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Abstract4

Envelopes were recently proposed by Cook, Li and Chiaromonte (2010) as a method for5

reducing estimative and predictive variations in multivariate linear regression. We extend6

their formulation, proposing a general definition of an envelope and a general framework7

for adapting envelope methods to any estimation procedure. We apply the new envelope8

methods to weighted least squares, generalized linear models and Cox regression. Simula-9

tions and illustrative data analysis show the potential for envelope methods to significantly10

improve standard methods in linear discriminant analysis, logistic regression and Poisson11

regression.12

13
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1 Introduction15

The overarching goal of envelope models and methods is to increase efficiency in multivari-16

ate parameter estimation and prediction. The development has so far been restricted to the17

multivariate linear model,18

Yi = α+ βXi + εi, i = 1, . . . , n, (1.1)

where εi ∈ Rr is a normal error vector that has mean 0, constant covariance ΣY|X > 0 and is19

independent of X, α ∈ Rr and β ∈ Rr×p is the regression coefficient matrix in which we are20

primarily interested. Efficiency gains in the estimation of β are achieved by reparameterizing21

this model in terms of special projections of the response vector Y ∈ Rr or the predictor vector22

X ∈ Rp. In this article we propose extensions of envelope methodology beyond the linear23
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model to quite general multivariate contexts. Since envelopes represent nascent methodology24

that is likely unfamiliar to many, we outline in Section 1.1 response envelopes as developed25

by Cook, Li and Chiaromonte (2010). An example is given in Section 1.2 to illustrate their26

potential advantages in application. A review of the literature on envelopes is provided in27

Section 1.3 and the specific goals of this article are outlined in Section 1.4.28

1.1 Response envelopes29

Response envelopes for model (1.1) gain efficiency in the estimation of β by incorporating the30

projection PEY onto the smallest subspace E ⊆ Rr with the properties (1) the distribution of31

QEY | X does not depend on the value of the non-stochastic predictor X, where QE = Ir−PE ,32

and (2) PEY is independent of QEY given X. These conditions imply that the distribution33

of QEY is not affected by X marginally or through an association with PEY. Consequently,34

changes in the predictor affect the distribution of Y only via PEY. We refer to PEY informally35

as the material part of Y and to QEY as the immaterial part of Y.36

The notion of an envelope arises in the formal construction of the response projection PE37

as guided by the following two definitions, which are not restricted to the linear model context.38

Let Rm×n be the set of all real m× n matrices and let Sk×k be the set of all real and symmetric39

k × k matrices. If A ∈ Rm×n, then span(A) ⊆ Rm is the subspace spanned by columns of A.40

Definition 1. A subspace R ⊆ Rp is said to be a reducing subspace of M ∈ Rp×p if R41

decomposes M as M = PRMPR+ QRMQR. IfR is a reducing subspace of M, we say that42

R reduces M.43

This definition of a reducing subspace is equivalent to that given by Cook, Li and Chiaromonte44

(2010). It is common in the literature on invariant subspaces and functional analysis (Conway45

1990), although the underlying notion of “reduction” differs from the usual understanding in46

statistics.47

Definition 2. (Cook et al. 2010) Let M ∈ Sp×p and let B ⊆ span(M). Then the M-envelope48

of B, denoted by EM(B), is the intersection of all reducing subspaces of M that contain B.49

Definition 2 is the formal definition of an envelope, which is central to our developments.50

We will often identify the subspace B as the span of a specified matrix U: B = span(U). To51
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avoid proliferation of notation in such cases, we will also use the matrix as the argument to EM:52

EM(U) := EM(span(U)).53

The response projection PE is then defined formally as the projection onto EΣY|X(β), which54

by construction is the smallest reducing subspace of ΣY|X that contains span(β) (or “en-55

velopes” span(β) and hence the name “envelope”). Model (1.1) can be parameterized in terms56

of PE by using a basis. Let u = dim(EΣY|X(β)) and let (Γ,Γ0) ∈ Rr×r be an orthogonal57

matrix with Γ ∈ Rr×u and span(Γ) = EΣY|X(β). This leads directly to the envelope version of58

model (1.1),59

Yi = α+ ΓηXi + εi, with ΣY|X = ΓΩΓT + Γ0Ω0Γ
T
0 , i = 1, . . . , n, (1.2)

where β = Γη, η ∈ Ru×p gives the coordinates of β relative to basis Γ, and Ω and Ω0 are60

positive definite matrices. While η, Ω and Ω0 depend on the basis Γ selected to represent61

EΣY|X(β), the parameters of interest β and ΣY|X depend only on EΣY|X(β) and not on the62

basis. All parameters in (1.2) can be estimated by maximizing the likelihood from (1.2) with the63

envelope dimension u determined by standard methods like likelihood ratio testing, information64

criteria, cross-validation or a hold-out sample, as described by Cook et al. (2010). In particular,65

the envelope estimator β̂env of β is just the projection of the maximum likelihood estimator66

β̂ onto the estimated envelope, β̂env = PΓ̂β̂, and
√
n(vec(β̂env) − vec(β)) is asymptotically67

normal with mean 0 and covariance matrix given by Cook et al. (2010), where vec is the68

vectorization operator that stacks the columns of a matrix and u is assumed to be known.69

1.2 Cattle data and response envelopes70

The data for this illustration resulted from an experiment to compare two treatments for the71

control of an intestinal parasite in cattle: thirty animals were randomly assigned to each of the72

two treatments and their weights (in kilograms) were recorded at weeks 2, 4, ..., 18 and 19 after73

treatment (Kenward 1987). Because of the nature of a cow’s digestive system, the treatments74

were not expected to have an immediate measurable affect on weight. The objectives of the75

study were to find if the treatments had differential effects on weight and, if so, about when76

were they first manifested.77

We begin by consider the multivariate linear model (1.1), where Yi ∈ R10 is the vector78

of cattle weights from week 2 to week 19, and the binary predictor Xi is either 0 or 1 indi-79
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cating the two treatments. Then α = E(Y|X = 0) is the mean profile for one treatment and80

β = E(Y|X = 1) − E(Y|X = 0) is the mean profile difference between treatments. Fitting81

by maximum likelihood yields the profile plot of the fitted response vectors given in the top82

panel of Figure 1.1. The maximum absolute ratio of an element in β̂ to its bootstrap standard83

error is only about 1.3, suggesting that there were no inter-treatment difference at any time.84

However, the likelihood ratio test statistics for the hypothesis β = 0 is about 27 with 10 de-85

grees of freedom, which indicates that the two treatments did have different effects on cattle86

weights. Further analysis is necessary to gain a better understanding of the treatment effects.87

The literature on longitudinal data is rich with ways of modeling mean profiles as a function of88

time and structuring ΣY|X to reflect dependence over time. Although not designed specifically89

for longitudinal data, an envelope analysis offers a viable alternative that does not require prior90

selection of models for the mean profile or the covariance structure.91

Turning to a fit of the envelope model (1.2), likelihood ratio testing and Bayesian informa-92

tion criterion (BIC) both give a strong indication that u = 1, so only a single linear combination93

of the elements of Y is relevant to comparing treatments. Details for determining an envelope94

dimension can be found in Cook et al. (2010), and we illustrate dimension selection in the real95

data applications of Section 6. The corresponding fitted weight profiles are given in the bottom96

plot of Figure 1.1. The two profile plots in Figure 1.1 are quite similar, except the envelope97

profiles are notably closer in the early weeks, supporting the notion that there is a lag between98

treatment application and effect. The absolute ratios of elements in β̂env to their bootstrap stan-99

dard errors were all smaller than 2.5 before week 10 and all larger than 3.4 from week 10 and100

on. This finding gives an answer the original question: the two treatments have different effects101

on cattle weight growth starting no later than week 10.102

To illustrate the working mechanism of the envelope estimator β̂env = PΓ̂β̂ graphically,103

as shown in Figure 1.2, we use only the weights at week 12 and 14 as the bivariate response104

Y = (Y1, Y2)
T . The maximum likelihood estimator of the first element β1 of β under model105

(1.1) is just the difference between the treatment means at week 12. In terms of Figure 1.2 this106

corresponds to projecting each data point onto the horizontal axis and comparing the means of107

the resulting univariate samples, as represented schematically by the two relatively flat densities108

for Y1|(X = 0) and Y1|(X = 1) along the horizontal axis of Figure 1.2. These densities are109

close, indicating that it may take a very large sample size to detect the difference between the110
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Figure 1.1: Cattle data: The top plot is obtained by a standard likelihood analysis and the
bottom plot is obtained by the corresponding envelope analysis.

marginal means that is evident in the figure. In contrast, the envelope estimator for β1 first111

projects the data onto the estimated envelope span(Γ̂) and then onto the horizontal axis, as112

illustrated in Figure 1.2. The result is represented schematically by two peaked densities on113

the horizontal axis. These densities are relatively well separated, reflecting the efficiency gains114

provided by an envelope analysis. The standard estimator β̂ = (5.5,−4.8)T with bootstrap115

standard errors (4.2, 4.4)T , while the envelope estimator β̂env = (5.4,−5.1)T with bootstrap116

standard errors (1.12, 1.07)T .117

1.3 Overview of available envelope methods118

Envelopes were introduced by Cook, Li and Chiaromonte (2010) for response reduction in119

the multivariate linear model with normal errors. They proved that the maximum likelihood120

estimator β̂env of β from model (1.2) is β̂env = PΓ̂β̂ and that the asymptotic variance of121

vec(β̂env) is never larger than that for vec(β̂). The reduction in variation achieved by the122

envelope estimator can be substantial when the immaterial variation Ω0 = var(ΓT
0 Y) is large123

relative to the material variation Ω = var(ΓTY). For instance, using the Frobenius norm, we124
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Figure 1.2: Cattle data with the 30 animals receiving one treatment marked as o’s and the
30 animals receiving the other marked as x’s. Representative projection paths, labeled ‘E’ for
envelope analysis and ‘S’ for standard analysis, are shown on the plot. Along the ‘E’ path only
the material information PΓ̂Y is used for the envelope estimator.

typically see substantial gains when ||Ω0||F � ||Ω||F , as happens in Figure 1.2.125

When some predictors are of special interest, Su and Cook (2011) proposed the partial enve-126

lope model, with the goal of improving efficiency of the estimated coefficients corresponding to127

these particular predictors. They used the ΣY|X-envelope of span(β1), EΣY|X(β1), to develop128

a partial envelope estimator of β1 in the partitioned multivariate linear regression129

Yi = α+ β1X1i + β2X2i + εi, i = 1, . . . , n, (1.3)

where β1 ∈ Rr is the parameter vector of interest, X = (X1,X
T
2 )T and the remaining terms130

are as defined for model (1.1). The partial envelope estimator β̂1,env = PΓ̂β̂1 has the potential131

to yield efficiency gains beyond those for the full envelope, particularly when EΣY|X(β) = Rr
132

so the full envelope offers no gain.133

Cook, Helland and Su (2013) used envelopes to study predictor reduction in multivariate134

linear regression (1.1), where the predictors are stochastic with var(X) = ΣX. Their rea-135

soning led them to parameterize the linear model in terms of EΣX
(βT ), which again achieved136

substantial efficiency gains in the estimation of β and in prediction. They also showed that137

the SIMPLS algorithm (de Jong 1993; see also ter Braak and de Jong , 1998) for partial least138

squares provides a
√
n-consistent estimator of EΣX

(βT ) and demonstrated that the envelope139

estimator β̂env = β̂PT
Γ̂(SX)

typically outperforms the SIMPLS estimator in practice, where we140
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use PA(V) := PA(V) = A(ATVA)−1ATV to denote the projection onto A = span(A) in the141

V inner product, and QA(V) = I−PA(V).142

Given the dimension of the envelope, the envelope estimators in these three articles are all143

maximum likelihood estimators based on normality assumptions, but are also
√
n-consistent144

with only finite fourth moments. It can be shown that the partial maximized log-likelihood func-145

tions Ln(Γ) = −(n/2)J(Γ) for estimation of a basis Γ of EΣY|X(β), EΣY|X(β1) or EΣX
(βT )146

all have the same form with147

J(Γ) = log |ΓTM̂Γ|+ log |ΓT (M̂ + Û)−1Γ|, (1.4)

where the positive definite matrix M̂ and the positive semi-definite matrix Û depend on con-148

text. The estimated basis is Γ̂ = arg min J(Γ), where the minimization is carried out over a149

set of semi-orthogonal matrices whose dimensions depend on the envelope being estimated.150

Estimates of the remaining parameters are then simple functions of Γ̂. We represent sam-151

ple covariance matrices as S(·) and defined with the divisor n: SX =
∑n

i=1(Xi − X)(Xi −152

X)T/n, SXY =
∑n

i=1(Xi −X)(Yi −Y)T/n and SY|X denotes the covariance matrix of the153

residuals from the linear fit of Y on X. To determine the estimators of the response enve-154

lope EΣY|X(β), the predictor envelope EΣX
(βT ) and the partial envelope EΣY|X(β1), we have155

{M̂, M̂ + Û} = {SY|X,SY}, {SX|Y,SX} and {SY|X,SY|X2}, respectively. For instance, a156

basis of the response envelope for the cattle data was estimated by maximizing Ln(Γ) with157

{M̂, M̂ + Û} = {SY|X,SY}.158

Still in the context of multivariate linear regression, Schott (2013) used saddle point ap-159

proximations to improve a likelihood ratio test for the envelope dimension. Su and Cook160

(2013) adapted envelopes for the estimation of multivariate means with heteroscedastic er-161

rors, and Su and Cook (2012) introduced a different type of envelope construction, called inner162

envelopes, that can produce efficiency gains when envelopes offer no gains. Cook and Zhang163

(2014b) introduced envelopes for simultaneously reducing the predictors and responses and164

showed synergetic effects of simultaneous envelopes in improving both estimation efficiency165

and prediction. Cook and Zhang (2014a) proposed a fast and stable 1D algorithm for envelope166

estimation.167

7



1.4 Organization and notation168

The previous studies on envelope models and methods are all limited to multivariate linear169

regression. While envelope constructions seem natural and intuitive in that setting, nothing is170

available to guide the construction of envelopes in other contexts like generalized linear models.171

In this article, we introduce the constructive principle that an asymptotically normal estimator φ̂172

of a parameter vectorφmay be improved by enveloping span(φ) with respect to the asymptotic173

covariance of φ̂. This principle recovers past estimators and allows for extensions to many174

other contexts. While the past envelope applications are rooted in normal likelihood-based175

linear regression, the new constructive principle not only broadens the existing methods beyond176

linear regression but also allows generic moment-based estimation alternatives.177

The rest of this article is organized as follows. In Section 2 we give a general constructive178

envelope definition. Based on this definition, we study envelope regression in Section 3 for179

generalized linear models and other applications. In Section 4, we extend envelope estima-180

tion beyond the scope of regression applications and lay general estimation foundations. We181

propose moment-based and objective-function-based estimation procedures in Section 4.1 and182

turn to envelopes in likelihood-based estimation in Section 4.2. Simulation results are given in183

Section 5, and illustrative analyses are given in Section 6.184

Although our focus in this article is on vector-valued parameters, we describe in a Supple-185

ment to this article how envelopes for matrix parameters can be constructed generally. Due to186

space limitations, we focus our new applications in generalized linear models. The Supplement187

also contains applications to weighted least squares and Cox regression, along with additional188

simulation results, proofs and other technical details.189

The following additional notations and definitions will be used in our exposition. The190

Grassmannian consisting of the set of all u dimensional subspaces of Rr, u ≤ r, is denoted191

as Gu,r. If
√
n(θ̂ − θ) converges to a normal random vector with mean 0 and covariance192

matrix V we write its asymptotic covariance matrix as avar(
√
nθ̂) = V. We will use oper-193

ators vec : Ra×b → Rab, which vectorizes an arbitrary matrix by stacking its columns, and194

vech : Ra×a → Ra(a+1)/2, which vectorizes a symmetric matrix by stacking the unique el-195

ements of its columns. Let A ⊗ B denote the Kronecker product of two matrices A and B.196

Envelope estimators will be written with the subscript env, unless the estimator is uniquely197
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associated with the envelope construction itself, in which case the subscript designation is un-198

necessary. We use θ̂α to denote an estimator of a parameter θ given another parameter α. For199

instance, Σ̂X,Γ is an estimator of ΣX given Γ.200

2 A constructive definition of envelopes201

The following proposition summarizes some key algebraic properties of envelopes. For a matrix202

M ∈ Sp×p, let λi and Pi, i = 1, . . . , q, be its distinct eigenvalues and corresponding eigen-203

projections so that M =
∑q

i=1 λiPi. Define f ∗ : Rp×p → Rp×p as f ∗(M) =
∑q

i=1 f(λi)Pi,204

where f : R→ R is a function such that f(x) = 0 if and only if x = 0.205

Proposition 1. (Cook et al. 2010)206

1. If M ∈ Sp×p has q ≤ p eigenspaces, then the M-envelope of B ⊆ span(M) can be207

constructed as EM(B) =
∑q

i=1 PiB;208

2. With f and f ∗ as previously defined, EM(B) = EM(f ∗(M)B).209

3. If f is strictly monotonic then EM(B) = Ef∗(M)(B) = EM(f ∗(M)B).210

From the first part of this proposition, we see that the M-envelope of B is the sum of the211

projections of B onto the eigenspaces of M; the second part of this proposition gives a variety212

of substitutes for B without changing the envelope; and part 3 implies that we may consider213

replacing M by f ∗(M) for a monotonic function f without affecting the envelope.214

Envelopes arose in the studies reviewed in Section 1.3 as natural consequences of postu-215

lating reductions in Y or X. However, they provide no guidance on how to employ parallel216

reasoning in more complex settings like generalized linear models, or in settings without a217

clear regression structure. In terms of Definition 2, the previous studies offer no guidance on218

how to choose the matrix M and the subspace B for use in general multivariate problems, par-219

ticularly since there are many ways to represent the same envelope, as indicated in parts 2 and220

3 of Proposition 1. We next propose a broad criterion to guide these selections.221

Let θ̂ denote an estimator of a parameter vector θ ∈ Θ ⊆ Rm based on a sample of size n.222

Let θt denote the true value of θ and assume, as is often the case, that
√
n(θ̂−θt) converges in223

distribution to a normal random vector with mean 0 and covariance matrix V(θt) > 0 as n →224
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∞. To accommodate the presence of nuisance parameters we decompose θ as θ = (ψT ,φT )T ,225

where φ ∈ Rp, p ≤ m, is the parameter vector of interest and ψ ∈ Rm−p is the nuisance226

parameter vector. The asymptotic covariance matrix of φ̂ is represented as Vφφ(θt), which227

is the p × p lower right block of V(θt). Then we construct an envelope for improving φ̂ as228

follows.229

Definition 3. The envelope for the parameter φ ∈ Rp is defined as EVφφ(θt)(φt) ⊆ Rp.230

This definition of an envelope expands previous approaches reviewed in Section 1.3 in a231

variety of ways. First, it links the envelope to a particular pre-specified method of estima-232

tion through the covariance matrix Vφφ(θt), while normal-theory maximum likelihood is the233

only method of estimation allowed by the previous approaches. The goal of an envelope is to234

improve that pre-specified estimator, perhaps a maximum likelihood, least squares or robust235

estimator. Second, the matrix to be reduced – here Vφφ(θt) – is dictated by the method of236

estimation. Third, the matrix to be reduced can now depend on the parameter being estimated,237

in addition to perhaps other parameters.238

Definition 3 reproduces the partial envelopes for β1 reviewed in Section 1.3 and the en-239

velopes for β when it is a vector; that is, when r = 1 and p > 1 or when r > 1 and240

p = 1. It also reproduces the partially maximized log likelihood function (1.4) by setting241

M = Vφφ(θt) and U = φtφ
T
t . To apply Definition 3 for the partial envelope of β1 based242

on model (1.3), the asymptotic covariance matrix of the maximum likelihood estimator of243

β1 is Vβ1β1
= (Σ−1X )11ΣY|X, where (Σ−1X )11 is the (1, 1) element of the inverse of ΣX =244

limn→∞ n
−1∑n

i=1 XiX
T
i . Consequently, by Proposition 1, EVβ1β1

(β1) = EΣY|X(β1), and thus245

Definition 3 recovers the partial envelopes of Su and Cook (2011). To construct the partially246

maximized log likelihood (1.4) we set M = Vβ1β1
and U = β1β

T
1 . Then using sample ver-247

sions gives248

J(Γ) = log |(S−1X )11Γ
TSY|XΓ|+ log |ΓT{(S−1X )11SY|X + β̂1β̂

T

1 }−1Γ|

= log |ΓTSY|XΓ|+ log |ΓTS−1Y|X2
Γ|,

which is the partially maximized log-likelihood of Su and Cook (2011). It is important to249

note that, although EΣY|X(β1) = EVβ1β1
(β1), Definition 3 requires that we use Vβ1β1

=250

(Σ−1X )11ΣY|X and not ΣY|X alone. The response envelope by Cook et al. (2010) can be seen as251
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a special case of the partial envelope model with absence of X2. This implies that Definition 3252

can also reproduce the response envelope objective function, which is obtained by replacing253

SY|X2 with SY in the J(Γ) function (1.4).254

As another illustration, consider X reduction in model (1.1) with r = 1 and p > 1. To255

emphasize the scalar response, let σ2
Y |X = var(ε) with sample residual variance s2Y |X. The256

ordinary least squares estimator of β has asymptotic variance Vββ = σ2
Y |XΣ−1X . Direct appli-257

cation of Definition 3 then leads to the σ2
Y |XΣ−1X -envelope of span(β), Eσ2

Y |XΣ−1
X

(β). However,258

it follows from Proposition 1 that this envelope is equal to EΣX
(β), which is the envelope used259

by Cook, et al., (2013) when establishing connections with partial least squares. To construct260

the corresponding version of (1.4), let M = Vββ and U = ββT . Then substituting sample261

quantities262

J(Γ) = log |s2Y |XΓTS−1X Γ|+ log |ΓT{s2Y |XS−1X + β̂β̂
T
}−1Γ|

= log |ΓTS−1X Γ|+ log |ΓT (SX − SXY STXY /s
2
Y )−1Γ|, (2.1)

which is the partially maximized log-likelihood of Cook et al. (2013). While EΣX
(β) =263

Eσ2
Y |XΣ−1

X
(β), we must still use M = Vββ = σ2

Y |XΣ−1X in the construction of J(Γ).264

Definition 3 in combination with J(Γ) can also be used to derive envelope estimators for265

new problems. For example, consider enveloping for a multivariate mean µ in the model Y =266

µ + ε, where ε ∼ N(0,Σ). We take φ = µ and µ̂ = n−1
∑n

i=1 Yi. Then M = Vµµ =267

Σ, which is the asymptotic covariance matrix of µ̂, U = µµT , and M + U = E(YYT ).268

Substituting sample versions of M and U leads to the same objective function J(Γ) as that269

obtained when deriving the envelope estimator from scratch.270

3 Envelope regression271

In this section we study envelope estimators in a general regression setting. We first discuss272

the likelihood-based approach to envelope regression in Section 3.1 and then discuss specific273

applications including generalized linear models (GLM) in Sections 3.2 – 3.4.274

3.1 Conditional and unconditional inference in regression275

Let Y ∈ R1 and X ∈ Rp have a joint distribution with parameters θ := (αT ,βT ,ψT )T ∈276

Rq+p+s, so the joint density or mass function can be written as f(Y,X|θ) = g(Y |α,βTX)h(X|ψ)277
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and the observed data are {Yi,Xi}, i = 1, . . . , n. We take β to be the parameter vector of inter-278

est and, prior to the introduction of envelopes, we restrict α, β and ψ to a product space. Let279

Ln(θ) =
∑n

i=1 log f(Yi,Xi|θ) be the full log-likelihood, let the log-likelihood conditional on280

X be represented byCn(α,β) =
∑n

i=1 log g(Yi|α,βTXi) and letMn(ψ) =
∑n

i=1 log h(Xi|ψ)281

be the marginal log-likelihood for ψ. Then we can decompose Ln(θ) = Cn(α,β) + Mn(ψ).282

Since our primary interest lies in β and X is ancillary, estimators are typically obtained as283

(α̂, β̂) = arg max
α,β

Cn(α,β). (3.1)

Our goal here is to improve the pre-specified estimator β̂ by introducing the envelope EVββ
(βt),284

where Vββ = Vββ(θt) = avar(
√
nβ̂), according to Definition 3.285

Let (Γ,Γ0) ∈ Rp×p denote an orthogonal matrix where Γ ∈ Rp×u is a basis for EVββ
(βt).286

Since βt ∈ EVββ
(βt), we can write βt = Γηt for some ηt ∈ Ru. Because Vββ(θt) typi-287

cally depends on the distribution of X and EVββ
(βt) reduces Vββ(θt), the marginal Mn will288

depend on Γ. Then the log-likelihood becomes Ln(α,η,ψ1,Γ) = Cn(α,η,Γ) + Mn(ψ1,Γ),289

where ψ1 represents any parameters remaining after incorporating Γ. Since both Cn and Mn290

depend on Γ, the predictors are no longer ancillary after incorporating the envelope structure291

and estimation must be carried out by maximizing {Cn(α,η,Γ) +Mn(ψ1,Γ)}.292

The relationship between X and EVββ
(βt) that is embodied in Mn(ψ1,Γ) could be compli-293

cated, depending on the distribution of X. However, as described in the following proposition,294

it simplifies considerably when E(X|ΓTX) is a linear function of ΓTX. This is well-known295

as the linearity condition in the sufficient dimension reduction literature where there Γ denotes296

a basis for the central subspace (Cook 1996). Background on the linearity condition, which is297

widely regarded as restrictive but nonetheless rather mild, is available from Cook (1998), Li298

and Wang (2007) and many other articles in sufficient dimension reduction. For instance, if X299

follows an elliptically contoured distribution, the linearity condition will be guaranteed for any300

Γ (Eaton 1986).301

Proposition 2. Assume that E(X|ΓTX) is a linear function of ΓTX. Then EVββ
(βt) =302

EΣX
(βt).303

A implication of Proposition 2 is that, for some positive definite matrices Ω ∈ Ru×u and304

Ω0 ∈ R(p−u)×(p−u), ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 and thus Mn must depend on Γ through the305
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marginal covariance ΣX. Consequently, we can write Mn(ΣX,ψ2) = Mn(Γ,Ω,Ω0,ψ2),306

where ψ2 represents any remaining parameters in the marginal function. If X is normal with307

mean µX and variance ΣX, then ψ2 = µX and Mn(Γ,Ω,Ω0,ψ2) = Mn(Γ,Ω,Ω0,µX) is308

the marginal normal log-likelihood. In this case, it is possible to maximize Mn over all its309

parameters except Γ, as stated in the following proposition.310

Proposition 3. Assume that X ∈ Rp is multivariate normal N(µX,ΣX) and that Γ ∈ Rp×u is311

a semi-orthogonal basis matrix for EΣX
(βt). Then µ̂X,Γ = X, Σ̂X,Γ = PΓSXPΓ + QΓSXQΓ312

and313

Mn(Γ) := max
Ω,Ω0,µX

Mn(Γ,Ω,Ω0,µX) (3.2)

= −n
2

{
log |ΓTSXΓ|+ log |ΓT

0 SXΓ0|
}

= −n
2

{
log |ΓTSXΓ|+ log |ΓTS−1X Γ|+ log |SX|

}
, (3.3)

where (Γ,Γ0) ∈ Rp×p is an orthogonal basis for Rp. Moreover, the global maximum of Mn(Γ)314

is attained at all subsets of u eigenvectors of SX.315

This proposition indicates that if X is marginally normal, the envelope estimators are316

(α̂env, η̂, Γ̂) = arg max{Cn(α,η,Γ) +Mn(Γ)}. (3.4)

In particular, the envelope estimator of β is β̂env = Γ̂η̂ and, from Proposition 3, Σ̂X,env =317

PΓ̂SXPΓ̂ +QΓ̂SXQΓ̂. It follows also from Proposition 3 that one role ofMn is to pull span(Γ̂)318

toward the reducing subspaces of SX, although it will not necessarily coincide with any such319

subspace.320

3.2 Generalized linear models with canonical link321

In the generalized linear model setting (Agresti 2002), Y belongs to an exponential family322

with probability mass or density function f(Yi|ϑi, ϕ) = exp{[Yiϑi − b(ϑi)]/a(ϕ) + c(Y, ϕ)},323

i = 1, . . . , n, where ϑ is the natural parameter and ϕ > 0 is the dispersion parameter. We324

consider the canonical link function ϑ(α,β) = α + βTX, which is a monotonic differentiable325

function of E(Y |X, ϑ, ϕ). We also restrict discussion to one-parameter families so that the326

dispersion parameter ϕ is not needed.327
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µ := E(Y |X, α,β) C(ϑ) C′(ϑ) −C′′(ϑ) (∝W )

Normal ϑ Y ϑ− ϑ2/2 Y − ϑ 1
Poisson exp(ϑ) Y ϑ− exp(ϑ) Y − exp(ϑ) exp(ϑ)

Logistic exp(ϑ)/A(ϑ) Y ϑ− logA(ϑ) Y − exp(ϑ)/A(ϑ) exp(ϑ)/A2(ϑ)

Exponential −ϑ−1 > 0 Y ϑ− log(−ϑ) (Y − 1/ϑ) ϑ−2

Table 1: A summary for the mean functions, the conditional log-likelihoods and their deriva-
tives of various exponential family distributions. A(ϑ) = 1 + exp(ϑ).

The conditional log likelihood takes the form of log f(y|ϑ) = yϑ − b(ϑ) + c(y) := C(ϑ),328

where ϑ = α+βTX is the canonical parameter. Then the Fisher information matrix for (α,β)329

evaluated at the true parameters is330

F(αt,βt) = E

(
−C ′′(αt + βTt X)

(
1 X

XT XXT

))
, (3.5)

where C ′′(αt + βTt X) is the second derivative of C(ϑ) evaluated at αt + βTt X.331

To construct the asymptotic covariance of β̂ from the Fisher information matrix and to in-332

troduce notation, we transform (α,β) into orthogonal parameters (Cox and Reid 1987). Specif-333

ically, we transform (α,β) to (a,β) so that a and β have asymptotically independent maximum334

likelihood estimators. Define weights W (ϑ) = C ′′(ϑ)/E(C ′′(ϑ)) so that E(W ) = 1, and write335

ϑ = α + βTE(WX) + βT{X− E(WX)} := a + βT{X− E(WX)}. Then the new parame-336

terization (a,β) has Fisher information matrix337

F(at,βt) = E(−C ′′)
(

1 0
0 ΣX(W )

)
,

where ΣX(W ) = E{W [X − E(WX)][X − E(WX)]T}. We now have orthogonal parameters338

and avar(
√
nβ̂) = Vββ(at,βt) =

{
E(−C ′′) ·ΣX(W )

}−1, while EVββ
(βt) is the corresponding339

envelope. The parameterizations (a,β) and (α,β) lead to equivalent implementation since we340

are interested only in β. Therefore, we use (α,β) in the estimation procedure that follows and341

use orthogonal parameters (a,β) to derive asymptotic properties in Section 3.3.342

The conditional log-likelihood, which varies for different exponential family distributions343

of Y |X, can be written as Cn(α,β) =
∑n

i=1 C(ϑi), where ϑi = α + βTXi and different344

functions C(ϑ) are summarized in Table 1. We next briefly review Fisher scoring, which is the345

standard iterative method for maximizing Cn(α,β), as background for the alternating envelope346

algorithm (Algorithm 1). At each iteration of the Fisher scoring method, the update step for β̂347
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can be summarized in the form of a weighted least squares (WLS) estimator as follows:348

β̂ ←− S−1
X(Ŵ )

SXV̂ (Ŵ ), (3.6)

where Ŵ = W (ϑ̂) = W (α̂ + β̂
T
X) is the weight at the current iteration, V̂ = ϑ̂ + {Y −349

µ(ϑ̂)}/Ŵ is a pseudo-response variable at the current iteration, the weighted covariance SX(Ŵ )350

is the sample estimator of ΣX(W ) and the sample weighted cross-covariance SXV̂ (Ŵ ) is defined351

similarly. Upon convergence of the Fisher scoring process, the estimator β̂ = S−1
X(Ŵ )

SXV̂ (Ŵ ) is352

a function of the estimators α̂, ϑ̂, Ŵ and V̂ at the final iteration.353

Assuming normal predictors, it follows from Section 3.1 that the full log-likelihood can be354

written as Ln(α,Γ,η) = Cn(α,β)+Mn(Γ), where β = Γη is the coefficient vector of interest355

and Mn(Γ) is given in Proposition 3. For fixed Γ ∈ Rp×u, the Fisher scoring method of fitting356

the GLM of Y on ΓTX leads to η̂Γ = (ΓTSX(Ŵ )Γ)−1ΓTSXV̂ (Ŵ ). Therefore, the partially357

maximized log-likelihood for Γ based on Fisher scoring algorithm is358

Ln(Γ) = Cn(Γ) +Mn(Γ)

= Cn(α̂,Γη̂Γ)− n

2

{
log |ΓTSXΓ|+ log |ΓTS−1X Γ|+ log |SX|

}
, (3.7)

where the optimization over Γ treats η̂Γ as a function of Γ instead of as fixed. Since we are359

able to compute the analytical form of the matrix derivative ∂Ln(Γ)/∂Γ, which is summarized360

in Lemma 1 of Supplement Section C, the alternating update of Γ based on η̂Γ is more efficient361

than updating Γ with fixed η̂. We summarize this alternating algorithm for fitting GLM enve-362

lope estimators in Algorithm 1, where the alternating between (2a) and (2b) typically converges363

in only a few rounds. Step (2a) is solved by using the sg_min Matlab package by Ross A. Lip-364

pert (http://web.mit.edu/~ripper/www/software/) with the analytical form of365

∂Ln(Γ)/∂Γ, and Fisher scoring was the default method in the Matlab package glmfit.366

3.3 Asymptotic properties with normal predictors367

In this section we describe the asymptotic properties of envelope estimators in regression when368

α (i.e. orthogonal parameter a in GLM) and β are orthogonal parameter vectors and X is369

normally distributed. We also contrast the asymptotic behavior of the envelope estimator β̂env370

with that of the estimator β̂ from Cn(α,β), and comment on other settings at the end of the371

15

http://web.mit.edu/~ripper/www/software/


Algorithm 1 The alternating algorithm for GLM envelope estimator.

1. Initialize α̂, β̂, ϑ̂, Ŵ and V̂ using the standard estimators. Initialize Γ̂ using the 1D
algorithm (Algorithm 2) discussed in Section 4.1.

2. Alternating the following steps until the convergence of β̂env or the maximum number of
iterations is reached.

(2a) Update Γ̂ by maximizing (3.7) over Grassmann manifold Gu,p, where Cn(Γ) is cal-
culated based on α̂, β̂, ϑ̂, Ŵ and V̂ at current step.

(2b) Update α̂ and η̂ by the Fisher scoring method of fitting GLM of Y on Γ̂
T
X. Then

set β̂env = Γ̂η̂ and simultaneously update ϑ̂, Ŵ and V̂ .

section. The results in this section apply to any likelihood-based envelope regression, including372

the envelope estimators in GLMs .373

The parameters involved in the coordinate representation of the envelope model are α, η,374

Ω, Ω0 and Γ. Since the parameters η, Ω and Ω0 depend on the basis Γ and the objective375

function is invariant under orthogonal transformations of Γ, the estimators of these parameters376

are not unique. Hence, we consider only the asymptotic properties of the estimable functions377

α, β = Γη and ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 , which are invariant under choice of basis Γ and thus378

have unique maximizers. Under the normality assumption, X ∼ N(µX,ΣX), we neglect the379

mean vector µX since it is orthogonal to all of the other parameters. We define the following380

parameters ξ and estimable functions h.381

ξ =


ξ1
ξ2
ξ3
ξ4
ξ5

 :=


α
η

vec(Γ)
vech(Ω)
vech(Ω0)

 , h =

 h1(ξ)
h2(ξ)
h3(ξ)

 :=

 α
β

vech(ΣX)

 .

Since the number of free parameters in h is q+p+p(p+1)/2 and the number of free parameters382

in ξ is q + u + (p − u)u + u(u + 1)/2 + (p − u)(p − u + 1)/2 = q + u + p(p + 1)/2, the383

envelope model reduces the total number of parameters by p− u.384

Proposition 4. Assume that for i = 1, . . . , n, the predictors Xi are independent copies of a385

normal random vector X with mean µX and variance ΣX > 0, and that the data (Yi,Xi)386

are independent copies of (Y,X) with finite fourth moments. Assume also that α and β are387

orthogonal parameter vectors. Then, as n→∞,
√
n(β̂env − βt) converges to a normal vector388
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with mean 0 and covariance matrix389

avar(
√
nβ̂env) = avar(

√
nβ̂Γ) + avar(

√
nQΓβ̂η)

= PΓVββPΓ + (ηT ⊗ Γ0)M
−1(η ⊗ ΓT

0 )

≤ avar(
√
nβ̂),

where M = (η ⊗ ΓT
0 )V−1ββ(ηT ⊗ Γ0) + Ω⊗Ω−10 + Ω−1 ⊗Ω0 − 2Iu(p−u), Ω = ΓTΣXΓ and390

Ω0 = ΓT
0 ΣXΓ0.391

The conditional log-likelihood is reflected in avar(
√
nβ̂env) primarily through the asymp-392

totic variance Vββ, while Ω and Ω0 stem from the normal marginal likelihood of X. The393

span of Γ reduces both Vββ and ΣX, so the envelope serves as a link between the condi-394

tional and marginal likelihoods in the asymptotic variance. The first addend avar(
√
nβ̂Γ) is the395

asymptotic covariance of the estimator given the envelope. The second addend avar(
√
nQΓβ̂η)396

reflects the asymptotic cost of estimating the envelope and this term is orthogonal to the first.397

Moreover, the envelope estimator is always more efficient than or equally efficient as the usual398

estimator β̂.399

A vector SE(β̂env) of asymptotic standard errors for the elements of β̂env can be constructed400

by first using the plug-in method to obtain an estimate of âvar(
√
nβ̂env) of avar(

√
nβ̂env) and401

then SE(β̂env) = diag1/2{âvar(
√
nβ̂env)/n}.402

An important special case of Proposition 4 is given in the following corollary.403

Corollary 1. Under the same conditions as in Proposition 4, if we assume further that ΣX =404

σ2Ip, σ2 > 0 then EVββ
(βt) = span(βt) and avar(

√
nβ̂env) = avar(

√
nβ̂) = Vββ.405

Corollary 1 tells us that, if we have normal predictors with isotropic covariance, then the406

envelope estimator is asymptotically equivalent to the standard estimator and enveloping offers407

no gain, but there is no loss, either. This implies that there must be some degree of co-linearity408

among the predictors before envelopes can offer gains. We illustrate this conclusion in the409

simulations of Section 5.2 for logistic and Poisson regressions and in Supplement Section B for410

least squares estimators.411

Experience has shown that (3.4) provides a useful envelope estimator when the predictors412

satisfy the linearity condition but are not multivariate normal. In this case there is a connec-413

tion between the desired envelope EVββ
(βt) and the marginal distribution of X, as shown in414
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Proposition 2, and β̂env is still a
√
n-consistent estimator of β. If the linearity condition is415

substantially violated, we can still use the objective function {Cn(α,β) + Mn(Γ)} to esti-416

mate β within EΣX
(βt) but this envelope may no longer equal EVββ

(βt). Nevertheless, as417

demonstrated later in Corollary 2, this still has the potential to yield an estimator of β with418

smaller asymptotic variance than β̂, although further work is required to characterize the gains419

in this setting. Alternatively, the general estimation procedure proposed in Section 4.1 yields420

√
n-consistent estimators without requiring the linearity condition.421

3.4 Other regression applications422

Based on our general framework, the envelope model can be adapted to other regression types.423

In Supplement Sections A.1 and A.2 we give derivation and implementation details for enve-424

lope in WLS regression and in Supplement Section A.3, we include details for envelopes in425

Cox regression. Theoretical results in this section could also apply to the WLS and the Cox426

regression models, as we discussed in the Supplement Section A.427

The envelope methods proposed here are based on sample estimators of asymptotic co-428

variance matrices, which may be sensitive to outliers. However, the idea of envelopes can be429

extended to robust estimation procedures (see, for example, Yohai et al. (1991)).430

4 Envelope estimation beyond regression431

Having seen that Definition 3 recovers past envelopes and having applied it in the context of432

GLMs, we next turn to its general use in estimation. We propose three generic estimation433

procedures – one based on moments, one based on a generic objective function and one based434

on a likelihood – for envelope models and methods in general. The estimation frameworks in435

this section includes previous sections as special cases, and the algorithms in this section can436

also be applied to any regression context.437

4.1 Moment-based and objective-function-based estimation438

Definition 3 combined with the 1D algorithm (Cook and Zhang 2014a), which is restated as Al-439

gorithm 2 in its population version, gives us a generic moment-based estimator of the envelope440

EM(U), requiring only matrices M̂ and Û. Setting Û = φ̂φ̂
T
∈ Sq×q and M̂ equal to a

√
n-441

18



Algorithm 2 The 1D algorithm.

1. Set initial value g0 = G0 = 0.

2. For k = 0, . . . , u− 1, gk+1 ∈ Rq is obtained direction in the envelope EM(U) as follows,

(a) Let Gk = (g1, . . . ,gk) if k ≥ 1 and let (Gk,G0k) be an orthogonal basis for Rq.

(b) Define the stepwise objective function

Jk(w) = log(wTAkw) + log(wTB−1k w), (4.1)

where Ak = GT
0kMG0k, Bk = (GT

0kMG0k + GT
0kUG0k) and w ∈ Rq−k.

(c) Solve wk+1 = arg minw Jk(w) subject to a length constraint wTw = 1.

(d) Define gk+1 = G0kwk+1 to be the unit length (k + 1)-th stepwise direction.

consistent estimator of Vφφ(θt) ∈ Sq×q, it follows from Cook and Zhang (2014a; Proposition442

6) that the 1D algorithm provides a
√
n-consistent estimator PĜu

= ĜuĜ
T
u of the projection443

onto EVφφ(θt)(φt) ⊆ Rp, where Ĝu is obtained from the sample version of the 1D algorithm444

and u = dim(EVφφ(θt)(φt)) is assumed to be known. The moment-based envelope estimator445

φ̂env = PĜu
φ̂ is then a

√
n-consistent estimator of φt. For example, the moment-based esti-446

mator for GLMs is obtained by letting Û = β̂β̂
T

and M̂ = S−1
X(Ŵ )

/
{
n−1

∑n
i=1(−C ′′(ϑ̂i))

}
447

in the 1D algorithm. Consequently, a distributional assumption, such as normality, is not a re-448

quirement for estimators based on the 1D algorithm to be useful, a conclusion that is supported449

by previous work and by our experience. However, the weight W (ϑ) depends on the parameter450

β so that iterative updates of weights and estimators could be used to refine the final estimator,451

as we will discuss at the end of Section 4.2.452

The 1D algorithm can also play the role of finding starting values for other optimizations.453

For instance, in envelope GLMs, we use the 1D algorithm to get starting values for maxi-454

mizing (3.7). Moreover, the likelihood-based objective function in (3.7) has the property that455

Ln(Γ) = Ln(ΓO) for any orthogonal matrix O ∈ Ru×u. Maximization of Ln is thus over456

the Grassmannian Gu,p. Since u(p − u) real numbers are required to specify an element of457

Gu,p uniquely, optimization of Ln is essentially over u(p− u) real dimensions, and can be time458

consuming and sensitive to starting values when this dimension is large. The 1D algorithm459

mitigates these computational issues: to our experience, with the 1D estimator as the starting460

value for step (2a) in Algorithm 1, the iterative Grassmann manifold optimization of Ln(Γ) in461
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(3.7) typically converges after only a few iterations.462

To gain intuition about the potential advantages of the moment-based envelope estimator,463

assume that a basis Γ for EVφφ(θt)(φt) is known and write the envelope estimator as PΓφ̂ .464

Then since the envelope reduces Vφφ(θt), we have465

avar(
√
nφ̂) = Vφφ(θt) = PΓVφφ(θt)PΓ + QΓVφφ(θt)QΓ,

avar(
√
nPΓφ̂) = PΓVφφ(θt)PΓ ≤ Vφφ(θt).

These relationships allow some straightforward intuition by writing
√
n(φ̂−φt) =

√
n(PΓφ̂−466

φt) +
√
nQΓφ̂. The second term

√
nQΓφ̂ is asymptotically normal with mean 0 and variance467

QΓVφφ(θt)QΓ, and is asymptotically independent of
√
n(PΓφ̂−φt). Consequently, we think468

of QΓφ̂ as the immaterial information in φ̂. The envelope estimator then achieves efficiency469

gains by essentially eliminating the immaterial variation QΓVφφ(θt)QΓ, the greatest gains470

being achieved when QΓVφφ(θt)QΓ is large relative to PΓVφφ(θt)PΓ. Of course, we will471

typically need to estimate Γ in practice, which will mitigate the asymptotic advantages when472

Γ is known. But when the immaterial variation is large compared to the cost of estimating the473

envelope, substantial gain will still be achieved. Although we do not have an expression for the474

asymptotic variance of the moment-based estimator φ̂env = PĜu
φ̂, the bootstrap can be used to475

estimate it. Depending on context, cross validation, an information criteria like AIC and BIC,476

or sequential hypothesis testing can be used to aid selection of u, as in Cook et al. (2010, 2013)477

and Su and Cook (2011).478

If φ̂ is obtained by minimizing an objective function φ̂ = arg minφ∈Rq Fn(φ) then, as an479

alternative to the moment-based estimator φ̂env = PĜu
φ̂, an envelope estimator can be con-480

structed as φ̂env = Ĝuη̂, where η̂ = arg minη∈Ru Fn(Ĝuη). We refer to this as the objective-481

function-based estimator. Sometimes these two approaches are identical, i.e., response en-482

velopes (Cook et al. 2010) and partial envelopes (Su and Cook 2011). In Section 4.2 we483

specialize the objective function approach to maximum likelihood estimators.484

4.2 Envelopes for maximum likelihood estimators485

In this section, we broaden the envelope estimators in regression to generic likelihood-based486

estimators. Consider estimating θ as θ̂ = arg maxθ∈Θ Ln(θ), where Ln(θ) is a log-likelihood487

that is twice continuously differentiable in an open neighborhood of θt. Then under standard488
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conditions
√
n(θ̂ − θt) is asymptotically normal with mean 0 and covariance matrix V(θt) =489

F−1(θt), where F is the Fisher information matrix for θ. The asymptotic covariance matrix of490

φ̂, Vφφ(θt), is the lower right block of V(θt).491

Recall that for envelope models, we can write the log-likelihood as Ln(θ) = Ln(ψ,φ) =492

Ln(ψ,Γη). To obtain MLE, we need to maximize Ln(ψ,Γη) over ψ, η and Γ ∈ Rp×u, where493

Γ is semi-orthogonal basis for EVφφ(θt)(φt) and u = dim(EVφφ(θt)(φt)). We first discuss the494

potential advantages of envelopes by considering the maximization of Ln(ψ,Γη) over ψ and495

η with known Γ. Since φt ∈ EVφφ(θt)(φt), we have that φt = Γηt for ηt ∈ Ru. Consequently,496

for know Γ, the envelope estimators become497

(ψ̂Γ, η̂Γ) = arg max
ψ,η

Ln(ψ,Γη), (4.2)

φ̂Γ = Γη̂Γ (4.3)

θ̂Γ = (ψ̂
T

Γ, φ̂
T

Γ)T , (4.4)

Any basis for EVφφ(θt)(φt) will give the same solution φ̂Γ: for an orthogonal matrix O, write498

φ = ΓOOTη. Then η̂ΓO = OT η̂Γ.499

The estimator φ̂Γ given in (4.3) is in general different from the moment-based estimator500

PΓφ̂ discussed near the end of Section 4.1. However, as implied by the following proposition,501

these two estimators have the same asymptotic distribution, which provides some support for502

the simple projection estimator of Section 4.1.503

Proposition 5. As n → ∞,
√
n(φ̂Γ − φt) converges to a normal random vector with mean 0504

and asymptotic covariance505

avar(
√
nφ̂Γ) = PΓVφφ(θt)PΓ ≤ Vφφ(θt).

The
√
n-consistent nuisance parameter estimator also satisfies avar(

√
nψ̂Γ) ≤ avar(

√
nψ̂).506

The following corollary to Proposition 5 characterizes the asymptotic variance when an507

arbitrary envelope is used.508

Corollary 2. If Γ is a basis for an arbitrary envelope EM(φt), where M is a symmetric positive509

definite matrix, then510

avar(
√
nφ̂Γ) = Γ{ΓTV−1φφ(θt)Γ}−1ΓT ≤ Vφφ(θt). (4.5)
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Algorithm 3 The iterative envelope algorithm for MLE.

1. Initialize θ̂0 = θ̂, and let M̂k and Ûk be the estimators of M and U based on the k-th
envelope estimator θ̂k of θ, so M̂0 and Û0 are based only on the pre-specified estimator.

2. For k = 0, 1, . . . iterate as follows until a measure of the change between φ̂k+1 and φ̂k is
sufficiently small

(a) Using the 1D algorithm, construct an estimated basis Γ̂k for EVφφ(θt)(φt) using

M̂k = Vφφ(θ̂k) and Ûk = φ̂kφ̂
T

k .

(b) Set θ̂k+1 = θ̂Γ̂k
from (4.4).

The above expression shows that Γ is intertwined with Vφφ(θt) in the asymptotic covari-511

ance of the envelope estimator φ̂Γ, while the envelope by Definition 3 makes avar(
√
nφ̂Γ)512

more interpretable because the material and the immaterial variations are separable.513

As formulated, this likelihood context allows us to construct the envelope estimator φ̂Γ514

when a basis Γ for EVφφ(θt)(φt) is known, but it does not by itself provide a basis estima-515

tor Γ̂. However, a basis can be estimated by using the 1D algorithm (Algorithm 2 in Sec-516

tion 4.1), setting M = Vφφ(θ) and U = φφT and plugging-in the pre-specified estimator517

θ̂ = arg maxθ∈Θ Ln(θ) to get
√
n-consistent estimators of M and U. The envelope estimator518

is then φ̂env = φ̂Γ̂, where Γ̂ = Ĝu. Then we have the following proposition.519

Proposition 6. If the estimated basis Γ̂ for EVφφ(θt)(φt) is obtained by the 1D algorithm (Al-520

gorithm 2), then the envelope estimator φ̂env = φ̂Γ̂ is a
√
n-consistent estimator of φ.521

The envelope estimator φ̂env depends on the pre-specified estimator θ̂ through M = Vφφ(θ)522

and U = φφT . Although it is
√
n-consistent, we have found empirically that, when M depends523

non-trivially on θt, it can often be improved by iterating so the current estimate of θ̂ is use to524

construct estimates of M and U. The iteration can be implemented as Algorithm 3.525

5 Simulations526

In this section we present a few simulations to support and illustrate the foundations discussed527

in previous sections. In Section 5.1 we simulate two datasets to illustrate the workings of528

envelope estimation in logistic regression. In F 5.2 and 5.3, we simulated 100 datasets for each529

of the three sample sizes: n = 50, 200 and 800. The true dimension of the envelope was always530
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used in estimation. We mainly focus on the performance of Algorithm 1 in this section, since531

the predictors were simulated from normal distributions.532

5.1 Envelope in logistic regression533

Following Definition 3, we derived in Section 3.2 that the envelope in logistic regression is534

EΣX(W )
(β), where ΣX(W ) = cov(

√
WX) is the covariance of the weighted predictors

√
WX535

and W = exp(βTX)/{1 + exp(βTX)}2. We now use a small simulation study, where p = 2536

and u = 1, to illustrate graphically the advantages of envelopes.537

We generated 150 independent observations as follows: Yi|Xi ∼ Bernoulli(logit(βTXi)),538

β = (β1, β2)
T = (0.25, 0.25)T and Xi ∼ N(0,ΣX). We let span(β) be the principal539

eigenvector of ΣX with eigenvalue 10 and let the other eigenvalue be 0.1, which led to co-540

linearity and made the estimation challenging. We plotted the data in Figure 5.1(a), in which541

we used two lines to indicate the directions of the two estimators: standard estimator β̂ =542

(−0.047, 0.692)T with asymptotic standard errors SE(β̂) = (0.418, 0.429)T , and envelope543

estimator β̂env = (0.321, 0.319)T (based on Algorithm 1) with asymptotic standard errors544

SE(β̂env) = (0.058, 0.057)T . The components of β̂env are large relative to their standard er-545

rors, while the components of β̂ are not. The alternative moment-based envelope estimators546

discussed in Sections 4.1 and 4.2, β̂env,2 = (0.323, 0.317)T (based on Algorithm 2 as indicated547

by the added subscript) and β̂env,3 = (0.320, 0.320)T (based on Algorithm 3), were both very548

close to the likelihood-based estimator β̂env. We also plotted the weighted predictors
√
WX in549

Figure 5.1 (b) so that we can see from the figure that the envelope is the principal eigenvector550

of ΣX(W ).551

To further demonstrate the point that the standard logistic regression estimator is highly552

variable in the presence of co-linearity, we simulated another data set according to the same553

model. Again, the envelope estimator stayed close to the truth, β̂env = (0.208, 0.209)T with554

asymptotic standard errors SE(β̂env) = (0.047, 0.047)T . And again the moment-based enve-555

lope estimators were both very similar to the likelihood-based estimator, β̂env,2 = (0.207, 0.208)T556

and β̂env,3 = (0.210, 0.208)T . But the standard estimator varied substantially, β̂ = (0.665,−0.248)T557

with asymptotic standard errors SE(β̂) = (0.401, 0.399)T .558

We use the Australia Institute of Sport (AIS) data to illustrate the phenomenon in this sim-559

ulation setting. This data set, originally from Cook and Weisberg (1994; page 98), contains560
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various measurements on 102 male and 100 female athletes collected at the Australian Institute561

of Sport. We take height (cm) to be X1, weight (kg) to be X2 and Y as a binary indicator562

for male or female athletes. A plot of the data (not shown) is similar to that in Figure 5.1(a)563

and the envelope dimension was selected as u = 1 by five-fold cross-validation so we ex-564

pected some gain from envelopes. The standard estimator β̂ = (0.123, 0.062)T has asymp-565

totic standard errors SE(β̂) = (0.034, 0.022)T , while the likelihood-based envelope estimator566

β̂env = (0.085, 0.086)T , which was obtained by Algorithm 1, has asymptotic standard errors567

SE(β̂env) = (0.014, 0.014)T . The envelope estimator compared to the standard estimator, had568

40% and 60% smaller standard errors for the two coefficients in β.569
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Figure 5.1: Illustration of envelopes in logistic regression: (a) envelope and standard esti-
mators in one simulated data set, the true envelope EΣX(W )

(βt) and its sample estimate are
indistinguishable in the plot; (b) visualization of the covariance ΣX(W ) = cov(

√
WX) by

plotting the weighted predictors
√
WX on axes, where the true weights were used: Wi =

exp(βTt Xi)/(1 + exp(βTt Xi))
2.

5.2 Generalized linear models570

In this section we report the result of numerical studies to compare three estimators in the con-571

texts of logistic and Poisson regression: (1) the standard GLM estimators obtained by the Fisher572

scoring method, (2) iteratively re-weighted partial least squares estimators for GLMs (IRPLS;573

Marx 1996), and (3) envelope estimators based on Algorithm 1. The 1D algorithm (Algo-574
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rithm 2) was used to provide
√
n-consistent starting values for Grassmannian optimizations in575

Algorithm 1. We used the Matlab function glmfit to obtain the standard GLM estimators. The576

IRPLS algorithm is a widely recognized extension of PLS algorithms for GLMs. It embeds a577

weighted partial least squares algorithm in the Fisher scoring method and iteratively updates578

between the reduced predictors Γ̂
T
X and the other parameters (α̂, β̂, ϑ̂, V̂ , Ŵ ), similar to our579

envelope method described in Section 3.2. The original IRPLS algorithm by Marx (1996) is580

based on the NIPALS algorithm (Wold 1966) for PLS, but our simulations all used the SIMPLS581

algorithm (de Jong 1993) within IRPLS. This is because SIMPLS is more widely used and is582

implemented in the plsregress function in Matlab.583

In all these simulations, the envelope dimension was equal to 2, p = 10 and X ∼ N(0,ΣX),584

where ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 , Γ ∈ Rp×2 was generated by filling with independent uniform585

(0, 1) variates and then standardized so that (Γ,Γ0) is an orthogonal matrix. The positive586

definite symmetric matrices Ω ∈ R2×2 and Ω0 ∈ R8×8 were generated as ODOT where O587

is an orthogonal matrix and D is a diagonal matrix of positive eigenvalues. We chose the588

eigenvalues of Ω to be 0.1 and 0.5, while the eigenvalues of Ω0 range from 0.002 to 20. The589

true parameter vector βt = Γη with η = (1, 1)T . The intercepts were α = 2 for Poisson590

regression and α = 1 for logistic regression.591

The averaged angles and length ratios are summarized in Table 2. From this table, we592

found that the envelope estimator was always the best for various sample sizes. The advantages593

of envelope estimator over its competitors were clear in both logistic and Poisson regressions.594

The improvements of envelope estimators over the standard estimators became more substantial595

with increased sample sizes. At the same time, the standard estimator always did better than596

the IRPLS estimator in terms of angle.597

Recall that, according to Corollary 1, we need some degree of co-linearity among the pre-598

dictors before envelope can offer gains. To illustrate this conclusion, we repeated the sets of599

simulations by using ΣX = Ip for Poisson regression and ΣX = 4Ip for logistic regression.600

From the results summarized in Table 3, β̂ and β̂env had similar performance, as expected.601

5.3 Cox regression602

In the study of survival time T on the p-dimensional covariates Z ∈ Rp, Cox’s proportional haz-603

ards model (Cox 1972, 1975) assumes the hazard function h(t|Z) of a subject with covariates Z604
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Standard IRPLS Envelope

Poisson

n = 50
∠ 38 (1.5) 55 (0.8) 25 (2.0)

LR 1.4 0.21 1.4

n = 200
∠ 21 (1.1) 48 (0.6) 7 (0.8)

LR 1.09 0.25 1.03

n = 800
∠ 9 (0.5) 46 (0.4) 2 (0.3)

LR 1.02 0.28 1.01

Logistic

n = 50
∠ 75 (1) 84 (1) 74 (2)

LR 10.2 0.22 8.1

n = 200
∠ 62 (2) 81 (1) 36 (3)

LR 3.0 0.12 2.0

n = 800
∠ 45 (2) 77 (0.4) 9 (1)

LR 1.6 0.087 1.0

Table 2: GLM simulations with ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 . We summarize averaged angles

∠ = ∠(βt, β̂) in degrees and length ratios LR = ||β̂||/||βt||between the true parameter vector
and various estimators. The best performances are marked in bold. Standard errors are included
in the parentheses. Standard errors for the length ratios are less than or equal to 0.01.

Standard IRPLS Envelope

Poisson

n = 50
∠ 8.9 (0.3) 46 (0.8) 9.2 (0.9)

LR 1.02 0.58 1.02

n = 200
∠ 3.7 (0.1) 38 (0.5) 3.7 (0.1)

LR 1.00 0.70 1.00

n = 800
∠ 1.74 (0.04) 36 (0.3) 1.74 (0.04)

LR 1.00 0.77 1.00

Logistic

n = 50
∠ 12.6 (1.6) 17.9 (2.3) 13.7 (1.8)

LR 1.18 0.27 1.09

n = 200
∠ 16.2 (0.4) 29.2 (0.7) 16.9 (0.4)

LR 1.15 0.79 1.14

n = 800
∠ 8.0 (0.2) 17.3 (0.4) 8.1 (0.2)

LR 1.03 0.90 1.03

Table 3: GLM simulations with isotropic covariance matrices: ΣX = 4Ip for logistic regres-
sion and ΣX = Ip for Poisson regression. We summarize averaged angles ∠ = ∠(βt, β̂) in
degrees and length ratios LR = ||β̂||/||βt|| between the true parameter vector and various esti-
mators. Standard errors are included in the parentheses. Standard errors for the length ratio are
less than or equal to 0.01.
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Standard PLS Envelope

Cox

n = 50
∠ 50 (0.9) 23 (0.8) 15 (1)

LR 1.95 0.99 0.97

n = 200
∠ 25 (0.6) 15 (0.5) 6 (0.2)

LR 1.16 1.00 1.00

n = 800
∠ 13 (0.3) 10 (0.3) 3 (0.07)

LR 1.03 1.00 1.00

Table 4: Cox regression: Averaged angles and length ratios between the true parameter vector
and various estimators. The best performances are marked in bold. Standard errors are included
in parentheses. Standard errors for the length ratio are less than or equal to 0.01.

has the form h(t|Z) = h0(t) exp(βTZ), where h0(t) is the unspecified baseline hazard function605

and β is an unknown vector of regression coefficients in which we are primarily interested. Let606

Xi and Ci be the failure time and the censoring time of the i-th subject, i = 1, . . . , n. Define607

δi = I(Xi ≤ Ci) and Ti = min(Xi, Ci). The data then consists of (Ti, δi,Zi), i = 1, . . . , n.608

The failure time and the censoring time are assumed to be independent given the covariates.609

We assume that there are no ties for the observed times.610

In our setting, Z ∈ R10 followed the multivariate normal distribution N(0,ΣZ) with ΣZ =611

ΓΩΓT +0.2Γ0Γ
T
0 ,where Γ, Γ0 and Ω were generated in the same way as in Section 5.2, except612

that eigenvalues of Ω were 1 and 5. The true parameter vector βt = Γη where η = (1, 1)T .613

Then we followed the simulation model in Nygard and Borgan (2008), where the survival614

time followed a Weibull distribution with scale parameter exp(βTZ/5) and shape parameter 5,615

which was a Weibull distribution with hazard rate h(Y |Z) = 5Y 4 · exp(βTZ). The censoring616

variable δ was generated as the integer part of a uniform(0, 2) random variable, which gave617

censoring rates of approximately 50%.618

We considered three different estimators: the standard estimator without envelope structure,619

the likelihood-based envelope estimator (see Supplement Section A.3 for implementation de-620

tails), and partial least squares for Cox regression (Nygard and Borgan 2008). From Table 4, we621

found that the envelope estimator was always the best, while the PLS estimator also improved622

over the standard estimator.623
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6 Illustrative data analyses624

We present three small examples in this section to illustrate selected aspects of the proposed625

foundations.626

6.1 Logistic regression: Colon cancer diagnosis627

We use these data to illustrate the classification power of the envelope estimator as well as its es-628

timation efficiency. The objective of this study was to distinguish normal tissues and adenomas629

(precancerous tissues) that were found during colonoscopy. When the normal and adenoma-630

tous tissues are illuminated with ultraviolet light, they fluoresce at different wavelengths. The631

p = 22 predictors, which are laser-induced fluorescence (LIF) spectra measured at 8 nm spac-632

ing from 375 to 550 nm, reflect this phenomenon. The data set consists of n = 285 tissue633

samples, comprised of 180 normal tissues and 105 adenomas. Studies on a similar data set can634

be found in Hawkins and Maboudou-Tchao (2013).635

The envelope dimension was chosen to be 2 by five-fold cross-validation. Compared to636

standard logistic regression, the bootstrap standard errors of the 22 elements in β̂ were 2.2 to637

12.5 times larger than the bootstrap standard errors of the elements in β̂env, which was obtained638

from Algorithm 1. On the other hand, five-fold cross-validation classification error rate for the639

standard logistic regression estimator was 21% while it was 17.5% for the envelope estimator640

with u = 2 or u = 3. And the error rate for envelope estimator with any dimension between641

1 and 10 was no larger than that of the standard estimator. To gain some idea about the level642

of intrinsic (non-estimative) variation in the envelope error rate, we took β̂env to be the true β,643

sampled the predictors 1000 times and predicted the response using βt = β̂env. The resulting644

classification error was 16.7%, which is not far from the observed error rate of 17.5%.645

6.2 Linear discriminant analysis: Wheat protein data646

In this data set (Cook et al. 2010), we have a binary response variable Y indicating high or low647

protein content and six highly correlated predictors which are the logarithms of near infrared648

reflectance at six wavelengths across the range 1680-2310 nm. The correlations between these649

predictors range from 0.9118 to 0.9991. We standardized the predictors marginally so that each650

had mean 0 and variance 1. We illustrate the possibility of using envelopes to improve Fisher’s651
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Standard PLS Envelope
Error rate 10.2 57.1 5.4

S.E. 0.4 0.6 0.2

Table 5: Five-fold cross-validation error rates based on Fisher’s LDA and expressed as per-
centages.

Standard IRPLS Envelope
Pearson’s χ2 642.1 556.1 553.7

S.E. 7.8 1.6 1.6

Table 6: Performance of four methods applied to the horseshoe crab data.

linear discriminant analysis (LDA).652

It has been shown (Ye 2007) that two-class LDA is equivalent to a least squares problem: no653

matter how we code Y for two classes, the least squares fitted coefficient vector β̂OLS is always654

proportional to the LDA direction. Hence, we used β̂
T

OLSX as the discriminant direction and655

fitted the LDA classification rule based on it. We similarly replaced the OLS coefficient vector656

with the coefficient vector β̂PLS estimated by SIMPLS algorithm and the coefficient vector and657

β̂env estimated by using the 1D algorithm (Algorithm 2) with respect to objective function (2.1)658

to improve OLS. We estimated the error rates for these three classifiers as the average error rate659

over 100 replications of five-fold cross-validations on the n = 50 samples. The average error660

rates are shown in Table 5. Clearly the 1D algorithm had the best classification performance.661

6.3 Poisson regression: Horseshoe crab data662

This is a textbook Poisson regression dataset about nesting horseshoe crabs (see Agresti (2002),663

Section 4.3). The response is the number of satellite male crabs residing near a female crab.664

Explanatory variables included the female crab’s color, spine condition, weight, and carapace665

width. Since color is a factor with four levels, we use three indicator variables to indicate color.666

Also, spine condition is a factor with three levels, so we used two indicator variables for spine667

condition, for a total of seven predictors. The sample size is n = 173.668

Five-fold cross-validation was used to determine the dimension of the envelope, giving669

u = 1, which was also the answer given by BIC. To assess the gain in envelope reduction with670

u = 1, we repeated the five-fold cross-validation procedure 100 times and obtained the averaged671
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Pearson’s χ2 statistic
∑n

i=1(Yi − Ŷi)2/Ŷi and its standard error shown in Table 6. Clearly, the672

likelihood-based envelope estimator based on Algorithm 1 had significant improvement over673

the standard method and a slight edge over IRPLS.674

7 Discussion675

With our general definition and algorithms, we laid foundations for envelope models and meth-676

ods. Our general framework subsumes previous envelope models in multivariate linear regres-677

sion and provides guidance for future studies. Building upon this framework, we extended the678

scope of envelope methods to GLMs, Cox regression and weighted least squares. Although679

we focused on vector-valued parameters, the extension in the Supplement for matrix-valued680

parameters suggests that our general construction can be straightforwardly extend to matrix-681

valued or even higher-order tensor-valued regressions (see, for example, Zhou and Li 2014;682

Zhou, Li and Zhu 2014).683

We propose three estimation procedures ranging from specific to general. Estimation based684

on Algorithm 1 is proposed for normal predictors and is also preferable in practice when the685

linearity condition holds. Algorithm 3 outlines an iterative procedure that is more flexible and686

that provides
√
n-consistent estimators even without linearity or normality. We can use this687

procedure as a substitute for Algorithm 1 when the distribution of X is far from elliptical.688

Finally, the most generic envelope estimator for an arbitrary pre-specified estimator β̂ is pro-689

posed as β̂env = PĜu
β̂ or β̂env = Ĝuη̂Ĝu

if β̂ is obtained based on objective function, where690

Ĝu is estimated from the 1D algorithm (Algorithm 2). These estimators can deal with a va-691

riety of problems, ranging from likelihood-based estimators to problems that involve heuristic692

non-parametric or semi-parametric estimation.693

Inner envelopes (Su and Cook, 2012) are not covered by these foundations because they694

correspond to a different type of envelope construction. Extensions to inner envelopes are695

possible, but the analysis and methods involved are different than those for envelopes and so696

are outside the scope of this article.697

Another future research direction is to extend the likelihood-based and the moment-based698

envelope estimation to high-dimensional settings. One possible approach is to develop penal-699

ized likelihood estimation procedure based on the likelihood-based estimation in Section 4.2.700
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Another more straightforwardly implemented way is to use the ridge-type covariance estima-701

tors proposed by Ledoit and Wolf (2004) for M̂ and Û in our algorithms. Properties of such702

extensions are yet to be studied.703
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Supplement: Proofs and Technical Details for771

“Foundations for Envelope Models and Methods”772

R. Dennis Cook and Xin Zhang773

A Regression applications774

A.1 Envelopes for weighted least squares775

Consider a heteroscedastic linear model with data consisting of n independent copies of (Y,X,W ),776

where Y ∈ R1, X ∈ Rp, and W > 0 is a weight with E(W ) = 1:777

Y = µ+ βTX + ε/
√
W, (A.1)

where ε (X,W ) and var(ε) = σ2. The constraint E(W ) = 1 is without loss of generality and778

serves to normalize the weights so they have mean 1 and to make subsequent expressions a bit779

simpler. Fitting under this model is typically done by using weighted least squares (WLS):780

(µ̂, β̂) = arg minn−1
n∑
i=1

Wi(Yi − µ− βTXi)
2, (A.2)

where we normalize the sample weights so thatW = 1. Let ΣX(W ) = E{W (X−E(WX))(X−781

E(WX))T} be the weighted covariance matrix of X, and let ΣXY (W ) = E[W{X−E(WX)}{Y−782

E(WY )}] be the weighted covariance between X and Y . Then βt = Σ−1X(W )ΣXY (W ) and783

√
n(β̂−βt) converges to a normal random vector with mean 0 and variance Vββ = σ2Σ−1X(W ).784

According to Definition 3, we should now strive to estimate the σ2Σ−1X(W )-envelope of span(βt),785

which can be done for a specified dimension u by using the 1D algorithm with M̂ = s2S−1X(W )786

and Û = β̂β̂
T

, where s2 is the estimator of σ2 from the WLS fit (A.2), and SX(W ) is the sample787

version of ΣX(W ). Once an estimated basis Γ̂ for Eσ2Σ−1
X(W )

(βt) is obtained, we re-fit the WLS788

regression model, replacing X with Γ̂
T
X, to estimate the coordinate vector η, :789

(µ̂, η̂) = arg minn−1
n∑
i=1

Wi(Yi − µ− ηT Γ̂
T
Xi)

2. (A.3)

The resulting envelope estimator of β is790

β̂env = Γ̂η̂ = Γ̂(Γ̂
T
SX(W )Γ̂)−1Γ̂

T
SXY (W ) = PΓ̂(SX(W ))

β̂. (A.4)
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Cross validation or a hold out sample could now be used straightforwardly as an aid to selecting791

u. When the weights are constant, this method has the same structure as partial least squares792

regression with the important exception that partial least squares uses the SIMPLS algorithm in793

place of the 1D algorithm that we recommend.794

To take a likelihood approach with the envelope Eσ2Σ−1
X(W )

(βt), we follow Section 3.1 to de-795

compose the full log-likelihood into the sum of the conditional log-likelihood from Y |(X,W ),796

denoted by Cn(µ,β, σ2) := Cn(µ,Γ,η, σ2), and the conditional log-likelihood from X|W , de-797

noted by Mn(ψ1,Γ), where ψ1 denotes additional nuisance parameters. We condition on the798

observed values of W , assuming that it is ancillary. Then holding Γ fixed and partially maxi-799

mizing Cn(µ,Γ,η, σ2) + Mn(ψ1,Γ), we get a likelihood-based objective function Ln(Γ) that800

plays the same role as the moment-based objective function J(Γ). Once an basis Γ̂ is obtained801

by maximizing Ln(Γ), the final estimators follow from (A.3) and (A.4).802

Two kinds of assumptions on the distribution of X|W could be made depending on the sam-803

pling model. One is to assume that the predictors and the weights are independently sampled804

and that the predictor vector follows a multivariate normal distribution. By Proposition 2, we805

have Eσ2Σ−1
X(W )

(βt) = EΣX
(βt) and the partially maximized log-likelihood up to a constant is806

(see derivation in the Supplement):807

Ln(Γ) = −n
2

{
log(s2Γ) + log |ΓTSXΓ|+ log |ΓTS−1X Γ|

}
, (A.5)

where s2Γ = s2Y (W )−STXY (W )Γ(ΓTSX(W )Γ)−1ΓTSXY (W ) is the estimator of σ2 from (A.3) with808

fixed Γ and s2Y (W ) =
∑n

i=1Wi(Yi −
∑n

j=1WjYj/n)/n is the sample weighted variance for Y .809

Alternatively, it might be reasonable to assume that X|W has a weighed variance similar810

to the error variance from Y |(X,W ): X|W ∼ N(µX,W
−1Σ). Then the partially maximized811

log-likelihood up to a constant is (see derivation in Section A.2):812

Ln(Γ) = −n
2

{
log |ΓT s2S−1X(W )Γ|+ log |ΓT (s2S−1X(W ) + β̂β̂

T
)−1Γ|

}
(A.6)

= −n
2

{
log |ΓTS−1X(W )Γ|+ log |ΓTSX|Y (W )Γ|

}
,

where SX|Y (W ) = SX(W ) − SXY (W )S
T
XY (W )/s

2
Y (W ) and the first equality shows equivalence813

between maximizing this likelihood-based objective function of Γ and minimizing the moment814

based objective function J(Γ) with M̂ = s2S−1X(W ) and Û = β̂β̂
T

.815
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The asymptotic results in Proposition 4 hold for β̂env if (i) X is normal and independent of816

W , and we use (A.5) to get Γ̂; or (ii) X|W ∼ N(µX,W
−1Σ) and we use (A.6) to get Γ̂. Then817

the asymptotic covariance of the envelope estimator will be asymptotically less than or equal818

to that of the standard WLS estimator. Moreover, as long as the model (A.1) holds and both819

ε and X|W follow a distribution with finite fourth moments, asymptotic normality of β̂env is820

guaranteed no matter which Ln(Γ) we choose to maximize. Finally, if we fix W = 1, then both821

objective functions in (A.5) and in (A.6) reduces to (2.1), which corresponds to the envelope822

model for reducing X in the homoscedastic linear models (Cook et al. 2013).823

A.2 Derivations for equation (A.6)824

The normality assumption Y |(X,W ) ∼ N(µ+βTX, σ2/W ) leads to the following conditional825

log-likelihood:826

Cn(µ,β, σ2) = −n/2 log(σ2)−
n∑
i=1

Wi(Yi − µ− βTXi)/(2σ
2). (A.7)

By straightforward computation, the maximum likelihood estimators is obtained as:827

β̂ = S−1X(W )SXY (W ) (A.8)

µ̂ =
n∑
i=1

WiYi/n− β̂
T

n∑
i=1

WiXi/n := Y (W ) − β̂
T
X(W ) (A.9)

σ̂2 = s2Y (W ) − STXY (W )S
−1
X(W )SXY (W ) := s2 (A.10)

Given Γ, which is a semi-orthogonal basis matrix for EVββ
(βt), we then only need to maximize828

Cn(µ,β, σ2) under the constraint that β = Γη. The resulting estimators are:829

η̂Γ = (ΓTSX(W )Γ)−1ΓTSXY (W ) (A.11)

µ̂Γ = Y (W ) − η̂TΓΓTX(W ) (A.12)

β̂Γ = Γη̂Γ = PΓ(SX(W ))β̂ (A.13)

σ̂2
Γ = s2Y (W ) − STXY (W )Γ(ΓTSX(W )Γ)−1ΓTSXY (W ) := s2Γ. (A.14)

If we replace Γ by its
√
n-consistent estimator Γ̂ from either a moment-based objective func-830

tion or a likelihood-based objective function, then the above estimators will be our envelope831

estimators.832
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To obtain a likelihood-based objective function for Γ, we need to compute the partially833

maximized conditional likelihood of Y |(X,W ): Cn(Γ) = Cn(µ̂Γ, β̂Γ, σ̂Γ), plus the partially834

maximized marginal likelihood Mn(Γ) of X|W . First, we can get Cn(Γ) from above deriva-835

tions as:836

Cn(Γ) = −n/2 log(s2Γ)− n/2. (A.15)

Assuming that X and W are independent and that X ∼ N(µX,ΣX), we have by Proposi-837

tion 2 that EVββ
(βt) = EΣX

(βt). The partially maximized log-likelihood Mn(Γ) follows from838

Proposition 3:839

Mn(Γ) = −n
2

{
log |ΓTSXΓ|+ log |ΓTS−1X Γ|+ log |SX|

}
. (A.16)

Therefore, the final objective function for Γ is840

Ln(Γ) = Cn(Γ) +Mn(Γ)

= −n
2

{
1 + log(s2Γ) + log |ΓTSXΓ|+ log |ΓTS−1X Γ|+ log |SX|

}
= −n

2
log
{
s2Y (W ) − STXY (W )Γ(ΓTSX(W )Γ)−1ΓTSXY (W )

}
−n

2

{
log |ΓTSXΓ|+ log |ΓTS−1X Γ|

}
+ constant. (A.17)

Alternatively, if we assume X|W ∼ N(µX,W
−1Σ), Σ > 0 and use the fact that E(W ) =841

1, then µX = E(WX) = E(X). Moreover, the covariance842

ΣX(W ) = E
[
W (X− µX)(X− µX)T

]
= E {E [W (X− µX)(X− µX)|W ]}

= E {W · var(X|W )} = E(W ·W−1Σ)

= Σ.

The maximum likelihood estimators for µX and Σ are then µ̂X = X(W ) and Σ̂X = SX(W ).

Follow the same calculation in the proof of Proposition 3, we have

Mn(Γ) = −n
2

{
log |ΓTSX(W )Γ|+ log |ΓTS−1X(W )Γ|+ log |SX(W )|

}
.
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Therefore, the final objective function for Γ up to a constant is843

Ln(Γ) = Cn(Γ) +Mn(Γ)

= −n
2

{
log(s2Γ) + log |ΓTSX(W )Γ|+ log |ΓTS−1X(W )Γ|

}
= −n

2
log
{
s2Y (W ) − STXY (W )Γ(ΓTSX(W )Γ)−1ΓTSXY (W )

}
−n

2

{
log |ΓTSX(W )Γ|+ log |ΓTS−1X(W )Γ|

}
= −n

2

{
log |ΓTS−1X(W )Γ|+ log |ΓT

(
SX(W ) − SXY (W )s

−2
Y (W )S

T
XY (W )

)
Γ|
}

:= −n
2

{
log |ΓTS−1X(W )Γ|+ log |ΓTSX|Y (W )Γ|

}
.

(A.18)

A.3 Envelopes for Cox regression844

Continuing from the discussion of Section A.3, the log partial likelihood for β is845

Cn(β) =
n∑
i=1

δi

{
βTZi − log

(
n∑
j=1

I(Tj ≥ Ti) exp(βTZj)

)}
, (A.19)

whose first-order derivative (score function) and second-order derivative (Hessian matrix) are846

C ′n(β) =
n∑
i=1

δi

{
Zi −

n∑
j=1

WijZj

}
,

C ′′n(β) = −
n∑
i=1

δi

{(
n∑
j=1

WijZjZ
T
j

)
−

(
n∑
j=1

WijZj

)(
n∑
j=1

WijZ
T
j

)}
,

where Wij = I(Tj ≥ Ti) exp(βTZj)/
{∑n

j=1 I(Tj ≥ Ti) exp(βTZj)
}

is the weight with re-847

spect to subject i. The Fisher information matrix is J(β) = − limn→∞ n
−1C ′′n(β). The imple-848

mentation of envelope Cox model is similar to that of envelope GLM in Section 3.2 by adding849

the same Mn(Γ) to the objective function. Theoretical properties of the envelope Cox model is850

included in Section 3.1.851

B Additional simulations: least squares regression852

In this section, we report the results of numerical studies on the robustness of three estimators853

in linear regression: (1) the ordinary least squares (OLS) estimator, (2) the PLS estimator from854

the SIMPLS algorithm, and (3) the moment-based envelope estimator from the 1D algorithm in855
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t6
ΣX 0.01ΣX

Standard SIMPLS 1D Standard SIMPLS 1D
n = 50 57 34 6 85 44 48

S.E. 1.6 0.08 0.003 0.6 1.2 2.7
n = 200 40 32 3 80 35 14

S.E. 1.8 0.8 0.09 1.0 0.8 0.6
n = 800 23 27 1 71 30 7

S.E. 1.4 1.0 0.5 1.5 0.8 0.2

U(0, 1)
ΣX 0.01ΣX

Standard SIMPLS 1D Standard SIMPLS 1D
n = 50 27 33 1.8 74 33 12.6

S.E. 2 1 0.05 2 1 0.5
n = 200 14 29 0.8 59 31 5.4

S.E. 1 1 0.03 2 1 0.2
n = 800 6.8 24 0.4 44 25 2.8

S.E. 0.4 1 0.01 2 1 0.1

χ2
4

ΣX 0.01ΣX

Standard SIMPLS 1D Standard SIMPLS 1D
n = 50 73 35 13 88 60 75

S.E. 1.4 1.0 0.8 0.3 2 2
n = 200 57 33 6.0 85 47 52

S.E. 2 1 0.2 1 1 2
n = 800 38 27 2.9 79 35 13

S.E. 2 1 0.1 1 1 1

Table 7: Simulations for heterogeneous covariance matrix ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 . Averaged

angles between the true parameter vector and three estimators for the least squares simulation.
Standard error is included below each value.
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t6 Standard SIMPLS 1D
n = 50 ∠ 27.8 (0.7) 33.3 (0.7) 30.9 (0.9)

LR 1.32 0.79 1.22
n = 200 ∠ 13.1 (0.3) 18.1 (0.4) 14.0 (0.4)

LR 1.06 0.91 1.05
n = 800 ∠ 6.6 (0.2) 9.0 (0.2) 6.7 (0.2)

LR 1.02 0.98 1.02

U(0, 1) Standard SIMPLS 1D
n = 50 ∠ 6.8 (0.2) 22.2 (0.5) 6.9 (0.2)

LR 1.02 0.71 1.01
n = 200 ∠ 3.3 (0.08) 11.7 (0.3) 3.3 (0.08)

LR 1.00 0.89 1.00
n = 800 ∠ 1.7 (0.04) 5.9 (0.1) 1.7 (0.04)

LR 1.00 0.97 1.00

χ2
4 Standard SIMPLS 1D

n = 50 ∠ 51 (1.4) 50 (1.2) 53 (1.4)
LR 1.42 1.21 1.39

n = 200 ∠ 29.9 (0.8) 30.6 (0.7) 32.6 (0.9)
LR 1.39 1.16 1.28

n = 800 ∠ 15.0 (0.4) 16.2 (0.4) 15.9 (0.4)
LR 1.08 1.04 1.07

Table 8: Simulations for isotropic covariance matrix ΣX = 0.01Ip. Averaged angles and
length ratios between the true parameter vector and various estimators. Standard errors of the
averaged angles are included in parentheses.
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Cook and Zhang (2014a). Same as in Section 5, for each of the simulation settings, we simu-856

lated 100 datasets for each of the three sample sizes: n = 50, 200 and 800. The true dimension857

of the envelope was always used in estimation. We used the Matlab function plsregress to com-858

pute the PLS estimator. From Proposition 4.1 in Cook et al. (2013), we know that the SIMPLS859

algorithm produces
√
n-consistent envelope estimators when the number of component in the860

algorithm is chosen to be the dimension of the envelope. The univariate response was gener-861

ated as Y = βTX + ε, where the elements of ε were U(0, 1) variates. The covariance matrix862

ΣX = ΓΩΓT + Γ0Ω0Γ
T
0 , was generated as it was for logistic and the Poisson regression, ex-863

cept the eigenvalues of Ω were 1 and 5, while the eigenvalues of Ω0 ranged from 0.0002 to 20.864

These choices introduce a degree of collinearity in the immaterial variation var(ΓT
0 X), which865

is the kind of regression that PLS estimators were designed to handle. We also used 0.01ΣX866

instead of ΣX to compare performance with a weaker signal.867

The angles are shown in Table 7, the lengths being excluded because they produced no868

comparative conclusion beyond those available from the results shown. The 1D algorithm did869

the best in all situations, except when a relatively small sample sizes was combined with a weak870

signal (0.01ΣX) and t6 or χ2
4 errors. In those situations the SIMPLS might have a slight edge.871

Because there was strong collinearity in X, OLS did notably worse than the other two methods,872

as expected. One exception to this was when n = 800 with uniformly distributed predictors.873

We also repeated the simulations of Table 7 when ΣX = 0.01Ip, so envelope methods874

reduce to the standard OLS estimator. The OLS and 1D estimators performed essentially the875

same in all cases, while the SIMPLS algorithm did a bit worse with t6 and χ2
4 errors, and876

notably worse with U(0, 1) errors. Table 8 gives the results of the least squares simulation with877

predictor covariance matrix ΣX = 0.01Ip.878

C Implementation details for envelope GLM in Section 3.2879

Let Xn be the n × p data matrix of Xi’s and let Cn be the n × 1 data matrix of C ′(ϑi), where880

C ′(ϑ) is the first order derivative from Table 1. Then the p × u gradient matrix of ∂Cn(Γ)/∂Γ881

can be computed conveniently as follows.882
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Lemma 1.

∂Cn(Γ)

∂Γ
= XT

nCnη
T + SXV (W )CT

nXnΓ(ΓTSX(W )Γ)−1

−SX(W )Γ(ΓTSX(W )Γ)−1ΓTXT
nCnS

T
XV (W )Γ(ΓTSX(W )Γ)−1

−SX(W )Γ(ΓTSX(W )Γ)−1ΓTSXV (W )CT
nXnΓ(ΓTSX(W )Γ)−1;

∂Mn(Γ)

∂Γ
= −n

{
SXΓ(ΓTSXΓ)−1 + S−1X Γ(ΓTS−1X Γ)−1

}
.

To check this Lemma, we compared the analytical form of the derivatives to the numerical883

derivatives. The numerical derivatives of a function f(Γ) is computed by varying each element884

of Γ by a small number δ = 1.0× 10−6 and evaluate the function:885 [
∂f(Γ)

∂Γ

]
ij

=
f(Γ + δGij)− f(Γ− δGij)

2δ
, (C.1)

where Gij ∈ Rp×u is zero matrix except its ij-th entry is one. We found the difference between886

our analytical derivative and the numerical derivative is around 10−7 for every element.887

Proof. This proof of Lemma 1 mainly involves rather complicated matrix differentiation.888

∂ϑi
∂vec(Γ)

=
∂

∂vec(Γ)

{
XT
i Γ(ΓTSX(W )Γ)−1ΓTSXV (W )

}
=

∂

∂vec(Γ)

{(
STXV (W ) ⊗XT

i

)
vec[Γ(ΓTSX(W )Γ)−1ΓT ]

}
=

[
∂

∂vec(Γ)
vec(Γ(ΓTSX(W )Γ)−1ΓT )

]T (
SXV (W ) ⊗Xi

)
. (C.2)

Apply the following chain rule:889

∂vec(ABC) = (CTBT ⊗ I)∂vec(A) + (CT ⊗A)∂vec(B) + (I⊗AB)∂vec(C),

we get890

∂vec(Γ(ΓTSX(W )Γ)−1ΓT )/∂vec(Γ) = T1 + T2 + T3

=
[
Γ(ΓTSX(W )Γ)−1 ⊗ Ip

]
Ipu

+(Γ⊗ Γ)
∂vec(ΓTSX(W )Γ)−1

∂vec(Γ)

+
[
Ip ⊗ Γ(ΓTSX(W )Γ)−1

]
Kpu.

The second term after the last equal sign is computed by noticing that891

∂vec
{

(ΓTSX(W )Γ)−1
}

= −vec
{

(ΓTSX(W )Γ)−1
[
∂(ΓTSX(W )Γ)

]
(ΓTSX(W )Γ)−1

}
= −

(
(ΓTSX(W )Γ)−1 ⊗ (ΓTSX(W )Γ)−1

)
∂vec(ΓTSX(W )Γ),

9



and that892

∂vec(ΓTSX(W )Γ)

∂vec(Γ)
= (Iu ⊗ ΓTSX(W ))

∂vec(Γ)

∂vec(Γ)
+ (ΓT ⊗ Iu)

∂vec(ΓTSX(W ))

∂vec(Γ)

= (Iu ⊗ ΓTSX(W )) + (ΓTSX(W ) ⊗ Iu)Kpu.

Hence the second term equals to893

T2 = −
(
Γ(ΓTSX(W )Γ)−1 ⊗ Γ(ΓTSX(W )Γ)−1ΓTSX(W )

)
−
(
Γ(ΓTSX(W )Γ)−1ΓTSX(W ) ⊗ Γ(ΓTSX(W )Γ)−1

)
Kpu.

Finally, substitute the three terms into (C.2), we have the three terms from894

∂ϑi
∂vec(Γ)

= (T1 + T2 + T3)
T
(
SXV (W ) ⊗Xi

)
TT

1

(
SXV (W ) ⊗Xi

)
=

[
(ΓTSX(W )Γ)−1ΓTSXV (W ) ⊗Xi

]
= [η ⊗Xi]

TT
3

(
SXV (W ) ⊗Xi

)
=

{[
Ip ⊗ Γ(ΓTSX(W )Γ)−1

]
Kpu

}T (
SXV (W ) ⊗Xi

)
= KT

pu

[
SXV (W ) ⊗ (ΓTSX(W )Γ)−1ΓTXi

]
895

TT
2

(
SXV (W ) ⊗Xi

)
= −

[
(ΓTSX(W )Γ)−1ΓTSXV (W ) ⊗ SX(W )Γ(ΓTSX(W )Γ)−1ΓTXi

]
−KT

pu

[
SX(W )Γ(ΓTSX(W )Γ)−1ΓTSXV (W ) ⊗ (ΓTSX(W )Γ)−1ΓTXi

]
= −

[
η ⊗ SX(W )Γ(ΓTSX(W )Γ)−1ΓTXi

]
−KT

pu

[
SX(W )Γη ⊗ (ΓTSX(W )Γ)−1ΓTXi

]
Notice that each of the above terms is a pu× 1 vector, and then the KT

pu serves only to change896

vec(A)→ vec(AT ), therefore897

∂ϑi
∂vec(Γ)

= vec(M1 + MT
3 ) + vec(M2 + MT

4 )

M1 =
[
Xi · ηT

]
M3 =

[
(ΓTSX(W )Γ)−1ΓTXi · STXV (W )

]
M2 = −

[
SX(W )Γ(ΓTSX(W )Γ)−1ΓTXi · ηT

]
M4 = −

[
(ΓTSX(W )Γ)−1ΓTXi · ηTΓTSX(W )

]
,

where M1, M2 and MT
3 , MT

4 are all p× u matrices.898
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To implement, we have the gradient matrix as899

∂Cn(Γ)

∂Γ
+
∂Mn(Γ)

∂Γ
=
∂Cn(Γ)

∂Γ
− n{SXΓ(ΓTSXΓ)−1 + S−1X Γ(ΓTS−1X Γ)−1}, (C.3)

where ∂Cn(Γ)
∂Γ

is re-arranged as a p× u matrix900

∂Cn(Γ)

∂Γ
=

{
n∑
i=1

C ′(ϑi)
∂ϑi

∂vec(Γ)

}
p×u

=
n∑
i=1

C ′(ϑi){Xi · ηT + SXV (W ) ·XT
i Γ(ΓTSX(W )Γ)−1}

−
n∑
i=1

C ′(ϑi)
[
SX(W )Γ(ΓTSX(W )Γ)−1ΓTXi · ηT

]
−

n∑
i=1

C ′(ϑi)
[
(ΓTSX(W )Γ)−1ΓTXi · ηTΓTSX(W )

]T
= XT

nCnη
T + SXV (W )CT

nXnΓ(ΓTSX(W )Γ)−1

−SX(W )Γ(ΓTSX(W )Γ)−1ΓTXT
nCnη

T

−SX(W )ΓηCT
nXnΓ(ΓTSX(W )Γ)−1.

901

D Enveloping a matrix-valued parameter902

Definition 3 is sufficiently general to cover a matrix-valued parameter φ ∈ Rr×c by consider-903

ing the avar(
√
nvec(φ̂))-envelope of vec(φ). However, matrix-valued parameters come with904

additional structure that is often desirable to maintain during estimation. For instance, in the905

multivariate linear model reviewed in Section 1.3, envelope construction was constrained to re-906

flect separate row and column reduction of the matrix parameter β. The advantages of row and907

column reductions have been discussed by Li et al. (2010) and Hung et al. (2012). Although908

our primary focus is on vector-valued parameters, in this section we indicate how to adapt for909

a matrix-valued parameter.910

Suppose that
√
n(φ̂ − φt) converges to a matrix normal distribution with mean 0, column911

variance ∆L ∈ Sr×r and row variance ∆R ∈ Sc×c. (See Dawid (1981) for background on the912

matrix normal distribution.) Then913

√
n(vec(φ̂)− vec(φt))→ N(0,∆R ⊗∆L), (D.1)
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and direct application of Definition 3 yields the envelope E∆R⊗∆L
(vec(φt)). However, this914

envelope may not preserve the intrinsic row-column structure of φt. In the following definition915

we introduce a restricted class of envelopes that maintain the matrix structure of φt. We define916

the Kronecker product of two subspaces as A⊗ B = {a⊗ b|a ∈ A; b ∈ B}.917

Definition 4. Assume that φ̂ is asymptotically matrix normal as give in (D.1). Then the tensor918

envelope for φt, denoted by K∆R⊗∆L
(φt), is defined as the intersection of all reducing sub-919

spaces E of ∆R ⊗∆L that contain span(vec(φt)) and can be written as E = ER ⊗ EL with920

ER ⊆ Rc and EL ⊆ Rr.921

We see from this definition thatK∆R⊗∆L
(φt) always exist and is the smallest subspace with922

the required properties. Let L ∈ Rr×dc , dc < r, and R ∈ Rc×dr , dr < c be semi-orthogonal923

matrices such that K∆R⊗∆L
(φt) = span(R ⊗ L). By definition, span(φt) ⊆ span(L) and924

span(φTt ) ⊆ span(R). Hence we have φt = LηRT and vec(φt) = (R ⊗ L)vec(η) for some925

η ∈ Rdc×dr .926

The next proposition shows how to factor K∆R⊗∆L
(φt) ∈ Rrc into the tensor product of927

envelopes E∆R
(φTt ) ∈ Rr and E∆L

(φt) ∈ Rc for the row and column spaces of φt. These928

tensor factors are envelopes in smaller spaces that preserve the row and column structure and929

can facilitate analysis and interpretation.930

Proposition 7. K∆R⊗∆L
(φt) = E∆R

(φTt )⊗ E∆L
(φt).931

For example, in reference to model (1.1), the distribution of β̂ = STXYS−1X satisfies (D.1)

with ∆R = Σ−1X and ∆L = ΣY|X. The tensor envelope is then

KΣ−1
X ⊗ΣY|X

(β) = EΣ−1
X

(βT )⊗ EΣY|X(β).

If we are interested in reducing only the column space of β, which corresponds to response932

reduction, we would use Rp ⊗ EΣY|X(β) for constructing an envelope estimator of β, and then933

β = LηIp = Lη where L is a semi-orthogonal basis for EΣY|X(β), which reproduces the934

envelope construction in Cook et al. (2010). Similarly, if we are interested in only predictor re-935

duction, we would take EΣX
(βT )⊗Rr, which reproduces the envelope construction in Cook et936

al. (2013). More generally, the definition of the tensor envelope and Proposition 7 straightfor-937

wardly connects and combines the envelope models in the predictor space and in the response938

space, leading to the simultaneous envelope method in Cook and Zhang (2014b).939
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E Proofs940

E.1 Proposition 5 and Corollary 2941

Proof. The asymptotic normality and the asymptotic covariance of φ̂n can be see by definition.942

We write the Fisher information F(θt) as its natural block matrix structure943

F(θt) = F(ψt,φt) =

(
A B
BT C

)
,

where A = −Eθt
{(
∂2L(ψ,φ)/∂ψ∂ψT

)}
, B = −Eθt

{(
∂2L(ψ,φ)/∂ψ∂φT

)}
and C =944

−Eθt
{(
∂2L(ψ,φ)/∂φ∂φT

)}
. Then Vφφ(θt) = F−1φφ(θt) = (C − BTA−1B)−1 by block945

matrix inversion.946

The Hessian matrix for the constrained optimization (4.2)-(4.4) is947

F(ψt,ηt) =

(
A BΓ

ΓTBT ΓTCΓ

)
, (E.1)

since ∂/∂η = ΓT · ∂/∂φ under the constraint that φ = Γη. Therefore the asymptotic variance948

for φ̂Γ = Γη̂Γ is949

avar(
√
nφ̂Γ) = Γavar(

√
nη̂Γ)ΓT

= Γ(ΓTCΓ− ΓTBTA−1BΓ)−1ΓT

= Γ
{
ΓTV−1φφ(θt)Γ

}−1
ΓT

= PΓVPΓ −PΓVΓ0(Γ0VΓ0)
−1ΓT

0 VPΓ,

where the last equality is obtained by applying the equality (Cook and Forzani 2009),950

(ΓTV−1Γ)−1 = ΓTVΓ− ΓTVΓ0(Γ
T
0 VΓ0)

−1ΓT
0 VΓ. (E.2)

Then by requiring that span(Γ) reduces Vφφ(θt), we have avar(
√
nφ̂Γ) = PΓVPΓ.951

Similarly for the asymptotic variance of ψ̂n and ψ̂Γ we have the following results from952

block matrix inversion and (E.2).953

avar(
√
nψ̂Γ) =

(
A−BΓ(ΓTCΓ)−1ΓTBT

)−1
≤

(
A−BC−1BT

)−1
= avar(

√
nψ̂n).

954
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E.2 Proposition 6955

From Cook and Zhang (2014a; Proposition 6), we know that Γ̂Γ̂
T

is
√
n-consistent for the pro-956

jection onto the envelope EVφφ
(φt). Then the proof follows from the proof of

√
n-consistency957

of the k-th direction in the 1D algorithm, where we replace the sample objective function Jk(g)958

with Ln(ψ, Γ̂η).959

E.3 Proposition 2960

Proof. The envelope of interest is EVββ
(βt). The Fisher information per observation is then961

obtained by taking the expectation of the second derivative of log f(y|α,βTX) + log g(x|ψ)962

with respect to θ. Clearly, the information matrix is block diagonal in (α,β) andψ so we need963

only the second derivatives of log f(y|α,βTX). Then the Fisher information matrix for (α,β)964

can be written unambiguously in the form965

F(αt,βt) = E

(
A(Y,βTt X,αt) a(Y,βTt X,αt)X

T

XaT (Y,βTt X,αt) c(Y,βTt X,αt)XXT

)
,

where A is the second derivative matrix with respect to α, the off diagonal blocks are the cross966

derivatives ∂2/∂α∂βT with all factors collected into a except X, and c(Y,βTt X,αt)XXT is967

the second derivative with respect to β. The asymptotic covariance matrix for β̂n is then968

Vββ = {E(cXXT )− E(XaT )E−1(A)E(aXT )}−1.

Since EVββ
(βt) = EV−1

ββ
(βt), it is sufficient to consider, making the additional assumption that969

E(X|ΓTX) is a linear function of X and requiring that span(βt) ⊆ span(Γ),970

PΓV−1ββ(βt)QΓ = PΓ{E(cXXT )− E(XaT )E−1(A)E(aXT )}QΓ

= PΓ{E(cΓΓTX ·XT )− E(XaT )E−1(A)E(aXT )}QΓ

= PΓ{E(cXE(XT |Y,ΓTX))− E(XaT )E−1(A)E(aE(XT |Y,ΓTX))}QΓ.
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This follows since c and a are functions of only Y and βTX and span(βt) ⊆ span(Γ). Next,971

using the fact that we are in a regression and thus Y X|βTX implies Y X|ΓTX, we have972

PΓV−1ββQΓ = PΓ{E(cXE(XT |ΓTX))− E(XaT )E−1(A)E(aE(XT |ΓTX))}QΓ

= PΓ{E(cXXTPΓ(ΣX))− E(XaT )E−1(A)E(aXTPΓ(ΣX))}QΓ

= PΓ{E(cXXT )− E(XaT )E−1(A)E(aXT )}PΓ(ΣX)QΓ

= PΓV−1ββPΓ(ΣX)QΓ

= Γ{ΓTV−1ββΓ}{ΓTΣXΓ}−1ΓTΣXQΓ.

The second equality above uses the linearity condition and the rest is algebra. Since Γ has973

full column rank and the next two matrix factors in {·} are positive definite, we see that974

PΓV−1ββQΓ = 0 if and only if ΓTΣXQΓ = 0; that is, if and only if span(Γ) reduces ΣX.975

Consequently, span(Γ) reduces Vββ if and only if span(Γ) reduces ΣX. Note that in this976

proof we did not require α and β to be orthogonal parameters, nor did we require an expo-977

nential family regression. The only requirements are the regression structure and the linearity978

condition.979

E.4 Proposition 3980

Proof. The multivariate normal log-likelihood up to a constant is981

Mn(µX,ΣX) = −n
2
{log |ΣX|+ trace[Σ−1X

n∑
i=1

(Xi − µX)(Xi − µX)T/n]}, (E.3)

Since span(Γ) = EΣX
(βt) reduces ΣX, we need to maximize Mn(µX,ΣX) under the con-982

straint that span(Γ) reduces ΣX. This can be done by substitute ΣX = ΓΩΓT + Γ0Ω0Γ
T
0983

into the objective function, where Ω and Ω0 are two symmetric positive definite matrices. The984

resulting objective functionMn(µX,Ω,Ω0,Γ) can be first maximized over µX to get µ̂X = X.985

Then the partially maximized objective function can be expressed as986

− 2

n
Mn(Ω,Ω0,Γ) = log |ΓΩΓT + Γ0Ω0Γ

T
0 |+ trace[(ΓΩΓT + Γ0Ω0Γ

T
0 )−1SX]

= log |Ω|+ log |Ω0|+ trace{(ΓΩ−1ΓT + Γ0Ω
−1
0 ΓT

0 )SX}

= log |Ω|+ trace(ΓΩ−1ΓTSX) + log |Ω0|+ trace{(Γ0Ω
−1
0 ΓT

0 SX)

= log |Ω|+ trace(Ω−1ΓTSXΓ) + log |Ω0|+ trace(Ω−10 ΓT
0 SXΓ0).
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For any symmetric positive definite matrix M, we apply the following result to optimize over987

Ω and Ω0 in Mn(Ω,Ω0,Γ),988

arg min
A
{log |A|+ trace(A−1M)} = M, (E.4)

where the minimization is over all positive definite symmetric matrices. Therefore we have989

Ω̂Γ = ΓTSXΓ, Ω̂0,Γ = ΓT
0 SXΓ0 and990

Σ̂X,Γ = ΓΩ̂ΓΓT + Γ0Ω̂0,ΓΓT
0 = PΓSXPΓ + QΓSXQΓ. (E.5)

The remaining partially maximized form is Mn(Γ) = −n/2
{

log |ΓTSXΓ|+ log |ΓT
0 SXΓ0|

}
991

where we have omitted a constant p from trace{Iu} + trace{Ip−u}. The rest of the proof is a992

direct consequence of the following implication from Cook et al. (2013): Suppose A ∈ St×t is993

non-singular and that the column partition (B,B0) ∈ Rt×t is orthogonal. Then (1) |BTAB| =994

|A| · |BT
0 A−1B0| and (2) |A| ≤ |BTAB| · |BT

0 AB0| if and only if span(B) reduces A.995

E.5 Proposition 4996

Proof. Let Ep ∈ Rp2×p(p+1)/2 denote the expansion operator and let Cp ∈ Rp(p+1)/2×p2 denote997

the contraction operator such that they connect vec and vech operators as vec(A) = Epvech(A)998

and vech(A) = Cpvec(A) for any A ∈ Sp×p.999

Because the standard estimator (α̂n, β̂n) and Σ̂X = SX were obtained separately from1000

Cn(α,β) and the marginal multivariate normal likelihood of X, and because that the pa-1001

rameter vectors α and β are orthogonal, the asymptotic variance of ĥn is block diagonal as1002

avar(
√
nα̂n) = V(αt) = F−1(αt), avar(

√
nβ̂n) = V(βt) = F−1(βt) and avar[

√
nvech(Σ̂X)] =1003

F−1ΣX
, where the Fisher information matrix FΣX

= ET
p (Σ−1X ⊗Σ−1X )Ep/2. (Cook et al. 2013).1004

Hence,1005

F(ht) = E

{(
∂Ln(h)

∂h

)
h=ht

(
∂Ln(h)

∂hT

)
h=ht

}
= −E

{(
∂2Ln(h)

∂h∂hT

)
h=ht

}
= diag (F(αt),F(βt),FΣX

) .

Following Cook et al. (2013), the asymptotic variance for ĥenv = h(φ̂env) can be expressed1006

as avar(ĥenv) = H(HTF(ht)H)†HT , where H = ∂h/∂ξ =
(
∂hi/∂ξj

)
i=1,...,3,j=1,...,5

is the1007

gradient matrix and † denotes the Moore-Penrose generalized inverse. By direct computation,1008
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we found1009

H =

 Im−p 0 0 0 0
0 Γ ηT ⊗ Ip 0 0
0 0 2Cp(ΓΩ⊗ Ip − Γ⊗ Γ0Ω0Γ

T
0 ) Cp(Γ⊗ Γ)Eu Cp(Γ0 ⊗ Γ0)Ep−u

 .

(E.6)

Since avar(ĥenv) = H(HTF(ht)H)†HT depends only on span(H), we transform H → H11010

similar to Cook et al. (2013) so that span(H) = span(H1) and1011

avar(
√
nĥenv) = H1(H

T
1 F(ht)H1)

†HT
1 =

5∑
j=1

H1j(H
T
1jF(ht)H1j)

†HT
1j, (E.7)

where H1 = (H11, . . . ,H15) has the blockwise form of1012

H1 =
(

H11 H12 H13 H14 H15

)
=

 Im−p 0 0 0 0
0 Γ ηT ⊗ Γ0 0 0
0 0 2Cp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) Cp(Γ⊗ Γ)Eu Cp(Γ0 ⊗ Γ0)Ep−u

 .

Because of the zeros blocks in H11, H14 and H15, they have no contribution to the asymptotic1013

variance of β̂env, which is the middle p× p block of avar(
√
nĥenv):1014

avar(
√
nβ̂env) = Γ(HT

12F(ht)H12)
†ΓT + (ηT ⊗ Γ0)(H

T
13F(ht)H13)

†(η ⊗ ΓT
0 ). (E.8)

Then by straightforward calculations similar to Cook et al. (2010), we have1015

avar(
√
nβ̂env) = Γ

{
ΓTF(βt)Γ

}−1
ΓT + (ηT ⊗ Γ0)M

−1(η ⊗ ΓT
0 ),

where F(βt) =
{

avar(
√
nβ̂n)

}−1
and M = (η ⊗ ΓT

0 )F(βt)(η
T ⊗ Γ0) + Ω⊗Ω−10 + Ω−1 ⊗1016

Ω0 − 2Iu(p−u).1017

From Proposition 5, we recognize the first term in avar(
√
nβ̂env) is avar(

√
nβ̂Γ) which1018

equals to avar(
√
nΓη̂Γ). To further interpret the second term, we follow the same calculation1019

as in Cook et al. (2010) by making the following substitutes: Σ → ΣX, ΣX ⊗Σ−1 → F(βt)1020

and the dimension r → p. Then the conclusion follows.1021

1022

E.6 Corollary 11023

Proof. From Proposition 2, we can see EVββ
(βt) = EΣX

(βt) = Eσ2Ip(βt) = span(βt).1024

Therefore, the envelope is one-dimensional and βt = Γη with Γ = βt/||βt|| ∈ Rp×1 and1025
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η = ||βt|| ∈ R1. The covariances Ω = σ2 and Ω0 = σ2Ip−1. The matrix M in Proposition 41026

becomes M = (ηΓT
0 )V−1ββ(ηΓ0) because Ω−1 ⊗ Ω0 = Ω ⊗ Ω−10 = Ip−1 cancel with the last1027

term. Hence,1028

avar(
√
nβ̂env) = PΓVββPΓ + (ηΓ0)M

−1(ηΓT
0 )

= PΓVββPΓ + η2Γ0(η
2ΓT

0 V−1ββΓ0)
−1ΓT

0

= PΓVββPΓ + QΓVββQΓ

= Vββ = avar(
√
nβ̂),

where the last two equalities have used the fact that Γ reduces Vββ.1029

E.7 Proposition 71030

Proof. Let (R ⊗ L)0 := (R0 ⊗ L0,R⊗ L0,R0 ⊗ L) is a pr × (pr − dXdY ) semi-orthogonal1031

matrix so that O := (R0 ⊗ L0,R⊗ L0,R0 ⊗ L,R⊗ L) is an orthogonal basis for Rpr, where1032

(R,R0) and (L,L0) are orthogonal bases for Rp and Rr.1033

We first prove that the following statements are equivalent.1034

1. span(R⊗ L) reduce ∆R ⊗∆L.1035

2. span(R) reduces ∆R and span(L) reduces ∆L.1036

3. O(∆R⊗∆L)OT = diag {M1,M2,M3,M4}, where M1 = RT∆RR⊗LT∆LL, M2 =1037

RT
0 ∆RRT

0 ⊗L0∆LLT
0 , M3 = RT∆RRT ⊗L0∆LLT

0 and M4 = RT
0 ∆RRT

0 ⊗L∆LLT .1038

4. O(∆R ⊗∆L)OT = diag {M1,M0}, where M0 = (R0 ⊗ L0,R⊗ L0,R0 ⊗ L)(∆R ⊗1039

∆L)(R0 ⊗ L0,R⊗ L0,R0 ⊗ L)T .1040

By definition, we know that Statement 1 is equivalent to 4 and that 2 is equivalent to 3.1041

Also, 3 implies 4. We then only need to show that 4 implies 3. From 4, we know that the1042

off-diagonal blocks of O(∆R ⊗∆L)OT are all zero matrices. More explicitly,1043

0 = RT∆RR⊗ LT∆LL0 = RT∆RR⊗ LT
0 ∆LL

= RT∆RR0 ⊗ LT∆LL = RT
0 ∆RR⊗ LT∆LL

= RT∆RR0 ⊗ LT∆LL0 = RT
0 ∆RR⊗ LT∆LL0. (E.9)
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Without loss of generality, we assume that RT∆RR, LT∆LL, RT
0 ∆RR0 and LT

0 ∆LL01044

are all nonzero. Otherwise, the problem degenerates to the case of reducing either ∆R or ∆L1045

and the proof would be trivial. Because RT∆RR, LT∆LL, RT
0 ∆RR0 and LT

0 ∆LL0 are all1046

nonzero, we must have from (E.9) that1047

0 = LT∆LL0 = LT
0 ∆LL = RT

0 ∆RR = RT∆RR0,

which implies the following blocks within M0 are all zero matrices:1048

0 = RT
0 ∆RR0 ⊗ LT∆LL0 = RT

0 ∆RR0 ⊗ LT
0 ∆LL

= RT∆RR0 ⊗ LT
0 ∆LL0 = RT

0 ∆RR⊗ LT
0 ∆LL0

= RT
0 ∆RR⊗ LT∆LL0 = RT∆RR0 ⊗ LT∆LL0.

Hence, M0 = diag {M2,M3,M4}, which leads to the equivalence of the four statements.1049

From Definition 3, Definition 4 and the equivalence between statement 1 and 2, we reach the1050

conclusion of Proposition 7.1051

1052
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