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S1 Additional Simulations with Different Functions

We present some additional numerical results, by considering different function forms for fj(-),
k=1,2,in f(T'4 Z) = diag{ f1(T; Z), f2(T5 Z)} € R?*2. Particularly, we consider a family of

tanh-type functions,

2
—_2&1—1>, 0<p§1,§>0

fla;p,€) =p(1+e

The slope of this function at a = 0 reflects the strength of the change of correlation at point Z = 0
for any pair (X;,Y;),i=1,...,p1,j = 1,..., ps. This slope is controlled by both p and £. When
p is fixed, the function f(a;p, ) at a = 0 becomes steeper as & increases. Figure |S1|{shows two
such functions, where p = 0.95, and £ = 1 and 5, respectively. When £ — oo, f(a; p, &) is a step
function. When p = 1 and £ = 1, f(a; p,§) is a standard tanh function.

We adopt the simulation setup as in Scenario 1 in Section [5] of the paper, but with the new

function f(a; p, £). That is, we increase the dimensions of X and Y as p; = p, = {100, 200, 300,
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Figure S1: The tanh-type functions: f(a;0.95,1) on the left panel, and f(a;0.95,5) on the right.



Method

TPR-1 (%)

FPR-1 (%)

TPR-2 (%)

FPR-2 (%)

D

100

GLAA
ULA
PMD

SCCA

1.000 (0.000)
0.932 (0.010)
0.734 (0.034)
0.498 (0.036)

0.000 (0.000)
0.004 (0.001)
0.682 (0.030)
0.520 (0.033)

1.000 (0.000)
0.94 (0.009)
0.708 (0.032)
0.52 (0.034)

0.000 (0.000)
0.003 (0.000)
0.680 (0.030)
0.521 (0.033)

0.131 (0.004)
0.822 (0.002)
0.976 (0.002)
0.986 (0.002)

200

GLAA
ULA
PMD

SCCA

0.996 (0.003)
0.668 (0.020)
0.790 (0.032)
0.622 (0.032)

0.001 (0.001)
0.009 (0.001)
0.743 (0.029)
0.612 (0.028)

0.996 (0.003)
0.704 (0.020)
0.788 (0.031)
0.630 (0.033)

0.001 (0.001)
0.008 (0.001)
0.742 (0.029)
0.610 (0.028)

0.148 (0.009)
0.929 (0.003)
0.987 (0.001)
0.993 (0.001)

300

GLAA
ULA
PMD

SCCA

0.952 (0.021)
0.498 (0.020)
0.762 (0.033)
0.640 (0.026)

0.002 (0.001)
0.009 (0.000)
0.723 (0.029)
0.653 (0.018)

0.954 (0.020)
0.478 (0.022)
0.706 (0.035)
0.618 (0.025)

0.003 (0.001)
0.009 (0.000)
0.721 (0.029)
0.657 (0.017)

0.181 (0.02)
0.973 (0.002)
0.993 (0.001)
0.997 (0.000)

400

GLAA
ULA
PMD

SCCA

0.738 (0.042)
0.328 (0.022)
0.756 (0.031)
0.598 (0.026)

0.022 (0.006)
0.009 (0.000)
0.731 (0.027)
0.597 (0.012)

0.742 (0.042)
0.336 (0.020)
0.78 (0.029)
0.614 (0.024)

0.022 (0.006)
0.008 (0.000)
0.735 (0.027)
0.590 (0.012)

0.387 (0.039)
0.989 (0.001)
0.994 (0.001)
0.997 (0.000)

500

GLAA
ULA
PMD

SCCA

0.682 (0.042)
0.186 (0.019)
0.778 (0.031)
0.522 (0.022)

0.035 (0.008)
0.008 (0.000)
0.757 (0.026)
0.525 (0.008)

0.664 (0.043)
0.234 (0.018)
0.820 (0.029)
0.532 (0.023)

0.033 (0.008)
0.008 (0.000)
0.754 (0.027)
0.522 (0.008)

0.471 (0.041)
0.993 (0.001)
0.995 (0.000)
0.998 (0.000)

Table S1: Simulation results for the fj functions with £ = 1. The reported are the average TPR
and FPR for the variable selection accuracy, and D for the subspace estimation accuracy, with the
standard errors in the parenthesis. The results are over 100 replications.

400, 500}, while fixing the dimension of Z at p; = 1. We set y = ry = 2, 57 = s = 5, and
n = 500. We consider two choices of f(a;p,&): fi(a) = f(a;0.95,1), fo(a) = f(a;0.85,1);
and fi(a) = f(a;0.95,5), fo(a) = f(a;0.85,5). Tables[S1|and[S2|report the accuracy of variable
selection and subspace estimation. We observe similar qualitative patterns as in Table [I] of the

paper that our proposed GLAA method clearly outperforms all the alternative methods.

S2 Algorithmic Convergence

We study the algorithmic convergence of our Algorithm [I] developed in Section [3] of the paper.
We also carry out a simulation study to examine empirically both algorithmic and statistical con-
vergence as the number of iterations increases.

Our main strategy is to first utilize the result from Theorem [3|that our method can consistently



Method

TPR-1 (%)

FPR-1 (%)

TPR-2 (%)

FPR-2 (%)

D

100

GLAA
ULA
PMD

SCCA

1.000 (0.000)
0.996 (0.003)
0.772 (0.031)
0.570 (0.032)

0.000 (0.000)
0.000 (0.000)
0.713 (0.03)
0.520 (0.029)

1.000 (0.000)
0.998 (0.002)
0.758 (0.033)
0.510 (0.035)

0.000 (0.000)
0.000 (0.000)
0.703 (0.030)
0.523 (0.028)

0.098 (0.003)
0.777 (0.002)
0.971 (0.002)
0.988 (0.002)

200

GLAA
ULA
PMD

SCCA

1.000 (0.000)
0.946 (0.010)
0.754 (0.033)
0.640 (0.028)

0.000 (0.000)
0.001 (0.000)
0.721 (0.030)
0.661 (0.027)

1.000 (0.000)
0.936 (0.011)
0.752 (0.032)
0.654 (0.031)

0.000 (0.000)
0.002 (0.000)
0.715 (0.030)
0.664 (0.027)

0.097 (0.003)
0.875 (0.002)
0.988 (0.001)
0.995 (0.001)

300

GLAA
ULA
PMD

SCCA

0.972 (0.016)
0.820 (0.014)
0.774 (0.031)
0.672 (0.024)

0.001 (0.001)
0.003 (0.000)
0.761 (0.025)
0.678 (0.016)

0.97 (0.017)
0.822 (0.014)
0.802 (0.026)
0.662 (0.025)

0.001 (0.001)
0.003 (0.000)
0.760 (0.025)
0.681 (0.015)

0.129 (0.016)
0.949 (0.002)
0.992 (0.001)
0.997 (0.000)

400

GLAA
ULA
PMD

SCCA

0.904 (0.029)
0.652 (0.018)
0.820 (0.030)
0.632 (0.023)

0.010 (0.004)
0.004 (0.000)
0.771 (0.029)
0.592 (0.012)

0.906 (0.029)
0.630 (0.018)
0.776 (0.032)
0.634 (0.024)

0.010 (0.004)
0.005 (0.000)
0.772 (0.029)
0.588 (0.012)

0.203 (0.028)
0.979 (0.001)
0.994 (0.001)
0.997 (0.000)

500

GLAA
ULA
PMD

SCCA

0.850 (0.035)
0.490 (0.021)
0.784 (0.030)
0.530 (0.026)

0.007 (0.003)
0.005 (0.000)
0.768 (0.026)
0.525 (0.007)

0.850 (0.035)
0.494 (0.018)
0.772 (0.030)
0.502 (0.025)

0.008 (0.003)
0.005 (0.000)
0.767 (0.026)
0.524 (0.007)

0.254 (0.033)
0.991 (0.001)
0.996 (0.000)
0.997 (0.000)

Table S2: Simulation results for the f; functions with & = 5. The rest is the same as Table

select the active variables. This helps bridge our SVD problem to an equivalent higher-order
orthogonal iteration (HOOI) problem. We then build on the recent results of Xu! (2018]) to establish
the global and local algorithmic convergence for our method.

Recall the sample tensor estimator A =n! Z?:l X, 0Y, 0 Z, € RP*P2XP3_ Consider the
sub-tensor AS = 5[ I,I,1;) € R*1*%273 that corresponds to the true active sets Iy, I, I3 as defined
in (@). For notational simplicity and without loss of generality, we assume all the active variables
are located together at the beginning of each mode, i.e., I, = {1,..., sz}, K = 1,2, 3. Consider

the optimization problem,

. N 2
max1m1zeA1,A27A3||A5 X1 PA1 X9 PA2 X3 PA3||F7 (Sl)

where A, € R***" is a semi-orthogonal matrix, and P,, is the projection onto the subspace
span(Ayg), k = 1,2, 3. This optimization problem (SI)) can be solved by the usual HOOI algorithm
(De Lathauwer et al.| 2000). Let A®) = (th), th), Két)) denote the HOOI estimate from the ¢th
iteration for (ST). Besides, let Lo = (ﬂ”, fg), fét)) denote the estimate of our Algorithmfrom

3



the ¢-th iteration. The next proposition shows that our Algorithm [I]and the HOOI algorithm for

solving the optimization problem (ST)) produce equivalent results.

Proposition S1. Suppose Assumptions |(Al) to (A3) hold. Suppose slogp = o(n), and ty.x =
o(p). Then with probability tending to one, for the estimate r® from Algorithm|l|and the HOOI

estimate A from solving (ST), we have f‘,(f) = ((K,(f))T, 07", fork =1,2,3,and 0 <t < tax.

Proposition [ST] allows us to study the algorithmic convergence of our Algorithm [I] through the
convergence of the HOOI algorithm, which was recently established by | Xu! (2018)). Following Xu

(2018)), we introduce two definitions.

Definition S1 (Block-nondegeneracy). For a feasible solution A = (31,32733) of (S1)), let
Q, = 5571(]{2 ® Kg), Q, = 5872(‘7&3 ® Kl), and 3 = 5573(1&1 ® KQ), where Bs,k denotes
the mode-k matricization of the tensor As, k=1,2,3. We say A is block-nondegenerative, if
Arp (%) > A 41 (Q), k= 1,2, 3, where \.(-) denotes the rth singular value.

Definition S2 (Block-wise maximizer). We say a solution A = ([A\l, Kg, fxg) is a block-wise

maximizer of (1), if Ay, is a solution to maxy, ||A, Xy Pa, Xk Py %, for k =1,2,3.
We next establish the global and local convergence of T'® from our Algorithm

Theorem S1. Suppose Assumptions|(Al)|to|(A3) hold. Suppose slogp = o(n), and ty.x = o(p).
Then with probability tending to one, we have:

(a) (Global convergence) If the HOOI sequence {K(t) }e>1. from (S1) has a block-nondegenerative
cluster point A= (Kl, Kg, Kg) then A is a critical point and also a block-wise maximizer
of (1), and limy o Py = P3 , k = 1,2,3. In addition, for the sequence {f(t)}tzl

k
from Algorithm |1} where T® = (T TP T, we have I‘,(f) = ((A,(f))T, 0")", and
limy o Pf"(:) = Py, where T'), = (AL, 00T, and k =1,2,3.

(b) (Local convergence) If the initial estimator is sufficiently close to any block-nondegenerative
local maximizer of (S1), then the sequence {PIA\S) }e>1 must converge to some limiting point
Py . k=1,2,3, and the point A = (A1, Ag, A3) is alocal maximaizer of (S1)). In addition,
for the sequence {T'D} >, we have lim;_,o, P~y = Py , where T, = (Ap)T, 00T, and

{ :

r
k=123

Statement (a) shows that, if there exists a cluster point A for {K(t)}, i.e., the point that a subse-
quence of {X(t)} converges to, and this cluster point is block-nondegenerative, then this point is a

critical point, where the derivative of the objective function || A x1 Pa, x5 Pa, x 3 P, ||% over A is
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Figure S2: The algorithmic error versus the number of iterations. The top panels are based on a
single data replication, and the bottom panels are averaged over 20 replications. The left panels
are in the original scale, and the right panels are in the logarithmic scale.

zero. It is also a block-wise maximizer, to which the entire sequence lim;_, Pf}j’ converges. |Xu
(2018) argued that the block-nondegeneracy is a mild condition and generally holds in practice.
A similar condition was also imposed in the orthogonal iteration method (Golub and Van Loan,
1996, Section 7.3.2) for computing the dominant invariant subspace of a matrix. It is needed to
ensure the stability of the critical point, and in turn the convergence of {A®} and {T'®},

We further carry out a simulation to study the algorithmic convergence of Algorithm [I] em-
pirically. We adopt the second scenario in Section [5} where the three modalities are X € R??,
Y € RP2,and Z € RP3, with p; = py = 100, p3 = 20, 81 = S9 =83 =5, 11 =19 = 2,13 = 1,
and n = 500. We run Algorithm m for 20 iterations, as in all our simulations, we have found that

the algorithm always converges within 20 iterations. We repeat for 20 data replications, and report
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Figure S3: The statistical error versus the number of iterations. The top panels are based on a
single data replication, and the bottom panels are averaged over 20 replications. The left panels
are in the original scale, and the right panels are in the logarithmic scale.

the results from both a single replication and the averages from all 20 replications.

Figure [S2|reports the algorithmic error,
Da(f‘,(f),f‘,(f*l)) = || Pawy — Pao-v||p/v/2r%, formodek =1,2,3,
k k

as the number of iterations ¢ increases. The top panels are based on a single data replication, and
the bottom panels are averaged over 20 replications. The left panels are in the original scale, and
the right panels are in the logarithmic scale. It is seen that the sequence r® converges quickly.

Figure [S3|reports the statistical error,

Ds(fg),I‘k) = ||P1A,§:> — Pr, ||r/v/2ry, formodek =1,2,
D, G = 1Pxor — Peyllw/v/2rs, for mode 3,
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as the number of iterations ¢ increases. The plot construction follows [S2] It is seen that the
statistical error decreases first, then becomes stable, as ¢ increases. This agrees with our Theorem
which suggests that the statistical error is to decrease first, then is dominated by some constant.

Finally, we remark that, Theorem[ST|establishes the algorithmic convergence of our Algorithm
[T} but does not obtain the explicit convergence rate. Figure [S2]suggests that, empirically, this rate
is close to linear in the logarithmic scale. But deriving the explicit algorithmic convergence rate of
Algorithm (1] theoretically is very challenging, and remains an open question in the general SVD

optimization literature. We leave it as future research.

S3 Theory for Non-sparse Estimator

In some real applications, the modalities may be low-dimensional or have no sparsity structure.
We can easily modify our Algorithm [I|to obtain a non-sparse version of the method. That is, we
set N, = 0 in Step 1, and 7, = 0 in Step 2 of Algorithm for K = 1,2,3. Then, f,(:) = I,
fort = 0,...,tmax and £ = 1,2, 3. We next establish the corresponding non-asymptotic error
bounds for such non-sparse estimators.

Specifically, we consider the following non-sparse version of the dimension reduction model

(1) for the three-way association analysis,
9(z) =E(XY' | Z =z) =T f{(T3") 2}(T3) ", (S2)

where I'}° € RP:*"F k= 1,2, 3, are semi-orthogonal basis matrices, and f : R™ — R™*"2
is some latent function. The only difference between model (S2) and model (1)) is that I'}® is
non-sparse, 1.e., Sy = pg. Let A" and fgS, = 1,2, 3, denote the estimators returned from the
non-sparse version of Algorithm (Il To establish their non-asymptotic error bounds, we modify

Assumption [(A2)accordingly as,
(A2') Suppose A > max{Cy+/p/n'=t Cs} for some constants Cy, C5 > 0 and 0 < b < 1, where

A = min{\;, Ay, A3}, and ), is the smallest non-zero singular value of A, k = 1,2, 3.

Theorem S2. Suppose Assumptions|(Al), (A2'), and model (S2)) hold. Suppose logp < con® for
some constant ¢y > 0, and 0 < b < 1 is as defined in Assumption|(A2"), Then, with probability at

least 1 — C" max [exp(—nb), exp{—(/n't(1 +c)/2 — conb)}], we have: (a) |A™ — Al|p <

(s + cg27tmx)\/p/n1—b; and (b) max_1 HPAES — Pros||p < (7 + cg27"mex) /p/ni-, Pfgs _
P || < (c7 + cg27tmex)\/p/n'=b, where C", c5, cg, c7, cg are some positive constants.

We make a few remarks. First, when the sample size n is large enough, such that n > {2(1 +
co)}/17?), the statements in Theoremhold with probability at least 1 — C” exp(—n). Besides,
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the constants ¢s, . .., cs depend on the constants M and o as specified in Assumption [(AT)] and
their explicit forms are given in the proof of Theorem [S2] Second, the asymptotic consistency
results for the non-sparse estimators can be obtained from Theorem [S2| directly. If we allow p
to diverge with n at the rate of p = o(nl_b), then the estimated Tucker tensor AHS, and the
estimated subspaces spanned by f}}f, k = 1,2,3, are consistent. Finally, comparing the non-
sparse estimators with their sparse counterparts, the convergence rate of the non-sparse estimators
from Theorem|S2|is O(\/W) It is slower than the convergence rate of the sparse estimators,
which is O(y/s log p/n) from Theorem when the true model is sparse.

S4 Auxiliary Lemmas

We first present a number of useful lemmas, then present the proofs of the propositions and the-
orems in the paper. We employ the following notation. Let OP*? = {U € R**? | U'U = I},
where p > ¢. For a matrix U € OQP*?, let 0;(U) denote its ith largest singular value, i = 1,...,q.
Let U, € QP*(P~9 denote a basis matrix of the orthogonal complement subspace of span(U).
For any two matrices U, U c Qrxa Jletop > o9 > ... > o0, denote the singular values of U U
in a descending order. Define the diagonal matrix sin O(U , IAJ) = diag(sin#, . ..,sind,), where

0; = cos™(oy),i=1,...,q.
Lemma 1. (Zhang and Han, 2019, Lemmas 2 and 6).

(a) For any matrix A € RP*9, with rank(A) = r < min{p, ¢}, let U € QP*" denote the top-r
left singular vectors of A. Then, forany U € QP ||(U )T Al|p > 0.(A)| sin©®U, U)]|.

(b) For any matrices A, A € RP*9, with rank(ﬁ) < r < min{p, ¢}, let U € RP*" denote the
UTA|lr <24 Allp.

top-r left singular vectors of A. Then,

Lemma 2. (Cai and Zhang, 2018, Lemma 1). For U, U € QP*9, we have,
|Py — Pgllr = V2| sin®(U,U)||r = V2|UU||r.

A random variable X is sub-Gaussian, if E(X) = 0, and there exists a positive constant o,
such that Eexp(sX) < exp(s?0?/2) for all s € R. It is denoted as X ~ subG(c?). A random
variable Y is sub-exponential, if E(Y) = 0, and there exist a pair of positive constants (%, a),
such that E exp(sX) < exp(s®?/2) for |s| < 1/a. Itis denoted as Y ~ subE(v?, a).

Lemma 3 (Hoeffding’s lemma). Let X be a random variable, such that E(X) = 0 and X € [a, ]
almost surely. Then, X ~ subG{(b — a)?/4}.



Lemma 4. (Wainwright, 2019).
(a) Let X ~ subG (0?), then the random variable 7 = X? — E(X?) is sub-exponential:
Z ~ subE(2560*, 160?)

(b) Let X ~ subG(c?) and Y ~ subG(7?), then X +Y ~ subG{(c + 7)%}. Additionally, if
X is independent of Y, then X +Y ~ subG(c? + 72).

(c) Let Xy,...,X, be n independent random variables such that X; ~ subE(v? a;), i =
1,...,n, theny ; | X; ~ subE (Z?zl v, max;eq n}{&i}).

.....

The next lemma establishes the concentration inequality for each element in A.

Lemma 5. Suppose the random variables X and Y are bounded, such that | XY | < M for some
constant M > 0, and Z ~ subG(c?). Let (X;,Y;, Z;) denote independent copies of (X,Y, 7).

Then, for any € > 0, we have
N ne ne
€ max<exp| ———— | ,exp | ———— | ¢ -
== PA\752(M + o)1 ) P\ 32001 + 0)2

"

Proof of Lemma |S; Consider the decomposition,
| ¥

=P i[{XiYi —E(XY)}Z, + E(XY)Z, — E{XY — E(XY)}Z] - E(XY)E(Z)]| > ne]
<P ||> {XY; - B(XY)}Z — B{XY — E(XY)}Z]] +P { E(XY)Y Zi| > %}

= Bl —f‘ BQ, (53)

1 n
N XYiZ - B(XYZ)
n

i=1

1 n
~N " XViZ - B(XY Z)
n

=1

n n

ne
> =
2

where the inequality is due to that E(Z) = 0. We next bound B; and B, respectively.
For By, write F; = X;Y; — E(XY). Besides, F;Z; = {(F; + Z;)* — (F; — Z;)?} /4, and
E(FZ) = {E(F, + Z;)? — E(F;, — Z;)*}/4. Then,

B, =P Zn:{mzi —~E(FZ)}
=P||> {(F+Z) —E(F + 2Z)*} = _{(Fi— Z)* - E(F, — Z,)*}

Ll i=1 =1

ne
2_

> 2ne

>ne| +P

<B||S{(F+ 2~ B(F + 207

Z{(Fi — Z;)* = E(F, — Z;)*}

=1

> ne]

= Bl,l + BLQ.



For By 1, by Lemma [3] the bounded variable F; ~ subG(}M?). Recall that Z; ~ subG(c?).
By Lemmai{(b), F; + Z; ~ subG{(M + o)*}. By Lemma[4(a) and Lemmald]c), it follows that

(Fi + Z))* — E(F; + Z;)* ~ subE{256(M + 0)*, 16(M + 0)*},

i{(m + Z3)? — B(F; + Z;)*} ~ subE{256n(M + 0)*, 16(M + o)?}.

Then, by the tail inequality of sub-exponential random variables, we have

B <9m o one . me
1,1 > aXx eXp 512(M—|—0’)4 ,eXp 32<M—|—0')2 .

For By », since —Z; ~ subG(c?), by Lemmafd(b), F; — Z; ~ subG{(M + 5)?}. Following a

similar argument for the bound of B, ;, we have

Bio <2max<e — ne’ e — ne
12 = SO\ T 10t ) P\ T2 1002 )

Combining the bounds for B, ; and B, 5, we obtain,

By <4max<e — ne’ e — ne
LR\ TS 1ot )P T2 v 02) [

For By, since | XY | < M, |E(XY)| < M. Combined with the fact that Z ~ subG(¢?), and
by the tail inequality of sub-Gaussian random variable, we have

2

- ne ne
By <P <|ZZZ| > W) < 2exp <_W> .
i1

Because 512(M + o)* > 8M?52, we can further bound B as,

By < 2exp ne? V<o ne ne
exp{———F—— maxqexp | ———— | ,exp| ———— | ¢ -
2= 2P o)t = P\ 7520 + 002 ) P\ " 32001 + 0)2
Combining the bounds for B; and B, completes the proof of Lemma 3] 0

S5 Proofs

S5.1 Proof of Proposition 1|

For X;,j=1,...,p1,and Y}, k = 1,..., ps, we have that,

dZ
= Y,E{ZE(X;Yi | Z)} = S E(X;Yi.2),

E {iE(Xij | Z)} =X, cov{Z,E(X;Y: | Z)}
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where the first equality is by definition, the second equality is by the multivariate version of
Stein’s lemma (Liu, 1994, Lemma 1). For the tensor ® = GLA(X,Y | Z) € RP*P2XPs | Jet
GLA ;1. (X,Y|Z) € R denote its (j, k)th fiber, j = 1,...,p;, k =1,..., py. By definition,

GLA;(X,Y | Z)=E {diZE(Xij | Z)} .

Stacking all the fibers back to the tensor ® completes the proof of Proposition [I} 0

S5.2 Proof of Theorem 1]

First, we prove part (a) of the theorem. By model (1)) and Definition (I} we have,

d — E{diZE(XYT | Z)} —E inz {Flf(FgTZ)F;}] )

which implies that,
(I):(I)Xl Pr1:¢X2PF2:(I)X1 PI‘1 XQPF2. (S4)

Similar to the proof ofProposition the (j, k)thfiberof ®, 5 = 1,...,p1, k = 1,..., po, satisfies,

d d d
®;. =E {ﬁE(Xij y Z)} =E {ﬁE(ijk y I‘STZ)} =T3E {d(F—BTZ)E(Xij y I‘JZ)} .

The last equation implies that ®;,. = Pr,® ;.. Stacking all the (7, k)-th fibers to form the GLA

tensor, we obtain that,
P =P x3 Pr,. (S5)

The optimization problem in (3)),
. 2
(GY,GY5, GY) = arg o |® — ® x; Pg, X3 Pg, X3 Pg,||,
where G, € RP**"* is the semi-orthogonal matrix, is equivalent to

(G],G5,G5) = arg_max_ ||® x; Pg, X3 Pg, X3 PG3||%.
G1,G2,G3

By and (S3)), the solutions to the above problems satisfy span(I'y) = span(GY}), k = 1,2, 3.
Analogously, model (1)) directly implies that,

A=E(XoYoZ)=E{E(XY'|Z)oZ}=E{I'1f(T3Z)[;0Z}.
It is then straightforward to see that,
A=A ><1.P1'*1 :AXQPF2 :AX1PF1 XQP]_"Q.

11



We hence obtain that, the solution to the optimization problem (2,
(GI17 GIQ? Gi%) = arg Gl%iglcg HA - A X1 PGl X2 PG2 X3 PGSH%‘?

must satisfy that span(T'y) = span(G}), k = 1, 2.
Next, we prove part (b) of the theorem. Since Z follows the normal distribution, by the
multivariate Stein’s Lemma, the (j, k)th fiberof ®, 7 = 1,...,p;, k = 1,..., po, satisfies that,

d
D = I3E {WE(XM@ | F;Z)} = I3{Cov(T; 2)} 'E(X;ViT; Z)
3

= T3(T; 2215) 'TLE(X;Y: Z),

which implies that ®,;,. = T'3(T'] £ zT'3)7'T'; A... Stacking all the (7, k)-th fibers to form the
GLA tensor, we have
® = A x5 {T3(T;Z,T5)7'Ty }. (S6)

It follows from (S6) that
o "y T —1T v
span(I's) = span(Gy) = span{I'3(T'; X 2zI'5) " T'; G'}.

Finally, the equality between span(I'3) and span(G’) follows from the last equality and the fact
that all these subspaces have the same dimension 7.
This completes the proof of Theorem 0

S5.3 Proof of Theorem 2]

We introduce two events. The first event provides an upper bound for the discrepancy between A
and its population counterpart restricted on the true active sets. The second event implies that the

inactive variables are not falsely selected for each mode k and iteration ¢.
B max (A = Ad)ryllr < /aslogp/n, where a = 513(M + o).
(E2) f,(:) C I, k=1,2,3,ineachiterationt = 0,1,..., tyax.

We prove Theorem [2]in two main steps. In the first step, we show that the two events and
hold with a high probability under Assumption [(AT)] Then statement (c) follows directly. In
the second step, we show statements (a) & (b) hold under events|(E1)| |(E2)|and Assumption|(A2)

Step 1: In this step, we show the two events (E1)[ and [(E2)| hold with probability at least 1 —
C max p‘”,p_{ V(1) @2legp)-1} , for some constants C,y > 0.

12



Let ﬁijk and A, denote the (i, j, k)-th elements of A and A. By Assumption |(A1)| and
Lemmal3] with the constant o = 513(M + o)*, we have,

P <‘£zgk — Aljkl Z AV alogp/n)

alogp vnalogp
<omes (o (gt r)  (“or 1) o

-6 max{p—07 p /nc/(2logp)}7
where the constant ¢ = 513/512. For event|(E1)]
H(Ak - Ak)[lkzlfk]HF < \/EH(AIC - Ak)[fmlfk]”mam

for k = 1,2, 3. Then,

P&~ Adur gl > Vaslogp/nf < PLIAL = An)i il > VValogp/n}
<s P(|£ijk — Ajji| > alogp/n) < 6s max{p—cjp—\/"C/(Qlogp)}_

Let (¢, p,n) = max {p‘c, p Vel logp)}. Then we have,

P{H(&k — A)urllr < Vaslogp/n, k= 1,2,3} >1-18sk(c,p,n).  (S8)

For event|(E2), we begin with the case when the iteration ¢ = 0, i.e., {ﬂco) Clp,k=1,2, 3}.

If jz,o) & Iy, then there exists an 7 € I}, such that € ]A',(CO), where [ is the complement set of [,.

Therefore, by the definition of f,(go), we have,

P 2 1) < Y P{I( A0l = Valogp/n |

iele
< ZP{H(&: — Akl > \/alogp/n} < 6pip-—k(c, p,n) = 6pr(c, p,n),
ielg
where the second inequality follows from the fact that (Aj)p = O for i € If. Henceforth,

P(I\") C I,) > 1 — 6ps(c, p,n). It follows that,
P(I" C I, k =1,2,3) > 1 — 18px(c, p, n). (S9)

Let A©) denote the event {j}ﬁo) C Iy, k = 1,2,3}. Next, we derive the probability P[A® N
{fl(l) C I}]. We decompose this probability into two parts,

PIAO N {11V C [}] = P{A®} — P[A® 0 {7V ¢ 1,}]. (S10)

13



We derive the upper bound of P(A©® N {ﬂl) Z I,}) as

o[amn {10 2] < el (<)
— Z]P’ [ {H (A, — A ]f‘(_lng > s logp/nH

ielf

< > P{I(A1 = Ao} 2 as-ilogp/n} (S11)

i€lf

s§y§@mm—mmwmm@m@swame§®w@m,@m
je

€I}

where (STT)) follows from the fact that 1"} C I_; under event A©)

Combining (S9), (S10), (S12), we obtaln that,
P [A(O) N {Tl(l) - Il}] > 1 — 24pk(c,p,n).
Following similar arguments, we have that,
P [A(O) N {f,g” C Ik = 1,2,3}} > 1 - 36pk(c, p,n).
After t,,., iterations, we obtain that, for some constant C' > 0,
P{f“) Cl, k=123 t=0,1,... m} > 1 — 18(tmax + 1)prilc, p,n). (S13)
Combining (S8) and (ST3)), we obtain that,

P(E) 1 Fz) > 1 — Clympi(c,p,n) = 1 — Cmax {p—’y,p‘{w“’*”/ Gt} (s14)

where we have used the fact that ¢,,,, is a constant and v = ¢ — 1 = 1/512. This completes Step

1. Moreover, statement (c) follows directly.

Step 2: In this step, we establish the non-asymptotic error bounds in statements (a) & (b) of

Theorem [2] under events and Assumption [(A2)]

Fort=0,1,...,th. and k = 1,2, 3, define

”—mufmm,zL%xE“=gx%% (S15)
D= @ =12, B =|(TY)TG,

|Fa
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The quantity F, k(t) measures the distance between span(I';) and Span(f,(:)). The quantity E,gt) is

the scaled upper bound of Fk(t). This is because, span(I'y) is actually the left singular space of
Ay, and thus for each k = 1,2, 3, by Lemma|[I]and Lemma[2] we have,

EY > A |lsin©O@TV, T |l = MFL. (S16)

The non-asymptotic error bounds of Theorem [2|rely on the upper bound of E(*). Next, we derive
such a bound in four steps. In Step 2.1, we derive the upper bound of the initialization £®). In
Step 2.2, we obtain the inequality that connects the consecutive E,Ef) and Fk(t). In Step 2.3, we

derive the upper bound of £®. In Step 2.4, we put the three results together to complete Step 2.

Step 2.1: We first show that, under events [(E1){and [(E2)]

. I
B =@ A <8/ (S17)
F n

Toward that goal, for each k, we decompose E,io) into two parts,

EIE;O) < H(f](g(jZ)TDfl(co)Akng . + H(f‘gﬁ)—r {Ak - DT;CO)AkDﬁog}"F = B3+ By.

For B3, according to Step 1 of Algorithm f,(ﬂo) consists of the top-r left singular vectors of
Df(o) AkDIA(o). By Lemma we have that,
k —k

)

Bs; <2 H(Ak — Ak)[fz(co)vfg] -

e H(ﬁk — AR (1,1

where the last inequality comes from the fact that f,(fo) C I under event (E2). Moreover, under

event[(ET)|, we have that,
By <2 max [[(Ax — Ap)p,.rllr < 2v/aslogp/n.

For B4, we have that,

3

3
2
B < HA’f = Do ADyo|| <[> H(A’“)[n\fﬁ”mup <> H(Akm\&f’%LuHF
k=1 k=1

3 3
: Z H(Akhlk\j}vm’lfk] HF + Z H(Ak N Ak)[lk\j\](g())yl—k} HF = By + By.
k=1 —1

For By, by the definition of j}go), for any ¢ ¢ Z(CO), ||(3k)[l] loo < mr = \/alogp/n. It then
follows that H(Ak)[i,l_k}H? < \/s_galog p/n. Therefore,

3
Bjy < Z \/sks_kozlogp/n =3y aslogp/n.
k=1

15



For By,, under event|(E1)l we have,

o o

< H(Ak - Ak)[lkvl—k]

B < +Vaslogp/n.

0
IAVCN F

Therefore, By, < 31/aslogp/n.
Combining the bounds for By; and By,, we obtain that B, < 61/aslogp/n.
Combining the bounds for B3 and B, completes Step 2.1.

Step 2.2: We next establish the following inequalities, under events [(E1) and [(E2), and for each

iterationt = 1,2, ..., tnax, that

{1 - ¢(F§t71))2 + (Fétl))Q} EY < 4\/aslogp/n,

{1 - \/(Fl(t))2 + (Fétl))Z} EY < 4y/aslogp/n, (S18)

im0 (PR} ) < av/asTogan

We only prove the first inequality, while the other two inequalities can be derived similarly.

Toward that end, we bound E by three terms as follows,

E%t) = H TAl (PA (t) + P"(t) )HF é H(fgtj_)TAlf(_t)

AR,

‘ F

For Bj;, according to Step 2b of Algorithm fgt) consists of the top-r, left singular vectors
of Dﬁt)glf(f)l. By Lemma we have,

< H D) Do AT

~(t ()
@) Dy o AT

LEas,

EB5+BG+B7.

B5 S 2 HDﬁt)(gl — Al)f‘(_t)l

Under events and we further bound Bj; as

Bs <2 H(gl — A,

< 2+/aslogp/n.
F
For Bg, we have that,

B < H(Fﬂ)TDh\ﬂwAlr@l

+ ”(f‘gt}_)TDll\f(t)(Bl — Al)f‘(_t)l

= Bs1 + Bgo.
F

For By, by definition of 1" in Step 2a of Algorlthml forany i ¢ 1\", H(Al)[l (_t)lﬂg < 7.
Recall that 7, = aes_g logp/n, k = 1,2, 3. Therefore,

Be < HDH\TY)&lF(—t)lHF < Vs = /aslogp/n.
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For Bgs, under event we have,
By < |[(A1 = A1y llp < Vaslogp/n.
Combining the bounds for Bg; and Bgs, we obtain the upper bound of By as,
Bg < 2y/aslogp/n.
For Bz, by the Tucker decomposition structure of A, we have Ay = A, Pr_,. Then,

B = [@DTArL LR | < || @) TA | e e, ) < Y

‘sin@(I‘_l,I‘(_t)l)H.

Recall that sin ©(T'_, r ) = diag(sin#,...,sinf, ), where cost; = JZ-(I‘Ilf‘(_t)l) is the ith

largest singular value of the matrix I‘flf(jl. Henceforth,

‘ \/1 mln ]‘-‘——rl (t))

where amin(I‘Lf(_t)l) denotes the smallest singular value of I‘Ilf(_t)l. Using the fact that 0,1, (A ®

—1,

sin O(

A) > Omin(A) - amin(g) for any dimension compatible matrices A, A, we have that,
Umin(rjlf‘(—t)l) = Omin{(rgf‘gil)) ® (F;fétil))} > amm(FQTIA‘g*l)) : Umin(rgfi(’,til))

= {1~ [|sin O, FE )21 — || sin©(Ty, T )2}, (S19)

Therefore, we have that,

[sin©(T_,, TY)|| < J 1— {1~ [|sin©(T2, Ty V)[2}{1 — [|sinO(Ts, T§ )12}

< /150 O(Ts, T )2 + [ sin O(T3, BY D)2 </ (F V)2 + (B V)2 ($20)

Consequently, we have that,

By < BO\J(F0) 4 (B

Combining the bounds for Bj, Bg, By, we obtain the inequality connecting Ey) with Fz(t_l)
and F\"™" in (ST8), we obtain that,

EWY < 4\/0zslogp/n+Et)\/ (=y2 oy (FUYy2,

This completes Step 2.2.
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Step 2.3: We next establish the upper bound for £(*) under Assumption|(A2){and events|(E1)}(E2),

fort =0,1,..., tnax, aS
1 1
B0 < (74 =),/ 2208P (S21)
2t n

We prove (S21) by induction. For ¢ = 0, by (SI7), we have E® satisfies (S21)). Suppose (S21)
holds for E®), ¢ =0,1,...,t — 1, we next show that (S21]) holds for £,

In Assumption |(A2), we set the constant C; = 56v/2a/3 in the lower bound of )\, such
that A > (561/2/3)+/aslogp/n. Then, since (S2I)) holds for E¢~1), Fg(t_l) < Eét_l)/)\g, and
Fét_l) < E?Et_l)//\g by (S16), we have that,

_ 3 1
FOY <« 2 (74 — k=23 S22
k — 56\/§ +2t71 ) ’ ( )

Moreover, we have that,

i e

SIS

Therefore,

—1
) (t—1) (t—1) aslogp 1 aslogp
B0 < ali- R (R[S ¢ (74 1) ke

Using similar arguments, we obtain the same upper bounds for Eét) and E:gt). Putting them
together gives the upper bound for E® as in (S21)). Then, by induction, we have that (S21]) holds
forallt =0,1,...,¢nmax, Which completes Step 2.3.

Then, after ¢, iterations, we have that

1 [as]
E(tmax) — kmlag(S E]E:tmax) S (7 + 2t > as ng' (823)
=1,2, max n

LetT), = f‘,(fma"), k =1,2,3. Then by (SI16) and Assumption|(A2), we have that,

(tmax)
_ ~ E 1 Va [slogp 1 Va [slogp
O(T:, T < —k <7 ——< |7 -\

for k = 1,2, 3. By Lemmal[2} we obtain that,

. =~ _ slo
|Pr, = Pr,llr = V2l sinO(Te, Do) [ < (e + a2 )| ==2F, k=1,2,3,

where c3 = 7v/1026(M + ¢)?/Cy, and ¢4 = v/1026(M + 0)?/Cs. Thus, statement (b) is proved.

Step 2.4: Finally, we put together the results in Steps 2.1 to 2.3 to derive the non-asymptotic error

bound for A in statement (a).

18



We decompose the upper bound of the estimation error for A=Ax 1 Pp, X2 Pp, X3 Py, as,

IA — Allp < |A xy Pp xo Py, x5 Py, — Allp +[[(A — A) xy Pp x2 Py, x5 Py ||

For Bg, we have that,

Bg = H(A — A X1 Pfl) + (A X1 Pi—?l — A X1 Pfl X9 Pf2)
+ (A X1 Pfl X9 PfQ — A X1 Pfl X9 Pf\2 X3 Pf‘3)||F

— ||A X1 Pf‘lL —|—A X1 Pf‘l X9 Pi_‘\QL +A X1 Pfl X9 Pf‘2 X3 PdeHF
3

<D A X (Trn) e = BB < 3(7 +27")\/aslog p/n, (S25)

k=1
where the last inequality follows from (S23)) in Step 2.3.

For By, under events |(E1}(E2), we have that,

By < (A= A) 5, T] x5 T3 x3Ta | < [(Ay = A) s lle < Vaslogp/n.  (S26)

Combining the bounds for Bg and By, we obtain that,

~ 1
1A = Allp < (01 + e27 o)y | 228

n

where ¢; = 22v/513(M + 0)? and ¢, = 3v/513(M + o). Thus, statement (a) is proved.
This completes the proof of Theorem 0

S5.4  Proof of Corollary ]|

Asn > 2(v + 1) log p, all three statements in Theoremhold with probability at least 1 — C'p™7
for some constant v > 0. The probability 1 —Cp~" approaches to one as n, p diverges. In addition,
since slogp = o(n), as n, p, s diverge, all three statements in Corollary |1/ hold with probability

approaching to one. 0

S5.5 Proof of Theorem

We introduce the following event.

(E3) I,it) C f,(f), k=1,23andt = 0,1,...,t1.x, Where I,gt) are the oracle active set that
contains the most important variables, defined as ],go) = {1 [[(AR)pglle > 2¢/alogp/n}
and 1,?) = {i: |[(Ap)igll3 > 4as_ylogp/n} fort > 1.
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First, we show both events to hold under Assumptions [(AT)|and [(A2)] with proba-
bility at least 1 — C” max [p—V’ p_{ \4 "(’Y+l)/(2logp)—l}} , for some constants C’,~v > 0.

We derive the probability of {I lgo) C j}co), k=1,2, 3}. Note that,
p{0ci?b=p | N {iel}
ier”
Forany i € I\, we have 1AL lle > 20/alogp/n. I || (Ak — Ap)jiglleo < /alogp/n, then

1Al = 1A lo — Ak = Apgllee > Valogp/n.

By the definition of jzo), it follows that i € f,io). Recall that (¢, p, n) = max { p=¢, p-Vne/(2logp) }
Then, for any i € 1", according to (S7), we have,

P{ie "} = P{I(Ac— Al < Valogp/n} = 1= 6p_sk(c,p,n).
Moreover, by definition, we have [ Igo) C I for k =1,2,3. Then |I Igo)’ < s. Therefore,
P {IIEO) C j}ﬁo)} > 1 — 6sgp_rk(c,p,n) > 1—6pr(c,p,n).

It follows that,
P {I,S” ci” k=1,2, 3} > 1 — 18pr(e, p,n). (S27)

Next, we derive the probability of {I lgt) - j}f), k=1,23t=1,... ,tmax}, which relies on
events|(El){and [(E2)l We aim to prove the lower bound of

) =P (tﬁ ﬁ [El N BN {I,Et) € f,(f)H) (S28)

t=1 k=1

tmax 3

ﬂ ﬂ{ A(t)}

t=1 k=1

P(ElﬂEgﬂ

Fork=1,2,3andt =1,..., ..., We have that,
EnBn{if e’} = N [BnEn{ici’}]. (S29)
ierM

We next prove that, for any ¢ € [ (*)

~ as_jlo .
{El NE;N {H(Ak — A gl < kTng C [El NE;N {z c f,‘ﬁ}] . (S30)

, the following subset relation holds,

20



Note that (S30) is used to bound (S29) from below. It suffices to show that,

~ gl
[E1 NE;N {H(Ak — Ay yll3 < ozsk—ogp}] C {z € ./Tz,t)}, forany i € I,ff).

n

By the definition of f,gt) in Step 2a of Algorithm [l for ¢t > 1,7 € f,gt) if H(Ek)[z]f(_%]% >

(t)

as_logp/n. Fori € I, we decompose the lower bound of || (ﬁk)[l]f(_t;f]@ into two parts,

1(AREATNZ > (AT E — 1Ak — A T2 = Bio — Bu.
For By, since Ay, = Ay Pr_,,

Bio = [[(AR)psT kT TY |2 > 02 (CL T (AR g Tokl2. (S31)

mll’l(

Moreover, for || (Ay)p, T -3, since we consider i € I, ,Et), it follows that,
1(AR)ET k3 = (AR Pr_, (Ar)ig = (Ak)ugll3 > 4as g logp/n, (S32)

where the last inequality follows from the definition of I, ® For o r’ kf(_ti), when k£ =1,

mln(

2, @0ITY) =02 (T ) @ a‘Tf“‘”)}
TRE-1)y | TR(E-1)

02 (D3 Ty o2 (T T )

= (1 [|sin O, TY)12)(1 — [ sin O(T3, T )12

>1— (B2 — (B2,

mlIl

| \/

mln

where F,Et) is as defined in (ST5]), and the last inequality follows from Lemma Under Assump-

tion [(A2)[and events ‘ , according to (S22)), F,St_l) < 3/(7V2) < 1/2 for k = 2,3. Thus,

o2 (T'T, r" 1) is bounded from below as,

2 (T, T >1/2. (S33)

mln

Similarly, we obtain the same lower bound for o2, (T'T, r" v), k = 2,3. Combining (S31), (S32),
and (S33)), we obtain the lower bound for By as

By > 2as_logp/n.
For By, since for any sample w € E; N Ey N{]| (ﬁk —Ap)ir_l3 < as_glogp/n}, we have,
Bii < [(Ax = A I3 < as_ylogp/n,
where the first inequality follows from the fact that ]A,(:) C Ij under event
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Combining the bounds for By and By, we obtain that,
I(AR)aT 3 > s log p/n,

and (S30) is established.
Combining (529) and (S30), we obtain that,

tnlax 3

NN{n e’}

t=1 k=1

PlEyNEYN

tmax

3
x as_ilogp
2P ﬂ ﬂ ﬂ {El NEyN {H(Ak — AR lls < TH

t=1 eI

t 3
P ~ as_i lo
=P |EnEn | H(Ak—Ak)[i,f_k]H%s’“—gp} . (S34)

. n

Under Assumption [(AT)] and by the result from Step 1 of the proof of Theorem 2] we have,
P(Ey N Ey) > 1— Ctpaxpr(c,p,n). (S35)
On the other hand, by (S7),
P LAk~ Al > as wlogp/n} < P{II(Ax = syl > Valogp/n}

< 6s_pr(c,p,n).
Since ]]gt) Clyfork=1,2,3andt =1,..., then
tmax 3

m m ﬂ { Ak — AR, H2 < as_ klogp/n} > 1 — 18t maxSks_kk(c, p,n)

t=1 k=1 iEI,g,t)

=1- 18tmax3"'i(cap7 n) (836)

Combining (S34)), (S33)), and (S36)), we obtain the lower bound that,

tmax 3

m m {[lgt) c j}:)}

t=1 k=1

Combining (S27) and (S37)), we obtain that,

P <E1 NEyN ) > 1 — (18 4+ C)tmaxpr(c, p,n). (S37)

tmax 3

m m{ A(t)}

t=0 k=1

> 2 ]- - Cltmaxp"i(cup7 n)

—1_C" max [ —{\/ (v+1)/(2log p) 1}

P(ElﬂEgﬂ
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where v = ¢ — 1. We have thus shown that both events to hold simultaneously under
Assumptions [(AT)|and [(AZ)| with a high probability.
By events|(E2){and [(E3), we have that,

ICIVCrn, k=123 t=0,... tma (S38)

Under Assumption |(A3), for k = 1,2, 3, and ¢ € I, by taking C'3 > /4, we have that,

1(AR)igll2 > min > Csv/slogp/n > /4as_jlogp/n.
By the definition of / ,8) for ¢ > 1, we obtain that,
LCIY, k=123 t=1,.. . to (S39)
Combining (S38)) and (S39), we have that,
I =1 =1, k=123 t=1, .ty (S40)

Moreover, by the definition of [ ;”) and [ ,Et) for ¢t > 1, we have [ ,gt) cI lgo) C Iy, fork =1,2,3
andt = 1,..., tyax. Thus, by (S40), it follows that ]Ig()) = I;.. By (S38), we obtain that f,go) = I,
k=1,2,3.

Therefore, we have proved that,

I =1, k=123 t=0,... tme (S41)

with probability at least 1 — C" max |p~7, pf{ V(i) (2legp )71} , by treating ¢,,,, as a constant

not diverging with n, p. Let fk denote the estimated active sets after ¢,,,x iterations. Then we have
fk = I, k = 1,2, 3, which completes the proof of Theorem O

S5.6  Proof of Proposition [ST|

We introduce the following event.

(E4) IV = I, fork=1,2,3and t = 0,1, . ..

Recall A®) = (/A\(lt), th), Két)) is the HOOI estimate from the ¢th iteration for the optimization,
maximizeAl,A27A3||55 X1 Pp, Xo Pp, X3 Pa |7,

where A € R%*" is a semi-orthogonal matrix, and 35 = 5[ 11,1, 15]- Also, recall we assume all

the active variables are located together at the beginning of each mode.
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For t = 0, the initial basis matrix from Algorithm m 1s,

fg)) = (V,/,0")7, where

Vi = SVD, {(A0) g0 0} = VD, { (B} = SVDL(Bep), k=1,2,3

The above second equality holds under event|(E4), and the last equality follows from the fact that
(Ak)[]kjj_k] = Es,k. Since SVDT,Q(AM) = K,(CO), we have that,

L% = (AT 0T}, k=123 (S42)
For t = 1, we update the matrix fgl) n Algorithm as,
Y = (WT,0")",  where
w = sVD, {(A)0 TN} =sVD,, {(A0)5, 0"} = SVD,, { (A1) (T @ ) }
= VD, {(A)yr gAY @ AP)} =svD,, {A,(AY @A)},

The above second equality holds under event and the fourth equality follows from (S42).
Since SVD,, {5571(7\50) ® K:(,)O))} = K(ll), we have that,

I = {(A)T.07} .
Following similar arguments, we are able to prove that,
T = (AT, 07}T, for k=1,2,3t=1,2,... (S43)
Combining (S§42) and (S43)), under event[(E4)| we obtain that,
LY = {AMNT 07}, for k=1,2,3,t=0,1,...

According to (S41)) in the proof of Theorem [3] under Assumptions [(AT)]to[(A3)] we have the
variable selection consistency, i.e., f,(f) = Iy, fork=1,2,3andt =0, ..., ty.y, With probability

at least 1 — C'max {p”,p_{ V(D) @logp) -1 . Since slogp = o(n) and t,a.x = 0(p), jzt) = I,
for k = 1,2,3 and t > 0 with probability approaching to one. Therefore, event |[(E4) holds with

probability approaching to one. This completes the proof of Proposition [ST] 0
S5.7 Proof of Theorem

We first prove statement (a). According to Proposition [S1} under Assumptions |(A1)| to |(A3)

and that slogp = o(n) and ty,., = o(p), with probability approaching to one, we have f‘,(f) =
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(AT 07}, fork =1,2,3,and t = 0,1,. ... Note that A® = (A, AV AY) is the HOOI

estimate from the tth iteration for the optimization,
. N 2
maximizea, a, asl|As X1 Pa, X2 Pa, X3 Pa,ll7,

where A, € R**"* is a semi-orthogonal matrix, £ = 1,2, 3, and As = 5[117127]3]. By Xu (2018,
Theorem 1.1 (i)), assuming {K(t)} has a block-nondegenerative cluster point A = (Kl, jAXg, Kg),
then A is a critical point and a block-wise maximizer of (SI)). Also, lim; o Piy = Py, for
k
k=1,2,3. Since
P.y O
_|7A
Ppo = [ o 0] :
it follows that lim; o, Prey = Pp , where T, = (K;, 0", andk =1,2,3.
k
We next prove statement (b). By Xu| (2018, Theorem 1.1 (ii)), if the starting point A(©) is suf-

ficiently close to any block-nondegenerative local maximizer of (S1)), then lim;_,, leg) = ka,

where A — (./NXl, jN\Q, Xg) is some local maximizer of (SI). Therefore, we have lim; ., me =
- - k
Py ,where T, = (A ,07)",and k = 1,2,3.
This completes the proof of Theorem ST} O
S5.8 Proof of Theorem

The proof of Theoremfollows a similar structure as that of Theorem Recall that log p < con®

for some constants ¢y > 0 and 0 < b < 1. We first introduce the following event.

(E5) |A — Allp < /Bp/n'=?, where 8 = 512(1 + ¢ )(M + o)™,
We prove Theorem [S2|in two main steps. In the first step, we prove that event holds with a

high probability under Assumption (A1)l In the second step, we derive the non-asymptotic error

bounds in Theorem [S2] under event and Assumption
Step 1: Under Assumption [(AT)] by Lemma 5] we have that,
P(IA~Alr> Bp/n?) <P (A — Allua > B/ )
<pP (1B — Aupl > v/B/n1 ) < 6pmax [exp{ (1 + co)n’}, exp{—/n (1 + o) /2} |

< Gmaxx |exp(—n’),exp{—~(v/n (1 + cq) /2 — con')} |

where the last step is due to that logp < p < c¢yn!/? for some positive constant co. Henceforth,

P(|A = Allp < /Bp/n'?) > 1 - C" max [exp(—nb%exp{—(\/n“b(l +¢0)/2 - Conb)}} :
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Step 2: Let f‘,(f) denote the updated basis matrix at the tth iteration of the non-sparse version of
Algorithm[I] Fort = 0,1,...,tm.x and k = 1,2, 3, define

Y

t =t t At ns
) = H(r,ibTAkHF, e (AR

Parallel to Step 2 in the proof of Theorem [2} we derive the error bounds in four steps.

Step 2.1: When ¢ = 0, since f‘,io) is composed of the top-r; left singular vectors of Ay, by

Lemmall] we have that,

EY = [T Axllr < 2| Ak - Allr = 2| A - Allp, k=1,2,3.

Under event we have that,

E < 2\/Bp/n—b, k=1,2,3. (S44)

This completes Step 2.1.

Step 2.2: We next establish the following inequalities, under event and for each iteration
t=1,2,..., tnax, that

{1 —JEE)2 + (B BP < 2/Bpjni,
{1 - V (F)2 4 (R B < 24/Bp/nt-?, (S45)
[1 ~JER (O] EY < 2/Bpm

We only prove the first inequality, while the other two inequalities can be derived similarly.

Toward that end, we bound Eft) by three terms as follows,

EW = H (T TA, (PAm + Py )HF < H(fﬁtj)TAlf‘fi
= 312 —|— BlS- (846)

TONT AT H
FJFH( u) 1+ 11 F

For By, since f?) consists of the top-ry, left singular vectors of Elf‘(f)l by Lemma we have,
Bip < 2||(Ar = ALY |
Under events we further bound By as

By < 2||A - Allp < 24/Bp/n' 0.
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For B3, since A; = AIPF'lea we have,
By = ||(TY) T A (@) 'TY | < [TYD) T A1) T, || < B sino@, TY).

By (S20), we have that,

Isino(, B[ < /(F )2 + (B2

Then, we obtain that,

Bua < BV (R )2 + (RSP,
Combining the bounds for By, and By in (S46), we obtain that,

Y < 2y/Bp/n'=t + BV \/ (FSD)2 4 (B2,

This completes Step 2.2.

Step 2.3: We next establish the upper bound for £*) under Assumption |(A2')/and event |(ES), for
t=0,1,...,tmax, as

E® < (3+ ) V/ Bp/nt-b. (S47)

We prove by induction. For t = 0, by (S44), E® satisfies (S47). Suppose holds for
E®) where t' = 0,1,...,t — 1, we next show that holds for E(®).

By Lemma[[|and Lemma 2] we have,
ESY > A sin O, T89) || = A FEY. (S48)

By taking the constant C;, = 12+/23 in Assumption |(A2'), such that A > 12v/2,/Bp/n1-?, we

have that,

1 1
i < ( + —> . k=2,3. S49
T 19y (549

Then we have that,

i e
Therefore, by (S43]), we have that,

B <2 {1 D R < (34 3) VA

[SVRIN

Following similar arguments, we obtain the same upper bounds for Eét) and Eét). Then, by
induction, (S21) holds for all ¢t = 0, 1, ..., tyax.
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After t,,., iterations, we obtain that,

1
Eltmax) — max E,S“‘“) < (3 + thax) \/ Bp/nt=b.

k=1,2,3

Let f“l,;s = f;fm‘”‘), k = 1,2,3. Then by (S48) and Lemma [2| under Assumption |(A2"), for
k =1, 2,3, we have that,

E,(:m‘”‘) 1 V28 - —t 1-b
HPfr,;s—Prgs F<V2 3 < 3+2tmax DY \Vp/nt 7l = (cr + cg27 )\ /p/nl7b,
k

where c; = 31/1024(1 + ¢)(M + 0)?/C5, and cg = /1024(1 + ¢o)(M + 0)?/Cs. Thus, state-
ment (b) is proved.

Step 2.4: Finally, we put together the results in Steps 2.1 to 2.3 to derive the non-asymptotic error

bound in statement (a). That is, we bound ||3ns — Al|F as,

|A™ = Allp < | A X1 Ppye X2 Poge X3 Poye — Allp + (A = A) X1 Pays X Poye X3 Popellr

< 3B | A~ Alp.
Under event [(ES)] by (S47), we have that,
~ 3 -
JA™ — Al < (10 ¥ 2) VBT = (c5 + cg2~me)/pfniY,

where ¢5 = 104/512(1 + ¢o)(M + 0)?, and cg = 3/512(1 + ¢o)(M + o)?. Thus, statement (a)

is proved.

This completes the proof of Theorem [S2]
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