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Abstract4

We incorporate the nascent idea of envelopes (Cook, Li and Chiaromonte 2010) into5

reduced-rank regression, which is a popular techniques for dimension reduction and esti-6

mation in the multivariate linear model. We propose a reduced-rank envelope model, which7

is a hybrid of reduced-rank regression and envelope models. The resulting estimator is at8

least as efficient as both existing estimators and has total number of parameters no more9

than either of them. The methodology of this paper can be adapted easily to other envelope10

models such as partial envelopes (Su and Cook 2011) and envelopes in predictor space11

(Cook, Helland and Su 2013).12

13
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1 Introduction15

The multivariate linear regression model for p×1 non-stochastic predictor X and r×1 stochastic16

response Y can be written as17

Y = α+ βX + ε, (1.1)

where the error vector ε has mean zero and covariance matrix Σ > 0 and is independent18

of X. This model is a foundation of multivariate statistics where interest lies in prediction19
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and in studying the interrelation between X and Y through the regression coefficient matrix20

β ∈ Rr×p. There is a general awareness that the estimation of β may often be improved by21

reducing the dimensionalities of X and Y, and reduced-rank regression is popular method for22

doing so. We propose a reduced-rank envelope model that extends the nascent idea of envelopes23

to reduced-rank regression. The purpose of this paper is to integrate reduced-rank regression24

and envelopes, resulting in an overarching method that can choose the better of the two methods25

when appropriate and that has the potential to perform better than either of them.26

Reduced-rank regression (Anderson 1951; Izenman 1975; Reinsel and Velu 1998) arises27

frequently in multivariate statistical analysis, and has been applied widely across the applied28

sciences. By restricting the rank of the regression coefficient matrix rank(β) = d < min(r, p),29

the total number of parameters is reduced and efficiency in estimation is improved. The analysis30

of reduced-rank regression (Izenman 1975; Tso 1981; Reinsel and Velu 1998; Anderson 2002)31

connects with many important multivariate methods such as principal components analysis,32

canonical correlation analysis and multiple time series modeling. The asymptotic advantages33

of the reduced-rank regression estimator over the standard ordinary least squares estimator34

were studied by Stoica and Viberg (1996) and Anderson (1999). Chen et al. (2012) and Chen35

and Huang (2012) extended reduced-rank regression to high-dimensional settings and demon-36

strated the advantages of parsimoniously reducing model parameters and interrelating response37

variables.38

Envelope regression, which was first proposed by Cook et al. (2010), is another way of39

parsimoniously reducing the total number of parameters from the standard model (1.1) and40

gaining both efficiency in estimation and accuracy in prediction. The key idea of envelopes is41

to identify and eliminate information in the responses and the predictors that is immaterial to the42

estimation of β but still introduces unnecessary variation into estimation. Envelope reduction43

can be effective even when d = min(p, r), which is the case where reduced-rank regression has44

no reduction.45

Envelope and reduced-rank regressions have different perspectives on dimension reduction.46
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It may take considerable effort to find which method is more efficient for a problem in practice.47

The proposed reduced-rank envelope model combines the strengths of envelopes and reduced-48

rank regression, which mitigates the burden of selecting among the two methods. When one of49

the two methods behaves poorly, the reduced-rank envelope model automatically degenerates50

towards the other one; when both methods show efficiency gains, the reduced-rank envelope51

estimator will enjoy a synergy from combining the two approaches and may improve over both52

estimators.53

The rest of this paper is organized as follows. In Section 2, we review and summarize some54

fundamental results for reduced-rank regression and envelopes that are relevant to our develop-55

ment. We set up our reduced-rank envelope model in Section 2.3, where we also give intuitive56

connections to reduced-rank regression and envelope models. In Section 3.1, we summarize57

parameterizations for each model and show that the total number of parameters in the reduced-58

rank envelope model is fewer than that of the other models. Likelihood-based estimators for59

the reduced-rank envelope model are derived in Section 3.2. Asymptotic properties are stud-60

ied in Section 4. We show that the reduced-rank envelope estimator is asymptotically more61

efficient than ordinary least squares, reduced-rank regression and envelope estimators under62

normal errors, and is still
√
n-consistent without the normality assumption. Section 5 discusses63

procedures for selecting the rank of the coefficient matrix and the dimension of the envelope.64

Encouraging simulation results and real data examples are presented in Section 6 and 7. Proofs65

and other technical details are included in a Supplement to this article.66

The following notations and definitions will be used in our exposition. Let Rm×n be the67

set of all real m × n matrices. The Grassmannian consisting of the set of all u dimensional68

subspaces of Rr, u ≤ r, is denoted as Gr,u. If M ∈ Rm×n, then span(M) ⊆ Rm is the subspace69

spanned by columns of M. If
√
n(θ̂ − θ) converges to a normal random vector with mean70

0 and covariance matrix V we write its asymptotic covariance matrix as avar(
√
nθ̂) = V.71

We use PA(V) = A(ATVA)−1ATV to denote the projection onto span(A) with the V inner72

product and use PA to denote projection onto span(A) with the identity inner product. Let73
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QA(V) = I − PA(V). We will use operators vec : Ra×b → Rab, which vectorizes an arbitrary74

matrix by stacking its columns, and vech : Ra×a → Ra(a+1)/2, which vectorizes a symmetric75

matrix by extracting its columns of elements below or on the diagonal. Let A ⊗ B denote76

the Kronecker product of two matrices A and B. We use θ̂ξ to denote estimator of θ with77

known true parameter value of ξ. For a common parameter θ in different models, we will use78

subscripts to distinguish the estimators according to different models: θ̂RR for the reduced-79

rank regression estimator, θ̂Env for the envelope estimator, θ̂RE for the reduced-rank envelope80

estimator and θ̂OLS for the ordinary least square estimator.81

2 Reduced-rank envelope model82

2.1 Reduced-rank regression83

Reduced-rank regression allows that rank(β) = d < min(p, r) so that we can write the model84

parameterization as85

β = AB, A ∈ Rr×d, B ∈ Rd×p, rank(A) = rank(B) = d, (2.1)

where no additional constraints are imposed on A or B. The maximum likelihood estimators86

for the reduced-rank regression parameters were derived by Anderson (1999), Reinsel and Velu87

(1998) and Stoica and Viberg (1996), under various constraints on A and B for identifiabil-88

ity, such as BΣXBT = Id or ATA = Id. The decomposition β = AB is still non-unique89

even with those identifiable constraints: for any orthogonal matrix O ∈ Rd×d, A1 = AO90

and B1 = OTB offer another valid decomposition that satisfies the constraints. The param-91

eters of interests, β and Σ, are nevertheless identifiable as well as span(A) = span(β) and92

span(BT ) = span(βT ). We present this article in an apparently novel unified framework so93

that every statement involving A or B holds universally for any decomposition β = AB satis-94

fying (2.1).95
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The log-likelihood of model (1.1) under normality of ε can be written as,96

Ln(α,β,Σ) ' −n
2

{
log |Σ|+ 1

n

n∑
i=1

(Yi −α− βXi)
TΣ−1(Yi −α− βXi)

}
, (2.2)

which is to be maximized under the constraint that rank(β) = d, or equivalently under the97

parameterization β = AB. The symbol ' denotes an equality from which any unimportant98

additive constant has been eliminated. We treat Ln(α,β,Σ) as a general purpose objective99

function, which will be maximized under (2.1). The following lemma summarizes the reduced-100

rank regression estimator that maximizes (2.2). Rigorous derivation can be found in Anderson101

(1999).102

Sample covariance matrices in this article are represented as S(·) and defined with the divisor103

n. For instance, SX =
∑n

i=1(Xi − X)(Xi − X)T/n, SXY =
∑n

i=1(Xi − X)(Yi − Y)T/n,104

SY|X = SY − SYXS−1X SXY denotes the sample covariance matrix of the residuals from the105

linear fit of Y on X, and SY◦X = SYXS−1X SXY denotes the sample covariance matrix of106

the fitted vectors from the linear fit of Y on X. We define the sample canonical correlation107

matrix between Y and X as CYX = S
−1/2
Y SYXS

−1/2
X and CXY = CT

YX. Truncated matrices108

are represented with superscripts. For example, C
(d)
YX and S

(d)
YX are constructed by truncated109

singular value decompositions of CYX and SYX with only the largest d singular values being110

kept.111

Lemma 1. Under the reduced-rank regression parameterization (2.1), the likelihood-based112

objective function from (2.2) is maximized at α̂RR = Y − β̂RRX and113

β̂RR = S
1/2
Y C

(d)
YXS

−1/2
X

Σ̂RR = SY − β̂RRSXY = S
1/2
Y

{
Ir −C

(d)
YXC

(d)
XY

}
S
1/2
Y .

There are a variety forms of maximizers Â and B̂ in the literature under different con-114

straints on A and B. They could all be reproduced by decomposing the rank-d estimator115

β̂RR in Lemma 1. The ordinary least squares estimators for β and Σ can be written as116

β̂OLS = S
1/2
Y CYXS

−1/2
X and Σ̂OLS = SY|X = S

1/2
Y {Ir −CYXCXY}S

1/2
Y by replacing the117
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truncated sample canonical correlation matrices C
(d)
(·) with the untruncated ones C(·). This118

Lemma also reveals the scale equivariant property of both reduced-rank regression and or-119

dinary least squares estimators since the truncated sample canonical correlation matrices are120

scale invariant.121

2.2 Review of Envelopes122

The envelope model (Cook et al. 2010) seeks the smallest subspace E ⊆ Rr such that123

QEY|X ∼ QEY and cov(QEY,PEY|X) = 0. (2.3)

For any E with those properties, QEY carries only information that is irrelevant to the linear124

regression. The projected response QEY is linearly immaterial to the estimation of β in the125

sense that it responds to neither the predictor nor the rest of response PEY, which presents126

material information in the response. When the conditional distribution of Y|X is normal, the127

second statement in (2.3) implies that PEY is independent of QEY given X. The smallest128

subspace satisfying (2.3) always uniquely exists and is denoted by EΣ(β) as defined formally129

in the following definitions.130

Definition 1. A subspace R ⊆ Rr is said to be a reducing subspace of M ∈ Rr×r, or equiva-131

lently sayingR reduces M, if and only ifR decomposes M as M = PRMPR + QRMQR.132

The definition of a reducing subspace is basic in functional analysis (Conway 1990) but the133

notion of reduction is different from the common statistical meaning. Reducing subspaces are134

central to the study of envelope models and methods.135

Definition 2. Let M ∈ Rr×r and let S ⊆ span(M). Then the M-envelope of S, denoted by136

EM(S), is the intersection of all reducing subspaces of M that contain S.137

Definition 2 guarantees the existence and the uniqueness of envelopes by noticing that the138

intersection of any two reducing subspaces of M is still a reducing subspace of M. To avoid139

proliferation of notation, we may use a matrix in the argument of an envelope as EM(B) :=140
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EM(span(B)). Under the reduced-rank regression model (2.1), EΣ(β) = EΣ(A) and the di-141

mension of the envelope denoted by u is always no less than d since dim(EΣ(β)) ≥ dim(span(β)) =142

rank(β) = d. The following proposition from Cook, et al. (2010) gives a characterization of143

envelopes.144

Proposition 1. If M ∈ Rr×r has s < r eigenspaces, then the M-envelope of S ⊆ span(M)145

can be constructed as EM(S) =
∑s

i=1 PiS, where Pi is the projection onto the i-th eigenspace146

of M.147

From this proposition, we see that the M-envelope of S is the sum of the eigenspaces of M148

that are not orthogonal to S. This implies that the envelope is the span of some subset of the149

eigenvectors of M.150

2.3 Reduced-rank envelope model151

Let (Γ,Γ0) be an orthogonal basis for Rr so that span(Γ) = EΣ(β) and Γ ∈ Rr×u. Then152

dim(EΣ(β)) = u and153

β = AB = Γξ = ΓηB, Σ = ΓΩΓT + Γ0Ω0Γ
T
0 , (2.4)

where Ω and Ω0 are symmetric positive definite matrices in Ru×u and R(r−u)×(r−u) respectively154

and η ∈ Ru×d, u ≥ d, are the coordinates of A with respect to Γ. The parameterization β = Γξ155

with ξ ∈ Ru×p occurs in the envelope model of Cook et al. (2010). We still impose no addi-156

tional constraint on A, B or η other than requiring them all to have rank d. The decompositions157

of β and Σ in (2.4) are not unique but β and Σ are unique.158

To see the connections between the reduced-rank envelope model and reduced-rank regres-159

sion, we next consider the situation in which Γ is known. Notice that span(Γ) is uniquely160

defined while Γ is unique up to an orthogonal transformation in Ru. Although expressions161

in Lemma 2 are given in terms of Γ, the final estimators β̂Γ and Σ̂Γ depend on Γ only via162

span(Γ): for any orthogonal transformation O ∈ Ru×u, we have β̂Γ = β̂ΓO and Σ̂Γ = Σ̂ΓO.163
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Lemma 2. Under the reduced-rank envelope model (2.4), the likelihood-based objective func-164

tion from (2.2) with given Γ is maximized at α̂Γ = Y − β̂ΓX and165

β̂Γ = Γη̂ΓB̂Γ = ΓS
1/2

ΓT Y
C

(d)

ΓT Y,X
S
−1/2
X

Σ̂Γ = ΓS
1/2

ΓT Y

{
Iu −C

(d)

ΓT Y,X
C

(d)

X,ΓT Y

}
S
1/2

ΓT Y
ΓT + QΓSYQΓ.

The implication of Lemma 2 is clear: once we know the envelope, we can focus our atten-166

tion on the reduced response ΓTY and find η̂ΓB̂Γ, which is the rank-d reduced-rank regression167

estimator of ΓTY on X. By Definition 1, the covariance estimator Σ̂Γ is now reduced by168

span(Γ) since Σ̂Γ = PΓΣ̂ΓPΓ +QΓΣ̂ΓQΓ. Hence span(Γ) is a reducing subspace of Σ̂Γ that169

also contains span(β̂Γ), and the envelope structure is preserved by the construction of these170

estimators. In Section 3.2, we derive the likelihood-based estimator Γ̂ and demonstrate that171

the reduced-rank envelope estimators for β and Σ coincide with the estimators in Lemma 2 by172

replacing Γ with Γ̂.173

When the envelope dimension u = r, there is no immaterial information to be reduced by174

the envelope method. Then the reduced-rank envelope model degenerates to the reduced-rank175

regression (2.1), Γ = Ir. When the regression coefficient matrix is full rank rank(β) = p ≤ r,176

reduced-rank regression is equivalent to ordinary least squares and the reduced-rank envelope177

model degenerates to the ordinary envelope model. Two extreme situations are then: (a) if178

p > r = 1 then both methods degenerate to the standard method, which produces no reduction;179

(b) if r > p = 1 then reduced-rank regression can not provide any response reduction while180

reduced-rank envelopes can still gain efficiency by projecting the response onto the envelope181

EΣ(β). The reduced-rank envelope model can be extended to the predictor envelopes by Cook182

et al. (2013), so that it can resolve the problem in (a) and provide potential gain by enveloping183

in the predictor space.184
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3 Likelihood-based estimation for reduced-rank envelope185

3.1 Parameters in different models186

Following Cook, Li and Chiaromonte (2010), we define the following estimable functions h187

for the standard model (1.1), parameters ψ for the reduced-rank model, parameters δ for the188

envelope model and parameterφ for the reduced-rank envelope model. The common parameter189

α is omitted because its estimator takes the following form for all methods: α̂ = Y − β̂X,190

while Y and X are asymptotically independent of the other estimators.191

h =

(
vec(β)

vech(Σ)

)
, ψ =

 vec(A)
vec(B)
vech(Σ)

 , δ =


vec(Γ)
vec(ξ)

vech(Ω)
vech(Ω0)

 , φ =


vec(Γ)
vec(η)
vec(B)
vech(Ω)
vech(Ω0)

 ,

(3.1)

where we define h = (hT1 ,h
T
2 )T ,ψ = (ψT

1 ,ψ
T
2 ,ψ

T
3 )T , δ = (δT1 , . . . , δ

T
4 )T andφ = (φ1, . . . ,φ5)

T
192

correspondingly. We have h = h(ψ) under the reduced-rank model, h = h(δ) under the enve-193

lope model and h = h(φ) under the reduced-rank envelope model.194

We use N (·) to denote the total number of unique real parameters in a vector of model195

parameters. We have the following summary for each method:196

(i) standard linear model, NOLS := N (h) = pr + r(r + 1)/2;197

(ii) reduced-rank model, NRR := N (ψ) = (p+ r − d)d+ r(r + 1)/2;198

(iii) envelope model, NEnv := N (δ) = pu+ r(r + 1)/2;199

(iv) reduced-rank envelope model, NRE := N (φ) = (p+ u− d)d+ r(r + 1)/2.200

By straightforward calculation we observe that the total number of unique parameters is reduced201

by (p− d)(r − d) ≥ 0 from standard model to reduced-rank regression, and is further reduced202

by (r − u)d ≥ 0 from reduced-rank regressionto reduced-rank envelopes. Similarly, the total203

number of unique parameters is reduced by p(r−u) ≥ 0 from the standard model to envelopes,204
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and is further reduced by (p − d)(u − d) ≥ 0 from the envelope model to the reduced-rank205

envelope model.206

3.2 Estimators for the reduced-rank envelope model parameters207

The goal of this section is to derive the reduced-rank envelope estimators for given d and u.208

Procedures for selecting d and u are discussed in Section 5. The likelihood-based reduced-209

rank envelope estimators is obtained by substituting h = h(φ) into (2.2) and maximizing210

Ln(α,β(φ),Σ(φ)) ≡ Ln(α,η,B,Ω,Ω0,Γ|d, u) over all parameters except Γ because they211

live on a product space and the optimizing value of Γ cannot be found analytically. We then212

arrive at the estimator Γ̂ from optimization over a Grassmannian as described in the following213

Proposition. For any semi-orthogonal r × u matrix G, we define ZG = (GTSYG)−1/2GTY214

to be the standardized version of GTY ∈ Ru with sample covariance Iu, and let ω̂i(G), i =215

1, . . . , u, be the i-th eigenvalue of S−1ZG|X = (GTSY|XG)−1/2(GTSYG)(GTSY|XG)−1/2.216

Proposition 2. The estimator Γ̂ = arg minG Fn(G|d, u) is the maximizer ofLn(α,η,B,Ω,Ω0,Γ|d, u),217

where the optimization is over Gr,u and218

Fn(G|d, u) = log |GTSYG|+ log |GTS−1Y G|+ log |Iu − S
(d)
ZG◦X| (3.2)

= log |GTSY|XG|+ log |GTS−1Y G|+
u∑

i=d+1

log[ω̂i(G)]. (3.3)

We find in practice that the form of objective function (3.3) can be more easily and stably219

evaluated than (3.2). The analytical expression of ∂Fn(G|d, u)/∂G based on (3.3) is used to fa-220

cilitate the Newton-Raphson or conjugate gradient iterations. The formulation in (3.2) describes221

some operating characteristics of the reduced-rank envelope objective function. Lemma 1 and222

the relationship S
(d)
ZG◦X = C

(d)
ZGXC

(d)
XZG

implies that the term Iu − S
(d)
ZG◦X equals the sample223

covariance of the residuals from reduced-rank regression fit of ZG on X with rank d. Let224

Fn,1(G|u) = log |GTSYG| + log |GTS−1Y G| and Fn,2(G|d, u) = log |Iu − S
(d)
ZG◦X| so that225

Fn(G|d, u) = Fn,1(G|u) + Fn,2(G|d, u). The first part Fn,1(G|u) ≥ 0 for all G ∈ Gr,u and226

equals zero when G is a u-dimensional reducing subspace of SY. The effect of Fn,1(G|u) is227
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then to pull the solution towards eigenvectors of SY. The second part Fn,2(G|d, u) represents228

the magnitude of the sample covariance of the residual from reduced-rank regression fit of the229

standardized variable ZG on X with given rank d. Simply put, this part is a scale-invariant230

measure for the lack-of-fit of the rank-d reduced-rank regression of GTY on X.231

Our formulation and decomposition based on (3.2) offer a generic way of interpreting the232

likelihood-based objective functions for envelope methods. For example, the objective function233

for the standard envelope model in Cook et al. (2010) can be expressed as234

log |GTSYG|+ log |GTS−1Y G|+ log |Iu − SZG◦X|, (3.4)

which can be interpreted similar to (3.2) except the lack-of-fit term is now based on ordinary235

least squares fit rather than reduced-rank regression fit. The above objective function is the236

same as (3.2) when d = p or d = u.237

Additional properties of the objective function are given in the following Proposition.238

Proposition 3. The objective function Fn(G|d, u) in (3.3) converges in probability as n→∞239

to the population objective function F(G|u) = log |GTΣG|+ log |GTΣ−1Y G| uniformly in G.240

The estimator Γ̂ = arg minG Fn(G|d, u) is Fisher consistent, EΣ(β) = span{arg minG F(G|u)}.241

The population objective function F(G|u), which does not depend explicitly on the given242

rank d, is exactly the same one as in Cook et al. (2010) for estimating an u-dimensional enve-243

lope EΣ(β). In the proof of Proposition 3, we show that log[ω̂i(G)], for any i > d, converges in244

probability to zero uniformly in G. Therefore, we could view Fn(G|d, u) in (3.3) as a sample245

version of F(G|u), Fn(G|u) := log |GTSY|XG|+ log |GTS−1Y G|, plus a finite sample adjust-246

ment for the rank deficiency,
∑u

i=d+1 log[ω̂i(G)], which goes to zero as n → ∞. Minimizing247

Fn(G|u) leads to another
√
n-consistent envelope estimator but it will not be optimal since it248

does not account for the rank deficiency. The impact of the rank d < p on the envelope estima-249

tion diminishes as sample size increases and reduced-rank envelope estimation moves towards250

a two-stage estimation procedure: first estimate the envelope from Fn(G|u) ignoring the rank,251

then obtain a rank-d estimator within the estimated envelope. The effects of rank deficiency252
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and envelope interdigitate at finite samples and there is a noticeable synergy when sample size253

is not large.254

Finally, we summarize estimators for the parameters in the reduced-rank envelope model as255

follows. The results come naturally from Lemma 2.256

Proposition 4. The estimators for the reduced-rank envelope model (2.4) that minimize (2.2)257

are α̂RE = Y − β̂REX, Γ̂ = arg maxG∈Gr,u Fn(G|d, u), Ω̂0 = Γ̂
T

0 SYΓ̂0 and258

Ω̂ = S
1/2

Γ̂
T

Y

{
Iu −C

(d)

Γ̂
T

Y,X
C

(d)

X,Γ̂
T

Y

}
S
1/2

Γ̂
T

Y

Σ̂RE = Γ̂Ω̂Γ̂
T

+ Γ̂0Ω̂0Γ̂
T

0

β̂RE = Γ̂η̂B̂RE = Γ̂S
1/2

Γ̂
T

Y
C

(d)

Γ̂
T

Y,X
S
−1/2
X .

The rank of β̂RE is d and the span of β̂RE is a subset of the entire u-dimensional envelope.259

In contrast to reduced-rank regression, the estimator for Σ̂RE now has an envelope structure:260

Σ̂RE = PΓ̂Σ̂REPΓ̂ + QΓ̂Σ̂REQΓ̂.

If we let u = r, which is equivalent to setting Γ = Ir in Proposition 4, then there is no261

envelope reduction and the estimator β̂RE is the same as the estimator β̂RR in Lemma 1. If we262

let d = p, then the estimators in Proposition 4 is the same as the envelope estimators in Cook et263

al. (2010). The estimators for the reduced-rank envelope model parameters coincide with those264

estimators in Lemma 2 by replacing Γ by its estimator Γ̂.265

4 Asymptotics266

4.1 Asymptotic properties under normality267

In this section, we present asymptotic results assuming that the error term is normal, ε ∼268

N(0,Σ), so that the estimators derived in Section 3 are all maximum likelihood estimators.269

We focus attention on the comparison between β̂RE and β̂RR because (1) comparisons between270

β̂Env and β̂OLS can be found in Cook et al. (2010); and (2) the advantage of β̂RE over β̂Env is271
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similar to the advantage of β̂RR over β̂OLS, which is due to the rank reduction in the material272

response ΓTY. We then relax the normality assumption in Section 4.2 and show the
√
n-273

consistency of the reduced-rank envelope estimator and its asymptotic distribution.274

From Cook et al. (2010) we know that the Fisher information for h is275

Jh =

(
Jβ 0
0 JΣ

)
=

(
ΣX ⊗Σ−1 0

0 1
2
ET
r (Σ−1 ⊗Σ−1)Er

)
, (4.1)

where ΣX = limn→∞ SX and Er is the expansion matrix, Ervec(S) = vech(S) for any r × r276

symmetric matrix S. The asymptotic covariance for the ordinary least squares estimator ĥOLS277

is J−1h , which is the asymptotic covariance of the unrestricted maximum likelihood estimator.278

Define the gradient matrices279

H =
∂h(ψ)

∂ψ
and R =

∂h(φ)

∂φ
. (4.2)

Then the asymptotic covariance for the reduced-rank regression estimator ĥRR = h(ψ̂) and for280

the reduced-rank envelope estimator ĥRE = h(φ̂) are summarized in the following Proposition.281

Proposition 5. Assuming that ε ∼ N(0,Σ), then avar(
√
nĥOLS) = J−1h , avar(

√
nĥRR) =282

H(HTJhH)†HT and avar(
√
nĥRE) = R(RTJhR)†RT . Moreover,283

avar(
√
nĥOLS)− avar(

√
nĥRR) = J

−1/2
h Q

J
1/2
h H

J
−1/2
h ≥ 0,

avar(
√
nĥRR)− avar(

√
nĥRE) = J

−1/2
h

(
P

J
1/2
h H
−P

J
1/2
h R

)
J
−1/2
h

= J
−1/2
h P

J
1/2
h H

Q
J
1/2
h R

J
−1/2
h ≥ 0,

where † indicates the Moore-Penrose inverse. In particular, avar[
√
nvec(β̂OLS)] ≥ avar[

√
nvec(β̂RR)] ≥284

avar[
√
nvec(β̂RE)].285

Proposition 5 follows directly from ψ = ψ(φ). Therefore, we have R = H∂ψ(φ)/∂φ286

and span(J
1/2
h R) ⊆ span(J

1/2
h H). Similarly, it can be shown that avar[

√
nvec(β̂OLS)] ≥287

avar[
√
nvec(β̂Env)] ≥ avar[

√
nvec(β̂RE)].288

Since we are particularly interested in the asymptotic covariance of ĥ1 = vec(β̂) from289

different estimators, we summarize some of the results in the following Propositions.290
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Proposition 6. Assume that ε ∼ N(0,Σ) and that rank(β) = d. Then
√
nvec(β̂OLS − β) and291

√
nvec(β̂RR − β) are both asymptotically normal with mean zero and covariances as follows.292

avar[
√
nvec(β̂OLS)] = Σ−1X ⊗Σ

avar[
√
nvec(β̂RR)] = (Ipr −QBT (ΣX) ⊗QA(Σ−1))avar[

√
nvec(β̂OLS)] (4.3)

= avar[
√
nvec(β̂AQT

BT (ΣX))] + avar[
√
nvec(β̂B)] (4.4)

where avar[
√
nvec(β̂A)] = Σ−1X ⊗ (PA(Σ−1)Σ) and avar[

√
nvec(β̂B)] = (PBT (ΣX)Σ

−1
X )⊗Σ.293

The asymptotic result in (4.3) follows from Anderson (1999; equation (3.20)). The results294

in Proposition 6 rely on A and B only through their projections QA(Σ−1) and QBT (ΣX), which295

serve to orthogonalize the parameters in the asymptotic variance decompositions. This implies296

that all the equalities in Proposition 6 hold for any decomposition β = AB, with A ∈ Rr×d
297

and B ∈ Rd×p. Hence, Proposition 6 is a unification for all the asymptotic studies of reduced-298

rank regression in the literature such as Anderson (1999), Reinsel and Velu (1998), Stoica and299

Viberg (1996) and so on.300

For the reduced-rank envelope model (2.4), we have the following results on asymptotic301

distributions.302

Proposition 7. Under the reduced-rank envelope model with normal error ε ∼ N(0,Σ),303

√
nvec(β̂RE − β) is asymptotically normal with mean zero and covariance304

avar[
√
nvec(β̂RE)] = avar[

√
nvec(β̂Γ)] + avar[

√
nvec(QΓβ̂η,B)]

= avar[
√
nvec(β̂Γ,ηQT

BT (ΣX))] + avar[
√
nvec(β̂Γ,B)]

+avar[
√
nvec(QΓβ̂η,B)], (4.5)

where avar[
√
nvec(β̂Γ,ηQT

BT (ΣX))] = avar[
√
nvec(β̂AQT

BT (ΣX))] from (4.4). Explicit expres-305

sions for avar[
√
nvec(β̂RE)] can be found in the Supplemental material (D.7). The above equal-306

ities hold for any decomposition β = ΓηB, where Γ is semi-orthogonal and the dimensions of307

Γ, η and B are r × u, u× d and d× p.308
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We view the asymptotic advantages of reduced-rank envelopes over reduced-rank regression309

by contrasting (4.4) with (4.5). From Propositions 6 and 7, we can write avar[
√
nvec(β̂RR)]−310

avar[
√
nvec(β̂RE)] as311

avar[
√
nvec(β̂B)]− avar[

√
nvec(β̂Γ,B)]− avar[

√
nvec(QΓβ̂η,B)] ≥ 0, (4.6)

where β̂B = ÂBB, β̂Γ,B = Γη̂Γ,BB = ÂΓ,BB and β̂η,B = Γ̂η,BηB = Âη,BB are es-312

timators with given B. When B is known, the original regression problem simplifies to the313

regression of Y on BX and A is the new regression coefficient matrix. The estimator ÂB314

is the ordinary least squares estimator of Y on BX and the estimators ÂΓ,B and Âη,B corre-315

spond to the usual envelope estimators for A = Γη. The difference in asymptotic covariances316

avar[
√
nvec(β̂RR)] − avar[

√
nvec(β̂RE)] from (4.6) equals the asymptotic efficiency gain of317

envelope estimator over the ordinary least squares estimator for regression of Y on BX and is318

consistent with the results presented in Cook et al. (2010).319

Two special situations where the inequality in (4.6) becomes equality are: Γ = Ir and320

Σ = σ2Ir, while the envelope estimator is asymptotically equivalent to the ordinary least321

squares estimator in these two cases.322

To see the potential gain of the reduced-rank envelope estimator, we have the following323

Corollary, where we have ignored the cost of estimating an envelope.324

Corollary 1. Under the reduced-rank envelope model with normal error ε ∼ N(0,Σ),325

avar[
√
nvec(β̂Γ)] = F1avar[

√
nvec(β̂Env,Γ)] = F2avar[

√
nvec(β̂RR)] = F1F2avar[

√
nvec(β̂OLS)],

where F1 = Ipr−QBT (ΣX)⊗QA(Σ−1) and F2 = Ip⊗PΓ are two positive semi-definite matrices326

with eigenvalues between 0 and 1.327

The two matrices F1 and F2 represent fractions of asymptotic covariance reduction from the328

ordinary least squares estimator to the reduced-rank regression estimator and to the envelope329

estimator with given Γ. Then the efficiency gain of reduced-rank envelope with known Γ330

over ordinary least squares is the superimposition of the efficiency gain of the reduced-rank331

regression and the envelope regression with known Γ.332
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4.2 Consistency without the normality assumption333

Let ĥOLS =
(

vecT (β̂OLS), vechT (SY|X)
)T

denote the ordinary least squares estimator of h334

under the standard linear regression model, and let ĥRE = h(φ̂) denote the reduced-rank enve-335

lope estimator. The true values of h and φ are denoted as h0 and φ0. The objective function336

Ln(α,β,Σ) in (2.2) can be written as, after partially maximized over α,337

Ln(β,Σ) ' −n
2

log |Σ| − n

2
trace

{
Σ−1[SY|X + (β̂OLS − β)SX(β̂OLS − β)T ]

}
. (4.7)

We treat the objective function Ln(β,Σ) as a function of h and ĥOLS and define F(h, ĥOLS) =338

2/n
{
Ln(β̂OLS,SY|X)− Ln(β,Σ)

}
, which satisfies the conditions of Shapiro’s (1986) mini-339

mum discrepancy function (see Supplement Section F). Hence Jh = 1/2×∂2F(h, ĥOLS)/∂h∂hT340

evaluated at ĥOLS = h = h0 is the Fisher information matrix for h when ε is normal. The fol-341

lowing proposition formally states the asymptotic distribution of ĥRE without normality of ε.342

Proposition 8. Assume that the reduced-rank envelope model (2.4) holds and that εi’s are343

independent and identically distributed with finite fourth moments. Then
√
n(ĥOLS − h0) →344

N(0,K), for some positive definite covariance matrix K. And
√
n(ĥRE − h0) converges in345

distribution to a normal random variable with mean 0 and covariance matrix346

W = R
(
RTJhR

)†
RTJhKJhR

(
RTJhR

)†
RT .

In particular,
√
n(vec(β̂RE) − vec(β)) converges in distribution to a normal random variable347

with mean 0 and covariance W11, the upper-left pr × pr block of W. The explicit expression348

for the gradient matrix R = ∂h(φ)/∂φ is given in the Supplement equation (D.1).349

The
√
n-consistency of the reduced-rank envelope estimator β̂RE is essentially because that350

β̂OLS and SY|X are
√
n-consistent regardless of normality assumption and also because of the351

properties of F(h, ĥOLS). The asymptotic covariance matrix W11 can be estimated straight-352

forwardly using the plug-in method once K is estimated, but its accuracy for any fixed sample353

size will depend on the distribution of ε, which is usually unknown in practice. Fortunately,354

bootstrap methods can provide good estimates of W11, as illustrated in Section 6.3.355
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5 Selections of rank and envelope dimension356

5.1 Rank: d = rank(β)357

Bura and Cook (2003) developed a chi-squared test for the rank d that requires only that the358

response variables have finite second moments. The test statistic is Λd = n
∑min(p,r)

j=d+1 ϕ2
j , where359

ϕ1 ≥ · · · ≥ ϕmin(p,r) are eigenvalues of the p× r matrix360

β̂std = {(n− p− 1)}/n}1/2S1/2
X β̂OLSS

−1/2
Y|X . (5.1)

Under the null hypothesis that H0 : d = d0, Bura and Cook (2003) showed that Λd0 is asymp-361

totically distributed as a χ2
(p−d0)(r−d0) random variable. The rank d is then determined by com-362

paring a sequence of test statistics Λd0 , d0 = 0, . . . ,min(p, r) − 1, to the percentiles of their363

null distribution χ2
(p−d0)(r−d0). The sequence of tests terminates at the first non-significant test364

of H0 : d = d0 and then d0 serves as an estimate of the rank of β.365

5.2 Envelope dimension: u = dim(EΣ(β))366

Since the envelope dimension satisfies d ≤ u ≤ r, standard techniques such as sequential367

likelihood-ratio tests, AIC and BIC can be applied to select u, as in Cook et al. (2010).368

For any possible combination (d, u) with 0 ≤ d ≤ u ≤ r, let L̂d,u denote the maximized369

log-likelihood function (c.f. (A.3)), which is evaluated at the maximum likelihood estimators in370

Proposition 4. Assuming d is known, then Λd,u0 = 2(L̂d,r− L̂d,u0) is asymptotically distributed371

as a χ2
(r−u0)d random variable under the null hypothesis H0 : u = u0. Thus, a sequence of372

likelihood ratio tests of u0 = d, . . . , r − 1 can be used to determine u after d is determined373

by the method described in Section 5.1. The first non-significant value of u0 will serve as the374

envelope dimension.375

Information criteria such as AIC and BIC can be used to select (d, u) simultaneously. We376

write AIC asAd,u = 2Kd,u−2L̂d,u, whereKd,u = (p+u−d)d+r(r+1)/2 is the total number of377

parameters in the reduced-rank envelope model, and write BIC as Bd,u = log(n)Kd,u − 2L̂d,u.378

We search (d, u) from (0, 0) to (r, r) with constraint d ≤ u and choose the pair that has the379
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smallest AIC or BIC. Alternatively, we can first determine d from the asymptotic chi-squared380

tests in Section 5.1 and then search u from d, . . . , r with the smallest AIC or BIC, which could381

save a lot of computation. The computation cost for determining d by the sequential chi-squared382

tests in Section 5.1 is substantially cheaper than the computation cost in calculating AIC and383

BIC, which involves sequence of Grassmannian optimizations.384

When sample size is not too small, our experience suggests that the most favorable proce-385

dure is BIC selection for u = d, . . . , r where d is guided by the sequential chi-squared tests.386

Since the true envelope dimension always exist, BIC is consistent in the sense that the prob-387

ability of selecting the correct u approaches 1, given the correct d. There are many articles388

comparing AIC and BIC, from both theoretical and practical points of view, for example Shao389

(1997) and Yang (2005).390

The rank d and envelope dimension u can also be determined by cross-validation or by391

using hold-out samples. These approaches are especially appropriate when prediction is the392

primary goal of the study rather than correctness of the selected model.393

6 Simulations394

6.1 Rank and dimension395

In all the simulations, we first filled in Γ, η and B with random uniform (0,1) numbers, and396

then Γ was standardized so that ΓTΓ = Iu and β = ΓηB was standardized so that ||β||F = 1.397

Estimation errors were defined as ||β − β̂||F . Unless otherwise specified, the predictors and398

errors were simulated independently from N(0, Ip) and N(0,Σ) distributions. All figures were399

generated based on averaging over 200 independent replicate data sets.400

In this section, we present simulation results to demonstrate the behavior of the proposed401

method using various sample sizes, ranks d, dimensions u. We simulated data from model402

(2.4), where [Ω]ij = (−0.9)|i−j| and [Ω0]ij = 5 · (−0.5)|i−j|. Figure 6.1 summarizes the403

effect of dimension and rank on the relative performances of each methods. In the left plot404

(d, u, p, r) = (1, 10, 10, 20). Since the rank was only one but the envelope dimension was ten,405
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reduced-rank regression had a dramatic improvement over ordinary least squares, while the or-406

dinary envelope method had a relatively modest gain over ordinary least squares. The reduced-407

rank envelope had a relatively small edge over reduced-rank regression. The second case was408

(d, u, p, r) = (4, 5, 6, 20), where β had nearly full column rank and the envelope dimension was409

much smaller than the number of response variables. Not surprisingly, reduced-rank regression410

had modest gain over ordinary least squares while the envelope estimator and the reduced-rank411

envelope estimator had similar behavior and significantly improved over ordinary least squares412

and reduced-rank regression. The last case was chosen as (d, u, p, r) = (5, 10, 15, 20) so that413

there was no particular favor towards either the envelope method or reduced-rank regression.414

We found good improvement over ordinary least squares by both reduced-rank regression and415

envelopes. However, reduced-rank envelopes combined both of their strengths and resulted in416

a bigger gain.417

We found in practice that reduced-rank envelopes typically have improved performance418

over reduced-rank regression and envelope estimators, and it has similar behavior to one of the419

two estimators if the other one performed poorly. Even in the extreme cases where d = p or420

u = r, reduced-rank envelopes can still gain drastically over ordinary least squares similar to421

the results in Figure 6.1.422

We next illustrate the asymptotic chi-squared test for rank detection combined with BIC423

selection for envelope dimension, as discussed in Section 5. Using the same simulation model,424

we took (d, u, p, r) = (3, 5, 8, 12), where the total number of parameters in the reduced-rank425

envelope model was 108. The percentages of correct detections for d an uwere plotted in Figure426

6.2 versus sample size. The BIC selection of uwas based on the correct rank d. The significance427

level of the chi-squared tests was 0.05. As seen from the figure, the probability of selecting the428

correct d was about 0.9 at n = 400 samples and the probability of correct detection settled at429

95% for larger n, as predicted by the hypothesis testing theory. BIC selection for the envelope430

dimension u seemed to be very accurate even with small samples. The likelihood-ratio tests and431

AIC selection for u were not nearly as effective as BIC and thus were omitted from the plot.432
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Figure 6.1: Effect of rank and dimension. Averaged estimation error on the vertical axis is
defined as averaged ||β − β̂||F over 200 independent data sets. The dimensions of the three
plots were: (1) large envelope dimension case (d, u, p, r) = (1, 10, 10, 20); (2) nearly full rank
case (d, u, p, r) = (4, 5, 6, 20) and (3) a typical situation (d, u, p, r) = (5, 10, 15, 20). The
sample sizes varied from 160 to 2000 and were shown in a logarithmic scale.

We also considered BIC selection for u and d simultaneously. The probability of simultaneous433

correctness was less than 70% for n ≤ 600 but reached more than 95% correctness for n ≥ 900.434

In our experience the best method for determining dimensions is to use the chi-squared test for435

d and BIC selection on u based on the selected d. Overestimation of d and u usually is not a436

serious issue but underestimation of d and u will certainly cause bias in estimation.437

6.2 Signal-versus-noise and material-versus-immaterial438

In this section, we describe the behavior of each method with varying signal-to-noise ratios439

and ratios of immaterial variation to material variation. We fixed the sample size at 400 and440

the dimensions were (d, u, p, r) = (3, 7, 10, 20). The covariances had the forms of [Ω]ij =441

σ2 · (−0.9)|i−j| and [Ω0]ij = σ2
0 · (−0.9)|i−j| with varying constants σ2, σ2

0 > 0.442
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Figure 6.2: The empirical probability of correct detection versus sample sizes. BIC selection
on u was based on true rank d.

In the study of varying signal-to-noise ratio, we kept σ2 = σ2
0 . And because ||β||F = 1,443

the signal-to-noise ratio was simply 1/σ2 which varied from 0.1 to 10. Figure 6.3 summarizes444

the results of two numerical experiments. All the four lines in this log-log scale signal-to-445

noise ratio plot are roughly parallel, which implies that the four methods are exponentially446

more distinguishable in weaker signal. Comparing reduced-rank regression to envelopes, the447

reduced-rank regression seemed to perform better in stronger signals (signal-to-noise ratio≥448

1), but the envelope estimator was less vulnerable to weaker signals (signal-to-noise ratio≤449

1). This was because the envelope method can gain information from the error term Σ =450

ΓΩΓT + Γ0Ω0Γ
T
0 while reduced-rank regression and the standard method cannot. Reduced-451

rank envelope estimators combined the strengths of reduced-rank regression and envelopes, and452

hence outperformed both estimators in strong and weak signals.453

In the study of varying immaterial-to-material variance ratio, we kept σ2 = 1 and changed454

σ2
0 . The ratio is then defined as σ2

0 and the horizontal axis in the plot is log10(σ
2
0), which455

varied from -0.5 to 2. Not surprisingly, reduced-rank regression and ordinary least squares456

behaved similarly because they did not gain information from the covariance structure of Σ.457
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Figure 6.3: Varying the signal-to-noise ratio and the immaterial-to-material variance ratio.

The envelope estimator and the reduced-rank envelope estimator had similar behavior, and458

they had much better performances over ordinary least squares and reduced-rank regression459

when the immaterial variation was large. This is due to the fact that envelope methods can460

efficiently eliminate the immaterial information. In this example, the averaged estimation errors461

for ordinary least squares, reduced-rank regression and envelope were 7.2, 3.9 and 1.8 times of462

that of the envelope reduced-rank regression when σ2
0 = 100.463

6.3 Bootstrap standard errors464

To illustrate the application of the bootstrap for estimating the standard errors of regression465

coefficients, we considered a model with (d, u, p, r) = (2, 4, 6, 8). Residual bootstrap samples466

were used since we considered X as a non-stochastic predictor. Both Ω and Ω0 were randomly467

generated as MMT , where M ∈ R4×4 was filled with uniform (0,1) numbers. The error term468

εi was simulated as εi = Σ1/2Ui, where Ui was a vector of i.i.d. random variable with mean 0469

standard deviation 1. We simulated both normal and uniform Ui. The standard errors of a se-470
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Figure 6.4: Theoretical, bootstrap and actual standard errors with normal and uniform errors
ε. The sample sizes were 100, 200, 400,. . . , 3200. The standard errors for reduced-rank
regression and envelope estimators were consistently between the ordinary least squares and
the envelope reduced-rank regression standard errors, and were not included in these plots for
better visualization.

lected element in β̂ were plotted in Figure 6.4. For both normal and non-normal data, the three471

types of standard error estimates agreed well: the theoretical standard errors were the squared472

roots of the diagonal elements in the asymptotic covariances of each estimators divided by
√
n;473

the actual standard errors were based on 200 independent realizations; and the bootstrap stan-474

dard errors were based on 200 bootstrap replicate data sets. Moreover, the bootstrap standard475

errors were close to the theoretical standard errors of the maximum likelihood estimators even476

when the normality assumption was violated. As expected, the reduced-rank envelope estima-477

tor had much smaller standard errors than those of the ordinary least squares estimator. We478

also simulated non-normal errors from t-distribution and χ2-distribution, and obtained results479

similar to Figure 6.4.480
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7 Sales people test scores data481

This data set consisted of 50 sales people from a firm. Three performances variables were used482

as predictors: growth of sales (X1), profitability of sales (X2) and new account sales (X3).483

And four response variables were test scores on creativity (Y1), mechanical reasoning (Y2),484

abstract reasoning (Y3) and mathematical ability (Y4). This data set can be found in Johnson485

and Wichern (2007).486

The chi-squared rank test in Section 5.1 suggested that d = 2 at level 0.01. Then based on487

BIC we selected the envelope dimension to be u = 3. We computed the fractions fij := 1 −488

âvar1/2(
√
nβ̂ij,RE)/âvar1/2(

√
nβ̃ij) for all i and j, where β̃ denotes one of the estimators to be489

compared: β̂RR, β̂Env and β̂OLS. Comparing to ordinary least squares , the standard deviations490

of the elements in the reduced-rank envelope estimator were 5% to 60% smaller, 0.05 ≤ fij ≤491

0.60. Hypothetically, a sample size of more than 300 observations, in contrast to the original492

50 observations, would be needed to achieve a 60% smaller standard deviation in ordinary493

least squares. The fractions for comparing with the reduced-rank regression estimator were494

0.01 ≤ fij ≤ 0.24, where 24% smaller standard deviation than reduced-rank regression implies495

a doubling of the observations for reduced-rank regression to achieve the same performance496

as reduced-rank envelope estimator. At last, the reduced-rank envelope estimator compared497

to the ordinary envelope estimator, had 3% to 51% smaller standard deviations, where 51%498

smaller standard deviation meant four times the sample size, n = 200, for the ordinary envelope499

estimator.500

Supplementary Materials501

Proofs and Technical Details: Detailed proofs for all Lemmas and Propositions are provided502

in the online supplement to this article. (PDF file)503
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Supplement: Proofs and Technical Details for554

“Reduced-rank Envelope Model”555

R. Dennis Cook, Liliana Forzani and Xin Zhang556

A Maximizing the likelihood-based objective function (2.2)557

In this Section, we consider maximizing Ln(α,β,Σ) from (2.2) under different model param-558

eterizations regarding standard, reduced-rank, envelope and reduced-rank envelope models.559

Maximizing Ln from (2.2) is equivalent to deriving maximum likelihood estimators with nor-560

mally distributed error ε ∼ N(0,Σ) as follows. Lemmas 1 and 2 and Propositions 2 and 4 are561

proved directly in the derivation of estimators.562

A.1 Standard regression and envelope regression563

Maximum likelihood estimators for the standard regression model is the ordinary least squares564

estimator, β̂OLS = SYXS−1X and Σ̂OLS = SY|X. From Cook et al. (2010), we have the maxi-565

mum likelihood estimators for the envelope model as566

Γ̂Env = arg min
G∈Gr,u

{
log |GTSY|XG|+ log |GTS−1Y G|

}
β̂Env = Γ̂EnvSΓ̂

T
EnvY,X

S−1X = PΓ̂Env
β̂OLS

Σ̂Env = PΓ̂Env
SY|XPΓ̂Env

+ QΓ̂Env
SYQΓ̂Env

.

A.2 Reduced-rank regression (proof of Lemma 1)567

Following Anderson (1999) equation (2.13), we let L̂ ∈ Rp×d denote S
−1/2
X [v1, . . . ,vd], where568

vi is the i-th eigenvector of S
−1/2
X SX◦YS

−1/2
X . Then the estimators can be written as α̂RR =569

Y − β̂RRX, β̂RR = SYXL̂L̂T and Σ̂RR = SY − β̂RRSXY. We then use the sample canonical570

1



correlation matrix notion to get the results in Lemma 1: S
−1/2
X SX◦YS

−1/2
X = CXYCYX and571

β̂RR = SYXL̂L̂T = SYXS
−1/2
X P

C
(d)
XY

S
−1/2
X

= S
1/2
Y CYXP

C
(d)
XY

S
−1/2
X = S

1/2
Y C

(d)
YXS

−1/2
X .

A.3 Reduced-rank envelope regression572

A.3.1 Proof of Lemma 2573

Estimation for the envelope model is facilitated by the following consideration which is straight-574

forward from (2.4).575

ΓTYi = ΓTα+ ηBXi + ΓTεi, (A.1)

ΓT
0 Yi = ΓT

0α+ ΓT
0 εi, (A.2)

where ΓTε ∼ N(0,Ω), ΓT
0 ε ∼ N(0,Ω0), ΓTε ⊥⊥ ΓT

0 ε.576

The maximum likelihood estimator ofα is α̂RE = Y− β̂REX and effectively we could use577

centered response Yci := Yi −Y and centered predictors Xci = Xi −X to omit the analysis578

on α and α̂RE. Then the partially maximized log-likelihood with known dimensions u and d579

can be decomposed into the following two additive parts since ΓTε is independent of ΓT
0 ε.580

Ln(Γ,η,B,Ω0,Ω|d, u) ' L1,n(Γ,η,B,Ω|d, u) + L2,n(Γ0,Ω0|u) (A.3)

where L1,n(Γ,η,B,Ω|d, u) corresponds to the likelihood from (A.1) and is given by581

−n
2

{
log |Ω|+ trace

[
Ω−1

1

n

n∑
i=1

(ΓTYci − ηBXci)(Γ
TYci − ηBXci)

T

]}
, (A.4)

and L2,n(Γ0,Ω0|u) corresponds to the likelihood from (A.2) and is equal to582

−n
2

{
log |Ω0|+ trace

[
Ω−10

1

n

n∑
i=1

ΓT
0 YciY

T
ciΓ0

]}
.

It follows that L2,n is maximized over Ω0 by
∑n

i=1 ΓT
0 YciY

T
ciΓ0/n = ΓT

0 SYΓ0. Substituting583

back, we find the following partially maximized form for L2,n:584

L2,n(Γ0|u) ' −(n/2) log |ΓT
0 SYΓ0|. (A.5)
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Holding Γ fixed, the log-likelihood L1,n is same as the log-likelihood for reduced rank regres-585

sion of ΓTY on X. Therefore, by replacing r → u, Y → ΓTY, A→ η, B→ B and Σ→ Ω586

in (2.2) and in Lemma 1, we partially maximize L1,n(Γ,η,B,Ω|d, u) over η, B and Ω and587

obtain the maximum likelihood estimators as588

η̂ΓB̂Γ = S
1/2

ΓT Y
C

(d)

ΓT Y,X
S
−1/2
X

Ω̂Γ = S
1/2

ΓT Y

{
Iu −C

(d)

ΓT Y,X
C

(d)

X,ΓT Y

}
S
1/2

ΓT Y
,

from which Lemma 2 follows.589

A.3.2 Proof of Proposition 2590

The log-likelihood function in (A.3) after partial maximization becomes591

Ln(Γ|d, u) ' −(n/2)
{

log |ΓT
0 SYΓ0|+ log |Ω̂Γ|

}
, (A.6)

which lead us to the objective function Fn(G|d, u) := (−2/n)Ln(G|d, u) for numerical opti-592

mization over span(G) ∈ Gr,u. We next simplify the expression of log |Ω̂G| as593

log |Ω̂G| = log |S1/2

GT Y

{
Iu −C

(d)

GT Y,X
C

(d)

X,GT Y

}
S
1/2

GT Y
|

= 2 · log |S1/2

GT Y
|+ log |Iu −C

(d)

GT Y,X
C

(d)

X,GT Y
|

= log |SGT Y|+ log |Iu − S
(d)
ZG◦X|,

where SGT Y = GTSYGT and ZG = (GTSYG)−1GTY is the standardized random vector in594

Ru. Equation (3.2) is then obtained by noticing log |G0SYGT
0 | = log |SY|+ log |GTS−1Y G| in595

the objective function (A.6).596

We next prove the equality in (3.3). The first term in (3.3) can be re-expressed as log |GTSY|XG| =597

log |GTSYG|+ log |SZG|X| according to the following.598

GTSY|XG = GTSYXS−1X SXYG = SGT Y,XS−1X SX,GT Y = S
1/2

GT Y
SZG|XS

1/2

GT Y
.

The objective function in (3.3) now become599

log |GTSYG|+ log |SZG|X|+ log |GTS−1Y G|+
u∑

i=d+1

log[ω̂i(G)],
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where ω̂i(G) is the i-th eigenvalue of SZG◦X. The equality connecting (3.2) and (3.3) is proved600

by noticing that SZG|X = SZG
−SZG◦X = Iu−SZG◦X and that the log-determinant of a positive601

definite matrix is the sum of the logarithms of its eigenvalues.602

A.3.3 Proof of Proposition 4603

The proof follows trivially by combining the results in Lemma 2 and Proposition 2.604

B Proof for Proposition 3605

Recall that in (3.3), ω̂i(G) is the i-th eigenvalues of the following matrix.606

S−1ZG|X = (GTSY|XG)−1/2(GTSYG)(GTSY|XG)−1/2

= Iu + (GTSY|XG)−1/2(GTSY◦XG)(GTSY|XG)−1/2,

which relies on the two sample covariance matrices: SY|X and SY◦X. These two matrices are607

both positive semi-definite and converge to Σ and ΣY◦X = ΣYXΣ−1X ΣXY with probability608

one as n → ∞. Since rank(ΣY◦X) = rank(ΣYXΣ−1X ΣXY) = rank(βΣXβ
T ) = d, the last609

(u− d) eigenvalues ω̂j(G), j = d+ 1, . . . , u, will equal to one with probability one as n→∞610

for any value of G. Therefore, as n→∞,611

sup
G∈Gr,u

{
u∑

i=d+1

log[ω̂i(G)]

}
p−→ 0. (B.1)

We next show that log |GTS−1Y G| converges in probability to log |GTΣ−1Y G| uniformly in612

G by the following argument.613

δ(G) := sup
G∈Gr,u

{
log |GTS−1Y G| − log |GTΣ−1Y G|

}
= sup

G∈Gr,u

{
log |(GTS−1Y G)(GTΣ−1Y G)−1|

}
= sup

G∈Gr,u

{
log |S−1Y G(GTΣ−1Y G)−1GT |0

}
= sup

G∈Gr,u

{
log |Σ1/2

Y S−1Y Σ
1/2
Y ·Σ−1/2G(GTΣ−1Y G)−1GTΣ

−1/2
Y |0

}
= sup

G∈Gr,u

{
log |Σ1/2

Y S−1Y Σ
1/2
Y P

Σ
−1/2
Y G

|0
}
,
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where we use | · |0 to denote the product of the non-zero eigenvalues of a positive semi-definite614

matrix. We then can derive that615

δ(G) = sup
G∈Gr,u

{
log |P

Σ
−1/2
Y G

Σ
1/2
Y S−1Y Σ

1/2
Y P

Σ
−1/2
Y G

|0
}
, (B.2)

where Σ
1/2
Y S−1Y Σ

1/2
Y was projected onto an u-dimensional subspace span(Σ

−1/2
Y G). The quan-616

tity within | · |0 then has at most u nonzero eigenvalues. Because the projection matrix can not617

inflate the eigenvalues,618

δ(G) ≤ sup
G∈Gr,u

{
log |Σ1/2

Y S−1Y Σ
1/2
Y |0

}
, (B.3)

which converges to zero in probability. Similarly, we can show that log |GTSY|XG| converges619

in probability to log |GTΣG| uniformly in G. Hence we have proved that the objective function620

Fn(G|d, u) in (3.3) converges in probability to F(G|u) uniformly in G. The rest of the proof621

is similar to the proof of Proposition 4.2 in Cook et al. (2013) that622

log |GTΣG|+ log |GTΣ−1Y G| = log |GTΣG|+ log |GT
0 ΣYG0|

= log |GTΣG|+ log |GT
0 (Σ + βΣXβ

T )G0|

≥ log |GTΣG|+ log |GT
0 ΣG0|

≥ log |Σ|,

where the first inequality achieves its lower bound if span(β) ⊆ span(G); and the second623

inequality achieves its lower bound if span(G) is a reducing subspace of Σ. The uniqueness624

of the minimizer span(Γ̂) = span(arg minG F(G|u)) is guaranteed by the uniqueness of the625

envelope, which has dimension u.626

C Proof for Proposition 6627

For notation convenience, we define two covariance matrices MB := BT (BΣXBT )−1B ≤628

Σ−1X and MA := A(ATΣ−1A)−1AT ≤ Σ. For any full row rank transformation O ∈ Rd×q
629

we could replace A by AO and replace B by OB without changing the value of MA or MB.630

Also the projection matrices PA(Σ−1) = MAΣ−1 and PBT (ΣX) = MBΣX.631
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C.1 Obtaining equation (4.3)632

This result can be found in Anderson (1999) using canonical variables. We replicate the com-633

putation in our framework with details. Recall that the Fisher information is634

Jh =

(
Jβ 0
0 JΣ

)
=

(
ΣX ⊗Σ−1 0

0 1
2
ET
r (Σ−1 ⊗Σ−1)Er

)
, (C.1)

where avar(
√
nβ̂OLS) = J−1β = Σ−1X ⊗Σ.635

By noticing h1 = vec(β) = vec(AB) = (BT ⊗ Ir)vec(A) = (Ip ⊗A)vec(B), we have636

H =

(
BT ⊗ Ir Ip ⊗A 0

0 0 Ir(r+1)/2

)
:=

(
H1 0
0 Ir(r+1)/2

)
. (C.2)

Because of the similar block-diagonal structure in Jh = diag(Jβ,JΣ), we can get637

H(HTJhH)†HT =

(
H1(H

T
1 JβH1)

†HT
1 0

0 J−1Σ

)
,

which means that β = AB and Σ are orthogonal parameters in reduced-rank regression and the638

asymptotic covariance for vec(β̂RR) is H1(H
T
1 JβH1)

†HT
1 . Because HT

1 JβH1 is not full rank639

under the reduced rank regression model, we can not use the block-matrix inversion formula.640

However, notice that asymptotic covariance H1(H
T
1 JβH1)

†HT
1 depends only on the column641

space of H1, we thus could use any full row rank matrix T1 to get642

H1(H
T
1 JβH1)

†HT
1 = H1T1(T

T
1 HT

1 JβH1T1)
†TT

1 H1. (C.3)

More specifically, we have each part643

HT
1 JβH1 =

(
BΣXBT ⊗Σ−1 BΣX ⊗Σ−1A
ΣXBT ⊗ATΣ−1 ΣX ⊗ATΣ−1A

)
(C.4)

T1 =

(
Ird −(BΣXBT )−1BΣX ⊗A
0 Ipd

)
H1T1 =

(
BT ⊗ Ir (Ip −MBΣX)⊗A

)
. (C.5)

where we have used MB = BT (BΣXBT )−1B for notation convenience. Then,644

6



TT
1 HT

1 JβH1T1 =

(
BΣXBT ⊗Σ−1 0

0 (ΣX −ΣXMBΣX)⊗ATΣ−1A

)
.

To get the Moore-Penrose inverse of TT
1 HT

1 JβH1T1, we first notice that it has rank (p+r)d−d2645

and the only non-invertable part is (ΣX−ΣXMBΣX) which causes rank deficiency of d2. The646

Moore-Penrose inverse of ΣX −ΣXMBΣX is obtained as follows by noticing MBΣXMB =647

MB.648

(ΣX −ΣXMBΣX)† = Σ−1X −MB. (C.6)

Therefore,649

(
TT

1 HT
1 JβH1T1

)†
=

(
(BΣXBT )−1 ⊗Σ 0

0 (Σ−1X −MB)⊗ (ATΣ−1A)−1

)
. (C.7)

The asymptotic covariance avar(
√
nvec(β̂RR)] = H1T1(T

T
1 HT

1 JβH1T1)
†TT

1 H1 is computed650

with (C.5),651

avar(
√
nvec(β̂RR)] = MB ⊗Σ

+ (Ip −MBΣX)(Σ−1X −MB)(Ip −MBΣX)⊗MA

= MB ⊗Σ + (Σ−1X −MB)⊗MA

= [Σ−1X − (Σ−1X −MB)]⊗Σ + (Σ−1X −MB)⊗MA

= Σ−1X ⊗Σ− (Σ−1X −MB)⊗ (Σ−MA), (C.8)

then the equation (4.3) is derived from the following arguments.652

avar(
√
nvec(β̂RR)] = Σ−1X ⊗Σ− (Σ−1X −MB)⊗ (Σ−MA)

= Σ−1X ⊗Σ−
[
(Ip −MBΣX)Σ−1X

]
⊗
[
(Ir −MAΣ−1)Σ

]
= Σ−1X ⊗Σ−

[
QBT (ΣX)Σ

−1
X

]
⊗
[
QA(Σ)Σ

]
= (Ipr −QBT (ΣX) ⊗QA(Σ))Σ

−1
X ⊗Σ

= (Ipr −QBT (ΣX) ⊗QA(Σ))avar[
√
nvec(β̂OLS)].
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C.2 Obtaining equation (4.4)653

The Fisher information for (ψT
1 ,ψ

T
2 )T = [vecT (A), vecT (B)]T is given in (C.4) as654

HT
1 JβH1 :=

(
JA JAB

JBA JB

)
=

(
BΣXBT ⊗Σ−1 BΣX ⊗Σ−1A
ΣXBT ⊗AΣ−1 ΣX ⊗ATΣ−1A

)
. (C.9)

If we known A, then we could cross the first row and the first column, and hence655

avar[
√
nvec(B̂A)] = J−1B = Σ−1X ⊗ (ATΣ−1A)−1. (C.10)

Similarly,656

avar[
√
nvec(ÂB)] = J−1A = (BΣXBT )−1 ⊗Σ. (C.11)

Then by using the fact that vec(β̂A) = (Ip⊗A)vec(B̂A) and that vec(β̂B) = (BT⊗Ir)vec(ÂB),657

we have658

avar[
√
nvec(β̂A)] = Σ−1X ⊗MA

avar[
√
nvec(β̂B)] = MB ⊗Σ.

By noticing PA(Σ−1) = MAΣ−1 and PBT (ΣX) = MBΣX, we have659

avar[
√
nvec(β̂AQT

BT (ΣX))] = [QBT (ΣX) ⊗ Ir](Σ
−1
X ⊗MA)[QT

BT (ΣX) ⊗ Ir]

=
[
(Ip −MBΣX)Σ−1X (Ip −ΣT

XMB)
]
⊗MA

= (Σ−1X −MB)⊗MA

avar[
√
nvec(QA(Σ−1)β̂B)] = [Ip ⊗QA(Σ−1)](MB ⊗Σ)[Ip ⊗QT

A(Σ−1)]

= MB ⊗ (Ir −MAΣ−1)Σ(Ir −Σ−1MA)

= MB ⊗ (Σ−MA).

The proof of Proposition 6 is then completed by compare the above quantities with (C.8).660

D Proof for Proposition 7661

The role of η is analogous to A given Γ, thus we define Mη := η(ηTΩ−1η)−1ηT ≤ Ω. Note662

that the projection matrices Pη(Ω−1) = MηΩ
−1.663
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D.1 Explicit expression for avar[
√
nvec(β̂RE)]664

By noticing h1 = vec(β) = vec(ΓηB) = (ηTBT ⊗ Ir)vec(Γ) = (BT ⊗ Γ)vec(η) = (Ip ⊗665

Γη)vec(B), we have666

R =

(
BTηT ⊗ Ir BT ⊗ Γ Ip ⊗ Γη 0 0

2Cr(ΓΩ⊗ Ir − Γ⊗ Γ0Ω0Γ
T
0 ) 0 0 Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

)
.

(D.1)

The asymptotic covariance avar(
√
nh(φ̂)) = R(RTJhR)†RT = R̃(R̃TJhR̃)†R̃T for any667

R̃ such that R = R̃T for a full row rank matrix T. We choose R̃ to make R̃TJhR̃ block-668

diagonal as follows.669

R̃ =

(
BTηT ⊗ Γ0 BT ⊗ Γ (Ip −MBΣX)⊗ Γη 0 0

2Cr(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) 0 0 Cr(Γ⊗ Γ)Eu Cr(Γ0 ⊗ Γ0)Er−u

)
,

(D.2)670

T =


Iu ⊗ ΓT

0 0 0 0 0
ηT ⊗ ΓT Iud (BΣXBT )−1BΣX ⊗ η 0 0

0 0 Ipd 0 0
2Cu(Ω⊗ ΓT ) 0 0 I 1

2
r(r+1) 0

0 0 0 0 I 1
2
(r−u)(r−u+1)

 . (D.3)

Next, we calculate R̃TJhR̃ and verify that it is block-diagonal. We decompose G̃ by it671

2× 5 blocks as R̃ := (G̃1, G̃2, G̃3, G̃4, G̃5). We first calculate JhR̃ and write down the 2× 5672

blocks by column:673

JhR̃1 =

(
ΣXBTηT ⊗ Γ0Ω

−1
0

ET
r (Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

)
, (D.4)

674

Jh[R̃2, R̃3] =

(
ΣXBT ⊗ ΓΩ−1 (ΣX −ΣXMBΣX)⊗ ΓΩ−1η

0 0

)
, (D.5)

675

Jh[G̃4, G̃5] =

(
0 0

1
2
ET
r (ΓΩ−1 ⊗ ΓΩ−1)Eu

1
2
ET
r (Γ0Ω

−1
0 ⊗ Γ0Ω

−1
0 )Er−u

)
. (D.6)

Then R̃TJhR̃ equals to a block-diagonal matrix with five blocks: R̃T
i JhR̃i, i = 1, . . . , 5.676
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The explicit expressions are given as follows.677

R̃T
1 JhR̃1 = ηBΣXBTηT ⊗Ω−10

+2(ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )CT

r ET
r (Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

= ηBΣXBTηT ⊗Ω−10 + Ω⊗Ω−10 − 2Iu(r−u) + Ω−1 ⊗Ω0,

R̃T
2 JhR̃2 = BΣXBT ⊗Ω−1,

R̃T
3 JhR̃3 = ΣX ⊗ ηTΩ−1η,

R̃T
4 JhR̃4 = ET

u (ΓT ⊗ ΓT )CT
r ·

1

2
ET
r (ΓΩ−1 ⊗ ΓΩ−1)Eu

=
1

2
ET
u (ΓT ⊗ ΓT )(ΓΩ−1 ⊗ ΓΩ−1)Eu

=
1

2
ET
u (Ω−1 ⊗Ω−1)Eu.

R̃T
5 JhR̃5 = ET

r−u(Γ
T
0 ⊗ ΓT

0 )CT
r ·

1

2
ET
r (Γ0Ω

−1
0 ⊗ Γ0Ω

−1
0 )Er−u

=
1

2
ET
r−u(Ω

−1
0 ⊗Ω−10 )Er−u

Then the asymptotic covariance is678

avar[
√
nh(φ̂)] =

5∑
i=1

R̃i(R̃
T
i JhR̃i)

†R̃T
i

We are only interested in the asymptotic covariance of avar[
√
nvec(β̂RE)], which is the679

upper left block of avar[
√
nh(φ̂)]. And R̃4(R̃

T
4 JhR̃4)

†R̃T
4 and R̃5(R̃

T
5 JhR̃5)

†R̃T
5 have no680

contribution to that. So we will focus our attention on the upper left block of R̃i(R̃
T
i JhR̃i)

†R̃T
i ,681

i = 1, 2, 3. The upper left block of R̃1(R̃
T
1 JhR̃1)

†R̃T
1 is682

(BTηT ⊗ Γ0)(R̃
T
1 JhR̃1)

†(ηB⊗ ΓT
0 )

= (BTηT ⊗ Γ0)(ηBΣXBTηT ⊗Ω−10 + Ω⊗Ω−10 − 2Iu(r−u) + Ω−1 ⊗Ω0)
†(ηB⊗ ΓT

0 ).
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The upper left block of R̃2(R̃
T
2 JhR̃2)

†R̃T
2 is683

(BT ⊗ Γ)(BΣXBT ⊗Ω−1)†(B⊗ ΓT )

= (BT ⊗ Γ)[(BΣXBT )−1 ⊗Ω](B⊗ ΓT )

= MB ⊗ ΓΩΓT .

The upper left block of R̃3(R̃
T
3 JhR̃3)

†R̃T
3 is684

[(Ip −MBΣX)⊗ Γη](ΣX ⊗ ηTΩ−1η)†[(Ip −ΣXMB)⊗ ηTΓT ]

= (Σ−1X −MB)⊗ ΓMηΓ
T ,

where Mη = η(ηTΩ−1η)−1ηT .685

Hence, the asymptotic covariance avar[
√
nvec(β̂RE)] equals to686

(BTηT ⊗ Γ0)(ηBΣXBTηT ⊗Ω−10 + Ω⊗Ω−10 − 2Iu(r−u) + Ω−1 ⊗Ω0)
†(ηB⊗ ΓT

0 )

+ MB ⊗ ΓΩΓT + (Σ−1X −MB)⊗ ΓMηΓ
T . (D.7)

D.2 Interpretation687

The Fisher information matrix for φ̂ is simply RTJhR:688

RTJR :=


JΓ JΓη JΓB JΓΩ 0
JηΓ Jη JηB 0 0
JBΓ JBη JB 0 0
JΩΓ 0 0 JΩ 0

0 0 0 0 JΩ0

 . (D.8)
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Each nonzero block is689

JΓ = ηBΣXBTηT ⊗Σ−1 + Ω⊗Σ−1 + (ΓT ⊗ Γ)Kru

+Ω−1 ⊗ Γ0Ω0Γ
T
0 − 2Iu ⊗ Γ0Γ

T
0

Jη = BΣXBT ⊗Ω−1

JB = ΣX ⊗ ηTΩ−1η

JΩ =
1

2
ET
u (Ω−1 ⊗Ω−1)Eu

JΩ0 =
1

2
ET
r−u(Ω

−1
0 ⊗Ω−10 )Er−u.

JΓη = ηBΣXBT ⊗ ΓΩ−1

JΓB = ηBΣX ⊗ ΓΩ−1η

JΓΩ = (Iu ⊗ ΓΩ−1)Eu

JηB = BΣX ⊗Ω−1η

D.2.1 Asymptotic covariance when η and B are known690

The asymptotic covariance for vec(Γ̂η,B) is691

avar[
√
nvec(Γ̂η,B)] =

(
JΓ − JΓΩJ−1Ω JΩΓ

)−1
.

Follow Cook et al. (2010), we have692

avar[
√
nvec(Γ̂η,B)] = [ηBΣXBTηT ⊗Σ−1 + Ω⊗ Γ0Ω

−1
0 ΓT

0 − 2Iu ⊗ Γ0Γ
T
0

+Ω−1 ⊗ Γ0Ω0Γ
T
0 ]†,

and by replacing ηB→ η in Cook et al. (2010), it is easy to obtain the following results693

avar[
√
nvec(QΓβ̂η,B)] =

[
R̃1(R̃

T
1 JhR̃1)

†R̃T
1

]
11
,

where []11 means the upper left block of a block-wise matrix. The above equality explains the694

contribution from the first column block of R̃, which is the first term in (D.7).695
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Therefore, (D.7) can be written as696

avar[
√
nvec(β̂RE)] = avar[

√
nvec(QΓβ̂η,B)]

+MB ⊗ ΓΩΓT + (Σ−1X −MB)⊗ ΓMηΓ
T (D.9)

= avar[
√
nvec(QΓβ̂η,B)] + avar[

√
nvec(β̂Γ)], (D.10)

where the last equality follows from the asymptotic covariance of vec(β̂RR) in (C.8) and from697

Lemma 1 that β̂Γ is Γ times the reduced-rank regression estimator of regression ΓTY on X.698

D.2.2 Asymptotic covariance when Γ and B are known699

The asymptotic covariance for vec(η̂Γ,B) is700

avar[
√
nvec(η̂Γ,B)] = J−1η = (BΣXBT )−1 ⊗Ω. (D.11)

Notice that vec(β̂Γ,B) = vec(Γη̂Γ,BB) = (BT ⊗ Γ)vec(η̂Γ,B), we have701

avar[
√
nvec(β̂Γ,B)] = MB ⊗ ΓΩΓT . (D.12)

D.2.3 Asymptotic covariance when Γ and η are known702

The asymptotic covariance for vec(B̂Γ,η) is703

avar[
√
nvec(B̂Γ,η)] = J−1B = Σ−1X ⊗ (ηTΩ−1η)−1. (D.13)

Notice that vec(β̂Γ,η) = vec(ΓηB̂Γ,η) = (Ip ⊗ Γη)vec(B̂Γ,η), we have704

avar[
√
nvec(β̂Γ,η)] = Σ−1X ⊗ ΓMηΓ

T . (D.14)
705

avar[
√
nvec(β̂Γ,ηQT

BT (ΣX))] = (Σ−1X −MB)⊗ ΓMηΓ
T . (D.15)

D.2.4 Decomposition706

Finally, plugging (D.12) and (D.15) into (D.9), we have proven this Proposition.707
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E Proof for Corollary 1708

By noticing A = Γη, we can write709

PA(Σ−1) = Γη(ηTΓTΣ−1Γη)−1ηTΓTΣ−1 = ΓPη(Ω−1)Γ
T .

ΓMηΓ
T = ΓPη(Ω−1)ΩΓT = ΓPη(Ω−1)Γ

T · ΓΩΓ = PA(Σ−1)PΓΣ.

Then, from (D.9), we have710

avar[
√
nvec(β̂Γ)] = MB ⊗ ΓΩΓT + (Σ−1X −MB)⊗ ΓMηΓ

T

= PBT (ΣX)Σ
−1
X ⊗PΓΣ + QBT (ΣX)Σ

−1
X ⊗PA(Σ−1)PΓΣ

=
{
PBT (ΣX) ⊗ Ir + QBT (ΣX) ⊗PA(Σ−1)

}
Σ−1X ⊗PΓΣ

=
{
Ipr −QBT (ΣX) ⊗QA(Σ−1)

}
Σ−1X ⊗PΓΣ

=
{
Ipr −QBT (ΣX) ⊗QA(Σ−1)

}
(Ip ⊗PΓ)Σ−1X ⊗Σ.

F Proof for Proposition 8711

From Proposition 2 and Proposition 4, we see that the minimizer ĥRE = h(φ̂) ofF(h(φ), ĥOLS)712

is Fisher consistent. The rest of the proof relies on Shapiro’s (1986) results on the asymptotics713

of overparameterized structural models. In order to apply Shapiro’s (1986) theory in our con-714

text, we first can check that F(h, ĥOLS) satisfies: (1) F(h, ĥOLS) ≥ 0 for all ĥOLS and h; (2)715

F(h, ĥOLS) = 0 if and only if ĥOLS = h; and (3) F(h, ĥOLS) is twice continuously differ-716

entiable in h and ĥOLS. Recall from Section 4.2 that we use the subscript 0 to emphasize the717

true parameter: h0 and φ0 correspond to the true distribution of ε. Then ĥOLS is
√
n-consistent718

for h0. Notice that ĥOLS is a smooth function of the sample covariance matrices which con-719

verges in distribution to the population covariance matrices, then by the delta method we know720

√
n(ĥOLS − h0)→ N(0,K), for some positive definite covariance K. Using Shapiro’s (1986)721

Proposition 3.1 and Proposition 4.1, we will have
√
n-consistency results for ĥRE = h(φ̂) as722

shown in Proposition 8.723
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