20

21

22

23

24

25

Supplementary Materials for “Efficient integration of
sufficient dimension reduction and prediction in
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S1 Additional numerical results
S1.1 Sensitivity of \

As suggested in Section [5 for the ENDS estimator based on (5.1I), we use A = 1 if the LDA
classifier is applied and select A\ based on cross-validation from the set of {0,0.1,...,1} if the
QDA classifier is applied. In our experience, the ENDS estimator is not sensitive to the choice
of the tuning parameter A. We use model (Q2) in the simulation (Section of the paper for
illustration.

Recall from Section [8.1] in this model, we considered the QDA model with X' = 4 classes
and equal number of observations per class, ny = - -+ = nx = 75. Basis matrix for the envelope
I' € RP** is first generated randomly and orthogonalized, then T'y € RP*(P~%) is obtained corre-
spondingly so that (I', T'y) is an orthogonal matrix. The envelope dimension u = 2 and the original
predictor dimension p = 15. Symmetric and positive definite matrices €2, € R“*", k =1,..., K,
and 5 € RP-Wx(P~) are generated as AAT /| AAT||r with A being a random matrix with
the same dimension as €2 or €2y, and have independent Uniform(0, 1) elements. Within each
class k, we generate data from the QDA model, X | (Y = k) ~ N(u,3g), k = 1,... K,
where p;, = I'n for some randomly generated 77, € R“*! with N(0, 1) elements. We then let
3 = exp(—k) - TQTT + Ty} and standardize it to get X = 25 - X7 /|| Zi|

r, Where the
scaling constant 25 makes the Bayes’ classification error about 0.22.

We varied A from 0O to 1, and calculated the classification error rate and the principal angle
between the estimated and the true subspace spanned by T and T, respectively. For each A\ value,

we repeated 20 times for independent training and testing sets, and also included the results of
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p=15K =4 Bayes LDA ENDS-LDA QDA ENDS-QDA S.E.<
ny, = 10 22.0 48.8 46.7 54.8 38.4 0.5
ny, = 15 22.0 46.8 43.8 55.9 34.6 0.4

Table 1: Small n; simulation setting. The QDA uses pseudoinverse of sample covariance due to
insufficient sample size. The last column is the largest standard error among all four estimators.

SIR, SAVE and DR as references. From Figure [AI] we confirm that the ENDS estimator is very

insensitive to the tuning parameter \ for either the basis estimation or the final classification.

S1.2 ENDS-QDA with small sample size

Using the same data generating procedure as in the previous section, we now consider the scenarios
where 15 = nj, = p and 10 = n; < p. Table[I] summarizes the classification results from LDA,
QDA, ENDS-LDA and ENDS-QDA. Recall that, for ENDS-LDA, we use A = 1 and the group-
specific covariance estimators all equal to the pooled sample covariance: S;(\) = S. For ENDS-
QDA, by letting A = 0.1, we impose a small amount of regularization just to avoid singularity
in S;(\) = 0.9S; + 0.1S. As we discussed at the end of Section |5 if we do not impose such
regularization, the symmetric matrix I'’’S,I" from can be singular during iterations because
the rank of sample covariance Sy, is at most (n; — 1). From Table[I} we see that QDA is worse than
LDA in terms of classification accuracy because of n; < p, but ENDS-QDA with a small amount

of regularization is substantially better than LDA and ENDS-LDA.

S2 A technical lemma and its proof

Lemma 1. Under the QDA model (4.1), Spv|x) = Syjx = LU Q and, moreover, LUQ = BU Q.

Proof. First, we show that B U Q is the central subspace Sy x. From |Cook and Forzani| (2009,
Theorem 1), the central subspace under the QDA model is the smallest subspace S such that (i)
Sy —m) € Sforallk =1,..., K; and (i) QsX;' = ... = QsX%". Then condition (i) is
equivalent to B C § and condition (ii) is equivalent to @ C S. Therefore, the smallest such S is
simply B U Q and is the central subspace Sy x.

Next, we show that £ U Q is the central discriminant subspace Sp(y|x). By combining the

QDA Bayes’ rule 4.3| with the definitions of £ and Q, it is clear that ¢(X) = ¢(P,,0X). Hence

2
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Figure Al: ENDS estimator with different tuning parameter A. The averaged classification error
rate (top plot) and the principal angle between the estimated and the true subspaces (bottom plot).
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Spvix) € LUQ. Then we prove by contradiction for the equality Spy|x) = £U Q. Suppose that
Spvx) C £ U Q. Then there exists some vector v & Spy|x) and v € LU Q. We can vary the
value of the variable v{ Qs , X without any effect on ¢(P.s,,, , X) = #(X). We can re-write
the QDA Bayes’ rule in the quadratic form of ¢(X) = arg max;{a; + bl X + X7 C;X} for some
br € R? and C;, € RP*P such that span(by) C £ U Q and span(Cy) C £ U Q. Then we notice
that VTQSD <Yp()X is stochastic (because v ¢ Sp(y|x)) and could still change ¢(X) since the value
of a;, + b X + XTC;. X can vary from —oo to +0c0.

Finally, we show that £L U Q = B U Q. By definition, the union of two subspace of RP? is
SGUS, ={a+b|ac S,be S} Forvectors in £, we re-write X7 'y, — X7y =
(" — 37 e + X7 (s — pa), where the first term is in Q. Therefore,

LUQ=span{Z (e — 1) [ k=2,..., K} UQ.

Similarly, we re-write 37 (pp — 1) = 7 — p1) + (71 — 7Y (e — ), where the
first term on the right hand side of the equation is in B = span{X ' (py, — 1) | k= 2,...,K}.
Therefore, to prove £L U Q = B U Q, it suffices to show that span(El_l — 2*1) C Q. From|Cook

and Forzani (2009, Proposition 1), we have the following equivalence for any subspace S C R?,
Qs¥' = ... = QsZ <= Qs(X =271 =0, Vk.

This implies that, for Q, we have Qo(X,* — £7!) = 0 and hence span(X;* — X71) C Q.

S3  Proof for Proposition [1

By definition, ENDS will contain Sp(y|x) because of the first condition in (2.I). The second
condition in (2.1)) is equivalent to stating that S is a reducing subspace of ¥Xx. Together, we have
that ENDS is the intersection of all reducing subspace of Xx that contains S D(v|x), Which is the
Yx-envelope of the CDS, s, (Sp(y|x)) (cf. Definition .

The existence and uniqueness of ENDS is thus guaranteed by the existence of CDS. When
CDS exists, the ENDS Ex, (Sp(y|x)) is the intersection of all reducing subspace of 3x that con-
tains Sp(y|x) by Definition 1, Trivially, R? is a reducing subspace of ¥x that contains Sp(yx).

Moreover, if any two subspaces §; C RP and S; C RP both are reducing subspace of Yx that
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contains Sp(y|x), then we need to show that their intersection is still a reducing subspace of ¥x

that contains Sp(y|x). This implies the uniqueness and existence of the ENDS &x., (Sp(v|x))-
First, it is easy to see that the intersection S§; N S; still contains Sp(yx). To see that it is still a

reducing subspace of Xx, we note that §; is a reducing subspace of 3Xx implies that Ps, ¥XxQs, =

0. Similarly, we have Ps,3xQs, = 0. Therefore,

Ps,ns,2xQsns, = Ps,Ps,Xx(I—Pgs,Ps,)
= PsPs,Ex(Qs, +Ps, — Ps,Ps,)
= Ps,Ps,Xx(Qs, + Ps,Qs,)
= Ps,(Ps,ExQs,) + Ps, (Ps,ExQs,)Ps,

= 0,

which implies that S; N S, is a reducing subspace of Yx. This completes the proof of existence

and uniqueness of the ENDS (provided that the CDS exists).

S4  Proof for Proposition 2 and ENDS-LDA parameterization

Under the LDA model assumption (3.1]), we prove Proposition [2] by showing in the following that,
R2)=C.1); C.1)==(@.4); and B.4)—2.2).
(1) The strong envelope pursuit implies the weak envelope pursuit (2.1).

By the definition of the Bayes’ rule, the first statement in (2.2), Pr(Y = k | X) = Pr(Y =
k| PsX) forall k = 1,..., K, implies that ¢(X) = ¢(PsX). The second statement in (2.2),
PsX 1L QsX | (Y =k)forall k =1,..., K, implies that PsX 1 QsX, which further implies
cov(PsX, QsX) = 0.

(2) The weak envelope pursuit (2.1)) implies the envelope parameterization (3.4).

First, we show that (2.1)) implies B C S in (3.4). Recall from (3.3)) that the Bayes’ rule under
the LDA model is (X)) = arg maxy [log(mg/m1) + (por — po1 ) T EH{X — (g + 1) /2}]. From
this LDA Bayes’ rule, we can see that ¢(X) = ¢(PsX) by definitions of B = span(3s, ..., Bk)
and B, = X7, — 1), k = 2,..., K. Moreover, ¢(X) = ¢(PsX) implies that B C S. To
see this, we prove by contradiction. Suppose that for some 3, ¢ S, then we can vary the value of

the univariate variable 37 QsX without any effect on ¢(PsX). But, by re-writing the Bayes’ rule
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in the form of ¢(X) = arg max;{a; + Bf X}, we notice that 3 QsX could still change ¢(X)
since the value of o, + 31 X can vary from —oc to +oc. Therefore, ¢(X) = ¢(PsX) implies that
BCS.

Next, we need to show ¥ = Ps¥XPs + Qs¥Qs. More specifically, we want to derive
PsXQs = 0 from cov(PsX, QsX) = Ps3x Qs = 0. Notice that,

3x = cov(X)=cov{E(X|Y)}+ E{cov(X | Y)}
= > ml =) (e — )"+ 3

— YP;M,PzX + 3,

where the last equality follows from introducing My = X713, m(pe — &) (. — 2)'271 >0
and hence span(M;) = B by the definition of B. Since we have shown that (2.1)) implies 5 C S.
We can further write Xx = XPsM;PsX + 3, and thus

Ps3XxQs = PsYXPsMPs¥XQs + PsXQs

= (PsEPsM; + L)PsXQs.

Finally, because Ps¥>PsM; + I, > 0 in the above equation, we have Ps¥xQs = 0 implies
Ps¥XQs =0.
(3) The envelope parameterization (3.4) implies the strong envelope pursuit (2.2)).

From the LDA Bayes’ rule (3.3), we know that Pr(Y = k£ | X) = Pr(Y = k | PgX),
k=1,...,K. Therefore, B C S from (3.4) immediately implies the first statement in (2.2). The
second statement in (2.2)) follows directly from the normal distribution and common within class
covariance.

Finally, since we have span(I') = Ex(B). Therefore, span(8;) C B C span(I') and we have
(3-3). Next, we show span(p; — @) C span(T') for (3.6). By definition of By = X!y — ),
k=2, ..., K, we can see that span(p; — p1) = span(33;) C span(T'), where the last inequality
can be derived directly from plugging in (3.5). Notice that Z]K:1 m; = 1, we can write p, — [t =
S (e — ) = S0 mi{ (ke — 1) — (w5 — pa)} and have span(pi — ) € span(T') and

pr — it = Ly, Finally, the intrinsic constraint Zfil mjo; = 0 is from Zjil mi(pw; — @) = 0.



w S5  Derivations of MLEs for ENDS-LDA

17 In the LDA model with envelope parameterization (3.6)), the conditional log-likelihood of X given

1s Y can be written conveniently as

Ln( {ak}le,:["g,ﬂo)

n
= 3 (log || + log |©2])

N | =

{ZZ —Tay, —p)" (TQ'TT + T2y 'T5) (Xir) — Doy — )}, (A1)

k=1 =1

11e  which is to be maximized over the intrinsic mean constraint that Z]K:1 mjo; = 0 where 7; = n;/n
120 is the MLE for 7;. The log-determinant terms are derived from the fact that log | 2| = log [TQT'" +
21 ToQTL | = log || + log ||

122 MLE for . By taking derivative with respect to & in (Al) and set it to zero, we have the

123 following equality,

K ng
=> ) @' T" + Ty, 'T)) {B — (Xig) — T},

k=1 i=1

124 which lead to the MLE for p:

K ng K
ﬁ =n ! Z Z(Xi(k) I‘ak Z Xz(k f Z TLO, = X,
k=1 i=1 k=1 =1 k=1

125 where the last equality holds because Zsz1 T, = 0 from the intrinsic mean constraint.
126 MLE for c;.. Replacing 1z by X, the second part of the conditional log-likelihood in (AT)) is

127 now partially maximized and can be simplified as follows,

1 "k _ B
=5 2.2 (Xigy — Taye = X)T (P27 + Lo 'T9) (Xigr) — Py = X)

k=1 =1

- ——ZZ{F Xir) — X) — e} Q7 HIT (X — X) — e}

k=1 i=1
-5 Z Z ite) — X)TToQy ' T (Xiry) — X). (A2)
k 1 =1
122 Then because oy, only appears in the above quadratic form, we now need to maximize Fy(ay) =

2o —2 > ATT (X —X) —ay QT (X —X) —ay,} for k = 1,..., K, under the constraint
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that Z]K:1 mjo; = 0. If we ignore the constraint, then the maximizer for each Fy(cx;) will be
(X, — X), which automatically satisfies the constraint. Therefore, the maximum likelihood
estimators for oy, under the constraint that Y | 7;ar; = 0 is simply &y, = I'7(X; — X), where T
is the MLE for I'.

MLE for 2 and €2,. Substitute MLEs for &z and «;’s into the log-likelihood function, the

partially maximized log-likelihood is L, (T, €2, ©2y) as shown in the following,

K ng
9 - _ ~ _
—La(l, €, 8%) = log|Q2f+n DY T Xy — X))} T (X — X))}

k=1 1=1

K ng
+ log|Qp| +n" Z Z(Xi(k) = X) T 'Tg (Xiwy — X)

k=1 i=1

Q'r’ {n_l > Z(Xi(k) — X)) (X — Xk)T} T]

k=1 i=1

= log|Q| + tr

+ log |Q| + tr

= log|Q| + tr(Q'TTST) + log || + tr(, 'TE SxTy),

where S = n~ ' S0 S (X — X)Xy — Xi)" and Sx = n ' 30 (X — X)(X; — X)T
are the sample covariance matrices for 3 and ¥x = cov(X). Then the MLEs for © and €,
are Q = I'7ST and Qy = I'I'SxT, by noticing that B = arg mina {log |A| + tr(A~'B)} for
optimization over positive definite matrices.

MLE for I'. Finally, the partially maximized log-likelihood satisfies

2
—ZL,(T,9,90) =~ log|T?ST| + log [T SxT|
n

~ log |TTST| + log [TTSL'T,

which implies that the MLE for T is obtained by minimizing log [T7ST| + log [TTSx'T’| over
the semi-orthogonal constraint that I'’T" = I, so that the optimization is essentially over the
Grassmann manifold G(p, u).

MLE for 3;. From the definition, 8 = I'ny, we have 1, = T73, = TTX"(uy, — py). By
plugging in the MLEs of T, ¥ and (u; — p1) to the parameterizations in Proposition 2| we have
i = (ITST)'T7 (X}, — X;) and hence 3, = '), = Prg ST (X —Xi), k=2,..., K.



147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

S6 Proof for Proposition 3 and ENDS-QDA parameterization

Similar to the proof for Proposition [2, now under the QDA model (4.1]), we prove this Proposition
by showing in the following that, 2.2)=—=-C.1)); 2.I)=—=®.5); @.5) = §.6); and .6) — 2.2).
(1) The strong envelope pursuit (2.2)) implies the weak envelope pursuit (2.1).

By the definition of the Bayes’ rule, the first statement in 2.2)), Pr(Y = k | X) = Pr(Y =
k| PsX) forall k = 1,..., K, implies that (X) = ¢(PsX). The second statement in (2.2),
PsX 1L QsX | (Y =k)forall k =1,..., K, implies that PsX 1 QsX, which further implies
cov(PsX, QsX) = 0.

(2) The weak envelope pursuit implies the envelope parameterization (4.5)).

First, we show that ¢(X) = ¢(PsX) in (2.1)) implies BU Q C S in (4.5). From the definition
of the central discriminant subspace, ¢(X) = ¢(PsX) implies that Sp(yx) € S. From Lemmall}
we have BU Q = Sp(yx) under the QDA model. Therefore, BU Q C S.

Next, it is easy to have ¥ = Ps¥XPs + QsX Qs from cov(PsX, QsX) =0and BUQ C S.
From the proof of Proposition 2, we know that cov(PsX, QsX) = 0 and B C § implies ¥ =
PsY¥Ps + QsXQs.

(3) The envelope parameterization implies the envelope parameterization (4.6)).

Assuming the QDA model and BU Q C S, we need to show that 3 = Ps¥Ps + QsXQs
implies 3, = PsXiPs + QsXxQs forall k = 1,..., K. Let (I',T'y) € RP*? be an orthogonal
basis matrix such that span(I") = S. From |Cook and Forzani (2009, Proposition 1), we have the

following equality because of Q C S,
S = X+ Pl (Br — X)Pry), forallk=1,... K, (A3)

where Pr(sy = I(ITXT)'I'"'X is the projection matrix onto span(I') with ¥ inner product.
Because ¥ = PsXPs + QsXQs, we can write ¥ = TTTYXTTT + TyI'f X0 and Pres) =
Pr = Pg. Therefore, become ¥ = ¥+ Pg(X; — X)Pgs, which implies that Qs ¥y = QsX
for all k. Hence, Qs¥;Ps = QsXPs = 0 since § is a reducing subspace for 3. The reducing
subspace statement 3, = Ps3Ps + Qs Qs is equivalent to Qs3;Ps = 0.
(4) The envelope parameterization (4.6) implies the strong envelope pursuit (2.2)).

The first statement, Pr(Y = k | X) = Pr(Y = k | PsX) in (2.2) is because Sy x = BUQ C S
(from Lemma (I))) implies that Y I X | PsX. The second statement, PsX 1 QsX | (Y = k) is

9
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equivalent to 3 = PsX;Ps + QsX; Qs under the QDA model assumption.

S7 Derivations of MLEs for ENDS-QDA

In the QDA model with envelope parameterization (4.7), the conditional log-likelihood of X given

Y can be written conveniently as

Lo (. { o iy, T, { Qe Qo)

K
n
= > (=) (log || + log |€])

K N
{Z > (Xigy — Pae — 1) (T ' T + T2 T8 ) (X — T, — m} . (Ad)

which is to be maximized over the intrinsic mean constraint that Z]K:1 mjo; = 0 where 71; =
n;/n is the MLE for m;. The log-determinant terms are derived from the fact that log |3;| =
log [T TT + TyQeTE | = log || + log [

MLE for . By taking derivative with respect to & in (A4) and set it to zero, we have the

following equality,

K
0=> Y T 'T" + Ty 'T) {B - (Xig) — T},

K

K
2 = _1 I‘ak Z Xz(k f‘ Z %k&k = X,

k=1 i=1 k=1 i=1 k=1
where the last equality holds because Zszl Ty, = 0 from the intrinsic mean constraint.
MLE for a;.. Replacing 1z by X, the second part of the conditional log-likelihood in (Ad) is
now partially maximized and can be simplified as follows,

1 ok _ .
=5 2. 2 (Xigy — Ty = X)T (P2, 'T7 + Lo, 'T7) (Xigr) — Py, — X)

k=1 i=1

_ __ZZ{FT i = X) — )T (X — X) — )

k=1 =1

K ng
1 — _
) ) Xy — X) T ' T (Xigry — X). (A5)

k=1 i=1

10



18s Then because oy, only appears in the above quadratic form, we now need to maximize Fy(ay) =
189 —2 > AT (X —X) —a }Q H{TT (X —X) — ey, } for k = 1,..., K, under the constraint
190 that Z j=1mja; = 0. If we ignore the constraint, then the maximizer for each Fy(cy,) will be
101 I‘T(Xk — X), which automatically satisfies the constraint. Therefore, the maximum likelihood
192 estimators for o, under the constraint that Z]K:1 mjo; = 01is simply oy, = r? (X}, — X), where r
13 1s the MLE for I'.

194 MLE for €2, and €2,. Substitute MLEs for & and «;’s into the log-likelihood function, the

195 partially maximized log-likelihood is L, (I, €2, €2y) as shown in the following,

K ng
2 _
—ELn(l“,{ﬂk};f:pﬂo) ~ Tty nklogIQkHZ{FT( = X)) P T (X — Xk)}]
k=1 L
+ log|Qo| +n~ ZZ X)TToQ, ' T (X — X)
k=1 i=1

=1

Q;'rY {n—l Zn:(xi - X)(X; — X)T} 1‘0]

K
= nt Z (nk log || + tr

k=1

QI;II‘T {Z(Xz(k) — Xk)(Xz(k) — Xk)T} F] )

+ log|Qq| + tr
i=1

K
= >~ “E{log || + tr(; ' TS,D)} + log | + (€25 TF SxTo),

s where Sy = ni ' S (X — Xi) (Xigy — Xi)T and Sx = n~ 130 (X — X)(X; — X)7 are
197 the sample covariance matrices for ¥ and ¥x = cov(X). Then the MLEs for €2, and €2, are
o Qp = I7S,T and Qy = I'TSxI, by noticing that B = argmina {log|A| + tr(A~'B)} for
199 optimization over positive definite matrices.

200 MLE for I'. Finally, the partially maximized log-likelihood satisfies

K
> "k 1og [TT'S,T| + log [TTSx |
k—1

K

Z log [T7S,T'| + log [T7SE'T,

k=1

__Ln(r)

n

12

12

201 which implies that the MLE for T is obtained by minimizing 35 " Jog |TTST| + log TSI

202 over the semi-orthogonal constraint that I’ T = I, so that the optimization is essentially over the

203 Grassmann manifold G(p, u).
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MLE for 3, ) and 3. The conclusion follows by plugging in the MLEs of I', €2, and €2 to

the parameterizations in Proposition 3]

S8 Proof for Proposition 4 and Equation (7.3)

The parameters of the original LDA model are pq, ..., pux and 3. We can also re-parameterize
them as &, 3o, . . ., Bk and 3. For all methods, the estimator of f is simply the sample mean of X,
which will be asymptotically independent of all other estimators. We thus focus on the asymptotic
properties of the discriminant directions B, k = 2,..., K.

The parameters involved in the coordinate representation of the ENDS-LDA model are T', €2,
Qpand n, k = 2,..., K. We focus on the asymptotic properties of the estimable functions 3; =
S Y — p1) = Ty, k = 2,..., K, and the covariance 3 = T'QT'T + T'yQ,'L. Specifically,

we study the asymptotic covariances of the following parameters ¢ and estimable functions h,

vec(T")
2 B2
- 3 _ h= : A6
¢ Nk Bk (A0
vech(€2) vech(3)
vech ()

Since h is a vector of length (K — 1)p+p(p+1)/2 and ¢ is a vector of length pu — u? + (K —
Du+u(u+1)/24 (p—u)(p—u+1)/2 = (K —1)u+ p(p+ 1)/2, the ENDS reduces the total
number of parameters by (K — 1)(p — u).

We leth = (B7,..., 8%, vech”(S))” be the standard MLE of the LDA model parameters,
where recall that 3, = S~ (X — X1).

The asymptotic covariance matrix C; of 1, = (XIT, . ,Xf(, vech”(S))7, the MLE of v, =

(uT, ..., pk vech” (X)), can be derived straightforwardly as

1
C,=J;', J, =diag {mzl, TS 5Eg(zrl ® zl)Ep} , (A7)

where J; is the Fisher information matrix of parameter vector ;.

Next, the asymptotic covariance matrix Cs of 1y = (XQT - XlT, . ,Xz - Xf, vech” (S))7,

12



22a the MLE of ¥, = (ud — pT ..., p% — pT vech” (£))7 is thus

(' +aHS - Y 0
: : 0
C, =L,C\L] = )
SR s (T HE 0
0 0 0 [lEl(Z' @2 )E,}
(A8)
25 where the matrix L; is the linear map between the estimators: (X; —XlT, ce X; —Xf, vech’ (S))T =
s Li-(X,,..., X, vech”(S))T. Specifically,
Ly = diag { (= 1(x-1), Iix—1)) @ Ly, ypin)2} (A9)
227 We can write C, more compactly as
1 -1
C, =diag |[A® X, {§E§(21 ® zl)Ep} , (A10)

s where A € RE-DX(E=1) jg 3 symmetric matrix has diagonal elements (7' + 7, ') and off-
2o diagonal 7, !,

230 An alternative way of reaching these results is by calculating the Fisher information ma-
o trix of Wy = (@l pud — pl ... pk — pl vech”(2)T = (@?, )7, It is easy to see that
232 there is a full-rank square matrix to transform between 1, and 3. Let ¢, = L33, then
233 L3 = 01y /O3 and J3 = LI J,Ls. Straightforward calculation leads to block diagonal structure
ze as J3 = diag {71, A7 @ X1 1ET(Z7! ® ¥')E, }, which also verifies that X is asymptoti-

727p

25 cally independent of (X, — X, , ..., Xy — X, , vech”(S))7. Then write J; = diag{X 1, J,}, we

236 have the Fisher information matrix for 15,
_ . _ 1 _ _
J2:021:d1ag{A lex 1,§E§(2 lo® 1)Ep}. (All)

237 We can write A = diag(m, ', ..., 7" ) +m "1x_11%_, then apply the Woodbury matrix identity,

238 We have

A~' = diag(m,..., k)
— diag(my, ..., mx)1g_1(m + 1% diag(ms, ..., mx)1x_y) *1%_ diag(m, ..., 7x)
= diag(my, ..., mx) — diag(ma, ..., Tx)1x_11%_diag(m, ..., Tx)
230 thatis, [A™1];; is m;(1 — 7;) for i = j and is —m;mr; for i # j.

13
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242
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244

245
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247

248

249

250

251

252

Finally, the asymptotic covariance matrix C; of h can be calculated from the one-to-one
transformation between 1, and h. Specifically, we noticed the simple linear transformation that

py — p1 = 36, and thus,
O(pr — 1)

B (A12)
k

oy — 1) o ovec(X)  p

Dve(x) — P )5 = (B OL)E, (A13)

where E, € RP**P(°+1)/2 s the expansion matrix such that vec(X) = E,vech(X). Therefore,

Oy _ ( Ix 0¥ (B'®I,)E,

C,=J'=(GT1,G)! here G = ——
" " ( 2G)™,  where oh 0 Lpt1)/2

) , (A14)

where B = (3s, ..., Bk) € RP*(K-1),
Combining (ATT)) and (AT4)), we have

J, = GT'1,G

Ix 1 ®@% 0 . ~1 L Lop -
= d A'eY ! _El(Z ' X NE,
( Ezj;(B ® 1) Lop11)/2 ) e { 20t ( ) 0

B ( I 1 @3 0 ) ( A'® I (A~'BT ® E_l)Ep )
C \E;B3L) Lpwye 0 ZE,(E'®XE,
( ATl@Y (A'BT @ 1,))E, )
EZ(BA‘1 ®1,) EZ(BA‘lBT & 2_1)Ep + %EI?(Z)_1 & Z_l)EP ’
whose inverse can be obtained using the block matrix inversion formula,
C,=J;'= < gq'f; CCB; ) : (A15)

where the top left block is of primary interests. We calculate the asymptotic covariance of vec(B) =

(BE, ..., BT, ie. Cp € RPE-D>XP(E-1) 'ip the following,

_ _ 1 I ! _
Cz = AX '+ (BT"®X 1)Ep{§EZ(2 ' % 1)Ep} E/Box™)
= A@Y '+ (B"@X )2Pg, (E®X)Pg,(Be X
= AY '+2B"E®L,)Pg, (B X
= AY '+ (B'ZIBoX )+ (B"@B)K, @#-1).
Finally, for binary case, B = 8 € RP is a vector itself. We have K, ; = I, since vec(3) =

vec(BT). The conclusion follows by plugging in 3 = (A,0,...,0)" and ¥ = I, and noticing Cp
y plugging P g

will coincide with Efron’s (1975) results.
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258

259

260

261

262

263

S9 Proof for Proposition

Recall that, 3 = X7 (pua — 1) = ' under the envelope LDA model, therefore pp;rp = (p2 —

p1) = X6 = I'Qn under the envelope parameterization. We define the following parameters and

estimable functions,

1 n
| P | _ vec(T") _ _ B _ _ KDiff
¢ = o3 | | vech(Q2) |’ h=h(¢) = < vech(X) ) 8 =8(¢) = ( vech(X)
o vech(€2)

In the proof of Proposition 4, we have already obtained the Fisher information of h and g
the classical LDA model,

J. — 7T17T2271 0 .
g 0 lET(E—l ® E_I)Ep )

2°7p

J _ 7T17T22 (7T17T2,8T X Ip)Ep
b El'(mmB®l,) El(mmBB" @ X HE,+;E ('@ X E,

_ Y (8" @ I)E,
— "R UEN(BeL) EI{(BBT +(2mm) 'S ) @ B} E,

The Fisher information of ¢ is hence, J4 = GTJ ¢ G, where G is

G- og < rQ "I, n’ @ T)E, 0

98 (
“9p \ 0 20,0, -TolIl?) C,(T®T)E, C,(Ti&Ty\)E,_,

The asymptotic covariance of envelope estimator h is

H(H"J,H)H" = HI[H",
where
g _(T n' ®1I, 0 0
T 0 \0 2C,(M2RL -ToTQIT) C,(TeD)E, C,(Ty@T\)E, .,

Following Cook et al. (2010), we have the following transformation,

HH"J,H)'H = H,(HTJ,H,)'HT,

15
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(A17)

)

(A18)

(A19)

)
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264

265

266

267

268

269

270

271

where H; satisfies span(H;) = span(H) and is given in the following,

H = r n’ ® Ty 0 0
P00 2C,(TeeT, -Tel) C(TeDE, C,(TyeTy\)E,,

= (Hn H,, Hi; H14)~

We next calculate each block in HlTJ nH; as follows,

Q 0 (n" @ 1,)E, 0
T . 0 HlTQJhHu 0 0
Hidathi=mm | pro,on) 0 EN{@m™+ 2nm) '@ ) @0 1E, 0
0 0 0 H?,J,H,,
(A22)

Since the top blocks of Hy3 and Hy,4 are both zero, they have no contribution to the asymptotic

covariance of B (top block of h). We hence have,
Vi =T{(H]JyH,) " }uI" + (n" @ L)(HpJuH) ' (n L), (A23)

where {(HT J,H;) ™1}, is the top left p x p block of (HT J,H;) L.
The first term in (A23)) can be calculated as,

{HJH) '}y =

—~ —~ —~ — —~ —~
3
=
S
S~— S~— S~— S~— S~— S~—
|
A
|
A

therefore,

r{HJH) "} I’ = (mm) 'TQ'T? + (n"Qn)IQ'T7 +T'(n" @ n)I'”

= (mm) 'TQTT + (BTE/)IrQ ' + 87 © 3,

where the last equality is because of 8723 = ' TT(TQIT + T'yQ ')y = n"On.

16



272 The second term in (A23)) HEJ nH 2 can be calculated as,

JnHiz
z (8" ®1,)E, y
- M UENBeL) EN{(BB"+ (2mm)'S) @ 21} E,

% n’ @ Ty
2C,I'Ty —T @I

o n" @ Lo+ 1" 2@ T —n" ® T
172 El'(Bn" @ To) + EL { (88" + (2mm)'27!) ® 871} 2E,C,(TQ® 'y — T @ Ty )

T
T < EY(Bn" @ Ty) + EX { (86" + (27r17r;’)?2:®1150® =11 2Pg (TR @ Ty — T @ T82) ) ’
273 where the bottom block of the matrix can be simplified as follows. Notice that (Corollary D1 and
22+ D2 in Cook et al. (2010)) 2(A ® B)Pg(C ® D) = AC ® BD + (AD ® BC)K where E and
275 K are the expansion matrix and the communication matrix with correct dimensions, and also that

s ET(A ® A)Pg = ET(A ® A). We have the following derivations,

El(BB" @ 7")2Pg, (T@ Ty —T @) = E(BBT @S ) (TQ®T,— T )
= E (T Qe Ty, —T'ny" @ T)
E/(Z7 @2 )2Pg,TQ2@T ) —T®I ) = 2E/(S' @S " )(TQe T — T o L)

2E] (T @ Ty, —TQ ' ®Ty)
277 Therefore, we continue the calculation for HITQJ nHio as

H{,J,Hy,
n' Qe T
= HLmm El(Cnn” @ To) + EI(Cyn" Q@ Ty, ' — Tyn” @ Ty)
+(2mm) R2EL (T @ Ty ' — TR @ Ty)

HT TITQ X FO

2UEITom™ Qe Ty ") + (mm) "ENC @ TyQy' —TQ ! @ Ty)
= mm nT @I ' X
- 2C,(Me el - T ®T\)

n"Q®T,
ElTnn™ Q@ ToQy") + (mm) 'ENT @ Loy —TQ ' @Ty) /-

17
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280

281

282

284

285

286

287

288

289

Direct calculation shows,

HLI.H, = mmmeTi)n' Qo))
+ mm2(QrT @Iy — T ® QI})Pg, X
x {(Tnm" Qe Te") + (mm) (T Ty —TQ ' ® Ty}
= mmmm QL)+ mm2(Qr" @ T) —T7 @ QI'[)Pg,(Tnn" Q@ ® Ly82y")
+ 2" @Iy —T7 @ QI )Pg, (T @ Ty —TQ ' @ Ty)
= mmmm QL)+ mm(QrT @ T§ —T7 @ QL) (Tnn'Q @ ThQ, ')

)

(
+ QT eIl —TTeQIH( Moy, —TQ ' @I
= mmmm QL)+ mm(@mm'e2 Q" -1, )
(

+ QT T -TT QIH(Tre T, —TQ ' @)

mm( @' Qe Q) + Qe Q) -1, 01, , - L oL, ,+Q2 '

(M Qe Q)+ Q22 Q' - 21,91, ,) + Q7' ® Q.
Finally, we have the asymptotic covariance matrix of 3 as

Vs = T{H[JH) "}uI"+(n" oL)HLJIWHp) '(n®L,),
= (mm) 'TQ T 4+ (8728 IrQ ' 17 + g7 2 3

+ (0" @ L)(HLIuH) (n 1),

where HL, I, Hip = mm(QnnTQ 2 Q) + Q@ Q' —2(L, 0 1, ) + @71 @ Q.

Finally, we identify the first part is indeed avar(y/n8r) = (m17m2) ' TQ-'TT+(8TS8)TQ'T7T+
BT ® B. Since avar(y/nBr) = avar(y/n['7Ar) = Davar(y/nir)I7, we need to find the asymp-
totic distribution of 7jr, which is the LDA direction of the reduced variables I'’ X. Notice that,
given T, we can let Z = T7X € R* and have the LDA model of Z | (Y = k) ~ N(v, Q),
where the discriminant directions are exactly 1, = Q7 '(v,, — vy). Hence, the asymptotic prop-
erty of 7jr can be easily obtained by replacing ¥ — Q, 3 — n in the asymptotic distribu-
tion of 3. Specifically, avar(v/nnp) = (mm) Q' + (n"Qn)Q~! + n” ® n. Therefore,
avar(y/nBr) = Tavar(y/nip)TT = (mm) 'TQI7 + (n"Qn)TQ'I7 + n'TT @ T'n. The
conclusion follows by noticing that 3 = I'p and 3723 = n' Qn.
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= S10 Proof for Propositions [6} [7| and

201 First, for LDA model, the /n-consistency of the envelope estimator from maximizing the likelihood-
202 based objective function L, ({u }5_ |, X) relies on Shapiro’s (1986; Proposition 4.1) results on the
203 asymptotics of over-parameterized structural models. The proof is parallel to the proof of Propo-
204 sition 4 in Cook and Zhang (2015) for simultaneous envelope and is thus ommitted. Similarly, for
205 QDA model, the likelihood-based objective function L, ({ g}, {24} ) satisfies conditions to
206 apply Shapiro’s results. Thus we have the similar results. Under normality, the estimators becomes
27 MLE, and thus avar(y/nh) = 2 = J; ' and avar(y/nh) = H(H?J,H)'H7 is always less than
2 or equals to avar(y/nh) because any subspace, including span(J ;/ H), is a reducing subspace of

20 JJPEIN =1,

» S11 Implementation Details

st Recall that the ENDS objective function is

K
F(T) = log [T7Sx'T| + Y % log [T7S,. (V)T (A24)

k=1
sz which is to be minimized subject to constraint I’ T' = I,,, and includes the ENDS-LDA and ENDS-
s QDA objective functions as its special cases. We hence discribe the implementation of algorithms
s04 for solving this optimization problem of F(I'). The derivative can be calculated straightforwardly

305 as,
%(FF) = 2SI T(TTSLT) ! +2 kZK; %Sk(A)F{FTSk(A)F}‘l. (A25)
as Then based on the explicit forms of the objective function and its derivatives, we can use any off-
307 the-shelf methods to find the optimizer . To preserve the geometric constraint, I''T = I,,, we
a8 choose to implement the estimation using the sg_min package in Matlab that is a generic comput-
a9 ing package for Stiefel and Grassmann manifolds optimization (see|[Edelman et al.| (1998)) for more
a0 backgrounds). Other more recent methods for optimization with orthogonality constraints (for ex-
a1 ample, Wen and Yin|(2013)) can also be straightforwardly incorporated into our implementation.

3t When w is bigger than one, the optimization can be expensive and requires good initial value to

a3 avoid local minima. Therefore, we adopt the sequential 1D algorithm (Cook and Zhang, [2016) to
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Algorithm 1 ENDS optimization based on the 1D algorithm from Cook and Zhang (2016)).

Let g, € R?, j = 1,...,u, be the sequential directions obtained. Let G; = (g,...,g;), let
(G, Go;) be an orthogonal basis for R” and set initial value gy = Gy = 0.

For j =0,...,u — 1, repeat Step 1 and 2 in the following.

1. Define A; = G{;SxGo;, Bjr = G{;Si(\)Goy;, and the objective function for w € RP~/*
“n
¢;(w) = log \WTA;1W| + Z gk log |[w' B, w|. (A26)
k=1

2. Solve w; 1 = arg min ¢;(w) subject to w’w = 1, then the (j 4 1)-th envelope direction is
gj+r1 = Gojwjy1.

The resulting ENDS basis estimator is T = G,.

speed up the computation. The 1D algorithm and its variations (Cook and Zhang, 2017) provides a
fast and reliable way to obtain envelope subspaces one direction at a time. It breaks down the full

optimization of F(I") into u sequential optimizations as summarized in Algorithm
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