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Foundations for Envelope Models and Methods

R. Dennis Cook* and Xin Zhang!

October 6, 2014

Abstract

Envelopes were recently proposed by Cook, Li and Chiaromonte (2010) as a method for
reducing estimative and predictive variations in multivariate linear regression. We extend
their formulation, proposing a general definition of an envelope and a general framework
for adapting envelope methods to any estimation procedure. We apply the new envelope
methods to weighted least squares, generalized linear models and Cox regression. Simula-
tions and illustrative data analysis show the potential for envelope methods to significantly
improve standard methods in linear discriminant analysis, logistic regression and Poisson
regression.

Key Words: Generalized linear models; Grassmannians; Weighted least squares.

1 Introduction

The overarching goal of envelope models and methods is to increase efficiency in multivari-
ate parameter estimation and prediction. The development has so far been restricted to the

multivariate linear model,
Yi:a+BXz~+ei,i:1,...,n, (11)

where €; € R" is a normal error vector that has mean 0, constant covariance Xy x > 0 and is
independent of X, a € R" and 3 € R"*? is the regression coefficient matrix in which we are
primarily interested. Efficiency gains in the estimation of 3 are achieved by reparameterizing
this model in terms of special projections of the response vector Y &€ R" or the predictor vector

X € RP. In this article we propose extensions of envelope methodology beyond the linear
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model to quite general multivariate contexts. Since envelopes represent nascent methodology
that is likely unfamiliar to many, we outline in Section [I.1] response envelopes as developed
by Cook, Li and Chiaromonte (2010). An example is given in Section [I.2] to illustrate their
potential advantages in application. A review of the literature on envelopes is provided in

Section[I.3]and the specific goals of this article are outlined in Section[I.4]

1.1 Response envelopes

Response envelopes for model gain efficiency in the estimation of 3 by incorporating the
projection P¢Y onto the smallest subspace £ C R" with the properties (1) the distribution of
QY | X does not depend on the value of the non-stochastic predictor X, where Q¢ = I, — P,
and (2) P¢Y is independent of Q¢Y given X. These conditions imply that the distribution
of QY is not affected by X marginally or through an association with PY. Consequently,
changes in the predictor affect the distribution of Y only via P¢Y. We refer to P¢Y informally
as the material part of Y and to Q¢Y as the immaterial part of Y.

The notion of an envelope arises in the formal construction of the response projection P¢
as guided by the following two definitions, which are not restricted to the linear model context.
Let R™*" be the set of all real m x n matrices and let S*** be the set of all real and symmetric

k x k matrices. If A € R™*", then span(A) C R™ is the subspace spanned by columns of A.

Definition 1. A subspace R C RP is said to be a reducing subspace of M € RP*P if R
decomposes M as M = PrMPr + QrMQxr. If R is a reducing subspace of M, we say that
R reduces M.

This definition of a reducing subspace is equivalent to that given by Cook, Li and Chiaromonte
(2010). It is common in the literature on invariant subspaces and functional analysis (Conway
1990), although the underlying notion of “reduction” differs from the usual understanding in

statistics.

Definition 2. (Cook et al. 2010) Let M € SP*P and let B C span(M). Then the M-envelope

of B, denoted by Eni(B), is the intersection of all reducing subspaces of M that contain B.

Definition [2]is the formal definition of an envelope, which is central to our developments.

We will often identify the subspace B as the span of a specified matrix U: B = span(U). To
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avoid proliferation of notation in such cases, we will also use the matrix as the argument to Eng:
Em(U) = Eng(span(U)).

The response projection Py is then defined formally as the projection onto Esy, (), which
by construction is the smallest reducing subspace of Xvy|x that contains span(3) (or “en-
velopes” span(3) and hence the name “envelope”). Model can be parameterized in terms
of P¢ by using a basis. Let u = dim(Ex, ,(8)) and let (I',I'y) € R™" be an orthogonal

matrix with I' € R™" and span(I') = Ex, . (B). This leads directly to the envelope version of

model (1.1,
Y, = a+I'nX; +e;, with Eyjx = TQI7 + TyQI, i =1,...,n, (1.2)

where 8 = I'np, n € R**P gives the coordinates of 3 relative to basis I', and €2 and €2, are
positive definite matrices. While 7, {2 and €2, depend on the basis I selected to represent
Esyx(B), the parameters of interest B and Yyx depend only on s, (B) and not on the
basis. All parameters in (1.2) can be estimated by maximizing the likelihood from (1.2) with the
envelope dimension v determined by standard methods like likelihood ratio testing, information
criteria, cross-validation or a hold-out sample, as described by Cook et al. (2010). In particular,

the envelope estimator B of 3 is just the projection of the maximum likelihood estimator

B onto the estimated envelope, Benv = Pfﬁ, and \/ﬁ(vec(BenV) — vec(3)) is asymptotically
normal with mean O and covariance matrix given by Cook et al. (2010), where vec is the

vectorization operator that stacks the columns of a matrix and « is assumed to be known.

1.2 Cattle data and response envelopes

The data for this illustration resulted from an experiment to compare two treatments for the
control of an intestinal parasite in cattle: thirty animals were randomly assigned to each of the
two treatments and their weights (in kilograms) were recorded at weeks 2, 4, ..., 18 and 19 after
treatment (Kenward 1987). Because of the nature of a cow’s digestive system, the treatments
were not expected to have an immediate measurable affect on weight. The objectives of the
study were to find if the treatments had differential effects on weight and, if so, about when
were they first manifested.

We begin by consider the multivariate linear model (I.1)), where Y; € R is the vector

of cattle weights from week 2 to week 19, and the binary predictor X; is either O or 1 indi-
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cating the two treatments. Then a = E(Y|X = 0) is the mean profile for one treatment and
B =E(Y|X =1) — E(Y|X = 0) is the mean profile difference between treatments. Fitting
by maximum likelihood yields the profile plot of the fitted response vectors given in the top
panel of Figure The maximum absolute ratio of an element in B to its bootstrap standard
error is only about 1.3, suggesting that there were no inter-treatment difference at any time.
However, the likelihood ratio test statistics for the hypothesis 3 = 0 is about 27 with 10 de-
grees of freedom, which indicates that the two treatments did have different effects on cattle
weights. Further analysis is necessary to gain a better understanding of the treatment effects.
The literature on longitudinal data is rich with ways of modeling mean profiles as a function of
time and structuring Xy x to reflect dependence over time. Although not designed specifically
for longitudinal data, an envelope analysis offers a viable alternative that does not require prior
selection of models for the mean profile or the covariance structure.

Turning to a fit of the envelope model (I.2)), likelihood ratio testing and Bayesian informa-
tion criterion (BIC) both give a strong indication that © = 1, so only a single linear combination
of the elements of Y is relevant to comparing treatments. Details for determining an envelope
dimension can be found in Cook et al. (2010), and we illustrate dimension selection in the real
data applications of Section[6] The corresponding fitted weight profiles are given in the bottom
plot of Figure [1.1] The two profile plots in Figure are quite similar, except the envelope
profiles are notably closer in the early weeks, supporting the notion that there is a lag between

treatment application and effect. The absolute ratios of elements in B to their bootstrap stan-

dard errors were all smaller than 2.5 before week 10 and all larger than 3.4 from week 10 and
on. This finding gives an answer the original question: the two treatments have different effects
on cattle weight growth starting no later than week 10.

To illustrate the working mechanism of the envelope estimator Benv = Pffi graphically,
as shown in Figure we use only the weights at week 12 and 14 as the bivariate response
Y = (V3,Y5)". The maximum likelihood estimator of the first element 3; of 3 under model
(L.1) is just the difference between the treatment means at week 12. In terms of Figure [I.2]this
corresponds to projecting each data point onto the horizontal axis and comparing the means of
the resulting univariate samples, as represented schematically by the two relatively flat densities
for Y1|(X = 0) and Y;|(X = 1) along the horizontal axis of Figure These densities are

close, indicating that it may take a very large sample size to detect the difference between the
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Figure 1.1: Cattle data: The top plot is obtained by a standard likelihood analysis and the
bottom plot is obtained by the corresponding envelope analysis.

marginal means that is evident in the figure. In contrast, the envelope estimator for 3 first
projects the data onto the estimated envelope span(f) and then onto the horizontal axis, as
illustrated in Figure [I.2] The result is represented schematically by two peaked densities on
the horizontal axis. These densities are relatively well separated, reflecting the efficiency gains
provided by an envelope analysis. The standard estimator ,[Ai = (5.5, —4.8)T with bootstrap
standard errors (4.2,4.4)7, while the envelope estimator 3,,, = (5.4, —5.1)7 with bootstrap

standard errors (1.12,1.07)%.

1.3 Overview of available envelope methods

Envelopes were introduced by Cook, Li and Chiaromonte (2010) for response reduction in
the multivariate linear model with normal errors. They proved that the maximum likelihood
estimator Benv of B from model is Benv = Pfa and that the asymptotic variance of
vec(fﬂenv) is never larger than that for Vec(B). The reduction in variation achieved by the

envelope estimator can be substantial when the immaterial variation 2y = var(T'} Y) is large

relative to the material variation Q = var(I'7Y). For instance, using the Frobenius norm, we
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Figure 1.2: Cattle data with the 30 animals receiving one treatment marked as o’s and the
30 animals receiving the other marked as x’s. Representative projection paths, labeled ‘E’ for
envelope analysis and ‘S’ for standard analysis, are shown on the plot. Along the ‘E’ path only
the material information P3Y is used for the envelope estimator.

typically see substantial gains when |||z > ||€||r, as happens in Figure[1.2]

When some predictors are of special interest, Su and Cook (2011) proposed the partial enve-
lope model, with the goal of improving efficiency of the estimated coefficients corresponding to
these particular predictors. They used the Xyx-envelope of span(8;), sy« (8,), to develop

a partial envelope estimator of 3, in the partitioned multivariate linear regression
YZ‘:O{+/31X12‘+,32X22'+€Z‘, izl,...,n, (13)

where 3; € R" is the parameter vector of interest, X = (X, X1)7 and the remaining terms
are as defined for model lb The partial envelope estimator Bl’env = PfB1 has the potential
to yield efficiency gains beyond those for the full envelope, particularly when SngX(ﬁ) =R"
so the full envelope offers no gain.

Cook, Helland and Su (2013) used envelopes to study predictor reduction in multivariate
linear regression (1.1)), where the predictors are stochastic with var(X) = Xx. Their rea-
soning led them to parameterize the linear model in terms of s, (B"), which again achieved
substantial efficiency gains in the estimation of 3 and in prediction. They also showed that
the SIMPLS algorithm (de Jong 1993; see also ter Braak and de Jong , 1998) for partial least
squares provides a y/n-consistent estimator of Ex (ﬁT) and demonstrated that the envelope

estimator B = BP% (Sx) typically outperforms the SIMPLS estimator in practice, where we
X

env
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use P vy :=Pav) = A(ATVA) ATV to denote the projection onto A = span(A) in the
V inner product, and Qa vy = I — Pa(v).

Given the dimension of the envelope, the envelope estimators in these three articles are all
maximum likelihood estimators based on normality assumptions, but are also /n-consistent
with only finite fourth moments. It can be shown that the partial maximized log-likelihood func-
tions L, (I') = —(n/2)J(T') for estimation of a basis I' of Ex, (B), Exyx (B1) or Esy (8"

all have the same form with
J(T) = log ITTMT| + log |TT(M + U)~'T|, (1.4)

where the positive definite matrix M and the positive semi-definite matrix U depend on con-
text. The estimated basis is T' = argmin J(I'), where the minimization is carried out over a
set of semi-orthogonal matrices whose dimensions depend on the envelope being estimated.
Estimates of the remaining parameters are then simple functions of T. We represent sam-
ple covariance matrices as S and defined with the divisor n: Sx = Y | (X; — X)(X; —
X)/n, Sxy = > (Xi — X)(Y; — Y)”/n and Sy x denotes the covariance matrix of the
residuals from the linear fit of Y on X. To determine the estimators of the response enve-
lope Ex x (B), the predictor envelope Exy (B") and the partial envelope Esyx (B1), we have
{ﬁ,ﬁ + ﬁ} = {Sy;x,Sv}, {Sx|v,Sx} and {Sy|x,Sy|x,}, respectively. For instance, a
basis of the response envelope for the cattle data was estimated by maximizing L, (I") with
{M,M + U} = {Syx, Sy }.

Still in the context of multivariate linear regression, Schott (2013) used saddle point ap-
proximations to improve a likelihood ratio test for the envelope dimension. Su and Cook
(2013) adapted envelopes for the estimation of multivariate means with heteroscedastic er-
rors, and Su and Cook (2012) introduced a different type of envelope construction, called inner
envelopes, that can produce efficiency gains when envelopes offer no gains. Cook and Zhang
(2014b) introduced envelopes for simultaneously reducing the predictors and responses and
showed synergetic effects of simultaneous envelopes in improving both estimation efficiency
and prediction. Cook and Zhang (2014a) proposed a fast and stable 1D algorithm for envelope

estimation.
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1.4 Organization and notation

The previous studies on envelope models and methods are all limited to multivariate linear
regression. While envelope constructions seem natural and intuitive in that setting, nothing is
available to guide the construction of envelopes in other contexts like generalized linear models.
In this article, we introduce the constructive principle that an asymptotically normal estimator a&
of a parameter vector ¢ may be improved by enveloping span(¢) with respect to the asymptotic
covariance of (}5 This principle recovers past estimators and allows for extensions to many
other contexts. While the past envelope applications are rooted in normal likelihood-based
linear regression, the new constructive principle not only broadens the existing methods beyond
linear regression but also allows generic moment-based estimation alternatives.

The rest of this article is organized as follows. In Section 2] we give a general constructive
envelope definition. Based on this definition, we study envelope regression in Section [3] for
generalized linear models and other applications. In Section 4] we extend envelope estima-
tion beyond the scope of regression applications and lay general estimation foundations. We
propose moment-based and objective-function-based estimation procedures in Section §.1| and
turn to envelopes in likelihood-based estimation in Section Simulation results are given in
Section [5] and illustrative analyses are given in Section [6]

Although our focus in this article is on vector-valued parameters, we describe in a Supple-
ment to this article how envelopes for matrix parameters can be constructed generally. Due to
space limitations, we focus our new applications in generalized linear models. The Supplement
also contains applications to weighted least squares and Cox regression, along with additional
simulation results, proofs and other technical details.

The following additional notations and definitions will be used in our exposition. The
Grassmannian consisting of the set of all u dimensional subspaces of R", u < r, is denoted
as G, ,. If \/ﬁ(a — 0) converges to a normal random vector with mean 0 and covariance
matrix V we write its asymptotic covariance matrix as avar(\/ﬁg) = V. We will use oper-
ators vec : R%*’ — R, which vectorizes an arbitrary matrix by stacking its columns, and
vech : R%*¢ — Re+D/2 which vectorizes a symmetric matrix by stacking the unique el-
ements of its columns. Let A ® B denote the Kronecker product of two matrices A and B.

Envelope estimators will be written with the subscript env, unless the estimator is uniquely
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associated with the envelope construction itself, in which case the subscript designation is un-
necessary. We use 8, to denote an estimator of a parameter 6 given another parameter o. For

instance, Xx r is an estimator of Xx given I'.

2 A constructive definition of envelopes

The following proposition summarizes some key algebraic properties of envelopes. For a matrix
M € SP*P let A\; and P;, i = 1,... ¢, be its distinct eigenvalues and corresponding eigen-
projections so that M = > 7 | \;P;. Define f* : RP*P — RP*P as f*(M) = Y7 | f(\)P;,

where f : R — R is a function such that f(x) = 0 if and only if x = 0.
Proposition 1. (Cook et al. 2010)

1. If M € SP*P has q < p eigenspaces, then the M-envelope of B C span(M) can be

constructed as Ey(B) = > "1 P:B;
2. With f and f* as previously defined, Ex(B) = Em(f*(M)B).
3. If f is strictly monotonic then Envi(B) = Ep+ ) (B) = Em(f*(M)B).

From the first part of this proposition, we see that the M-envelope of B is the sum of the
projections of 3 onto the eigenspaces of M; the second part of this proposition gives a variety
of substitutes for B without changing the envelope; and part 3 implies that we may consider
replacing M by f*(M) for a monotonic function f without affecting the envelope.

Envelopes arose in the studies reviewed in Section [[.3] as natural consequences of postu-
lating reductions in Y or X. However, they provide no guidance on how to employ parallel
reasoning in more complex settings like generalized linear models, or in settings without a
clear regression structure. In terms of Definition [2] the previous studies offer no guidance on
how to choose the matrix M and the subspace B for use in general multivariate problems, par-
ticularly since there are many ways to represent the same envelope, as indicated in parts 2 and
3 of Proposition[I} We next propose a broad criterion to guide these selections.

Let 6 denote an estimator of a parameter vector @ € ® C R™ based on a sample of size n.
Let 0, denote the true value of 8 and assume, as is often the case, that /n (5 — 6,) converges in

distribution to a normal random vector with mean 0 and covariance matrix V(68;) > 0 as n —
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oo. To accommodate the presence of nuisance parameters we decompose 8 as 6 = (¢, ¢)7,
where ¢ € RP, p < m, is the parameter vector of interest and ¢» € R™P is the nuisance
parameter vector. The asymptotic covariance matrix of gAb is represented as V ,(6;), which
is the p x p lower right block of V(8,). Then we construct an envelope for improving q?) as

follows.
Definition 3. The envelope for the parameter ¢ € R? is defined as &y, ¢(91)(¢t) C RP.

This definition of an envelope expands previous approaches reviewed in Section [I.3]in a
variety of ways. First, it links the envelope to a particular pre-specified method of estima-
tion through the covariance matrix V 4 (8,), while normal-theory maximum likelihood is the
only method of estimation allowed by the previous approaches. The goal of an envelope is to
improve that pre-specified estimator, perhaps a maximum likelihood, least squares or robust
estimator. Second, the matrix to be reduced — here V4(0;) — is dictated by the method of
estimation. Third, the matrix to be reduced can now depend on the parameter being estimated,
in addition to perhaps other parameters.

Definition |3| reproduces the partial envelopes for 3, reviewed in Section and the en-
velopes for 3 when it is a vector; that is, when » = 1 and p > 1 or when » > 1 and
p = 1. It also reproduces the partially maximized log likelihood function (I.4) by setting
M = V44(0;) and U = q’)tcth. To apply Definition [3| for the partial envelope of 3, based
on model (I.3)), the asymptotic covariance matrix of the maximum likelihood estimator of
Bi1is Vg5, = (% )11Zvx, where (Xx')11 is the (1,1) element of the inverse of Xx =
lim, oo n™t > 1 X; XTI Consequently, by Proposition Evg s, (B1) = Exyx (B1), and thus
Definition [3| recovers the partial envelopes of Su and Cook (2011). To construct the partially
maximized log likelihood weset M = Vg g and U = 3, B1. Then using sample ver-
sions gives

J(T) = log|(Sx")ul" SyxT| +log [T {(Sx')11Svix + Bﬁf}‘ll‘l
= log |T"SyxI| +log |T"Sy iy, T,

Y|Xo

which is the partially maximized log-likelihood of Su and Cook (2011). It is important to
note that, although Es.,, (B1) = Ev, 4 (B;), Definition [3| requires that we use Vg 5, =

(E;)H Y.y|x and not Xyx alone. The response envelope by Cook et al. (2010) can be seen as

10



252 a special case of the partial envelope model with absence of X,. This implies that Definition 3|
253 can also reproduce the response envelope objective function, which is obtained by replacing
24 Sy|x, with Sy in the J(T') function (T.4).

255 As another illustration, consider X reduction in model withr = land p > 1. To
25 emphasize the scalar response, let 012/\)( = var(e) with sample residual variance sf,p(. The
257 ordinary least squares estimator of 3 has asymptotic variance Vgg = af/‘xE)}l. Direct appli-
258 cation of Deﬁnitionthen leads to the 0'12/|XE}_(1—€IIVCIOPG of span(3), 503, e (B). However,
250 1t follows from Proposition that this envelope is equal to s, (3), which is the envelope used
260 by Cook, et al., (2013) when establishing connections with partial least squares. To construct
261 the corresponding version of , let M = Vggand U = BBT. Then substituting sample

262 quantities
~~T
J(I) = 1og|s§|XrTs;(1r|+1og|rT{s§/|XS;(l+ﬁﬁ 1T
= log |[T"S{'T| + log |T7(Sx — SxySxy/s%v) ‘T, (2.1

23 Which is the partially maximized log-likelihood of Cook et al. (2013). While &, (8) =

264 s (B), we must still use M = Vg = U?/\xzil in the construction of J(T).

oV x
265 beﬁnition in combination with J(I') can also be used to derive envelope estimators for
266 new problems. For example, consider enveloping for a multivariate mean g in the model Y =
267 pL+ €, where e ~ N(0,X). Wetake = pand g =n"'> " Y, Then M =V, =
265 3, which is the asymptotic covariance matrix of i, U = puu’, and M + U = E(YY?).

269 Substituting sample versions of M and U leads to the same objective function J(I") as that

270 obtained when deriving the envelope estimator from scratch.

- 3 Envelope regression

272 In this section we study envelope estimators in a general regression setting. We first discuss
273 the likelihood-based approach to envelope regression in Section [3.1] and then discuss specific

274 applications including generalized linear models (GLM) in Sections [3.2]—[3.4]

zs 3.1 Conditional and unconditional inference in regression

o Let Y € R! and X € RP have a joint distribution with parameters 6 := (a’, BT, wT)T €
27 RITPTS_ 50 the joint density or mass function can be written as (Y, X|0) = ¢(Y|a, 87 X)h(X|4p)

11
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and the observed data are {Y;, X;},7 =1, ...,n. We take 3 to be the parameter vector of inter-
est and, prior to the introduction of envelopes, we restrict ¢, 3 and 1) to a product space. Let
L,(0) =>" log f(Y;,X;|0) be the full log-likelihood, let the log-likelihood conditional on
X be represented by C,, (a, B) = Y1 log g(Vi|er, BT X;) and let M,, () = > log h(X; %)
be the marginal log-likelihood for 1». Then we can decompose L, (0) = C,(ca, B8) + M, (¢).

Since our primary interest lies in 3 and X is ancillary, estimators are typically obtained as
(&, B) = argmax C, (o, B). 3.1)
(o)

Our goal here is to improve the pre-specified estimator B by introducing the envelope Ev 5, (B,),
where Vgg = Vgg(0,) = avar(\/ﬁfi'), according to Deﬁnition

Let (I',T'y) € RP*? denote an orthogonal matrix where I' € RP** is a basis for Ev,,(8;).
Since B, € Ev,,(B;), we can write 3, = I'n, for some 1, € R*. Because Vg(0;) typi-
cally depends on the distribution of X and Ev,,(8,) reduces Vgg(8,), the marginal M, will
depend on T'. Then the log-likelihood becomes L, (c, n,%,,T) = C,,(a,n, T') + M, (¢p,,T),
where 1), represents any parameters remaining after incorporating I'. Since both C),, and M,
depend on I', the predictors are no longer ancillary after incorporating the envelope structure
and estimation must be carried out by maximizing {C,,(a,n,I") + M, (¢;,T)}.

The relationship between X and &y ,,(3;) that is embodied in M,, (), T') could be compli-
cated, depending on the distribution of X. However, as described in the following proposition,
it simplifies considerably when E(X|T'"'X) is a linear function of T'7X. This is well-known
as the linearity condition in the sufficient dimension reduction literature where there I' denotes
a basis for the central subspace (Cook 1996). Background on the linearity condition, which is
widely regarded as restrictive but nonetheless rather mild, is available from Cook (1998), Li
and Wang (2007) and many other articles in sufficient dimension reduction. For instance, if X
follows an elliptically contoured distribution, the linearity condition will be guaranteed for any

I' (Eaton 1986).

Proposition 2. Assume that E(X|T"X) is a linear function of T"X. Then Ev,,(8,) =
gzx (ﬁt)

A implication of Proposition [2|is that, for some positive definite matrices 2 € R*** and

Qy € Re-wxr—v)_ 51y = TQTT 4 T'yQeI'Y and thus M, must depend on T through the

12
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marginal covariance ¥x. Consequently, we can write M, (Xx,%,) = M, (T, Q, Qq, ),
where 1), represents any remaining parameters in the marginal function. If X is normal with
mean py and variance Xx, then ¥, = px and M, (T, Q, Qq,v,) = M, (T, Q, Q, px) is
the marginal normal log-likelihood. In this case, it is possible to maximize M,, over all its

parameters except I, as stated in the following proposition.

Proposition 3. Assume that X € R? is multivariate normal N (px, Xx) and that T' € RP*" g
a semi-orthogonal basis matrix for Es, (B,). Then ﬁx,r =X, ZA]X,F = PrSxPr + QrSxQr
and

M,(T) := max M, (T, Q. px) (3.2)
Q,Q0,ux

= —g {log IT"SxT| + log |F0TSXFU|}

- _g {log [T"SxT| + log 1" Sx'T'| +log[Sx|} , (3.3)

where (T',T'y) € RP*? is an orthogonal basis for RP. Moreover, the global maximum of M, (T")

is attained at all subsets of u eigenvectors of Sx.

This proposition indicates that if X is marginally normal, the envelope estimators are
(Geny 71, T) = arg max{Cyy (e, 1, T) + M, (T)}. (34

In particular, the envelope estimator of 3 is Benv = fﬁ and, from Proposition gx,env =
P:SxPs+QpSx Qg. It follows also from Propositionthat one role of M, is to pull span(f‘)
toward the reducing subspaces of Sx, although it will not necessarily coincide with any such

subspace.

3.2 Generalized linear models with canonical link

In the generalized linear model setting (Agresti 2002), Y belongs to an exponential family
with probability mass or density function f(Y;|9;, @) = exp{[Yit — b(9;)]/a(e) + (Y, ¥)},
1t = 1,...,n, where ¥ is the natural parameter and ¢ > 0 is the dispersion parameter. We
consider the canonical link function 9(a, 3) = a + 87 X, which is a monotonic differentiable
function of E(Y|X, 1, ¢). We also restrict discussion to one-parameter families so that the

dispersion parameter ¢ is not needed.
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[ n=EVX,0.8) | CW) | C'(9) | —C"(W) (W) |

Normal V¥ Y —192/2 Y -9 1

Poisson exp(1) Y — exp(d9) Y — exp(9) exp(19)

Logistic exp(9)/A(F) Y9 —log A(¥) | Y —exp(9)/AW9) | exp(d)/A%(V)
Exponential 971 >0 Y9 — log(—9) (Y —1/9) 972

Table 1: A summary for the mean functions, the conditional log-likelihoods and their deriva-
tives of various exponential family distributions. A(J) = 1 + exp(?).

The conditional log likelihood takes the form of log f(y|9¥) = y¥ — b(¥) + c(y) := C(¥),
where 1) = o + 37 X is the canonical parameter. Then the Fisher information matrix for (o, 3)

evaluated at the true parameters is

F(ay,8) =E <_C”(0‘t + B/ X) ( XlT X);(T >) ; (3.5)

where C"(ay + 37 X) is the second derivative of C(¥9) evaluated at o, 4+ 87 X.

To construct the asymptotic covariance of E from the Fisher information matrix and to in-
troduce notation, we transform («, 3) into orthogonal parameters (Cox and Reid 1987). Specif-
ically, we transform («, 3) to (a, 3) so that a and 3 have asymptotically independent maximum
likelihood estimators. Define weights W (¥) = C”(9)/E(C"(9)) so that E(W) = 1, and write
¥ =a+B"EWX)+ B{X - E(WX)} :=a+ B"{X — E(WX)}. Then the new parame-
terization (a, 3) has Fisher information matrix

Fou) = B¢ (o 5o ).
where Xxu) = E{W[X — E(WX)][X — E(WX)]"}. We now have orthogonal parameters
and avar(/n3) = Vga(ar, B;) = {E(-C") - EX(W)}_I, while &y, (3;) is the corresponding
envelope. The parameterizations (a, 3) and («, (3) lead to equivalent implementation since we
are interested only in (3. Therefore, we use («, 3) in the estimation procedure that follows and
use orthogonal parameters (a, (3) to derive asymptotic properties in Section

The conditional log-likelihood, which varies for different exponential family distributions
of Y|X, can be written as C,,(a,3) = Y., C(¥;), where ¥; = a + 87X, and different
functions C(v}) are summarized in Table |1} We next briefly review Fisher scoring, which is the
standard iterative method for maximizing C,,(«, 3), as background for the alternating envelope

algorithm (Algorithm . At each iteration of the Fisher scoring method, the update step for B
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can be summarized in the form of a weighted least squares (WLS) estimator as follows:

B «— S (i Sx (- (3.6)

where W = W) = W(@ + ,@TX) is the weight at the current iteration, V = 9 + {Y —
,u(z/9\) }/ Wisa pseudo-response variable at the current iteration, the weighted covariance Sy i,
is the sample estimator of Xx 1) and the sample weighted cross-covariance SXV(W) is defined
similarly. Upon convergence of the Fisher scoring process, the estimator ,[Ai = S)_&W)SXV (i) is
a function of the estimators a, ¥, W and V at the final iteration.

Assuming normal predictors, it follows from Section [3.1] that the full log-likelihood can be
written as L,,(a, ', ) = C,,(«, B) + M, (T'), where 3 = I'n is the coefficient vector of interest
and M, (T") is given in Proposition [3| For fixed I" € RP**, the Fisher scoring method of fitting

the GLM of Y on I'"X leads to 7jp = (I'"'Sy 7 TI')~'T''S

X (W) Therefore, the partially

XV(W):

maximized log-likelihood for I' based on Fisher scoring algorithm is

Lu(T) = Cu(T)+ M,(T)

- cn(a,rﬁr)—g{longan+1ogers;;1“y+1ogysx|}, (3.7)

where the optimization over I treats 7j. as a function of T instead of as fixed. Since we are
able to compute the analytical form of the matrix derivative 0L,,(I') /0T, which is summarized
in Lemmal(I]of Supplement Section|C] the alternating update of I" based on 7). is more efficient
than updating I" with fixed 7. We summarize this alternating algorithm for fitting GLM enve-
lope estimators in Algorithm|[I], where the alternating between (2a) and (2b) typically converges
in only a few rounds. Step (2a) is solved by using the sg_min Matlab package by Ross A. Lip-
pert (http://web.mit.edu/~ripper/www/software/) with the analytical form of
0L, (T')/OT", and Fisher scoring was the default method in the Matlab package glmfit.

3.3 Asymptotic properties with normal predictors

In this section we describe the asymptotic properties of envelope estimators in regression when
o (i.e. orthogonal parameter ¢ in GLM) and 3 are orthogonal parameter vectors and X is
normally distributed. We also contrast the asymptotic behavior of the envelope estimator 3

env

with that of the estimator ,[Ai from C), (e, ), and comment on other settings at the end of the
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Algorithm 1 The alternating algorithm for GLM envelope estimator.

~

1. Initialize a, B ¢, W and ‘7 using the standard estimators. Initialize T using the 1D
algorithm (Algorithm 2) discussed in Section 4.1]

2. Alternating the following steps until the convergence of ,[Aienv or the maximum number of
iterations is reached.

(2a) Update r by maximizing li over Grassmann manifold G, ,, where C,,(T") is cal-
culated based on @, 3, ¥, W and V' at current step.

(2b) Update & and 7) by the Fisher scoring method of ﬁttlng GLM of Y on I‘ X. Then
set Benv = I‘n and simultaneously update 9, W and V.

section. The results in this section apply to any likelihood-based envelope regression, including
the envelope estimators in GLMs .

The parameters involved in the coordinate representation of the envelope model are «, 7,
2, Qp and I'. Since the parameters n, €2 and €2, depend on the basis I' and the objective
function is invariant under orthogonal transformations of I', the estimators of these parameters
are not unique. Hence, we consider only the asymptotic properties of the estimable functions
a,3=TInand Xx = ror’ + I‘OQOI‘g, which are invariant under choice of basis I' and thus
have unique maximizers. Under the normality assumption, X ~ N(ux, Xx), we neglect the
mean vector fix since it is orthogonal to all of the other parameters. We define the following

parameters & and estimable functions h.

3 «

& n h(§) @
E=| & [ =] veeM) [, h=]| ha(§ |:= B

&, vech () h;(&) vech(Xx)

& vech(€2)

Since the number of free parameters in h is ¢+ p+p(p+1)/2 and the number of free parameters
in€isg+u+(p—-—uvut+uu+1)/2+@p-u)p—u+1)/2=q+u+p(p+1)/2, the

envelope model reduces the total number of parameters by p — w.

Proposition 4. Assume that for i = 1,...,n, the predictors X; are independent copies of a
normal random vector X with mean px and variance Xx > 0, and that the data (Y;, X;)
are independent copies of (Y, X) with finite fourth moments. Assume also that o and 3 are

orthogonal parameter vectors. Then, as n — 00, \/n(B.,, — B;) converges to a normal vector

env
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with mean 0 and covariance matrix

avar(\/ﬁ,@env) = avar(\/ﬁﬁr) + avar(\/ﬁQan)
= PFV,@5P[‘ + (’UT ® Fo)Mfl("? ® Fg;)

< avar(vnP),

where M = (n @ T )Vga(n" ®@To) + Q@ Q' + Q7' @ Qo — 2L, -, 2 = I ExT and
Qo = I 2T

The conditional log-likelihood is reflected in avar(\/ﬁ,@env) primarily through the asymp-
totic variance Vg, while €2 and €2, stem from the normal marginal likelihood of X. The
span of I' reduces both Vg and Xx, so the envelope serves as a link between the condi-
tional and marginal likelihoods in the asymptotic variance. The first addend avar(\/ﬁﬁr) is the
asymptotic covariance of the estimator given the envelope. The second addend avar(\/ﬁQan)
reflects the asymptotic cost of estimating the envelope and this term is orthogonal to the first.
Moreover, the envelope estimator is always more efficient than or equally efficient as the usual
estimator B

~

A vector SE(83,,,) of asymptotic standard errors for the elements of B can be constructed

env ) env

by first using the plug-in method to obtain an estimate of éﬁﬁr(\/ﬁgem) of avar<\/ﬁ//8\env) and
then SE(BQHV) = diaglm{@(\/ﬁb\env)/n}-

An important special case of Proposition 4{is given in the following corollary.

Corollary 1. Under the same conditions as in Proposition 4} if we assume further that ¥x =

0’1, 0® > 0 then Ev,,(B;) = span(B,) and avar(y/nB.,) = avar(vnB) = Vgg.

Corollary [I] tells us that, if we have normal predictors with isotropic covariance, then the
envelope estimator is asymptotically equivalent to the standard estimator and enveloping offers
no gain, but there is no loss, either. This implies that there must be some degree of co-linearity
among the predictors before envelopes can offer gains. We illustrate this conclusion in the
simulations of Section[5.2]for logistic and Poisson regressions and in Supplement Section B|for
least squares estimators.

Experience has shown that (3.4) provides a useful envelope estimator when the predictors
satisfy the linearity condition but are not multivariate normal. In this case there is a connec-

tion between the desired envelope Ev,,(3;) and the marginal distribution of X, as shown in
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Proposition 2, and Benv is still a \/n-consistent estimator of 3. If the linearity condition is
substantially violated, we can still use the objective function {C,(a,3) + M, (T")} to esti-
mate 3 within s, (3,) but this envelope may no longer equal Ev,,(3;). Nevertheless, as
demonstrated later in Corollary [2| this still has the potential to yield an estimator of 3 with
smaller asymptotic variance than B , although further work is required to characterize the gains
in this setting. Alternatively, the general estimation procedure proposed in Section {.1] yields

\/n-consistent estimators without requiring the linearity condition.

3.4 Other regression applications

Based on our general framework, the envelope model can be adapted to other regression types.
In Supplement Sections [A.T| and [A.2] we give derivation and implementation details for enve-
lope in WLS regression and in Supplement Section [A.3} we include details for envelopes in
Cox regression. Theoretical results in this section could also apply to the WLS and the Cox
regression models, as we discussed in the Supplement Section [A]

The envelope methods proposed here are based on sample estimators of asymptotic co-
variance matrices, which may be sensitive to outliers. However, the idea of envelopes can be

extended to robust estimation procedures (see, for example, Yohai et al. (1991)).

4 Envelope estimation beyond regression

Having seen that Definition |3| recovers past envelopes and having applied it in the context of
GLMs, we next turn to its general use in estimation. We propose three generic estimation
procedures — one based on moments, one based on a generic objective function and one based
on a likelihood — for envelope models and methods in general. The estimation frameworks in
this section includes previous sections as special cases, and the algorithms in this section can

also be applied to any regression context.

4.1 Moment-based and objective-function-based estimation

Definition[3|combined with the 1D algorithm (Cook and Zhang 2014a), which is restated as Al-
gorithm [2)in its population version, gives us a generic moment-based estimator of the envelope

Em(U), requiring only matrices M and U. Setting U= $$T € S7¢ and M equal to a y/n-
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Algorithm 2 The 1D algorithm.

1. Set initial value gg = Gy = 0.
2. Fork=0,...,u—1, gxs1 € RYis obtained direction in the envelope Ey(U) as follows,
(a) Let G, = (g1,...,8) if £ > 1 and let (G, Gox) be an orthogonal basis for RY.
(b) Define the stepwise objective function
Ji(w) = log(w! Ajw) + log(w' B, 'w), 4.1)

where A, = ngMGOk, B, = (ngMGOk -+ ngUG0k> and w € R77F,
(c) Solve wy, | = arg miny, J;(w) subject to a length constraint w’w = 1.

(d) Define gj1 = GorpWy41 to be the unit length (k + 1)-th stepwise direction.

consistent estimator of V 4,(6;) € S?7*, it follows from Cook and Zhang (2014a; Proposition
6) that the 1D algorithm provides a /n-consistent estimator Ps = CA}u(A}Z of the projection
onto Ev,,0,)(P;) C RP, where éu is obtained from the sample version of the 1D algorithm
and u = dim(Ev,,(0,)(®;)) is assumed to be known. The moment-based envelope estimator

~

Doy = Péqub is then a \/n-consistent estimator of ¢,. For example, the moment-based esti-
mator for GLMs is obtained by letting U = Z\i,@T and M = S;{tw)/ {nfl Z?:l(—C”(Q/S‘\i))}
in the 1D algorithm. Consequently, a distributional assumption, such as normality, is not a re-
quirement for estimators based on the 1D algorithm to be useful, a conclusion that is supported
by previous work and by our experience. However, the weight W (1) depends on the parameter
B so that iterative updates of weights and estimators could be used to refine the final estimator,
as we will discuss at the end of Section

The 1D algorithm can also play the role of finding starting values for other optimizations.
For instance, in envelope GLMs, we use the 1D algorithm to get starting values for maxi-
mizing (3.7). Moreover, the likelihood-based objective function in has the property that
L,(T') = L,(T'O) for any orthogonal matrix O € R***. Maximization of L,, is thus over
the Grassmannian G, ,. Since u(p — u) real numbers are required to specify an element of
G, uniquely, optimization of L,, is essentially over u(p — u) real dimensions, and can be time
consuming and sensitive to starting values when this dimension is large. The 1D algorithm
mitigates these computational issues: to our experience, with the 1D estimator as the starting

value for step (2a) in Algorithm |1} the iterative Grassmann manifold optimization of L, (T") in
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(3.7) typically converges after only a few iterations.
To gain intuition about the potential advantages of the moment-based envelope estimator,
assume that a basis I" for &v,(e,)(®;) is known and write the envelope estimator as Pra) .

Then since the envelope reduces V ,,(60;), we have

avar(vVn®) = Vgg(8:) = PrVee(6,)Pr + QrVes(0:)Qr,
avar(VnPr@) = PrVee(0:)Pr < Veu(6)).

These relationships allow some straightforward intuition by writing \/ﬁ(a —¢,) = \/ﬁ(Ppab —
¢,) + /nQr qAb The second term \/ﬁsz;\S is asymptotically normal with mean O and variance
QrVse(0:)Qr, and is asymptotically independent of \/ﬁ(Pr$ — ¢,). Consequently, we think
of Qp(Aﬁ as the immaterial information in g?) The envelope estimator then achieves efficiency
gains by essentially eliminating the immaterial variation QrV 44(0;)Qr, the greatest gains
being achieved when QrV 44(0;)Qr is large relative to PrV44(0,)Pr. Of course, we will
typically need to estimate I' in practice, which will mitigate the asymptotic advantages when
I' is known. But when the immaterial variation is large compared to the cost of estimating the
envelope, substantial gain will still be achieved. Although we do not have an expression for the

asymptotic variance of the moment-based estimator ¢,,,, = Pg @, the bootstrap can be used to

estimate it. Depending on context, cross validation, an information criteria like AIC and BIC,
or sequential hypothesis testing can be used to aid selection of u, as in Cook et al. (2010, 2013)
and Su and Cook (2011).

If ¢ is obtained by minimizing an objective function ¢ = arg mingegrs F,(¢) then, as an
= Pg, (5 an envelope estimator can be con-

~ ~

= G,7, where 7 = arg min,cg« F,,(G,n). We refer to this as the objective-

alternative to the moment-based estimator g?)

env

structed as «Eenv
function-based estimator. Sometimes these two approaches are identical, i.e., response en-
velopes (Cook et al. 2010) and partial envelopes (Su and Cook 2011). In Section #.2] we

specialize the objective function approach to maximum likelihood estimators.

4.2 Envelopes for maximum likelihood estimators

In this section, we broaden the envelope estimators in regression to generic likelihood-based
estimators. Consider estimating 6 as 0= arg maxgece Ly, (0), where L, (0) is a log-likelihood

that is twice continuously differentiable in an open neighborhood of 6,. Then under standard
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conditions \/ﬁ(é — 0,) is asymptotically normal with mean 0 and covariance matrix V(6;) =
F~1(0,), where F is the Fisher information matrix for 8. The asymptotic covariance matrix of
b, V46 (0;), is the lower right block of V (6,).

Recall that for envelope models, we can write the log-likelihood as L,,(0) = L, (¢, ¢) =
L, (¢, I'n). To obtain MLE, we need to maximize L, (¢, I'n) over ¢, n and ' € RP*", where
I is semi-orthogonal basis for &y, ,)(¢;) and u = dim(Ev,,e,)(@;)). We first discuss the
potential advantages of envelopes by considering the maximization of L, (¢, ') over 1 and
n with known I'. Since ¢, € &v,s,)(¢;), we have that ¢, = I'n, for i, € R*. Consequently,

for know I', the envelope estimators become

(r,7r) = argmax Ly(4,Tn), (42)
or = Iip (4.3)
or = (¥r ér)" (4.4)

Any basis for v ¢ ¢(9t)(¢t) will give the same solution $r3 for an orthogonal matrix O, write
¢ = T'OO™n. Then 1o = O'7y.

The estimator qAbr given in (4.3) is in general different from the moment-based estimator
PFQ/Z,\) discussed near the end of Section However, as implied by the following proposition,
these two estimators have the same asymptotic distribution, which provides some support for

the simple projection estimator of Section [4.1]

Proposition 5. As n — oo, \/n(¢pr — ¢,) converges to a normal random vector with mean 0

and asymptotic covariance
avar(vnér) = PrVee(0:)Pr < Vee(6,).
The /n-consistent nuisance parameter estimator also satisfies avar(/ntpy) < avar(y/np).

The following corollary to Proposition [5| characterizes the asymptotic variance when an

arbitrary envelope is used.

Corollary 2. If T is a basis for an arbitrary envelope Exi(@,), where M is a symmetric positive

definite matrix, then

avar(v/np) = T{TTV ;1 (8,)T}'T7 < V4 (8,). (4.5)
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Algorithm 3 The iterative envelope algorithm for MLE.

1. Initialize 00 = 0 and let Mk and Uk be the estimators of M and U based on the k-th
envelope estimator Ok of 0, so MO and Uo are based only on the pre-specified estimator.

2. Fork =0,1,... iterate as follows until a measure of the change between gbk 41 and qbk is
sufficiently small

(a) Using the 1D algorithm, construct an estimated basis T, for Ev ,40.) (@) using
— ~ N ~ ~T
Mk = V¢¢(0k> and Uk = ¢k¢k

(b) Set 811 = Oz, from (4.4).

The above expression shows that I" is intertwined with V 44(6;) in the asymptotic covari-
ance of the envelope estimator (%F, while the envelope by Definition |3| makes avar(\/ﬁabr)
more interpretable because the material and the immaterial variations are separable.

As formulated, this likelihood context allows us to construct the envelope estimator g/zgr
when a basis T' for v, e,)(¢P,) is known, but it does not by itself provide a basis estima-
tor I'. However, a basis can be estimated by using the 1D algorithm (Algorithm [2| in Sec-
tion , setting M = V44(0) and U = ¢¢’ and plugging-in the pre-specified estimator
0 = arg maxgee L, (0) to get /n-consistent estimators of M and U. The envelope estimator

is then (%

env

= (/;51:, where T' = éu Then we have the following proposition.

Proposition 6. If the estimated basis T for Ey +0(0,)(@;) is obtained by the 1D algorithm (Al-

gorithm @), then the envelope estimator ¢, = ¢y is a \/n-consistent estimator of ¢.

The envelope estimator qu.’> depends on the pre-specified estimator 0 through M = V 4,4,(0)

env
and U = ¢¢”. Although it is /n-consistent, we have found empirically that, when M depends
non-trivially on 6, it can often be improved by iterating so the current estimate of 0 is use to

construct estimates of M and U. The iteration can be implemented as Algorithm [3]

5 Simulations

In this section we present a few simulations to support and illustrate the foundations discussed
in previous sections. In Section [5.I] we simulate two datasets to illustrate the workings of
envelope estimation in logistic regression. In F[5.2]and [5.3] we simulated 100 datasets for each

of the three sample sizes: n = 50, 200 and 800. The true dimension of the envelope was always
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ss1 used in estimation. We mainly focus on the performance of Algorithm |1|in this section, since

si2  the predictors were simulated from normal distributions.

s 5.1 Envelope in logistic regression

s« Following Definition [3] we derived in Section [3.2] that the envelope in logistic regression is
s Exiy ) (B), where Ex ) = cov(v/WX) is the covariance of the weighted predictors /WX
s and W = exp(B87X)/{1 + exp(B7X)}2. We now use a small simulation study, where p = 2
ss7 and u = 1, to illustrate graphically the advantages of envelopes.

538 We generated 150 independent observations as follows: Y;|X; ~ Bernoulli(logit(8"X})),
s0 3 = (B1,02)7 = (0.25,0.25)T and X; ~ N(0,Xx). We let span(3) be the principal
s eigenvector of Xx with eigenvalue 10 and let the other eigenvalue be 0.1, which led to co-
st linearity and made the estimation challenging. We plotted the data in Figure in which
se2 we used two lines to indicate the directions of the two estimators: standard estimator B =
s (—0.047,0.692)7 with asymptotic standard errors SE(8) = (0.418,0.429)7, and envelope
s estimator 3,,, = (0.321,0.319)" (based on Algorithm |I) with asymptotic standard errors

env

545 SE(,@QHV) = (0.058,0.057)”. The components of B,,, are large relative to their standard er-

ss6  rors, while the components of B are not. The alternative moment-based envelope estimators
se7  discussed in Sections and Benvg = (0.323,0.317)7 (based on Algorithmas indicated
sas by the added subscript) and Bemg = (0.320,0.320)7 (based on Algorithm , were both very

se9  close to the likelihood-based estimator B We also plotted the weighted predictors v WX in

sso Figure [5.1][(b)| so that we can see from the figure that the envelope is the principal eigenvector

ss1 Of 2x ().

552 To further demonstrate the point that the standard logistic regression estimator is highly

ss3  variable in the presence of co-linearity, we simulated another data set according to the same

ene = (0.208,0.209)T with

) = (0.047,0.047)". And again the moment-based enve-

ss6  lope estimators were both very similar to the likelihood-based estimator, B (0.207,0.208)T

s7 and 3 (0.210,0.208)". But the standard estimator varied substantially, 3 = (0.665, —0.248)"
sss with asymptotic standard errors SE(B) = (0.401,0.399)7.

ss¢  model. Again, the envelope estimator stayed close to the truth, B

sss asymptotic standard errors SE(3

env
env,2 —

env,3 —

559 We use the Australia Institute of Sport (AIS) data to illustrate the phenomenon in this sim-

seo ulation setting. This data set, originally from Cook and Weisberg (1994; page 98), contains

23



561

563

564

565

566

567

568

569

570

571

572

573

574

various measurements on 102 male and 100 female athletes collected at the Australian Institute
of Sport. We take height (cm) to be X7, weight (kg) to be X, and Y as a binary indicator

for male or female athletes. A plot of the data (not shown) is similar to that in Figure |5.1j(a)|

and the envelope dimension was selected as

1 by five-fold cross-validation so we ex-

pected some gain from envelopes. The standard estimator B = (0.123,0.062)7 has asymp-

~

totic standard errors SE(3) = (0.034,0.022)7, while the likelihood-based envelope estimator
BGHV

-~

SE(8,,,) = (0.014,0.014)". The envelope estimator compared to the standard estimator, had

(0.085,0.086)T, which was obtained by Algorithm |1, has asymptotic standard errors

40% and 60% smaller standard errors for the two coefficients in 3.
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(a) Estimated envelope and standard estimators. (b) Visualization of Xx ) = cov(vVIWX).

Figure 5.1: Illustration of envelopes in logistic regression: |(a) envelope and standard esti-
mators in one simulated data set, the true envelope &xy (3,) and its sample estimate are

indistinguishable in the plot; visualization of the covariance 3x ) = cov(vWX) by

plotting the weighted predictors v/ X on axes, where the true weights were used: W, =
exp(B; X;) /(1 + exp(B] X,))*.

5.2 Generalized linear models

In this section we report the result of numerical studies to compare three estimators in the con-
texts of logistic and Poisson regression: (1) the standard GLM estimators obtained by the Fisher
scoring method, (2) iteratively re-weighted partial least squares estimators for GLMs (IRPLS;

Marx 1996), and (3) envelope estimators based on Algorithm [l The 1D algorithm (Algo-
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rithm [2)) was used to provide /n-consistent starting values for Grassmannian optimizations in
Algorithm[I] We used the Matlab function glmfit to obtain the standard GLM estimators. The
IRPLS algorithm is a widely recognized extension of PLS algorithms for GLMs. It embeds a
weighted partial least squares algorithm in the Fisher scoring method and iteratively updates
between the reduced predictors f‘TX and the other parameters (@, ,@, 5, IA/, /W), similar to our
envelope method described in Section [3.2] The original IRPLS algorithm by Marx (1996) is
based on the NIPALS algorithm (Wold 1966) for PLS, but our simulations all used the SIMPLS
algorithm (de Jong 1993) within IRPLS. This is because SIMPLS is more widely used and is
implemented in the plsregress function in Matlab.

In all these simulations, the envelope dimension was equal to 2, p = 10 and X ~ N (0, Xx),
where x = TQI'" 4+ T\QI', T' € RP*? was generated by filling with independent uniform
(0,1) variates and then standardized so that (I',T'y) is an orthogonal matrix. The positive
definite symmetric matrices 2 € R?*? and £, € R3*® were generated as ODO? where O
is an orthogonal matrix and D is a diagonal matrix of positive eigenvalues. We chose the
eigenvalues of €2 to be 0.1 and 0.5, while the eigenvalues of €2, range from 0.002 to 20. The
true parameter vector 3, = I'p with 5 = (1,1)”. The intercepts were o = 2 for Poisson
regression and « = 1 for logistic regression.

The averaged angles and length ratios are summarized in Table From this table, we
found that the envelope estimator was always the best for various sample sizes. The advantages
of envelope estimator over its competitors were clear in both logistic and Poisson regressions.
The improvements of envelope estimators over the standard estimators became more substantial
with increased sample sizes. At the same time, the standard estimator always did better than
the IRPLS estimator in terms of angle.

Recall that, according to Corollary [} we need some degree of co-linearity among the pre-
dictors before envelope can offer gains. To illustrate this conclusion, we repeated the sets of
simulations by using 3x = I, for Poisson regression and ¥x = 4I, for logistic regression.

From the results summarized in Table B and B had similar performance, as expected.

env

5.3 Cox regression

In the study of survival time 7" on the p-dimensional covariates Z € R?, Cox’s proportional haz-

ards model (Cox 1972, 1975) assumes the hazard function h(t|Z) of a subject with covariates Z
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|

| Standard | IRPLS | Envelope |

., | £ 3805 5508 | 2520
= LR 1.4 0.21 1.4
. B 7 [ 21(1.1) [ 48(06)| 7(0.8)
Poisson | n =200 - 2=—7749 0.25 1.03
B 7 1 9(05) [46(04) | 2(0.3)
=80 T 702 | 028 1.01
) AT [ [ T4
= LR | 102 0.22 8.1
. B 7 1 622 | 81() | 36(Q3)
Logistic | n =200 -rea——77 0.12 2.0
B Z 1 4502 (77046 90
=80 TrT16 T 0087 1.0

Table 2: GLM simulations with ¥x = I'QI'7 + FOQOI‘OT. We summarize averaged angles
/ = Z(B,,8) in degrees and length ratios LR = ||8]|/]|3,||between the true parameter vector
and various estimators. The best performances are marked in bold. Standard errors are included
in the parentheses. Standard errors for the length ratios are less than or equal to 0.01.

|

| Standard | IRPLS | Envelope |

.o [ £]89003) [ 46008 | 92009
= LR 1.02 0.58 1.02
. - Z [ 370.1) | 38(05) | 3.7(0.1)
Poisson | n =200 o 1.00 0.70 1.00
00 £ | 174004 | 36(03) | 1.74 (0.04)
= LR 1.00 0.77 1.00
., L £ 12606 17923 [ 13708
= LR 1.18 0.27 1.09
. - 7 [ 162004 [29200.7) | 169 (0.4)
Logistic | n =200 —rp=+——3 0.79 114
- Z | 80(02) [17304) | 81(0.2)
n =800 ¢ 1.03 0.90 1.03

26

Table 3: GLM simulations with isotropic covariance matrices: Yx = 4I, for logistic regres-
sion and ¥x = I, for Poisson regression. We summarize averaged angles £ = Z(83,,3) in

degrees and length ratios LR = ||3||/||3,|| between the true parameter vector and various esti-
mators. Standard errors are included in the parentheses. Standard errors for the length ratio are
less than or equal to 0.01.
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’ \ \ \ Standard \ PLS \ Envelope ‘
g | £ [35009 [2308)] 151)
= LR | 1.95 0.99 0.97
B Z [ 25(06) | 15005 | 6(0.2)
Cox | n =200 o116 1.00 1.00
- Z [ 13(0.3) | 10(0.3) | 3(0.07)
n=800 TR 103 1.00 1.00

Table 4: Cox regression: Averaged angles and length ratios between the true parameter vector
and various estimators. The best performances are marked in bold. Standard errors are included
in parentheses. Standard errors for the length ratio are less than or equal to 0.01.

has the form h(t|Z) = ho(t) exp(B”Z), where hy(t) is the unspecified baseline hazard function
and 3 is an unknown vector of regression coefficients in which we are primarily interested. Let
X, and C; be the failure time and the censoring time of the i-th subject, ¢ = 1,...,n. Define
0; = I(X; < C;) and T; = min(X;, C;). The data then consists of (7},0;,Z;), i = 1,...,n.
The failure time and the censoring time are assumed to be independent given the covariates.
We assume that there are no ties for the observed times.

In our setting, Z € R'Y followed the multivariate normal distribution N (0, Xz) with ¥z =
ror’ + 0.2I‘0I‘0T, where I', I'y and €2 were generated in the same way as in Section except
that eigenvalues of 2 were 1 and 5. The true parameter vector 3, = I'n where n = (1,1)7.
Then we followed the simulation model in Nygard and Borgan (2008), where the survival
time followed a Weibull distribution with scale parameter exp(3” Z/5) and shape parameter 5,
which was a Weibull distribution with hazard rate h(Y'|Z) = 5Y* - exp(8” Z). The censoring
variable § was generated as the integer part of a uniform(0,2) random variable, which gave
censoring rates of approximately 50%.

We considered three different estimators: the standard estimator without envelope structure,
the likelihood-based envelope estimator (see Supplement Section [A.3]| for implementation de-
tails), and partial least squares for Cox regression (Nygard and Borgan 2008). From Table[d] we
found that the envelope estimator was always the best, while the PLS estimator also improved

over the standard estimator.
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6 Illustrative data analyses

We present three small examples in this section to illustrate selected aspects of the proposed

foundations.

6.1 Logistic regression: Colon cancer diagnosis

We use these data to illustrate the classification power of the envelope estimator as well as its es-
timation efficiency. The objective of this study was to distinguish normal tissues and adenomas
(precancerous tissues) that were found during colonoscopy. When the normal and adenoma-
tous tissues are illuminated with ultraviolet light, they fluoresce at different wavelengths. The
p = 22 predictors, which are laser-induced fluorescence (LIF) spectra measured at 8 nm spac-
ing from 375 to 550 nm, reflect this phenomenon. The data set consists of n = 285 tissue
samples, comprised of 180 normal tissues and 105 adenomas. Studies on a similar data set can
be found in Hawkins and Maboudou-Tchao (2013).

The envelope dimension was chosen to be 2 by five-fold cross-validation. Compared to
standard logistic regression, the bootstrap standard errors of the 22 elements in B were 2.2 to

12.5 times larger than the bootstrap standard errors of the elements in B which was obtained

envs
from Algorithm [I| On the other hand, five-fold cross-validation classification error rate for the
standard logistic regression estimator was 21% while it was 17.5% for the envelope estimator
with v = 2 or u = 3. And the error rate for envelope estimator with any dimension between
1 and 10 was no larger than that of the standard estimator. To gain some idea about the level

of intrinsic (non-estimative) variation in the envelope error rate, we took 3., to be the true 3,

env

sampled the predictors 1000 times and predicted the response using 3, = B The resulting

env*

classification error was 16.7%, which is not far from the observed error rate of 17.5%.

6.2 Linear discriminant analysis: Wheat protein data

In this data set (Cook et al. 2010), we have a binary response variable Y indicating high or low
protein content and six highly correlated predictors which are the logarithms of near infrared
reflectance at six wavelengths across the range 1680-2310 nm. The correlations between these
predictors range from 0.9118 to 0.9991. We standardized the predictors marginally so that each

had mean 0 and variance 1. We illustrate the possibility of using envelopes to improve Fisher’s
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Standard | PLS | Envelope
Error rate 10.2 57.1 5.4
S.E. 0.4 0.6 0.2

Table 5: Five-fold cross-validation error rates based on Fisher’s LDA and expressed as per-
centages.

| | Standard | IRPLS | Envelope |

Pearson’s x? | 642.1 | 556.1 553.7
S.E. 7.8 1.6 1.6

Table 6: Performance of four methods applied to the horseshoe crab data.

linear discriminant analysis (LDA).

It has been shown (Ye 2007) that two-class LDA is equivalent to a least squares problem: no
matter how we code Y for two classes, the least squares fitted coefficient vector BOLS is always
proportional to the LDA direction. Hence, we used ﬁgLSX as the discriminant direction and
fitted the LDA classification rule based on it. We similarly replaced the OLS coefficient vector
with the coefficient vector BPLS estimated by SIMPLS algorithm and the coefficient vector and
Benv estimated by using the 1D algorithm (Algorithm with respect to objective function
to improve OLS. We estimated the error rates for these three classifiers as the average error rate

over 100 replications of five-fold cross-validations on the n = 50 samples. The average error

rates are shown in Table [5] Clearly the 1D algorithm had the best classification performance.

6.3 Poisson regression: Horseshoe crab data

This is a textbook Poisson regression dataset about nesting horseshoe crabs (see Agresti (2002),
Section 4.3). The response is the number of satellite male crabs residing near a female crab.
Explanatory variables included the female crab’s color, spine condition, weight, and carapace
width. Since color is a factor with four levels, we use three indicator variables to indicate color.
Also, spine condition is a factor with three levels, so we used two indicator variables for spine
condition, for a total of seven predictors. The sample size is n = 173.

Five-fold cross-validation was used to determine the dimension of the envelope, giving
u = 1, which was also the answer given by BIC. To assess the gain in envelope reduction with

u = 1, we repeated the five-fold cross-validation procedure 100 times and obtained the averaged
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Pearson’s x? statistic ., (¥; — 1//\;)2 / Y; and its standard error shown in Table @ Clearly, the
likelihood-based envelope estimator based on Algorithm [I] had significant improvement over

the standard method and a slight edge over IRPLS.

7 Discussion

With our general definition and algorithms, we laid foundations for envelope models and meth-
ods. Our general framework subsumes previous envelope models in multivariate linear regres-
sion and provides guidance for future studies. Building upon this framework, we extended the
scope of envelope methods to GLMs, Cox regression and weighted least squares. Although
we focused on vector-valued parameters, the extension in the Supplement for matrix-valued
parameters suggests that our general construction can be straightforwardly extend to matrix-
valued or even higher-order tensor-valued regressions (see, for example, Zhou and Li 2014;
Zhou, Li and Zhu 2014).

We propose three estimation procedures ranging from specific to general. Estimation based
on Algorithm [1|is proposed for normal predictors and is also preferable in practice when the
linearity condition holds. Algorithm [3] outlines an iterative procedure that is more flexible and
that provides /n-consistent estimators even without linearity or normality. We can use this
procedure as a substitute for Algorithm [I] when the distribution of X is far from elliptical.
Finally, the most generic envelope estimator for an arbitrary pre-specified estimator B is pro-
posed as I/B\env =Pg, ,@ or I/B\env = éuﬁ@u if B is obtained based on objective function, where
CA}u is estimated from the 1D algorithm (Algorithm . These estimators can deal with a va-
riety of problems, ranging from likelihood-based estimators to problems that involve heuristic
non-parametric or semi-parametric estimation.

Inner envelopes (Su and Cook, 2012) are not covered by these foundations because they
correspond to a different type of envelope construction. Extensions to inner envelopes are
possible, but the analysis and methods involved are different than those for envelopes and so
are outside the scope of this article.

Another future research direction is to extend the likelihood-based and the moment-based
envelope estimation to high-dimensional settings. One possible approach is to develop penal-

ized likelihood estimation procedure based on the likelihood-based estimation in Section 4.2]
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Another more straightforwardly implemented way is to use the ridge-type covariance estima-

tors proposed by Ledoit and Wolf (2004) for M and U in our algorithms. Properties of such

extensions are yet to be studied.
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m Supplement: Proofs and Technical Details for
7 “Foundations for Envelope Models and Methods”

773 R. Dennis Cook and Xin Zhang

= A Regression applications
7 A.l  Envelopes for weighted least squares

776 Consider a heteroscedastic linear model with data consisting of n independent copies of (Y, X, W),

77 where Y € R, X € R?, and W > 0 is a weight with E(W) = 1:
Y =p+B8"X+e/VIW, (A.1)

778 where € Il (X, W) and var(e) = 2. The constraint E(TW) = 1 is without loss of generality and
779 serves to normalize the weights so they have mean 1 and to make subsequent expressions a bit
780 simpler. Fitting under this model is typically done by using weighted least squares (WLS):

(i, B) = argminn™" > Wi(Y; — u — B7X;)?, (A2)

i=1

71 where we normalize the sample weights so that W = 1. Let x ) = E{W(X-E(WX))(X—
72 E(WX))"} be the weighted covariance matrix of X, and let Xxy () = E[W{X-E(WX)}H{Y —
7s E(WY)}] be the weighted covariance between X and Y. Then 8, = E)_&W)Exy(w) and
784 \/ﬁ(ﬁ — [3,) converges to a normal random vector with mean 0 and variance Vgg = UQE;(%W).
785 According to Deﬁnition we should now strive to estimate the UQE;C%W)—envelope of span((3,),

786 which can be done for a specified dimension u by using the 1D algorithm with M = sZS;(%W)

AT
77 and U = B3 , where s? is the estimator of o2 from the WLS fit (A.2), and Sxw) is the sample

(8,) is obtained, we re-fit the WLS

78 version of Xx (). Once an estimated basis I" for 50227% :
X(wW

. . oo . .
780 regression model, replacing X with I' X, to estimate the coordinate vector 1, :

A7 ﬁ = arg min n! Wi(Y; — w— anTXi 2, (A.3)
)

=1

790 The resulting envelope estimator of 3 is

—~ ~ ~ ~T ~ T —~
Bew =T =T(T'" Sxuh[)™'T" Sxyw) = PasyanP (A.4)
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Cross validation or a hold out sample could now be used straightforwardly as an aid to selecting
u. When the weights are constant, this method has the same structure as partial least squares
regression with the important exception that partial least squares uses the SIMPLS algorithm in
place of the 1D algorithm that we recommend.

To take a likelihood approach with the envelope 8022;( : (8,), we follow Section|3.1|to de-

1
compose the full log-likelihood into the sum of the conditi(:)vnal log-likelihood from Y |(X, V),
denoted by C,,(11, 3, 0?) := C,,(u,T',m, 0?), and the conditional log-likelihood from X|W, de-
noted by M, (¢,,T"), where 1), denotes additional nuisance parameters. We condition on the
observed values of W, assuming that it is ancillary. Then holding I'" fixed and partially maxi-
mizing C,,(u,T',n,02) + M, (1, T), we get a likelihood-based objective function L, (T') that
plays the same role as the moment-based objective function J(I"). Once an basis T is obtained
by maximizing L, (T"), the final estimators follow from and (A.4).

Two kinds of assumptions on the distribution of X|WW could be made depending on the sam-
pling model. One is to assume that the predictors and the weights are independently sampled
and that the predictor vector follows a multivariate normal distribution. By Proposition |2} we
have 5022;(1 (B;) = Es4x(B;) and the partially maximized log-likelihood up to a constant is

(W)

(see derivation in the Supplement):
L,(T) = _g {log(s2) 4 log [TTSXT| + log [TTS'T|} (A.5)

where 7. = s ) — S§Y(W)F(FTSX(W)F)_erSXy(W) is the estimator of o from 1i with
fixed T" and 53y, = >0, Wi(Y; — 27, W;Yj/n)/n is the sample weighted variance for Y.

Alternatively, it might be reasonable to assume that X |WW has a weighed variance similar
to the error variance from Y'|(X, W): X|W ~ N(ux, W™1X). Then the partially maximized
log-likelihood up to a constant is (see derivation in Section [A.2)):

n _ _ A~~T
LoT) = =3 {1og|rTs2SX}W)r|+1og|rT(SQSX}W)+ﬁ5 ) 1r|} (A.6)

n —
= —2 {1og 175l Tl + log [T Sxy T }

where Sxjyw) = Sxw) — Sxy(w)Siy(W) / sf/(w) and the first equality shows equivalence
between maximizing this likelihood-based objective function of I' and minimizing the moment

based objective function J(I') with M = SQS;(%W) and U = EBT
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The asymptotic results in Proposition@hold for ,(Ai if () X is normal and independent of

W, and we use to get T'; or (ii) X|W ~ N(pux, W=1X) and we use || to get T'. Then
the asymptotic covariance of the envelope estimator will be asymptotically less than or equal
to that of the standard WLS estimator. Moreover, as long as the model (A.I)) holds and both
e and X|W follow a distribution with finite fourth moments, asymptotic normality of ,Benv
guaranteed no matter which L, (I") we choose to maximize. Finally, if we fix W' = 1, then both
objective functions in and in reduces to (2.I), which corresponds to the envelope

model for reducing X in the homoscedastic linear models (Cook et al. 2013).

A.2 Derivations for equation (A.6)

The normality assumption Y |(X, W) ~ N (u+B" X, 0 /W) leads to the following conditional
log-likelihood:

n

Co(p.B,0%) = —n/2log(c?) = Y Wi(Yi — n— B"X;)/(20%). (A7)

i=1

By straightforward computation, the maximum likelihood estimators is obtained as:

B = SximSxvw) (A8)

R n T n o T

o= Z WiYifn—B Y WiXi/n:=Yw) ~B Xw (A.9)
i=1

32 = SXY(W S;(%W)Sxy(w) = 82 (AIO)

Given I, which is a semi-orthogonal basis matrix for v 4, (3;), we then only need to maximize

Cn(u, B,0%) under the constraint that 3 = I'nj. The resulting estimators are:

e = (T"SxanT) 'T" Sxy ) (A.11)
fir = Yy —nel X (A.12)
Br = Tijp = sx(w)B (A.13)
ot = syu — Skyon DT Sxw D) ' T Sxy wy = si. (A.14)

If we replace T by its y/n-consistent estimator T from either a moment-based objective func-
tion or a likelihood-based objective function, then the above estimators will be our envelope

estimators.



833

835

836

837

838

839

840

841

842

To obtain a likelihood-based objective function for I', we need to compute the partially
maximized conditional likelihood of Y|(X, W): C,(T") = C,(ur, BF, or), plus the partially
maximized marginal likelihood M, (T") of X|W. First, we can get C,(I') from above deriva-

tions as:
Co(T) = —n/2log(sh) —n/2. (A.15)

Assuming that X and W are independent and that X ~ N(ux,Xx), we have by Proposi-
tionthat Evys(Bi) = Esx (B;). The partially maximized log-likelihood M,,(T") follows from

Proposition 3
M,(T) = —g {log |[T"SxT| + log TSx'T| + log [Sx]|} - (A.16)
Therefore, the final objective function for I' is

L,(T) = Cyu(T)+ M,(T)
n J—
= -3 {1 +1log(s}) + log [T"SxT| + log |T"S%'T| + log [Sx |}
n —
= —5log {s%av) = Sxyan) DT Sxw)T) ' T Sxy (w) }

_g {log T"SxT| + log [T"S%'T|} + constant. (A.17)

Alternatively, if we assume X|W ~ N(ux, W™1X), ¥ > 0 and use the fact that E(W) =
1, then uyx = E(WX) = E(X). Moreover, the covariance

Sxwy) = E[W(X = px)(X - px)"]
= E{EW(X — px)(X — px)|W]}
= E{W -vaX|W)}=EW . -W'%)
==

The maximum likelihood estimators for pyx and ¥ are then iy = X(W) and f]x = Sxw)-

Follow the same calculation in the proof of Proposition [3| we have

n _
My(T) = - {log 7S T + log LTSk, T + log |sX(W)\} .
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Therefore, the final objective function for I' up to a constant is

L,(T) = Co(T)+ M,(T)
— —g {log(s%) + log [T Sx | + log |FTS)_(1W)F|}
_g log { 5% ) — Sxy ) DT Sxn D)™ T Sxyvw) }
—g {log IT"Sxw)I'| + log ‘FTS;(%W)H}
_ {log |I‘TS;&W)I‘| + log |TT (SX(W) - SXY(W)S;/?W)S§Y(W)> F|}

{1og TSyl T + log \I‘TSX|y(W)I‘]} .

o3|

(A.18)

A.3 Envelopes for Cox regression

Continuing from the discussion of Section the log partial likelihood for 3 is

C(B) = Z 5; {gTzi —log (Z I(T; > T)) exp(,@TZj)> } , (A.19)

j=1

whose first-order derivative (score function) and second-order derivative (Hessian matrix) are
Ch(B) = > {Zi - Wz‘jzj} :
i=1 j=1
i=1 Jj=1 Jj=1

j=1

where Wi; = I[(T; > T;) exp(B"Z;)/ {ZL I(T; > Ty) eXp(,@TZj)} is the weight with re-
spect to subject i. The Fisher information matrix is J(3) = — lim,, oo n~'C”(3). The imple-
mentation of envelope Cox model is similar to that of envelope GLM in Section [3.2] by adding

the same M,,(T') to the objective function. Theoretical properties of the envelope Cox model is

included in Section B.11

B Additional simulations: least squares regression

In this section, we report the results of numerical studies on the robustness of three estimators
in linear regression: (1) the ordinary least squares (OLS) estimator, (2) the PLS estimator from

the SIMPLS algorithm, and (3) the moment-based envelope estimator from the 1D algorithm in



. >x 0.01%x
° | Standard [ SIMPLS [ 1D | Standard [ SIMPLS | 1D
n =50 57 34 6 85 4 148
SE. 1.6 008 [0003] 06 12 |27
n=200] 40 32 3 80 35 [ 14
SE. 1.8 08 [009 | 10 08 [0.6
n=2800] 23 27 1 71 30 7
S.E. 1.4 1.0 0.5 1.5 08 |02
U(0.1) >x 0.01%x
'/ | Standard | SIMPLS | 1D | Standard | SIMPLS | 1D
n =50 27 33 1.8 74 33 [126
S.E. 2 1 0.05 2 1 0.5
n=200] 14 29 08 59 31 54
S.E. 1 1 0.03 2 1 0.2
n=2800] 68 24 |04 44 25 2.8
S.E. 0.4 1 0.01 2 1 0.1
2 Yx 0.013x
X4 ["Standard [ SIMPLS [ 1D | Standard | SIMPLS [ 1D
n =50 73 35 13 88 60 75
SE. 1.4 10 |08 [ 03 2 2
n=200| 57 33 6.0 85 47 52
SE. 2 1 0.2 1 1 2
n=2800] 38 27 [ 29 79 35 13
SE. 2 1 0.1 1 1 1

Table 7: Simulations for heterogeneous covariance matrix Xx = ror’ + I‘OQUI‘OT. Averaged
angles between the true parameter vector and three estimators for the least squares simulation.
Standard error is included below each value.



|t | | Standard | SIMPLS | 1D |
n=>50 | £ ]27.8(0.7)]33.3(0.7) [ 30.9 (0.9)
LR | 132 0.79 1.22
n=200 Z [13.1(0.3) | 18.1(0.4) [ 14.0(0.4)
LR | 1.06 0.91 1.05
n=2800| Z ] 66(02) | 9.0(0.2) [ 67(0.2)
LR | 102 0.98 1.02
| U(0,1) | | Standard | SIMPLS [ 1D |
n=>50 | Z]68(02) [222(05] 69(0.2)
LR | 1.02 0.71 1.01
n =200 Z [3.3(0.08) | 11.7(0.3) [ 3.3 (0.08)
LR | 100 0.89 1.00
n=2800| Z | 1.7(0.04) | 5.9(0.1) [ 1.7(0.04)
LR [ 1.00 0.97 1.00
xi | | Standard | SIMPLS [ 1D |
n=>5 [ Z] 5104 | 50(1.2) [ 53014
LR | 142 1.21 1.39
n =200 £ ]29.9(0.8) | 30.6(0.7) | 32.6 (0.9)
LR|[ 139 1.16 1.28
n=2800| Z [15.0(0.4) | 16.2(0.4) [ 159 (0.4)
LR | 108 1.04 1.07

Table 8: Simulations for isotropic covariance matrix Xx = 0.01IL,. Averaged angles and
length ratios between the true parameter vector and various estimators. Standard errors of the
averaged angles are included in parentheses.
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Cook and Zhang (2014a). Same as in Section[5] for each of the simulation settings, we simu-
lated 100 datasets for each of the three sample sizes: n = 50, 200 and 800. The true dimension
of the envelope was always used in estimation. We used the Matlab function plsregress to com-
pute the PLS estimator. From Proposition 4.1 in Cook et al. (2013), we know that the SIMPLS
algorithm produces +/n-consistent envelope estimators when the number of component in the
algorithm is chosen to be the dimension of the envelope. The univariate response was gener-
ated as Y = 37X + ¢, where the elements of £ were U(0, 1) variates. The covariance matrix
>x =Iraor? + I‘OQOI‘g, was generated as it was for logistic and the Poisson regression, ex-
cept the eigenvalues of {2 were 1 and 5, while the eigenvalues of €2, ranged from 0.0002 to 20.
These choices introduce a degree of collinearity in the immaterial variation var(T'§ X), which
is the kind of regression that PLS estimators were designed to handle. We also used 0.013x
instead of Xx to compare performance with a weaker signal.

The angles are shown in Table [/} the lengths being excluded because they produced no
comparative conclusion beyond those available from the results shown. The 1D algorithm did
the best in all situations, except when a relatively small sample sizes was combined with a weak
signal (0.01Xx) and ¢ or x2 errors. In those situations the SIMPLS might have a slight edge.
Because there was strong collinearity in X, OLS did notably worse than the other two methods,
as expected. One exception to this was when n = 800 with uniformly distributed predictors.

We also repeated the simulations of Table [/| when ¥x = 0.01L,, so envelope methods
reduce to the standard OLS estimator. The OLS and 1D estimators performed essentially the
same in all cases, while the SIMPLS algorithm did a bit worse with ¢5 and Xi errors, and
notably worse with U (0, 1) errors. Table gives the results of the least squares simulation with

predictor covariance matrix Xx = 0.01L,.

C Implementation details for envelope GLM in Section 3.2

Let X, be the n x p data matrix of X;’s and let C,, be the n x 1 data matrix of C'(¢;), where
C'(9) is the first order derivative from Table|l} Then the p x u gradient matrix of 0C,,(I") /0T

can be computed conveniently as follows.
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Lemma 1.

acglgr) = X'C,n" + Sxvun CLX, T(T"Sx ) T) !
—Sx) T (T Sx) )~ T X, CoS5y ) DT Sx oy D)~
—Sxin L (T Sxu ) ' T7 Sxy i CL X L(T Sx ) IT)
az\g}(r) = —n{SxI(I'"SxI')' +Sx'T(I"sx'I)~"}.

To check this Lemma, we compared the analytical form of the derivatives to the numerical
derivatives. The numerical derivatives of a function f(I") is computed by varying each element

of T by a small number § = 1.0 x 107% and evaluate the function:

{W(F)} _ ST +6Gy) — f(T = 6Gyy)
ar |, 20 ’

(C.1)

where G;; € RP*" is zero matrix except its ¢j-th entry is one. We found the difference between

our analytical derivative and the numerical derivative is around 10~ for every element.

Proof. This proof of Lemma|[l] mainly involves rather complicated matrix differentiation.

oY, B ) S .
ovec(T') — Ovec(T) {XZ LI Sxuw)I)~ T SXV(W)}
a — —
B dvec(T) {(S§V(W) ® X]) vec[D (I Sxw)I)~'T7]}
0 ~ T
N Ovec(T") VeC(F(FTSX(W)F) ) (SXV(W) ® XZ) . (C.2)

Apply the following chain rule:
dvec(ABC) = (C"B" ® I)dvec(A) + (C" ® A)dvec(B) + (I ® AB)dvec(C),
we get
Ovec(T(T"SxwnI)'TT)/Ovec(T) = Ti+ Ty +Ts

= [T SxwnD) ' ®L,] 1,
Ovec(TTSxmun )~
Ovec(T")

+ [L @ DT Sx ) ] Ky

+IT®I)

The second term after the last equal sign is computed by noticing that

ovec {(FTSX(W)F)_I} = —vec {(FTSX(W)F)_l [8(I‘TSX(W)F)] (FTSX(W)I‘)_I}

= —(@"Sxen )" @ (T"Sxw)I) ") dvee(I" Sxw)T),



ge2 and that

dvec(T" SxanT) ovec(T) dvec(T" Sx )

I,®I'S —=+(I"®I,
Ovec(T) (L@ X(W))(?vec(f‘) (T eL) Ovec(T")
= (L@T"Sxw)) + (I Sxw) ® L) Kpu.
sos Hence the second term equals to
T, = — (C@T"SxanD) ' @ (T Sxw) ) 'T"Sxuw)

— (D(@"Sxw) L) 'T"Sxaw) @ T(T"Sxn D) ") Ky

894 Finally, substitute the three terms into (C.2)), we have the three terms from
Wi _ (T1 + T2+ T3)" (Sxvn) ® X,)
T] (Sxvn @ Xi) = [(T"Sxw)T) T Sxvw) ® X

= [n®Xj
TS (Sxvan) @ Xi) = {[L, @ T Sxn D) Kpu} ' (Sxvom @ X3)

= K, [Sxvar) @ (T"Sxan) ' T' X}

895

T (Sxvomy @Xi) = — [(T"Sxmn D) ' T"Sxvw) @ Sxan) T (T Sxn ) ' T X,
K, [Sxor T (T SxI) ' T Sxv ) ® (T SxnT) ' T7 X, ]
= —[n®Sxu (T Sxw)T) ' T"Xj]

~K!, [Sxow)I'n ® (T"SxunT) ' T"X,]

sos INotice that each of the above terms is a pu x 1 vector, and then the K;;Fu serves only to change
g7 vec(A) — vec(AT), therefore
0v;

Ovec(T")
M, = [XrnT]

= vec(M; + M3) + vec(M, + M} )

M; = [(T"SxuD)"'T"X: - Skvqw)]
Mg = — [Sx(W)I‘(FTSX(W)F)_IFTXZ . 'I’]T}

M4 = — [(I‘TSX(W)F)_II‘TXZ . ’I’ITI‘TSX(W)} s

sss  where My, M, and M2, MT are all p x u matrices.

10
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To implement, we have the gradient matrix as
oC,(T) n OM,(T')  0C,(T)
or or or

9Cy,(T)
or

—n{SxI'(T7SxI) ! + S T(TTS{'T) ™'},  (C.3)

where is re-arranged as a p X w matrix

oC,(T) SN 09,
or B {Zc(ﬁi)avec(I‘)}pxu

=1

- Zc )X 0" + Sxvary - XIT(T Sy T) '}
- ZC SX(W (FTSX(W)F)_IFTXi . ’nT}

- Z C'(9;) [(TTSxwT) ' TTX, - n T Sx ]
= X,Con" + Sxvm Cr X, D(T" Sxw)T)
—Sxwn (T Sxw) ) 'T"XIC,n"

—Sxm I'nCLX, DT SxunT) .

D Enveloping a matrix-valued parameter

Definition [3|is sufficiently general to cover a matrix-valued parameter ¢ € R"*¢ by consider-
ing the avar(y/nvec(¢))-envelope of vec(¢p). However, matrix-valued parameters come with
additional structure that is often desirable to maintain during estimation. For instance, in the
multivariate linear model reviewed in Section[I.3] envelope construction was constrained to re-
flect separate row and column reduction of the matrix parameter 3. The advantages of row and
column reductions have been discussed by Li et al. (2010) and Hung et al. (2012). Although
our primary focus is on vector-valued parameters, in this section we indicate how to adapt for
a matrix-valued parameter.

Suppose that \/ﬁ(ab — ¢,) converges to a matrix normal distribution with mean 0, column
variance Ay € S"*" and row variance A € S°°. (See Dawid (1981) for background on the

matrix normal distribution.) Then

~

ﬁ(vec<¢) o Vec<¢t)) - N<07 Ar® AL)7 (D.1)

11
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and direct application of Definition [3| yields the envelope Ea .ga, (vec(¢,)). However, this
envelope may not preserve the intrinsic row-column structure of ¢,. In the following definition
we introduce a restricted class of envelopes that maintain the matrix structure of ¢,. We define

the Kronecker product of two subspaces as A ® B = {a® bla € A; b € B}.

Definition 4. Assume that (/]5 is asymptotically matrix normal as give in (@I) Then the tensor
envelope for ¢,, denoted by Ka sa,(@,), is defined as the intersection of all reducing sub-
spaces € of Ar ® Ay that contain span(vec(¢,)) and can be written as £ = Er ® &, with
Er CRand &, CR".

We see from this definition that Ka ., (¢,) always exist and is the smallest subspace with
the required properties. Let L € R™%, d, < r, and R € R**%, d, < ¢ be semi-orthogonal
matrices such that Ka .ga, (¢;) = span(R ® L). By definition, span(¢,) C span(L) and
span(¢! ) C span(R). Hence we have ¢, = LnR” and vec(¢,) = (R ® L)vec(n) for some
n € Réexdr,

The next proposition shows how to factor Ka .ea, (¢,) € R™ into the tensor product of
envelopes Ea,(¢;) € R” and Ea, (¢p,) € R® for the row and column spaces of ¢,. These
tensor factors are envelopes in smaller spaces that preserve the row and column structure and

can facilitate analysis and interpretation.

Pl‘OpOSitiOH 7. ICAR®AL (¢t> = gAR(Qb?) ® gAL(¢t)'

For example, in reference to model 1D the distribution of 3 = STy Sy satisfies Ib

with A = Eil and A; = Yy x. The tensor envelope is then

’CZ;(1®2Y|X (/B> = 52;(1 (ﬁT) ® SEY\X (/6)

If we are interested in reducing only the column space of 3, which corresponds to response
reduction, we would use R” ® s, (B) for constructing an envelope estimator of 3, and then
B = Lnl, = Ln where L is a semi-orthogonal basis for SEY‘X(B), which reproduces the
envelope construction in Cook et al. (2010). Similarly, if we are interested in only predictor re-
duction, we would take s, (BT) ® R", which reproduces the envelope construction in Cook et
al. (2013). More generally, the definition of the tensor envelope and Proposition [7] straightfor-
wardly connects and combines the envelope models in the predictor space and in the response

space, leading to the simultaneous envelope method in Cook and Zhang (2014b).

12
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E Proofs
E.1 Proposition[5and Corollary

Proof. The asymptotic normality and the asymptotic covariance of (/]Sn can be see by definition.

We write the Fisher information F(6;) as its natural block matrix structure
A B
F(gt) = F(¢t7¢t) = < BT C ) )

where A = —Eg, {(9*L(2p, ¢)/0poy" )}, B = —Eo, {(9°L(2p, ¢)/0pd¢") } and C =
—Eq, {(°L(¢, $)/0¢0¢") } . Then V4 (6,) = F4(8;) = (C — BTA™'B)~" by block
matrix inversion.

The Hessian matrix for the constrained optimization (4.2)-@.4) is

A BT ) | ED

F(’ltbmnt) = ( FTBT FTCF
since 9/0n = T'" - /0¢ under the constraint that ¢ = I'n). Therefore the asymptotic variance
for pp = Iy is

avar(v/ngp) = Tavar(vnnp)T"
= (r’cr -r'B'A'BD)'1?
Tx7r—1 =17
=T {I‘ V¢¢(9t)I‘} r
= PprVPp — P VI (T,WVIy) 'TE VPrp,
where the last equality is obtained by applying the equality (Cook and Forzani 2009),

CTVIT) ' =TV - TT VI (T V) ' VI (E.2)

Then by requiring that span(I') reduces V 44(8;), we have avar(\/ﬁap) = PrVPr.
Similarly for the asymptotic variance of 'J)n and 1//;1“ we have the following results from

block matrix inversion and (E.2).

avar(vngr) = (A —BT(ITCT) 'T7BT)™
< (A—=BC'B")" = avar(yn,,).

13
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E.2 Proposition [

From Cook and Zhang (2014a; Proposition 6), we know that ff‘T is y/n-consistent for the pro-
jection onto the envelope £y, (¢,). Then the proof follows from the proof of /n-consistency

of the k-th direction in the 1D algorithm, where we replace the sample objective function J;(g)

with L, (1), T'n).

E.3 Proposition

Proof. The envelope of interest is &v,,(8;). The Fisher information per observation is then
obtained by taking the expectation of the second derivative of log f(y|a, 37 X) + log g(x|1)
with respect to 8. Clearly, the information matrix is block diagonal in (x, (3) and %) so we need
only the second derivatives of log f(y|a, 37 X). Then the Fisher information matrix for (c, 3)

can be written unambiguously in the form

_ AY,BIX, o) a(Y,BIX, a,)X"
F(OttnBt) =E < XaT(Y, ,6:{X, at) C(YV, ﬁfX’ at)XXT ) )

where A is the second derivative matrix with respect to «, the off diagonal blocks are the cross
derivatives 0?/0adB” with all factors collected into a except X, and (Y, B} X, o) XX is

the second derivative with respect to 3. The asymptotic covariance matrix for Bn is then
Vs = {E(cXXT) — E(Xa")E ' (A)E(aX™)} .

Since Ev,,(8;) = ‘9V§g (8,), it is sufficient to consider, making the additional assumption that

E(X|T7X) is a linear function of X and requiring that span(3,) C span(T’),

PrV5(8)Qr = Pr{E(cXX") - E(Xa")E™'(A)E(@X")}Qr
= Pp{E(IT?X . -X") - E(Xa")E™'(A)E(aX”")}Qr
= Pr{E(cXEXT|Y,IT7X)) - E(Xa")E'(A)E(aE(X"|Y,T7X))}Qr.

14
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This follows since ¢ and a are functions of only Y and 3”7 X and span(3,) C span(T"). Next,

using the fact that we are in a regression and thus Y Il X|3” X implies Y 1L X|T7X, we have

PrV;sQr = Pr{E(XEX'I'X)) - E(Xa")E™(A)E(aE(X"|[I"X))}Qr
= Pr{E(cXX"Pr(zy)) — E(Xa")E™(A)E(aX" Pr(sy))}Qr
= Pr{E(cXX") - E(Xa")E™(A)E(aX") }Pr(syx)Qr
— PrV;iPrmoQr

= I{I"Vg I =X} 'T"ExQr.

The second equality above uses the linearity condition and the rest is algebra. Since I' has
full column rank and the next two matrix factors in {-} are positive definite, we see that
PFV;;,}BQF = 0 if and only if I"SXxQr = 0; that is, if and only if span(I") reduces Xx.
Consequently, span(I') reduces Vgg if and only if span(I') reduces Xx. Note that in this
proof we did not require o and 3 to be orthogonal parameters, nor did we require an expo-
nential family regression. The only requirements are the regression structure and the linearity

condition. U

E.4 Proposition 3|

Proof. The multivariate normal log-likelihood up to a constant is

n

M, (i, Bx) = =5 {log |Sx| + tracelSx' Y~ (Xi = ux) (X — )" /nl}, (B3

i=1
Since span(I') = Es,(8,) reduces Xx, we need to maximize M, (px, Xx) under the con-
straint that span(T") reduces Xx. This can be done by substitute ¥x = T'QT7 + T'\QI'Y

into the objective function, where 2 and €2, are two symmetric positive definite matrices. The

resulting objective function M,,(ux, 2, o, T') can be first maximized over px to get pix = X.

Then the partially maximized objective function can be expressed as

2
— M, (Q,90,T) = log|TQT7 4+ T\QTY| + trace[(TQIT + Ty QeTE ) ' Sx]
n
= log |Q| + log |Q] + trace{(TQ'TT + T,Q,'TY)Sx}
= log |Q| + trace(TQ'T7Sx) + log |Q| + trace{ (Tv 2, ' T Sx)

= log |Q| + trace(Q'TTSxT) + log |Q| + trace(£2, 'T§ SxTo).

15



se7 For any symmetric positive definite matrix M, we apply the following result to optimize over

s €2 and Qo in M, (Q, Qo,T),
arg mjin{log |A| + trace(A"'M)} = M, (E4)

ss9 where the minimization is over all positive definite symmetric matrices. Therefore we have

w0 p = ITSxT, Qor = I'T'SxTy and
Sxr =TOrT7 4 TQorI] = PrSxPr + QrSxQr. (E.5)

o1 The remaining partially maximized form is M, (T') = —n/2 {log [I"SxT| + log |T§ SxIy|}
%2 Where we have omitted a constant p from trace{L,} + trace{I,_,}. The rest of the proof is a
903 direct consequence of the following implication from Cook et al. (2013): Suppose A € S is
s« mnon-singular and that the column partition (B, By) € R*** is orthogonal. Then (1) |[BTAB| =
ws |A]-|BIA7!Bg|and (2) |A| < |[BTAB| - |BY ABy| if and only if span(B) reduces A.  [J

» E.5 Proposition 4

o7 Proof. Let E, € RP*P@+1/2 denote the expansion operator and let C, € RP®+1/2%P* denote
ses the contraction operator such that they connect vec and vech operators as vec(A) = E,vech(A)

0o and vech(A) = C,vec(A) for any A € SP*P.

1000 Because the standard estimator (a,, Bn) and 3x = Sx were obtained separately from
101 Cp(a,3) and the marginal multivariate normal likelihood of X, and because that the pa-
1002 rameter vectors o and 3 are orthogonal, the asymptotic variance of i\Ln is block diagonal as
o avar(y/noy,) = V(ay) = F~ (), avar(y/n8,) = V(3,) = F~1(8,) and avar[y/nvech(Sx)] =
s Fy! , where the Fisher information matrix Fx, = El' (%' @ x")E,/2. (Cook et al. 2013).

1005 Hence,

CRR(CUMC DM (COW
= diag (F(a), F(B,), Fzy) -

1006 Following Cook et al. (2013), the asymptotic variance for ﬁenv = h((Aﬁ can be expressed

env)

o7 as avar(hen ) = H(HTF(h)H)™H”, where H = 0h/0¢ = (0h;/OE;)

i=1,...,3,j=1,...,
1008 gradient matrix and T denotes the Moore-Penrose generalized inverse. By direct computation,
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we found

L., O 0 0 0
H= 0 T n' o1, 0 0
0 0 2C,TQ®IL -TaTQIl) C(TeT)E, C,(Ti®T\)E, .,

(E.6)
Since avar(iAzenv) = H(H”F(h,)H)'H” depends only on span(H), we transform H — H;
similar to Cook et al. (2013) so that span(H) = span(H;) and

5
avar(v/nhe,) = Hi(H{F(h,)H,)'H] = > H;;(H{;F(h,)H,;) H

157

(E.7)

j=1

where H; = (Hy1, ..., Hjs) has the blockwise form of

Hl = (Hll H12 H13 H14 H15)

L., O 0 0 0
= 0 T n’ @ T 0 0
0 0 2C,(IM2ely-TelW;) C,('e®D)E, C,(I'y®TIy)E,.,

Because of the zeros blocks in Hy;, Hy4 and H;;, they have no contribution to the asymptotic

variance of 8,,,, which is the middle p x p block of avar ( \/ﬁfzenv):

avar(v/nBey) = T(HLF () Hi) T + (n" @ To)(HLF (h)His) (n @ T).  (E8)
Then by straightforward calculations similar to Cook et al. (2010), we have
avar(vVnBe,) = T{TTF(B)T} 'T7 + (" @ Ty)M ' (n@T}),

where F(3,) {avar(ﬁ,@n)}l and M = (@ TTYF(B,)(nT @ To) + Qo Q' + Q' &
Qy — 2L, (p—v)-

From Proposition 5, we recognize the first term in avar(\/ﬁBenv) is avar(\/ﬁﬁp) which
equals to avar(/nI'np). To further interpret the second term, we follow the same calculation
as in Cook et al. (2010) by making the following substitutes: ¥ — Xx, ¥x @ ' — F(3,)

and the dimension r — p. Then the conclusion follows.

E.6 Corollary

Proof. From Proposition we can see Ev,,(8;) = Esx(B;) = E1,(B,) = span(B,).
Therefore, the envelope is one-dimensional and 3, = I'n with T' = 3,/]|3,]| € RP*! and

17
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n = ||B|| € R'. The covariances 2 = o2 and £y = 0?I,_;. The matrix M in Proposition (4]
becomes M = (nFOT)Vgé(nI‘O) because Q' ® Qy = 2 ® Q' = I, cancel with the last

term. Hence,
avar(vinBey) = PrVasPr+ ()M~ (nTF)
= PrVggPr +7°To(n’T{ Vgslo) 'Tg
= PrVgsPr + QrVgsQr

= Vgp = avar(vnB),

where the last two equalities have used the fact that I' reduces Vgg. O

E.7 Proposition

Proof. Let ( R® L)y := (Rp® Lo, R® Lo, Ro® L) is a pr x (pr — dxdy ) semi-orthogonal
matrix so that O := (R ® Lo, R ® Ly, Ry ® L, R ® L) is an orthogonal basis for R?", where
(R, Ry) and (L, Ly) are orthogonal bases for R?” and R".

We first prove that the following statements are equivalent.
1. span(R ® L) reduce Ar ® Ay.
2. span(R) reduces A and span(L) reduces A ;.

3. O(AR®AL)OT = diag {M;, M,, M5, M}, where M; = RTAyR®LTA; L, M, =
RgARRg X L()ALLT, M3 = RTARRT X L()ALL(Y; and M4 = RgARRg X LALLT.

4. O(AR X AL)OT = dlag {Ml, Mo}, where MO = (RO X L(), R X Lo, RO X L)(AR X
A (Ry® Lo, R® Lo, Ry ® L)

By definition, we know that Statement 1 is equivalent to 4 and that 2 is equivalent to 3.
Also, 3 implies 4. We then only need to show that 4 implies 3. From 4, we know that the

off-diagonal blocks of O(Ax ® A;)OT are all zero matrices. More explicitly,

0 = RTIARR®LTALy=RTARR® LI AL
= RTARR(®LTA;L=R/ArR®L"A;L
= RTARR(®LTA; Ly =R/ARR® LA L. (E.9)

18
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Without loss of generality, we assume that RTAzR, LT A L, RTAgRy and LT AL
are all nonzero. Otherwise, the problem degenerates to the case of reducing either Ar or A,
and the proof would be trivial. Because R’ AR, LA L, RTAgRy and LI A L are all
nonzero, we must have from that

0 = LA Ly =L{A,L=RIAzR = R"AgR,,
which implies the following blocks within M, are all zero matrices:

0 = RIARR(®LTA; Ly =R{ARR QLI AL

= RTARR(®LIALy=RJARR®L{AL L

= RIARR®LTA Ly =R"ARRy ® LT A L.
Hence, M, = diag {Ms, M3, M,}, which leads to the equivalence of the four statements.
From Definition [3) Definition 4 and the equivalence between statement 1 and 2, we reach the

conclusion of Proposition

]
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