BT ®IL,)vec(Ap),

avar[y/nvec(Bg)] = Mp® .

By noticing P s:-1y = M 427! and Pgrs.) = MpZx, we have
y gFAxE (Ex)

avar[\/ﬁVeC(BA QET(EX) )]

avar[\/ﬁVGC(QA(zfl)BB)}

= [I — MpEx)Sx
(Zx

—Mjg) @ My

= Mgp® (S —My).

(L,

[Qar(sx) @ L](Zx' ® Ma)[Qpr(s,) ® L]

— ZxMp)| @ My

I, ® Qa—1)](Mp @ E)[I, @ Qg(zfl)]

Mp® (I, - M,EX HS(L, — Z7'My)

The proof of Proposition 6 is then completed by compare the above quantities with (C.8).

D Proof for Proposition 7

The role of 7 is analogous to A given I', thus we define M, :=
=M, Q"

that the projection matrices P, q-1

n(n"Q 'n)"'n” < Q. Note
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D.1 Explicit expression for avar[,/nvec(Bgg)]

By noticing h; = vec(3) = vec(TnB) = ("B @ I,)vec(T") = (BT @ T')vec(n) = (I, ®
I'n)vec(B), we have
B'np" @1, BT'eTI I, I'n 0 0 )

R= ( 2C,(TQ @1, — T @ T\QIY) 0 0 C,(I'®IDE, C,(Ty®Ty\E,_,
(D.1)

The asymptotic covariance avar(,/nh($)) = R(R7J,R)'R” = R(R”J,R)'R for any
R such that R = RT for a full row rank matrix T. We choose R to make R?J hf{ block-

diagonal as follows.

7 ( B™nT @ T B"oT (I, - MpEx)®TI'n 0 0
2C, (TQ Ty — T @ T8Y) 0 0 C,(T®D)E, C,.(Ty®Ty\E,_,

(D.2)
| = 0 0 0 0
"o’ I, (BExBT)'BZx®n 0 0

T — 0 0 L 0 0 (D.3)
2C,(2®TT) 0 0 Liy(s) 0

0 0 0 0 L wyrur

Next, we calculate R7J,R and verify that it is block-diagonal. We decompose G by it
2 x 5 blocks as R := (él, ég, ég, 644, é5) We first calculate th{ and write down the 2 x 5

blocks by column:

~ SxBTnT @ T8 !
Jth - ( EZ(]_'\ ® I‘()Qal o I\Q—l ® FO) y (D4)
~  ~ YBToI'Q ! (Tx — XxMpXx)I'Q !
Jh[RQ,Rg] _ ( X 0 ( X X BO X) n , (DS)
Jn[Gy, Gy = 0 0 (D.6)
’ IEIIQ '@ HE, 1ENTQ,' @ T2 E,_, '

Then R”J hf{ equals to a block-diagonal matrix with five blocks: IN{;‘FJ hf{i, 1=1,...,5.

)



e The explicit expressions are given as follows.
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6

©

1

682

R7J,R; = nBExB'n" @ Q'
20T @ T —TT @ QI))CIEN (T @ Ty, —TQ ' @)
= nBExB 0" @ Q'+ Q@ Q' — 21,40 + Q7 ® Q,
RIJLR, = BExB o Q'
RITLR; = Sx@n'Q 'y,
RIJ.R, = EIT"or")CT. %ETT TQ '@ HE,

1
— 5Ef(rT eI IO 'eIrQ HE,

1
= éEZ(&Tl ® Q HE,.

~ 1
RIJLR; = E! (TTord)Ct -§Ef (T, @ T2 HE,_,

r—u

1
— BT 0 9B,

Then the asymptotic covariance is
—~ 5 o~ ~ ~ ~
avar[ynh(¢)] = Y Ri(R{J.R)'R]
i=1

We are only interested in the asymptotic covariance of avar[\/ﬁvec(BRE)], which is the
upper left block of avar[y/nh($)]. And Rs(RTJ,R,)'RY and Rs(R7J,Rs5)'R! have no
contribution to that. So we will focus our attention on the upper left block of R, (ﬁfJ hﬁi)fﬁf,

i = 1,2,3. The upper left block of Ry(RTJ,R,)'RT is

(B'n" @ Tp)(RT IR (nB @ T7)

= B'n"@T)mBExB " @ Q' + Q@ Q' — 21,40 + Q' @ Q) (nBa TY).

10
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The upper left block of Ro(RTJLR,)TRY is

B o) (BXxB" @ Q@ H(BoTI?)
= (B"oD)[(BExB") ' QB oI

= Mporar.
The upper left block of Rs(RTJ,R;3) RY is

(I, = MpZx) @ n)(Ex @ n" Q" 'n)[(I, - ZxMp) @ n'T']
= (Zx' —=Mp)@I'M,I",

T

where M, = n(n7Q 'n)"!n

Hence, the asymptotic covariance avar[\/ﬁvec(,@RE)] equals to

(B'n" @ To)(nBExB'n" @ Q' + Q@ Q' —2L,,u) + Q' @ Q) (B T})

+ MpeIQl” + (%' — Mp) @ TM,T7. (D.7)

D.2 Interpretation

The Fisher information matrix for é\b is simply R7J R

Jr Jry Jrs Jre

Jor J, Jog O

RTJR = JB[‘ J]_D,,7 JB 0
Jar 0 0 Ja
0 0 0 0 Jg

(D.8)

o O O O

11
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Each nonzero block is

Jr = nBExBn" 22+ Qe+ (I o K,,
+Q7 '@ TeQely — 21, @ Ty T}
J, = BXxB"® Q'

Jg = Zxon'Qn
1

Jo = §E§(Q*1®Q*1)Eu
1
Jo, = §ErT—u(Qal®Qal)Er7u-

Jr, = nBExBT o TQ™!
Jrs = nBIx®I'Q 'y
Jra = ,®@TQ HE,

Js = BEx®Qn

D.2.1 Asymptotic covariance when 7 and B are known

~

The asymptotic covariance for vec(I';, ) is
avar[\/ﬁvec(fn,B)] = (JF — J]_"QJ;llJQI‘) ! .
Follow Cook et al. (2010), we have

avar[\/ﬁvec(f‘nyg)] = MBExB'p' @ 3 + Q@ TyQ,' T — 21, @ T, T'Y

+Q 7 @ TQIL ],
and by replacing nB — 7 in Cook et al. (2010), it is easy to obtain the following results

avar[\/ﬁvec(prin,B)] = [fh(f{{m]hfhﬁf{{] ;

11

where [];; means the upper left block of a block-wise matrix. The above equality explains the

contribution from the first column block of f{, which is the first term in (D.7).

12
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Therefore, (D.7) can be written as

avar[y/nvec(Bgg)] = avar[v/nvec(QrfB, )]
+Mp @ T + (25" — Mjp) ® M, I (D.9)

= avar[\/ﬁvec(Qan’B)] + avar[y/nvec(8p)], (D.10)

where the last equality follows from the asymptotic covariance of V€C<BRR) in (C.8) and from

Lemma 1 that Br is T" times the reduced-rank regression estimator of regression I'’’ Y on X.

D.2.2 Asymptotic covariance when I' and B are known

The asymptotic covariance for vec(nr g) is
avar[y/nvec(fip g)] = J,;' = (BExB") ' @ Q. (D.11)
Notice that Vec(BnB) = vec(I'np gB) = (B ® I')vec(np p), we have
avar[\/ﬁvec(BnB)] = Mp o I'Qr?. (D.12)

D.2.3 Asymptotic covariance when I' and 77 are known

The asymptotic covariance for vec(]ABF,n) is
avar[\/ﬁvec(]gpm)] =J5' =3 @ m'Q'n)L (D.13)
Notice that Vec(Brm) = VeC(F’r]]/_D\)]:‘m) =(I,® Fn)vec(ﬁpm), we have
avar[\/ﬁvec(ér’n)} =¥%' @ T'M,T7". (D.14)
avar[y/nvec(Br ,Qhr, )] = (5%' — Mp) ® TM, I (D.15)

D.2.4 Decomposition

Finally, plugging (D.12) and (D.15) into (D.9), we have proven this Proposition.

13
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E Proof for Corollary 1

By noticing A = I'n, we can write

Pyx-y = Ipn'T"s"'T'p) ' T"S™ =TP, T

I'M,I" = TP, QI =TP, - \I" - TOL =P, 51\ PrX.
Then, from (D.9), we have

avar[y/nvec(Bp)] = Mp@TQIT + (35! — Mp) @ TM,T'7
= PprzEx @ PrE+ QprizygEx @ Pog-1PrE
= {Ppr(zy) @ L 4+ Qpr(zy) @ Pon-1)} Bx' @ PrE
= {I, — Qpr(sy) ® QA(E*l)} Yx @ Pr¥

= {Ipr - QBT(EX) ® QA(Zfl)} (Ip ® P[‘)E)_(l ® E

F Proof for Proposition 8

From Proposition 2 and Proposition 4, we see that the minimizer hyp, = h(aﬁ) of F(h(¢), EOLS)
is Fisher consistent. The rest of the proof relies on Shapiro’s (1986) results on the asymptotics
of overparameterized structural models. In order to apply Shapiro’s (1986) theory in our con-
text, we first can check that F(h, EOLS) satisfies: (1) F(h, EOLS) > ( for all EOLS and h; (2)
F(h,hors) = 0 if and only if hors = h; and (3) F(h, horg) is twice continuously differ-
entiable in h and EOLS. Recall from Section 4.2 that we use the subscript O to emphasize the
true parameter: hy and ¢, correspond to the true distribution of €. Then i\LOLS is y/n-consistent
for hy. Notice that HOLS is a smooth function of the sample covariance matrices which con-
verges in distribution to the population covariance matrices, then by the delta method we know
\/E(EOLS —hy) — N(0, K), for some positive definite covariance K. Using Shapiro’s (1986)
Proposition 3.1 and Proposition 4.1, we will have /n-consistency results for HRE = h(a)) as

shown in Proposition 8.
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