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S1 Additional numerical results5

S1.1 Sensitivity of λ6

As suggested in Section 5, for the ENDS estimator based on (5.1), we use λ = 1 if the LDA7

classifier is applied and select λ based on cross-validation from the set of {0, 0.1, . . . , 1} if the8

QDA classifier is applied. In our experience, the ENDS estimator is not sensitive to the choice9

of the tuning parameter λ. We use model (Q2) in the simulation (Section 8.1) of the paper for10

illustration.11

Recall from Section 8.1, in this model, we considered the QDA model with K = 4 classes12

and equal number of observations per class, n1 = · · · = nK = 75. Basis matrix for the envelope13

Γ ∈ Rp×u is first generated randomly and orthogonalized, then Γ0 ∈ Rp×(p−u) is obtained corre-14

spondingly so that (Γ,Γ0) is an orthogonal matrix. The envelope dimension u = 2 and the original15

predictor dimension p = 15. Symmetric and positive definite matrices Ωk ∈ Ru×u, k = 1, . . . , K,16

and Ω0 ∈ R(p−u)×(p−u) are generated as AAT/‖AAT‖F with A being a random matrix with17

the same dimension as Ωk or Ω0, and have independent Uniform(0, 1) elements. Within each18

class k, we generate data from the QDA model, X | (Y = k) ∼ N(µk,Σk), k = 1, . . . K,19

where µk = Γηk for some randomly generated ηk ∈ Ru×1 with N(0, 1) elements. We then let20

Σ∗k = exp(−k) · ΓΩkΓ
T + Γ0Ω0Γ

T
0 and standardize it to get Σk = 25 · Σ∗k/‖Σ∗k‖F , where the21

scaling constant 25 makes the Bayes’ classification error about 0.22.22

We varied λ from 0 to 1, and calculated the classification error rate and the principal angle23

between the estimated and the true subspace spanned by Γ̂ and Γ, respectively. For each λ value,24

we repeated 20 times for independent training and testing sets, and also included the results of25
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p = 15, K = 4 Bayes LDA ENDS-LDA QDA ENDS-QDA S.E.≤
nk = 10 22.0 48.8 46.7 54.8 38.4 0.5

nk = 15 22.0 46.8 43.8 55.9 34.6 0.4

Table 1: Small nk simulation setting. The QDA uses pseudoinverse of sample covariance due to
insufficient sample size. The last column is the largest standard error among all four estimators.

SIR, SAVE and DR as references. From Figure A1, we confirm that the ENDS estimator is very26

insensitive to the tuning parameter λ for either the basis estimation or the final classification.27

S1.2 ENDS-QDA with small sample size28

Using the same data generating procedure as in the previous section, we now consider the scenarios29

where 15 = nk = p and 10 = nk < p. Table 1 summarizes the classification results from LDA,30

QDA, ENDS-LDA and ENDS-QDA. Recall that, for ENDS-LDA, we use λ = 1 and the group-31

specific covariance estimators all equal to the pooled sample covariance: Sk(λ) = S. For ENDS-32

QDA, by letting λ = 0.1, we impose a small amount of regularization just to avoid singularity33

in Sk(λ) = 0.9Sk + 0.1S. As we discussed at the end of Section 5, if we do not impose such34

regularization, the symmetric matrix ΓTSkΓ from (5.1) can be singular during iterations because35

the rank of sample covariance Sk is at most (nk−1). From Table 1, we see that QDA is worse than36

LDA in terms of classification accuracy because of nk ≤ p, but ENDS-QDA with a small amount37

of regularization is substantially better than LDA and ENDS-LDA.38

S2 A technical lemma and its proof39

Lemma 1. Under the QDA model (4.1), SD(Y |X) = SY |X = L∪Q and, moreover, L∪Q = B∪Q.40

Proof. First, we show that B ∪ Q is the central subspace SY |X. From Cook and Forzani (2009,41

Theorem 1), the central subspace under the QDA model is the smallest subspace S such that (i)42

Σ−1(µk − µ) ∈ S for all k = 1, . . . , K; and (ii) QSΣ
−1
1 = . . . = QSΣ

−1
K . Then condition (i) is43

equivalent to B ⊆ S and condition (ii) is equivalent to Q ⊆ S . Therefore, the smallest such S is44

simply B ∪ Q and is the central subspace SY |X.45

Next, we show that L ∪ Q is the central discriminant subspace SD(Y |X). By combining the46

QDA Bayes’ rule 4.3 with the definitions of L and Q, it is clear that φ(X) = φ(PL∪QX). Hence47
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Figure A1: ENDS estimator with different tuning parameter λ. The averaged classification error
rate (top plot) and the principal angle between the estimated and the true subspaces (bottom plot).
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SD(Y |X) ⊆ L∪Q. Then we prove by contradiction for the equality SD(Y |X) = L∪Q. Suppose that48

SD(Y |X) ⊂ L ∪ Q. Then there exists some vector v 6∈ SD(Y |X) and v ∈ L ∪ Q. We can vary the49

value of the variable vT
k QSD(Y |X)

X without any effect on φ(PSD(Y |X)
X) = φ(X). We can re-write50

the QDA Bayes’ rule in the quadratic form of φ(X) = arg maxk{ak + bT
k X + XTCkX} for some51

bk ∈ Rp and Ck ∈ Rp×p such that span(bk) ⊆ L ∪ Q and span(Ck) ⊆ L ∪ Q. Then we notice52

that vTQSD(Y |X)
X is stochastic (because v 6∈ SD(Y |X)) and could still change φ(X) since the value53

of ak + bT
k X + XTCkX can vary from −∞ to +∞.54

Finally, we show that L ∪ Q = B ∪ Q. By definition, the union of two subspace of Rp is55

S1 ∪ S2 = {a + b | a ∈ S1,b ∈ S2}. For vectors in L, we re-write Σ−1
k µk − Σ−1

1 µ1 =56

(Σ−1
k −Σ−1

1 )µk + Σ−1
1 (µk − µ1), where the first term is in Q. Therefore,57

L ∪Q = span{Σ−1
1 (µk − µ1) | k = 2, . . . , K} ∪ Q.

Similarly, we re-write Σ−1
1 (µk − µ1) = Σ−1(µk − µ1) + (Σ−1

1 − Σ−1)(µk − µ1), where the58

first term on the right hand side of the equation is in B = span{Σ−1(µk − µ1) | k = 2, . . . , K}.59

Therefore, to prove L ∪ Q = B ∪ Q, it suffices to show that span(Σ−1
1 −Σ−1) ⊆ Q. From Cook60

and Forzani (2009, Proposition 1), we have the following equivalence for any subspace S ⊆ Rp,61

QSΣ
−1
1 = . . . = QSΣ

−1
K ⇐⇒ QS(Σ−1

k −Σ−1) = 0, ∀k.

This implies that, for Q, we have QQ(Σ−1
k −Σ−1) = 0 and hence span(Σ−1

1 −Σ−1) ⊆ Q.62

63

S3 Proof for Proposition 164

By definition, ENDS will contain SD(Y |X) because of the first condition in (2.1). The second65

condition in (2.1) is equivalent to stating that S is a reducing subspace of ΣX. Together, we have66

that ENDS is the intersection of all reducing subspace of ΣX that contains SD(Y |X), which is the67

ΣX-envelope of the CDS, EΣX
(SD(Y |X)) (cf. Definition 1).68

The existence and uniqueness of ENDS is thus guaranteed by the existence of CDS. When69

CDS exists, the ENDS EΣX
(SD(Y |X)) is the intersection of all reducing subspace of ΣX that con-70

tains SD(Y |X) by Definition 1. Trivially, Rp is a reducing subspace of ΣX that contains SD(Y |X).71

Moreover, if any two subspaces S1 ⊆ Rp and S2 ⊆ Rp both are reducing subspace of ΣX that72
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contains SD(Y |X), then we need to show that their intersection is still a reducing subspace of ΣX73

that contains SD(Y |X). This implies the uniqueness and existence of the ENDS EΣX
(SD(Y |X)).74

First, it is easy to see that the intersection S1 ∩ S2 still contains SD(Y |X). To see that it is still a75

reducing subspace of ΣX, we note that S1 is a reducing subspace of ΣX implies that PS1ΣXQS1 =76

0. Similarly, we have PS2ΣXQS2 = 0. Therefore,77

PS1∩S2ΣXQS1∩S2 = PS1PS2ΣX(I−PS1PS2)

= PS1PS2ΣX(QS1 + PS1 −PS1PS2)

= PS1PS2ΣX(QS1 + PS1QS2)

= PS2(PS1ΣXQS1) + PS1(PS2ΣXQS2)PS1

= 0,

which implies that S1 ∩ S2 is a reducing subspace of ΣX. This completes the proof of existence78

and uniqueness of the ENDS (provided that the CDS exists).79

S4 Proof for Proposition 2 and ENDS-LDA parameterization80

Under the LDA model assumption (3.1), we prove Proposition 2 by showing in the following that,81

(2.2)=⇒(2.1); (2.1)=⇒(3.4); and (3.4)=⇒(2.2).82

(1) The strong envelope pursuit (2.2) implies the weak envelope pursuit (2.1).83

By the definition of the Bayes’ rule, the first statement in (2.2), Pr(Y = k | X) = Pr(Y =84

k | PSX) for all k = 1, . . . , K, implies that φ(X) = φ(PSX). The second statement in (2.2),85

PSX ⊥⊥ QSX | (Y = k) for all k = 1, . . . , K, implies that PSX ⊥⊥ QSX, which further implies86

cov(PSX,QSX) = 0.87

(2) The weak envelope pursuit (2.1) implies the envelope parameterization (3.4).88

First, we show that (2.1) implies B ⊆ S in (3.4). Recall from (3.3) that the Bayes’ rule under89

the LDA model (3.1) is φ(X) = arg maxk[log(πk/π1)+(µk−µ1)TΣ−1{X−(µk+µ1)/2}]. From90

this LDA Bayes’ rule, we can see that φ(X) = φ(PBX) by definitions of B = span(β2, . . . ,βK)91

and βk = Σ−1(µk − µ1), k = 2, . . . , K. Moreover, φ(X) = φ(PSX) implies that B ⊆ S. To92

see this, we prove by contradiction. Suppose that for some βk 6∈ S , then we can vary the value of93

the univariate variable βT
k QSX without any effect on φ(PSX). But, by re-writing the Bayes’ rule94
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in the form of φ(X) = arg maxk{αk + βT
k X}, we notice that βT

k QSX could still change φ(X)95

since the value of αk +βT
k X can vary from −∞ to +∞. Therefore, φ(X) = φ(PSX) implies that96

B ⊆ S.97

Next, we need to show Σ = PSΣPS + QSΣQS . More specifically, we want to derive98

PSΣQS = 0 from cov(PSX,QSX) = PSΣXQS = 0. Notice that,99

ΣX = cov(X) = cov{E(X | Y )}+ E{cov(X | Y )}

=
∑
k

πk(µk − µ)(µk − µ)T + Σ

= ΣPBM1PBΣ + Σ,

where the last equality follows from introducing M1 = Σ−1
∑

k πk(µk − µ)(µk − µ)TΣ−1 ≥ 0100

and hence span(M1) = B by the definition of B. Since we have shown that (2.1) implies B ⊆ S.101

We can further write ΣX = ΣPSM1PSΣ + Σ, and thus102

PSΣXQS = PSΣPSM1PSΣQS + PSΣQS

= (PSΣPSM1 + Ip)PSΣQS .

Finally, because PSΣPSM1 + Ip > 0 in the above equation, we have PSΣXQS = 0 implies103

PSΣQS = 0.104

(3) The envelope parameterization (3.4) implies the strong envelope pursuit (2.2).105

From the LDA Bayes’ rule (3.3), we know that Pr(Y = k | X) = Pr(Y = k | PBX),106

k = 1, . . . , K. Therefore, B ⊆ S from (3.4) immediately implies the first statement in (2.2). The107

second statement in (2.2) follows directly from the normal distribution and common within class108

covariance.109

Finally, since we have span(Γ) = EΣ(B). Therefore, span(βk) ⊆ B ⊆ span(Γ) and we have110

(3.5). Next, we show span(µk − µ) ⊆ span(Γ) for (3.6). By definition of βk = Σ−1(µk − µ1),111

k = 2, . . . , K, we can see that span(µk−µ1) = span(Σβk) ⊆ span(Γ), where the last inequality112

can be derived directly from plugging in (3.5). Notice that
∑K

j=1 πj = 1, we can write µk − µ =113 ∑K
j=1 πj(µk − µj) =

∑K
j=1 πj{(µk − µ1)− (µj − µ1)} and have span(µk − µ) ⊆ span(Γ) and114

µk − µ = Γαk. Finally, the intrinsic constraint
∑K

j=1 πjαj = 0 is from
∑K

j=1 πj(µj − µ) = 0.115
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S5 Derivations of MLEs for ENDS-LDA116

In the LDA model with envelope parameterization (3.6), the conditional log-likelihood of X given117

Y can be written conveniently as118

Ln(µ, {αk}Kk=1,Γ,Ω,Ω0)

= −n
2

(log |Ω|+ log |Ω0|)

− 1

2

{
K∑
k=1

nk∑
i=1

(Xi(k) − Γαk − µ)T (ΓΩ−1ΓT + Γ0Ω
−1
0 ΓT

0 )(Xi(k) − Γαk − µ)

}
, (A1)

which is to be maximized over the intrinsic mean constraint that
∑K

j=1 π̂jαj = 0 where π̂j = nj/n119

is the MLE for πj . The log-determinant terms are derived from the fact that log |Σ| = log |ΓΩΓT +120

Γ0Ω0Γ
T
0 | = log |Ω|+ log |Ω0|.121

MLE for µ. By taking derivative with respect to µ in (A1) and set it to zero, we have the122

following equality,123

0 =
K∑
k=1

nk∑
i=1

(ΓΩ−1ΓT + Γ0Ω
−1
0 ΓT

0 )
{
µ− (Xi(k) − Γαk)

}
,

which lead to the MLE for µ:124

µ̂ = n−1

K∑
k=1

nk∑
i=1

(Xi(k) − Γ̂α̂k) = n−1

K∑
k=1

nk∑
i=1

Xi(k) − Γ̂
K∑
k=1

π̂kα̂k = X,

where the last equality holds because
∑K

k=1 π̂kα̂k = 0 from the intrinsic mean constraint.125

MLE for αk. Replacing µ by X, the second part of the conditional log-likelihood in (A1) is126

now partially maximized and can be simplified as follows,127

−1

2

K∑
k=1

nk∑
i=1

(Xi(k) − Γαk −X)T (ΓΩ−1ΓT + Γ0Ω
−1
0 ΓT

0 )(Xi(k) − Γαk −X)

= −1

2

K∑
k=1

nk∑
i=1

{ΓT (Xi(k) −X)−αk}TΩ−1{ΓT (Xi(k) −X)−αk}

− 1

2

K∑
k=1

nk∑
i=1

(Xi(k) −X)TΓ0Ω
−1
0 ΓT

0 (Xi(k) −X). (A2)

Then because αk only appears in the above quadratic form, we now need to maximize Fk(αk) ≡128

−1
2

∑nk

i=1{ΓT (Xi(k)−X)−αk}TΩ−1{ΓT (Xi(k)−X)−αk} for k = 1, . . . , K, under the constraint129
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that
∑K

j=1 π̂jαj = 0. If we ignore the constraint, then the maximizer for each Fk(αk) will be130

ΓT (Xk − X), which automatically satisfies the constraint. Therefore, the maximum likelihood131

estimators for αk under the constraint that
∑K

j=1 π̂jαj = 0 is simply α̂k = Γ̂T (Xk −X), where Γ̂132

is the MLE for Γ.133

MLE for Ω and Ω0. Substitute MLEs for µ and αk’s into the log-likelihood function, the134

partially maximized log-likelihood is Ln(Γ,Ω,Ω0) as shown in the following,135

− 2

n
Ln(Γ,Ω,Ω0) ' log |Ω|+ n−1

K∑
k=1

nk∑
i=1

{ΓT (Xi(k) −Xk)}TΩ−1{ΓT (Xi(k) −Xk)}

+ log |Ω0|+ n−1

K∑
k=1

nk∑
i=1

(Xi(k) −X)TΓ0Ω
−1
0 ΓT

0 (Xi(k) −X)

= log |Ω|+ tr

[
Ω−1ΓT

{
n−1

K∑
k=1

nk∑
i=1

(Xi(k) −Xk)(Xi(k) −Xk)T

}
Γ

]

+ log |Ω0|+ tr

[
Ω−1

0 ΓT
0

{
n−1

n∑
i=1

(Xi −X)(Xi −X)T

}
Γ0

]
= log |Ω|+ tr(Ω−1ΓTSΓ) + log |Ω0|+ tr(Ω−1

0 ΓT
0 SXΓ0),

where S = n−1
∑K

k=1

∑nk

i=1(Xi(k) −Xk)(Xi(k) −Xk)T and SX = n−1
∑n

i=1(Xi −X)(Xi −X)T136

are the sample covariance matrices for Σ and ΣX = cov(X). Then the MLEs for Ω and Ω0137

are Ω̂ = Γ̂TSΓ̂ and Ω̂0 = Γ̂T
0 SXΓ̂0 by noticing that B = arg minA{log |A| + tr(A−1B)} for138

optimization over positive definite matrices.139

MLE for Γ. Finally, the partially maximized log-likelihood satisfies140

− 2

n
Ln(Γ,Ω,Ω0) ' log |ΓTSΓ|+ log |ΓT

0 SXΓ0|

' log |ΓTSΓ|+ log |ΓTS−1
X Γ|,

which implies that the MLE for Γ is obtained by minimizing log |ΓTSΓ| + log |ΓTS−1
X Γ| over141

the semi-orthogonal constraint that ΓTΓ = Iu, so that the optimization is essentially over the142

Grassmann manifold G(p, u).143

MLE for βk. From the definition, βk = Γηk, we have ηk = ΓTβk = ΓTΣ−1(µk − µ1). By144

plugging in the MLEs of Γ, Σ and (µk − µ1) to the parameterizations in Proposition 2, we have145

η̂k = (Γ̂TSΓ̂)−1Γ̂T (Xk −X1) and hence β̂k = Γ̂η̂k = PΓ̂(S)S
−1(Xk −X1), k = 2, . . . , K.146
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S6 Proof for Proposition 3 and ENDS-QDA parameterization147

Similar to the proof for Proposition 2, now under the QDA model (4.1), we prove this Proposition148

by showing in the following that, (2.2)=⇒(2.1); (2.1)=⇒(4.5); (4.5) =⇒ (4.6); and (4.6) =⇒ (2.2).149

(1) The strong envelope pursuit (2.2) implies the weak envelope pursuit (2.1).150

By the definition of the Bayes’ rule, the first statement in (2.2), Pr(Y = k | X) = Pr(Y =151

k | PSX) for all k = 1, . . . , K, implies that φ(X) = φ(PSX). The second statement in (2.2),152

PSX ⊥⊥ QSX | (Y = k) for all k = 1, . . . , K, implies that PSX ⊥⊥ QSX, which further implies153

cov(PSX,QSX) = 0.154

(2) The weak envelope pursuit (2.1) implies the envelope parameterization (4.5).155

First, we show that φ(X) = φ(PSX) in (2.1) implies B ∪ Q ⊆ S in (4.5). From the definition156

of the central discriminant subspace, φ(X) = φ(PSX) implies that SD(Y |X) ⊆ S. From Lemma 1,157

we have B ∪ Q = SD(Y |X) under the QDA model. Therefore, B ∪ Q ⊆ S .158

Next, it is easy to have Σ = PSΣPS + QSΣQS from cov(PSX,QSX) = 0 and B ∪ Q ⊆ S.159

From the proof of Proposition 2, we know that cov(PSX,QSX) = 0 and B ⊆ S implies Σ =160

PSΣPS + QSΣQS .161

(3) The envelope parameterization (4.5) implies the envelope parameterization (4.6).162

Assuming the QDA model and B ∪ Q ⊆ S , we need to show that Σ = PSΣPS + QSΣQS163

implies Σk = PSΣkPS + QSΣkQS for all k = 1, . . . , K. Let (Γ,Γ0) ∈ Rp×p be an orthogonal164

basis matrix such that span(Γ) = S . From Cook and Forzani (2009, Proposition 1), we have the165

following equality because of Q ⊆ S ,166

Σk = Σ + PT
Γ(Σ)(Σk −Σ)PΓ(Σ), for all k = 1, . . . , K, (A3)

where PΓ(Σ) = Γ(ΓTΣΓ)−1ΓTΣ is the projection matrix onto span(Γ) with Σ inner product.167

Because Σ = PSΣPS + QSΣQS , we can write Σ = ΓΓTΣΓΓT + Γ0Γ
T
0 ΣΓ0Γ

T
0 and PΓ(Σ) =168

PΓ = PS . Therefore, (A3) become Σk = Σ+PS(Σk−Σ)PS , which implies that QSΣk = QSΣ169

for all k. Hence, QSΣkPS = QSΣPS = 0 since S is a reducing subspace for Σ. The reducing170

subspace statement Σk = PSΣkPS + QSΣkQS is equivalent to QSΣkPS = 0.171

(4) The envelope parameterization (4.6) implies the strong envelope pursuit (2.2).172

The first statement, Pr(Y = k | X) = Pr(Y = k | PSX) in (2.2) is because SY |X = B∪Q ⊆ S173

(from Lemma (1)) implies that Y ⊥⊥ X | PSX. The second statement, PSX ⊥⊥ QSX | (Y = k) is174
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equivalent to Σk = PSΣkPS + QSΣkQS under the QDA model assumption.175

S7 Derivations of MLEs for ENDS-QDA176

In the QDA model with envelope parameterization (4.7), the conditional log-likelihood of X given177

Y can be written conveniently as178

Ln(µ, {αk}Kk=1,Γ, {Ωk}Kk=1,Ω0)

=
K∑
k=1

(−nk

2
) (log |Ωk|+ log |Ω0|)

− 1

2

{
K∑
k=1

nk∑
i=1

(Xi(k) − Γαk − µ)T (ΓΩ−1
k ΓT + Γ0Ω

−1
0 ΓT

0 )(Xi(k) − Γαk − µ)

}
, (A4)

which is to be maximized over the intrinsic mean constraint that
∑K

j=1 π̂jαj = 0 where π̂j =179

nj/n is the MLE for πj . The log-determinant terms are derived from the fact that log |Σk| =180

log |ΓΩkΓ
T + Γ0Ω0Γ

T
0 | = log |Ωk|+ log |Ω0|.181

MLE for µ. By taking derivative with respect to µ in (A4) and set it to zero, we have the182

following equality,183

0 =
K∑
k=1

nk∑
i=1

(ΓΩ−1
k ΓT + Γ0Ω

−1
0 ΓT

0 )
{
µ− (Xi(k) − Γαk)

}
,

which lead to the MLE for µ:184

µ̂ = n−1

K∑
k=1

nk∑
i=1

(Xi(k) − Γ̂α̂k) = n−1

K∑
k=1

nk∑
i=1

Xi(k) − Γ̂
K∑
k=1

π̂kα̂k = X,

where the last equality holds because
∑K

k=1 π̂kα̂k = 0 from the intrinsic mean constraint.185

MLE for αk. Replacing µ by X, the second part of the conditional log-likelihood in (A4) is186

now partially maximized and can be simplified as follows,187

−1

2

K∑
k=1

nk∑
i=1

(Xi(k) − Γαk −X)T (ΓΩ−1
k ΓT + Γ0Ω

−1
0 ΓT

0 )(Xi(k) − Γαk −X)

= −1

2

K∑
k=1

nk∑
i=1

{ΓT (Xi(k) −X)−αk}TΩ−1
k {Γ

T (Xi(k) −X)−αk}

− 1

2

K∑
k=1

nk∑
i=1

(Xi(k) −X)TΓ0Ω
−1
0 ΓT

0 (Xi(k) −X). (A5)
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Then because αk only appears in the above quadratic form, we now need to maximize Fk(αk) ≡188

−1
2

∑nk

i=1{ΓT (Xi(k)−X)−αk}TΩ−1
k {ΓT (Xi(k)−X)−αk} for k = 1, . . . , K, under the constraint189

that
∑K

j=1 π̂jαj = 0. If we ignore the constraint, then the maximizer for each Fk(αk) will be190

ΓT (Xk − X), which automatically satisfies the constraint. Therefore, the maximum likelihood191

estimators for αk under the constraint that
∑K

j=1 π̂jαj = 0 is simply α̂k = Γ̂T (Xk −X), where Γ̂192

is the MLE for Γ.193

MLE for Ωk and Ω0. Substitute MLEs for µ and αk’s into the log-likelihood function, the194

partially maximized log-likelihood is Ln(Γ,Ω,Ω0) as shown in the following,195

− 2

n
Ln(Γ, {Ωk}Kk=1,Ω0) ' n−1

K∑
k=1

[
nk log |Ωk|+

nk∑
i=1

{ΓT (Xi(k) −Xk)}TΩ−1
k {Γ

T (Xi(k) −Xk)}

]

+ log |Ω0|+ n−1

K∑
k=1

nk∑
i=1

(Xi(k) −X)TΓ0Ω
−1
0 ΓT

0 (Xi(k) −X)

= n−1

K∑
k=1

(
nk log |Ωk|+ tr

[
Ω−1

k ΓT

{
nk∑
i=1

(Xi(k) −Xk)(Xi(k) −Xk)T

}
Γ

])

+ log |Ω0|+ tr

[
Ω−1

0 ΓT
0

{
n−1

n∑
i=1

(Xi −X)(Xi −X)T

}
Γ0

]

=
K∑
k=1

nk

n
{log |Ωk|+ tr(Ω−1

k ΓTSkΓ)}+ log |Ω0|+ tr(Ω−1
0 ΓT

0 SXΓ0),

where Sk = n−1
k

∑nk

i=1(Xi(k) −Xk)(Xi(k) −Xk)T and SX = n−1
∑n

i=1(Xi −X)(Xi −X)T are196

the sample covariance matrices for Σk and ΣX = cov(X). Then the MLEs for Ωk and Ω0 are197

Ω̂k = Γ̂TSkΓ̂ and Ω̂0 = Γ̂T
0 SXΓ̂0 by noticing that B = arg minA{log |A| + tr(A−1B)} for198

optimization over positive definite matrices.199

MLE for Γ. Finally, the partially maximized log-likelihood satisfies200

− 2

n
Ln(Γ) '

K∑
k=1

nk

n
log |ΓTSkΓ|+ log |ΓT

0 SXΓ0|

'
K∑
k=1

nk

n
log |ΓTSkΓ|+ log |ΓTS−1

X Γ|,

which implies that the MLE for Γ is obtained by minimizing
∑K

k=1
nk

n
log |ΓTSΓ|+ log |ΓTS−1

X Γ|201

over the semi-orthogonal constraint that ΓTΓ = Iu, so that the optimization is essentially over the202

Grassmann manifold G(p, u).203
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MLE for βk, Σk and Σ. The conclusion follows by plugging in the MLEs of Γ, Ωk and Ω0 to204

the parameterizations in Proposition 3.205

S8 Proof for Proposition 4 and Equation (7.3)206

The parameters of the original LDA model are µ1, . . . ,µK and Σ. We can also re-parameterize207

them as µ, β2, . . . ,βK and Σ. For all methods, the estimator of µ is simply the sample mean of X,208

which will be asymptotically independent of all other estimators. We thus focus on the asymptotic209

properties of the discriminant directions βk, k = 2, . . . , K.210

The parameters involved in the coordinate representation of the ENDS-LDA model are Γ, Ω,211

Ω0 and ηk, k = 2, . . . , K. We focus on the asymptotic properties of the estimable functions βk =212

Σ−1(µk − µ1) = Γηk, k = 2, . . . , K, and the covariance Σ = ΓΩΓT + Γ0Ω0Γ
T
0 . Specifically,213

we study the asymptotic covariances of the following parameters φ and estimable functions h,214

φ =



vec(Γ)
η2
...
ηK

vech(Ω)
vech(Ω0)


, h =


β2
...
βK

vech(Σ)

 . (A6)

Since h is a vector of length (K−1)p+p(p+ 1)/2 and φ is a vector of length pu−u2 + (K−215

1)u+ u(u+ 1)/2 + (p− u)(p− u+ 1)/2 = (K − 1)u+ p(p+ 1)/2, the ENDS reduces the total216

number of parameters by (K − 1)(p− u).217

We let h̃ = (β̃T
2 , . . . , β̃

T
K , vechT (S))T be the standard MLE of the LDA model parameters,218

where recall that β̃k = S−1(Xk −X1).219

The asymptotic covariance matrix C1 of ψ̃1 = (X
T

1 , . . . ,X
T

K , vechT (S))T , the MLE of ψ1 =220

(µT
1 , . . . ,µ

T
K , vechT (Σ)), can be derived straightforwardly as221

C1 = J−1
1 , J1 = diag

{
π1Σ

−1, . . . , πKΣ−1,
1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}
, (A7)

where J1 is the Fisher information matrix of parameter vector ψ1.222

Next, the asymptotic covariance matrix C2 of ψ̃2 ≡ (X
T

2 −X
T

1 , . . . ,X
T

K −X
T

1 , vechT (S))T ,223
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the MLE of ψ2 = (µT
2 − µT

1 . . . ,µ
T
K − µT

1 , vechT (Σ))T is thus224

C2 = L1C1L
T
1 =


(π−1

2 + π−1
1 )Σ · · · π−1

1 Σ 0
... . . . ... 0

π−1
1 Σ · · · (π−1

K + π−1
1 )Σ 0

0 0 0
{

1
2
ET

p (Σ−1 ⊗Σ−1)Ep

}−1

 ,

(A8)

where the matrix L1 is the linear map between the estimators: (X
T

2−X
T

1 , . . . ,X
T

K−X
T

1 , vechT (S))T =225

L1 · (X
T

1 , . . . ,X
T

K , vechT (S))T . Specifically,226

L1 = diag
{(
−1(K−1), I(K−1)

)
⊗ Ip, Ip(p+1)/2

}
, (A9)

We can write C2 more compactly as227

C2 = diag

[
A⊗Σ,

{
1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}−1
]
, (A10)

where A ∈ R(K−1)×(K−1) is a symmetric matrix has diagonal elements (π−1
k + π−1

1 ) and off-228

diagonal π−1
1 .229

An alternative way of reaching these results is by calculating the Fisher information ma-230

trix of ψ3 = (µT ,µT
2 − µT

1 . . . ,µ
T
K − µT

1 , vechT (Σ))T = (µT ,ψT
2 )T . It is easy to see that231

there is a full-rank square matrix to transform between ψ1 and ψ3. Let ψ1 = L3ψ3, then232

L3 = ∂ψ1/∂ψ3 and J3 = LT
3 J1L3. Straightforward calculation leads to block diagonal structure233

as J3 = diag
{
Σ−1,A−1 ⊗Σ−1, 1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}
, which also verifies that X is asymptoti-234

cally independent of (X
T

2 −X
T

1 , . . . ,X
T

K −X
T

1 , vechT (S))T . Then write J3 = diag{Σ−1,J2}, we235

have the Fisher information matrix for ψ2,236

J2 = C−1
2 = diag

{
A−1 ⊗Σ−1,

1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}
. (A11)

We can write A = diag(π−1
2 , . . . , π−1

K ) +π−1
1 1K−11

T
K−1, then apply the Woodbury matrix identity,237

we have238

A−1 = diag(π2, . . . , πK)

− diag(π2, . . . , πK)1K−1(π1 + 1T
K−1diag(π2, . . . , πK)1K−1)−11T

K−1diag(π2, . . . , πK)

= diag(π2, . . . , πK)− diag(π2, . . . , πK)1K−11
T
K−1diag(π2, . . . , πK)

that is, [A−1]ij is πj(1− πj) for i = j and is −πiπj for i 6= j.239
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Finally, the asymptotic covariance matrix Ch of h̃ can be calculated from the one-to-one240

transformation between ψ2 and h. Specifically, we noticed the simple linear transformation that241

µk − µ1 = Σβk, and thus,242

∂(µk − µ1)

∂βk

= Σ (A12)
243

∂(µk − µ1)

∂vech(Σ)
= (βT

k ⊗ Ip)
∂vec(Σ)

∂vech(Σ)
= (βT

k ⊗ Ip)Ep. (A13)

where Ep ∈ Rp2×p(p+1)/2 is the expansion matrix such that vec(Σ) = Epvech(Σ). Therefore,244

Ch = J−1
h = (GTJ2G)−1, where G =

∂ψ2

∂h
=

(
IK−1 ⊗Σ (BT ⊗ Ip)Ep

0 Ip(p+1)/2

)
, (A14)

where B = (β2, . . . ,βK) ∈ Rp×(K−1).245

Combining (A11) and (A14), we have246

Jh = GTJ2G

=

(
IK−1 ⊗Σ 0

ET
p (B⊗ Ip) Ip(p+1)/2

)
diag

{
A−1 ⊗Σ−1,

1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}(
IK−1 ⊗Σ (BT ⊗ Ip)Ep

0 Ip(p+1)/2

)
=

(
IK−1 ⊗Σ 0

ET
p (B⊗ Ip) Ip(p+1)/2

)(
A−1 ⊗ Ip (A−1BT ⊗Σ−1)Ep

0 1
2
ET

p (Σ−1 ⊗Σ−1)Ep

)
=

(
A−1 ⊗Σ (A−1BT ⊗ Ip)Ep

ET
p (BA−1 ⊗ Ip) ET

p (BA−1BT ⊗Σ−1)Ep + 1
2
ET

p (Σ−1 ⊗Σ−1)Ep

)
,

whose inverse can be obtained using the block matrix inversion formula,247

Ch = J−1
h =

(
CB CBΣ

CT
BΣ CΣ

)
, (A15)

where the top left block is of primary interests. We calculate the asymptotic covariance of vec(B) =248

(βT
2 , . . . ,β

T
K)T , i.e. CB ∈ Rp(K−1)×p(K−1), in the following,249

CB = A⊗Σ−1 + (BT ⊗Σ−1)Ep

{
1

2
ET

p (Σ−1 ⊗Σ−1)Ep

}−1

ET
p (B⊗Σ−1)

= A⊗Σ−1 + (BT ⊗Σ−1)2PEp(Σ⊗Σ)PEp(B⊗Σ−1)

= A⊗Σ−1 + 2(BTΣ⊗ Ip)PEp(B⊗Σ−1)

= A⊗Σ−1 + (BTΣB⊗Σ−1) + (BT ⊗B)Kp,(k−1).

Finally, for binary case, B = β ∈ Rp is a vector itself. We have Kp,1 = Ip since vec(β) =250

vec(βT ). The conclusion follows by plugging in β = (∆, 0, . . . , 0)T and Σ = Ip and noticing CB251

will coincide with Efron’s (1975) results.252
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S9 Proof for Proposition 5253

Recall that, β = Σ−1(µ2 − µ1) = Γη under the envelope LDA model, therefore µDiff ≡ (µ2 −254

µ1) = Σβ = ΓΩη under the envelope parameterization. We define the following parameters and255

estimable functions,256

φ =


φ1

φ2

φ3

φ4

 =


η

vec(Γ)
vech(Ω)
vech(Ω0)

 , h = h(φ) =

(
β

vech(Σ)

)
, g = g(φ) =

(
µDiff

vech(Σ)

)
.

(A16)

In the proof of Proposition 4, we have already obtained the Fisher information of h and g under257

the classical LDA model,258

Jg =

(
π1π2Σ

−1 0
0 1

2
ET

p (Σ−1 ⊗Σ−1)Ep

)
; (A17)

259

Jh =

(
π1π2Σ (π1π2β

T ⊗ Ip)Ep

ET
p (π1π2β ⊗ Ip) ET

p (π1π2ββ
T ⊗Σ−1)Ep + 1

2
ET

p (Σ−1 ⊗Σ−1)Ep

)
= π1π2

(
Σ (βT ⊗ Ip)Ep

ET
p (β ⊗ Ip) ET

p

{(
ββT + (2π1π2)−1Σ−1

)
⊗Σ−1

}
Ep

)
The Fisher information of φ is hence, Jφ = GTJgG, where G is260

G =
∂g

∂φ
=

(
ΓΩ ηTΩ⊗ Ip (ηT ⊗ Γ)Eu 0
0 2Cp(ΓΩ⊗ Ip − Γ⊗ Γ0Ω0Γ

T
0 ) Cp(Γ⊗ Γ)Eu Cp(Γ0 ⊗ Γ0)Ep−u

)
.

(A18)

The asymptotic covariance of envelope estimator ĥ is261

H(HTJhH)†HT = HJ†φHT , (A19)

where262

H =
∂h

∂φ
=

(
Γ ηT ⊗ Ip 0 0
0 2Cp(ΓΩ⊗ Ip − Γ⊗ Γ0Ω0Γ

T
0 ) Cp(Γ⊗ Γ)Eu Cp(Γ0 ⊗ Γ0)Ep−u

)
.

(A20)

Following Cook et al. (2010), we have the following transformation,263

H(HTJhH)†HT = H1(HT
1 JhH1)†HT

1 , (A21)
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where H1 satisfies span(H1) = span(H) and is given in the following,264

H1 =

(
Γ ηT ⊗ Γ0 0 0
0 2Cp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) Cp(Γ⊗ Γ)Eu Cp(Γ0 ⊗ Γ0)Ep−u

)
≡

(
H11 H12 H13 H14

)
.

We next calculate each block in HT
1 JhH1 as follows,265

HT
1 JhH1 = π1π2


Ω 0 (ηT ⊗ Iu)Eu 0
0 HT

12JhH12 0 0
ET

u (η ⊗ Iu) 0 ET
u{(ηηT + (2π1π2)−1Ω−1)⊗Ω−1}Eu 0

0 0 0 HT
14JhH14

 .

(A22)

Since the top blocks of H13 and H14 are both zero, they have no contribution to the asymptotic266

covariance of β̂ (top block of h). We hence have,267

Vβ = Γ{(HT
1 JhH1)−1}11Γ

T + (ηT ⊗ Ip)(H
T
12JhH12)−1(η ⊗ Ip), (A23)

where {(HT
1 JhH1)−1}11 is the top left p× p block of (HT

1 JhH1)−1.268

The first term in (A23) can be calculated as,269

{(HT
1 JhH1)−1}11 = (π1π2)−1Ω−1

+ (π1π2)−1Ω−1(ηT ⊗ Iu)Eu{(2π1π2)−1ET
u (Ω−1 ⊗Ω−1)Eu}−1ET

u (η ⊗ Iu)Ω−1

= (π1π2)−1Ω−1

+ (π1π2)−1(ηT ⊗Ω−1)Eu{(2π1π2)−1ET
u (Ω−1 ⊗Ω−1)Eu}−1ET

u (η ⊗Ω−1)

= (π1π2)−1Ω−1 + (ηT ⊗Ω−1)2PEu(Ω⊗Ω)(η ⊗Ω−1)

= (π1π2)−1Ω−1 + (ηTΩη)Ω−1 + (ηT ⊗ η),

therefore,270

Γ{(HT
1 JhH1)−1}11Γ

T = (π1π2)−1ΓΩ−1ΓT + (ηTΩη)ΓΩ−1ΓT + Γ(ηT ⊗ η)ΓT

= (π1π2)−1ΓΩ−1ΓT + (βTΣβ)ΓΩ−1ΓT + βT ⊗ β,

where the last equality is because of βTΣβ = ηTΓT (ΓΩΓT + Γ0Ω0Γ
T
0 )Γη = ηTΩη.271
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The second term in (A23) HT
12JhH12 can be calculated as,272

JhH12

= π1π2

(
Σ (βT ⊗ Ip)Ep

ET
p (β ⊗ Ip) ET

p

{(
ββT + (2π1π2)−1Σ−1

)
⊗Σ−1

}
Ep

)
×

×
(

ηT ⊗ Γ0

2Cp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

)
= π1π2

(
ηT ⊗ Γ0Ω0 + ηTΩ⊗ Γ0 − ηT ⊗ Γ0Ω0

ET
p (βηT ⊗ Γ0) + ET

p

{(
ββT + (2π1π2)−1Σ−1

)
⊗Σ−1

}
2EpCp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

)
= π1π2

(
ηTΩ⊗ Γ0

ET
p (βηT ⊗ Γ0) + ET

p

{(
ββT + (2π1π2)−1Σ−1

)
⊗Σ−1

}
2PEp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

)
,

where the bottom block of the matrix can be simplified as follows. Notice that (Corollary D1 and273

D2 in Cook et al. (2010)) 2(A ⊗ B)PE(C ⊗D) = AC ⊗ BD + (AD ⊗ BC)K where E and274

K are the expansion matrix and the communication matrix with correct dimensions, and also that275

ET (A⊗A)PE = ET (A⊗A). We have the following derivations,276

ET
p (ββT ⊗Σ−1)2PEp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) = ET

p (ββT ⊗Σ−1)(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

= ET
p (ΓηηTΩ⊗ Γ0Ω

−1
0 − ΓηηT ⊗ Γ0)

ET
p (Σ−1 ⊗Σ−1)2PEp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0) = 2ET

p (Σ−1 ⊗Σ−1)(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

= 2ET
p (Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

Therefore, we continue the calculation for HT
12JhH12 as277

HT
12JhH12

= HT
12π1π2

 ηTΩ⊗ Γ0

ET
p (ΓηηT ⊗ Γ0) + ET

p (ΓηηTΩ⊗ Γ0Ω
−1
0 − ΓηηT ⊗ Γ0)

+(2π1π2)−12ET
p (Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)


= HT

12

(
ηTΩ⊗ Γ0

ET
p (ΓηηTΩ⊗ Γ0Ω

−1
0 ) + (π1π2)−1ET

p (Γ⊗ Γ0Ω
−1
0 − ΓΩ−1 ⊗ Γ0)

)
= π1π2

(
ηT ⊗ Γ0

2Cp(ΓΩ⊗ Γ0 − Γ⊗ Γ0Ω0)

)T

×

×
(

ηTΩ⊗ Γ0

ET
p (ΓηηTΩ⊗ Γ0Ω

−1
0 ) + (π1π2)−1ET

p (Γ⊗ Γ0Ω
−1
0 − ΓΩ−1 ⊗ Γ0)

)
.
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Direct calculation shows,278

HT
12JhH12 = π1π2(η ⊗ ΓT

0 )(ηTΩ⊗ Γ0)

+ π1π22(ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )PEp ×

×
{

(ΓηηTΩ⊗ Γ0Ω
−1
0 ) + (π1π2)−1(Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

}
= π1π2(ηηTΩ⊗ Ip−u) + π1π22(ΩΓT ⊗ ΓT

0 − ΓT ⊗Ω0Γ
T
0 )PEp(ΓηηTΩ⊗ Γ0Ω

−1
0 )

+ 2(ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )PEp(Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

= π1π2(ηηTΩ⊗ Ip−u) + π1π2(ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )(ΓηηTΩ⊗ Γ0Ω

−1
0 )

+ (ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )(Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

= π1π2(ηηTΩ⊗ Ip−u) + π1π2(ΩηηTΩ⊗Ω−1
0 − ηηTΩ⊗ Ip−u)

+ (ΩΓT ⊗ ΓT
0 − ΓT ⊗Ω0Γ

T
0 )(Γ⊗ Γ0Ω

−1
0 − ΓΩ−1 ⊗ Γ0)

= π1π2(ΩηηTΩ⊗Ω−1
0 ) + Ω⊗Ω−1

0 − Iu ⊗ Ip−u − Iu ⊗ Ip−u + Ω−1 ⊗Ω0

= π1π2(ΩηηTΩ⊗Ω−1
0 ) + Ω⊗Ω−1

0 − 2(Iu ⊗ Ip−u) + Ω−1 ⊗Ω0.

Finally, we have the asymptotic covariance matrix of β̂ as279

Vβ = Γ{(HT
1 JhH1)−1}11Γ

T + (ηT ⊗ Ip)(H
T
12JhH12)−1(η ⊗ Ip),

= (π1π2)−1ΓΩ−1ΓT + (βTΣβ)ΓΩ−1ΓT + βT ⊗ β

+ (ηT ⊗ Ip)(H
T
12JhH12)†(η ⊗ Ip),

where HT
12JhH12 = π1π2(ΩηηTΩ⊗Ω−1

0 ) + Ω⊗Ω−1
0 − 2(Iu ⊗ Ip−u) + Ω−1 ⊗Ω0.280

Finally, we identify the first part is indeed avar(
√
nβ̂Γ) = (π1π2)−1ΓΩ−1ΓT+(βTΣβ)ΓΩ−1ΓT+281

βT ⊗ β. Since avar(
√
nβ̂Γ) = avar(

√
nΓη̂Γ) = Γavar(

√
nη̂Γ)ΓT , we need to find the asymp-282

totic distribution of η̂Γ, which is the LDA direction of the reduced variables ΓTX. Notice that,283

given Γ, we can let Z = ΓTX ∈ Ru and have the LDA model of Z | (Y = k) ∼ N(νk,Ω),284

where the discriminant directions are exactly ηk = Ω−1(νk − ν1). Hence, the asymptotic prop-285

erty of η̂Γ can be easily obtained by replacing Σ → Ω, β → η in the asymptotic distribu-286

tion of β̃. Specifically, avar(
√
nη̂Γ) = (π1π2)−1Ω−1 + (ηTΩη)Ω−1 + ηT ⊗ η. Therefore,287

avar(
√
nβ̂Γ) = Γavar(

√
nη̂Γ)ΓT = (π1π2)−1ΓΩ−1ΓT + (ηTΩη)ΓΩ−1ΓT + ηTΓT ⊗ Γη. The288

conclusion follows by noticing that β = Γη and βTΣβ = ηTΩη.289
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S10 Proof for Propositions 6, 7 and 8290

First, for LDA model, the
√
n-consistency of the envelope estimator from maximizing the likelihood-291

based objective function Ln({µk}Kk=1,Σ) relies on Shapiro’s (1986; Proposition 4.1) results on the292

asymptotics of over-parameterized structural models. The proof is parallel to the proof of Propo-293

sition 4 in Cook and Zhang (2015) for simultaneous envelope and is thus ommitted. Similarly, for294

QDA model, the likelihood-based objective function Ln({µk}Kk=1, {Σk}Kk=1) satisfies conditions to295

apply Shapiro’s results. Thus we have the similar results. Under normality, the estimators becomes296

MLE, and thus avar(
√
nh̃) = Ξ = J−1

h and avar(
√
nĥ) = H(HTJhH)†HT is always less than297

or equals to avar(
√
nh̃) because any subspace, including span(J

1/2
h H), is a reducing subspace of298

J
1/2
h ΞJ

1/2
h = Ip.299

S11 Implementation Details300

Recall that the ENDS objective function is301

F(Γ) = log |ΓTS−1
X Γ|+

K∑
k=1

nk

n
log |ΓTSk(λ)Γ|, (A24)

which is to be minimized subject to constraint ΓTΓ = Iu, and includes the ENDS-LDA and ENDS-302

QDA objective functions as its special cases. We hence discribe the implementation of algorithms303

for solving this optimization problem of F(Γ). The derivative can be calculated straightforwardly304

as,305

dF(Γ)

dΓ
= 2S−1

X Γ(ΓTS−1
X Γ)−1 + 2

K∑
k=1

nk

n
Sk(λ)Γ{ΓTSk(λ)Γ}−1. (A25)

Then based on the explicit forms of the objective function and its derivatives, we can use any off-306

the-shelf methods to find the optimizer Γ̂. To preserve the geometric constraint, ΓTΓ = Iu, we307

choose to implement the estimation using the sg_min package in Matlab that is a generic comput-308

ing package for Stiefel and Grassmann manifolds optimization (see Edelman et al. (1998) for more309

backgrounds). Other more recent methods for optimization with orthogonality constraints (for ex-310

ample, Wen and Yin (2013)) can also be straightforwardly incorporated into our implementation.311

When u is bigger than one, the optimization can be expensive and requires good initial value to312

avoid local minima. Therefore, we adopt the sequential 1D algorithm (Cook and Zhang, 2016) to313
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Algorithm 1 ENDS optimization based on the 1D algorithm from Cook and Zhang (2016).
Let gj ∈ Rp, j = 1, . . . , u, be the sequential directions obtained. Let Gj = (g1, . . . ,gj), let
(Gj,G0j) be an orthogonal basis for Rp and set initial value g0 = G0 = 0.
For j = 0, . . . , u− 1, repeat Step 1 and 2 in the following.

1. Define Aj = GT
0jSXG0j , Bjk = GT

0jSk(λ)G0j , and the objective function for w ∈ Rp−j+1

φj(w) = log |wTA−1
j w|+

K∑
k=1

nk

n
log |wTBjkw|. (A26)

2. Solve wj+1 = arg minφj(w) subject to wTw = 1, then the (j + 1)-th envelope direction is
gj+1 = G0jwj+1.

The resulting ENDS basis estimator is Γ̂ = Gu.

speed up the computation. The 1D algorithm and its variations (Cook and Zhang, 2017) provides a314

fast and reliable way to obtain envelope subspaces one direction at a time. It breaks down the full315

optimization of F(Γ) into u sequential optimizations as summarized in Algorithm 1.316
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