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S1 Adjusting for Covariates

S1.1 Model

In the situation when vectors of clinical covariates such as sex, age are available, integrating the

information from both the tensor predictor and vector of covariates can help for a more accurate

classification results (see Pan et al. (2019)). In this section, we show that our proposal can be easily

extended in such scenario. To model the direct and indirect effect of covariates for classification,

we employ the CATCH model by Pan et al. (2019), more specifically:

U | (Y = k) ∼ N(φk,Φ) (S1)

X | (U = u, Y = k) ∼ TN(µk +α×̄(M+1)u,Σ1, . . . ,ΣM). (S2)

Here φk ∈ Rq,Φ ∈ Rq×q,α ∈ Rp1×···×pM×q and U ∈ Rq is a vector of covariates. From Proposi-

tion 1 of Pan et al. (2019), the Bayes’ rule of CATCH model is φ(U,X) = arg maxk=1,··· ,K P (Y =

k | X,U) = arg maxk=1,··· ,K{ck + γTk U + 〈Bk,X−α×̄M+1U〉}, with γk = Φ−1(φk −φ1) and

ck = log(πk/π1) − 1
2
γTk (φk + φ1) − 〈Bk,

µk+µ1

2
〉. Denote Xadj = X − α×̄M+1U as the tensor

predictor after adjusting for the indirect effect of U, then we have φ(X,U) = φ(〈B,Xadj〉,U).

Thus similarly we aim for improved predictions through a more efficient estimate of discriminant

coefficients B regarding Xadj

In addition, the results in Proposition 2 are easily extended to CATCH. Recall that Pr(Y = k |

X,U) = Pr(Y = k | Xadj,U), by assuming there exists a reducing subspace S = SM ⊗ · · · ⊗ S1,

then the “generalized sparsity principle” under CATCH follows that,

Pr(Y = k | Xadj,U) = Pr(Y = k | P(Xadj),U), Q(Xadj) |= P(Xadj) | (Y = k,U = u) (S3)
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The first condition in (S3) suggests that the Bayes’ rule under CATCH model does not depend

on Q(Xadj). The second condition suggest that there is no information leak between P(Xadj) and

Q(Xadj). Thus the statements in Proposition 2 satisfies under CATCH model by replacing X with

Xadj.

S1.2 Estimation

In the case when covariates U are available, as discussed above, we can directly apply the esti-

mation procedure described in Section 3.3 on the covariate-adjusted tensor Xadj for an estimate of

B. Since Xadj = X − α×̄M+1U, then we only need an estimate of α. Moreover, to estimate the

coefficients γk for the covariates U, we directly apply the MLE γ̂k from Pan et al. (2019). The

following Lemma from Pan et al. (2019) provides the MLE results of α̂ and γ̂k,

Lemma S1. Under the CATCH model (S1),(S2), the MLEs for α and γ are

α̂ = X̃×(M+1) {(ŨŨT )−1Ũ}, γ̂k = Φ̂−1(φ̂k − φ̂1)), k = 1, . . . , K (S4)

where X̃i = Xi − Xk and Ũi = Ui − Uk. X̃ ∈ Rp1×...pM×n and Ũ ∈ Rq×n is the tensor and

matrix that consists of X̃i and Ũi. φ̂k = Uk and Φ̂ = 1
n

∑K
k=1

∑
Y i=k(U

i − φ̂k)(Ui − φ̂k)T .

With estimator X̂adj, γ̂k and B̂k, the classification follows by a vector LDA on new predictors

γ̂Tk U and 〈B̂k, X̂adj〉, k = 2, . . . , K.

S1.3 Simulation Examples

In this section, we present simulation results for model with covariates. Some competitors men-

tioned in Section 5 are included. We consider the CATCH model with envelope structure here. The

model is generated as follows:

• (E1) The predictor tensor X ∈ R20×30×40 with U ∈ R2 and envelope dimension u = (2, 3, 4)

with multiclass K = 3 as in model (M12). The covariance matrices Σm,m = 1, 2, 3 are

generated according to (M12) and φ2 = 0.3,φ3 = 0.6. Let n1 = 0.2n, n2 = 0.3n, n3 =

0.5n, n = 300 with testing sample size is 3000. The parametersα = Jα∗; Σ1/2
1 , . . . ,Σ

1/2
M , IK,

where α∗ijst = 0.5 for i, j, s = 1, . . . , 10 and t = 1 with other elements equals to 0 and

Φ = I.
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• (E2) The same as Model (E1) except α∗ijst = 0.25.

Model Bayes MLE vec DLDA Envelope
E1 10.54(0.05) 48.71(0.06) X 29.95(0.24) 23.63(0.24)

(X,U) 29.95(0.24) 15.37(0.25)
E2 10.54(0.05) 49.38(0.03) X 21.95(0.15) 17.85(0.27)

(X,U) 21.95(0.15) 15.37(0.25)
Model CATCH `1-GLM `1-FDA

E1 X 36.70(0.54) 22.64(0.13) 29.95(0.24)
(X,U) 24.54(0.26) 22.32(0.12) 29.95(0.24)

E2 X 28.83(0.40) 22.32(0.13) 21.95(0.15)
(X,U) 24.55(0.26) 22.49(0.13) 21.95(0.15)

Table S1: Average results over 100 data simulations. The reported X represents only use tensor
predictor and (X,U) represents use both tensor predictor and covariates vector predictor. Tucker-
Reg failed model (E1) since it does not directly apply to multiclass classification.

From Table S1, we see that if the model follows the envelope structure assumption, our method

gives the best classification results compared with other methods and also improved the classifica-

tion by adjusting the effects of covariates. We also apply our method on the ADHD dataset where

covariates are available.

S1.4 ADHD Data

The attention deficit hyperactivity disorder (ADHD) dataset, is a three-way tensor valued data. It

is public available on NITRC (http://fcon_1000.projects.nitrc.org/indi/adhd200, see Bellec et al.

(2017)). We use the 30× 36× 30 tensor data with 930 samples with categories: Typically Devel-

oping Children (TDC), ADHD Combined, ADHD Hyperactive and ADHD Inattentive. Followed

by Pan et al. (2019), the dataset is stratified on male and female separately and a pooled classifica-

tion error rates is reported. Also, we consider the three-class problem which combine the ADHD

Hyperactive category with ADHD combined class and a binary classification problem by group-

ing the ADHD grouped with ADHD hyperactive together. We followed the same preprocessing

procedure in Pan et al. (2019), where the zero tensor element is replaced by half of the minimum

of the nonzero elements. Then a logarithm transformation is conducted on predictors to make the

variables on the same scale and more normally distributed. For the binary classification, a 10-fold

cross validation choose u = (3, 3, 3) while on the multi-class case, u = (4, 3, 2) is chosen. The
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testing error over 100 random training/testing splits (762 training, 168 testing) are reported. Since

that ADHD data consists of other covariates(age, gender and handedness) other than the tensor

predictors. To adjust these covariates, we use function adjten from R package catch (see Pan

et al. (2019)) to remove the effects of covariate on the predictor tensor). We report the classification

results of different methods as follows. The `1-FDA was not included since it is too sensitive to

tuning parameters on this dataset.

ADHD DATE `1-GLM CATCH
Binary (%) 23.77(0.18) 23.64(0.16) 23.69(0.20)

Multi-calss (%) 37.74(0.22) 35.42(0.22) 36.25(0.24)

Table S2: ADHD data. Reported are the mean and standard errors (in parentheses) of the classifi-
cation error.

S2 Additional Implementation Details and Numerical Results

S2.1 One-step alpgorithm

Recall that the objective function (3.8) depends on all the other {Γj}j 6=m intrinsically through Σ̂−m

and sik. Therefore, the fully iterative algorithm can be slow. To speed up the computation and

reduce the iterations, we consider a fast one-step algorithm. In the one-step algorithm, we run the

iteration of the MLE equations only once. In addition, the optimization for `m(Γm) can be further

simplified and sped up by the 1D envelope algorithm Cook and Zhang (2016) that approximately

optimizes `m(Γm) but with the same theoretical properties as fully optimization.

The one-step estimator is aiming at an approximate solution for the following objective func-

tion

f(Γm) = log |ΓT
mM̂mΓm|+ log |ΓT

m(N̂m)−1Γm|, (S5)

which allows for estimation of {Γm}Mm=1 separately. The constrained minimization of f(Γm) can

be done through gradient descent on a Grassmann manifold. However direct optimization is com-

putationally expensive and requires good initial values. Therefore for a faster and more stable

optimization, we adopt the 1D algorithm by Cook and Zhang (2016) with the manifold optimiza-

tion method proposed by Wen and Yin (2013) to solve for Γm. Together, this algorithm result in a

one-step estimation procedure for B and is summarized in the Algorithm S1.
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Although we derive the one-step estimator from computational consideration, we also pro-

vide theoretical justifications of it. We make the statement that under mild moment conditions,

the estimation PΓ̂os
m

obtained by one-step algorithm is
√
n-consistent estimator of projection onto

the envelope subspace EΣm(B(m)). Then the consistency of one-step envelope based estimation

follows, where we relaxed the normality assumption in the TDA model (3.1).

Theorem S1. Assuming vec(Xi | Y i = k) are i.i.d with finite fourth moments and the covariance

estimator Σ̂m is
√
n-consistent, m = 1, . . . ,M , then PΓ̂os

m
is
√
n-consistent estimator for the

projection onto the envelope EΣm(B(m)). Moreover, the one-step estimator B̂os is also a
√
n-

consistent estimator for B.

This theorem shows that the one-step envelope estimator is indeed flexible and widely applica-

ble from both numerical and theoretical aspects.

Algorithm S1 One-Step algorithm for estimation B

Calculate the MLE for Σ̂m as in equation (3.7).
For m = 1, . . . ,M , minimizing f(Γm).

• Set g0
m = G0

m = 0 and Gl
m = (g1

m, . . . ,g
l
m) if l ≥ 1 with (Gl

m,G
l
0m) as an orthogonal

matrix. For l = 0, . . . , um − 1,

– Solve the following objective function with constraint wTw = 1.

wl+1 = arg min
w

log[wT{(Gl
0m)T Σ̂mGl

0m}w] + log[wT{(Gl
0m)T N̂mGl

0m}−1w]

– Set gl+1
m = Gl

0mwl+1.

• Set Γ̂os
m = Gum

m , and the standard MLE B̂MLE
k = JXk−X1; Σ̂1, . . . , Σ̂MK for k = 2, . . . , K.

Set the one-step estimator B̂os
k = JB̂MLE

k ,PΓ̂os
1
, . . . ,PΓ̂os

m
K.

S2.2 Dimension Selection

As discussed in the main paper, we apply the cross-validation with grid search to choose um that

minimizes the classification error. We also remark that Bayesian Information Criterion (BIC) is

frequently considered for envelope dimension selection. However, the consistency relies on a

large sample size Shao (1997); Yang (2005), which requires a large amount of samples in high-

dimensional settings. Aiming at the best prediction, we use the cross-validation approach for
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envelope dimension selection. When estimation is the main focus, one may also directly apply

the 1D-BIC approach Zhang and Mai (2018) that has good theoretical properties and also com-

putational feasible (much faster and more stable than standard BIC). For all simulation models

under the DATE model assumptions, we summarize the envelope dimension selection accuracy of

DATE-L in Table S3. The envelope dimension selection is based on the five-fold cross-validation.

When the sample size is sufficiently large, the dimension is accurately selected. However, cross-

validation tends to under-estimate the true envelope dimension when sample sizes are small. This

is not surprising since the focus is on classification error, which is a predictive criterion than a

parameter estimation criterion. Arguably, in discriminant analysis, the correct specification of en-

velope dimension is not as crucial as in regression analysis and inference, because the focus here

is on classification accuracy while the dimensions can be treated as tuning parameters.

M1 M2
{nk} (C1) (C2) (C3) {nk} (C1) (C2) (C3)

{100, 100} 71 71 58 {150, 150} 76 54 76
{250, 250} 92 90 69 {300, 300} 94 93 91

M3 M4
{nk} (C1) (C2) (C3) {nk} (C1) (C2) (C3)

{75, 75, 75, 75} 47 57 47 {60, 90, 150} 58 43 46
{150, 150, 150, 150} 73 70 50 {180, 270, 450} 100 100 99

Table S3: Summary of the dimension selection accuracy. For each model setup, we repeated 100
simulations and report the number of cases (out of 100) where the envelope dimension {um} are
all correctly selected.

S2.3 Visualization of parameter in M2

In simulation model M2 in the main paper, the parameter B in the Bayes has a cross shape. We

show the visualization of the estimation of it by several methods. From Figure S1, it is easily

seen DATE-L can recover the classification direction quite well in all cases. However, the Tucker

method fails in all three cases because of the violation of model assumptions and failure on re-

covery of the covariance structure. RMR fails for (C2) and works for (C1) and (C3), of which the

performance is worse than DATE-L. The less satisfying performance of RMR is caused by failing

to use the information in the covariance.
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Figure S1: Visualization of the key parameter estimation for B under Model M2. The true coeffi-
cient is displayed on the left, which is a 64× 64 matrix. The estimators are displayed on the right:
from top to bottom are the three models, (C1)–(C3).

S2.4 Diagnosis procedure of DATE assumptions for Gene Time data

In our real data analysis, to see how realistic the DATE model assumptions are, we display the

envelopes scores (a new concept developed in DATE-D) in Figure S2. We can see that for the first

mode, the envelope scores are almost 0 except the first 10 directions (The envelope scores become

small after the first 5 directions but are not very close to 0 until the 10th direction) and for the

second mode, the envelope scores are almost 0 after the first direction. This result agrees with

the envelope dimension selection based on the cross-validation for DATE-D, in which we select

u1 = 7, and u2 = 1. The good classification result indicates that the subspace spanned by the

eigenvectors identified by DATE-D can capture the characteristics of the data set successfully. Fig-

ure S2 and the classification result agree with Lemma 1: the subspace spanned by the eigenvectors

with non-zero envelope scores is the envelope subspace, which contains most of the information

for the discriminant analysis on this data set.

S3 Proofs for Lemmas and Propositions

S3.1 Proof for Lemma 1
Recall that B(m) = Σ−1m {(µ2 − µ1)(m), · · · , (µK − µ1)(m)}

⊗
m′ 6=m Σ−1m′ , where {(µ2 −
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Figure S2: Envelope scores for GT datasets. The first picture shows envelope scores for the first
mode that represents the genes and the second picture shows the envelope scores for the second
mode that represents the time points.

µ1)(m), · · · , (µK − µ1)(m)} is a matrix with dimension pm × (K − 1)p−m constructed by stack-
ing (µk − µ1)(m), k = 2, · · · , K, on to its column. By Proposition 2.4 in Cook et al. (2010),
we have EΣm(B(m)) = EΣm({(µ2 − µ1)(m), · · · , (µK − µ1)(m)}

⊗
m′ 6=m Σ−1m′ ). It follows that

EΣm(B(m)) = EΣm({(µ2 − µ1)(m), · · · , (µK − µ1)(m)}). Obviously, span(Um) ⊆ span({(µ2 −
µ1)(m), · · · , (µK − µ1)(m)}). For any ν ∈ span⊥(Um), we have νT (µk − µ)(m) = 0, for all
k = 1, · · · , K, which implies that νT (µk − µ1)(m) = 0 for all k. Thus, ν ∈ span⊥({(µ2 −
µ1)(m), · · · , (µK−µ1)(m)}). So, we have span({(µ2−µ1)(m), · · · , (µK−µ1)(m)}) ⊆ span(Um).
To sum up, we have span(Um) = span({(µ2−µ1)(m), · · · , (µK−µ1)(m)}). Thus, EΣm(B(m)) =
EΣm(Um).

By Proposition 2.3 of Cook et al. (2010), we know that EΣm(Um) is the summation of the
eigenspaces of Σm such that the projection of Um onto the subspace is nonzero. By the assumption
that the nonzero eigenvalues of PΓmΣmPΓm are distinct from those of QΓmΣmQΓm , we know that
a eigenspace of Σm belongs to span(Γm) or span⊥(Γm). Thus, if an eigenvector νj of Σm satisfies
νTj Umνj 6= 0, then νj ∈ span(Γm). It follows that span(Γm) =

∑
(v

(m)
i )TUmv

(m)
i 6=0

span(v
(m)
i ).

S3.2 Proof for Proposition 1
The proof can be found in Supplemental Material of Li and Zhang (2017). We omit the details
here.

S3.3 Proof for Proposition 2
We first prove span(BT

(M+1)) ⊆ S1 ⊗ · · · ⊗ SM . Recall for the Bayes’ rule since P (Y = k |
X) = P (Y = k | X ×1 P1 ×2 · · · ×M PM) then we have φ(X) = φ(P(X)) = φ((P1 ⊗
· · · ⊗ Pm)vec(X)). And φ(X) = φ(B(M+1)vec(X)). If βk = vec(Bk) /∈ S , then the value of
βTk vec(QSX) will potentially change φ(X) which is a contradiction of φ(X) = φ(B(M+1)vec(X)).
Thus span(BT

(M+1)) ⊆ S1 ⊗ · · · ⊗ SM . Then to prove Σm = PmΣmPm + QmΣmQm, we only
need to show PmΣmQm = 0. Since we have (X | Y = k) = µk + ε, with vec(ε) ∼ N(0,Σ =
Σm⊗. . .⊗Σ1), and (X×mQm | Y = k) |= (X×mPm | Y = k), therefore (ε×mQm) |= (ε×mPm)
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follows. Equivalently for the vectorized case vec(ε×m Qm) |= vec(ε×m Pm) and cov{vec(ε×m
Qm), vec(ε ×m Pm)} = 0. Thus, ΣM ⊗ · · · ⊗ Σm+1 ⊗QmΣmPm ⊗Σm−1 ⊗ · · · ⊗ Σ1 = 0 ⇔
PmΣmQm = 0.

The second statement is a direct conclusion from Proposition 1.
Finally, we need to prove that PSΣXQS = 0. By the definition (3.3), P(X) |= Q(X) | (Y =

k) for all k = 1, . . . , K implies that P(X) |= Q(X). Therefore cov(vec(P(X)), vec(Q(X))) =
PSΣXQS = 0. Since EΣX

(BT
(M+1)) is the smallest reducing subspace of ΣX that contains BT

(M+1),
therefore EΣX

(BT
(M+1)) ⊆ TΣ(B) follows.

S3.4 Proofs for Proposition 3
Based on our likelihood function

`(µ1, . . . ,µK ,Σ) = log |Σ|+ n−1
K∑
k=1

∑
Y i=k

{vec(X i − µk)T}Σ−1{vec(X i − µk)}

= log |Σ|+ n−1
K∑
k=1

∑
Y i=k

{vec(X i − (µk − µ)− µ)}T

Σ−1{vec(X i − (µk − µ)− µ)}.

• MLE for µ. We take derivative for vec(µ). Since vec(µk −µ) = (ΓM ⊗ · · · ⊗Γ1)vec(Θk),
we have

0 =
K∑
k=1

∑
Y i=k

{vec(Xi)− (ΓM ⊗ · · · ⊗ Γ1)vec(Θk)− vec(µ)}.

therefore given {Γ̂m}Mm=1, vec(µ) = vec(X) − (Γ̂M ⊗ · · · ⊗ Γ̂1)
∑K

k=1 nkvec(Θk), and
vec(µ) = vec(X) follows by the constraint

∑K
k=1 π̂kvec(Θk) = 0, thus µ̂ = X.

• MLE for Θk. Take Θ1 for example, we need to maxmizing

−
∑
Y i=1

{vec(Xi)−(ΓM⊗· · ·⊗Γ1)vec(Θ1)−vec(X)}TΣ−1{vec(Xi)−(ΓM⊗· · ·⊗Γ1)vec(Θ1)−vec(X)}

We decompose Σ−1 = ∆1 + ∆01, with

∆1 = (ΓMΩ−1M ΓT
M + Γ0MΩ−10MΓ0M)⊗ · · · ⊗ (Γ2Ω

−1
2 ΓT

2 + Γ−102 Ω02Γ
T
02)⊗ (Γ1Ω

−1
1 ΓT

1 )

∆01 = (ΓMΩ−1M ΓT
0M + Γ0MΩ−10MΓ0M)⊗ · · · ⊗ (Γ2Ω

−1
2 ΓT

2 + Γ02Ω02Γ
T
02)⊗ (Γ01Ω

−1
01 ΓT

01).

Then ∆01(ΓM⊗· · ·⊗Γ1) = 0 and ∆1 = ∆11+∆res, where ∆11 = (ΓM⊗· · ·⊗Γ1)(Ω
−1
M ⊗

· · ·⊗Ω−11 )(ΓT
M ⊗· · ·⊗ΓT

1 ) and ∆res(ΓM ⊗· · ·⊗Γ1) = 0 by simple calculation. Therefore,
we minimize over function g(vec(Θ1)) with

g(vec(Θ1)) =
∑
Y i=1

{vec(Xi)− (ΓM ⊗ · · · ⊗ Γ1)vec(Θ1)− vec(X)}T∆11

{vec(Xi)− (ΓM ⊗ · · · ⊗ Γ1)vec(Θ1)− vec(X)}
=

∑
Y i=1

{(ΓT
M ⊗ · · · ⊗ ΓT

1 )vec(Xi −X)− vec(Θ1)}T (Ω−1m ⊗ · · ·Ω−11 )

{(ΓT
M ⊗ · · · ⊗ ΓT

1 )vec(Xi −X)− vec(Θ1)}
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under the constraint
∑K

k=1 π̂kΘk = 0. By ignoring the constraint, the maximizer of g(vec(Θ1))

would be (Γ̂T
M ⊗ · · · ⊗ Γ̂T

1 )vec(X1 − X), here X1 =
∑

Y i=1 Xi/n1, thus Θ̂1 = JX1 −
X; Γ̂T

1 , . . . , Γ̂
T
mK. More generally, Θ̂k = JXk −X; Γ̂T

1 , . . . , Γ̂
T
mK for k = 1, . . . , K, and this

estimator automatically satisfy the constraint.

• MLE for Ω0m given Γ̂m for m = 1, . . . ,M . First, we decompose log |Σ| as

log |Σ| = log |Σm⊗· · ·⊗Σ1| =
∑
{

(
∏
l 6=j

pl) log |Σj|} =
∑
{

(
∏
l 6=j

pl)(log |Ωj|+log |Ω0j)|}.

(S6)
Take Ω01 as an example, we have

`(Ω01|{Γj}) = (
∏
l>1

pl) log |Ω01|+ n−1
K∑
k=1

∑
Y i=k

{vec(Xi −X− (µk − µ))}T∆01

{vec(Xi −X− (µk − µ))}

since µk − µ = JΘk; Γ1, . . . ,ΓK, then ∆01vec(µk − µ) = 0, and

vec(Xi −X)T∆01vec(Xi −X) = ‖vec(Xi −X)×1 Ω
−1/2
01 ΓT

01 ×2 Σ
−1/2
2 × · · · ×M Σ

−1/2
M ‖2

= ‖vec(Vi)‖2 = ‖(Vi(1))‖2.

here Vi(1) = Ω
−1/2
01 ΓT

01(Xi −X)(1)(Σ
−1/2
M ⊗ · · · ⊗Σ

−1/2
2 ). We have

`(Ω01|{Γj}) = (
∏
l>1

pl) log |Ω01|+ n−1tr(Ω−101

K∑
k=1

∑
Y i=k

{ΓT
01(X

i −X)(1)(Σ
−1
m ⊗ · · · ⊗Σ−12 )

(Xi −X)T(1)Γ01})

therefore we have

Ω01 = (n
∏
l>1

pl)
−1

K∑
k=1

∑
Y i=k

{Γ̂T
01(X

i −X)(1)(Σ̂
−1
M ⊗ · · · ⊗ Σ̂−12 )(Xi −X)T(1)Γ̂01} (S7)

In general,

Ω0m = (n
∏
l 6=m

pm)−1
n∑
i=1

{Γ̂T
0m(Xi−X)(m)(Σ̂

−1
M ⊗· · ·⊗Σ̂−1m+1⊗Σ̂−1m−1⊗· · ·⊗Σ̂−11 )(Xi−X)T(m)Γ̂0m}.

(S8)

• MLE for Ωm given Γm for m = 1, . . . ,M . Take Ω1 as an example, we have

`(Ω1|{Γj}) = (
∏
l>1

) log |Ω1|+ n−1
K∑
k=1

∑
Y i=k

{vec(Xi −X− (µk − µ))}T∆1

{vec(Xi −X− (µk − µ))}

S10



and

vec(Xi −X− (µk − µ)) = ‖vec(Xi −X− (µk − µ))×1 Ω
−1/2
1 ΓT

1 ×2 Σ
−1/2
2 × · · · ×M Σ

−1/2
M ‖2

= ‖vec(Ui)‖2 = ‖(Ui(1))‖2.

here Ui(1) = Ω
−1/2
1 ΓT

1 (Xi −X− (µk − µ))(1)(Σ
−1/2
M ⊗ · · · ⊗Σ

−1/2
2 ). We have

`(Ω1|{Γj}) = (
∏
l>1

pl) log |Ω1|+ n−1tr(Ω−11

K∑
k=1

∑
Y i=k

{ΓT
1 ei(1)(Σ

−1
m ⊗ · · · ⊗Σ−12 )ei(1)Γ1})

where ei = (Xi −X− (µk − µ))

ΓT
1 ei(1) = ΓT

1 (Xi −X− JXk −X; PΓ1 , · · · ,PΓM K)(1)
= {(Xi −X)×1 ΓT

1 − (Xk −X)×1 ΓT
1 · · · ×M PΓM}(1)

= {[(Xi −X)− (Xk −X)×1 Ip1 · · · ×M PΓM ]×1 ΓT
1 }(1)

= ΓT
1 si(1)

Therefore Ω̂1 = (n
∏

l>1 pl)
−1∑K

k=1

∑
Y i=k{Γ̂T

1 si(1)(Σ̂
−1
m ⊗ · · · ⊗ Σ̂−12 )(si(1))

T Γ̂1}. More
generally, we have

Ω̂m = (n
∏
m6=j

pm)−1
K∑
k=1

∑
Y i=K

{Γ̂T
msik(m)(Σ̂

−1
m ⊗· · ·⊗Σ̂−1m+1⊗Σ̂−1m−1⊗· · ·⊗Σ̂−11 )(sik(m))

T Γ̂m}

• MLE for Γm for m = 1, . . . ,M . The partially maximized log-likelihood satisfies

`(Γm) = log |ΓT
mM̂mΓm|+ log |ΓT

m(N̂m)−1Γm| (S9)

whereMm andNm are defined as

M̂m = (n
∏
l 6=m

pl)
−1

K∑
k=1

∑
Y i=k

{si(m)(Σ̂
−1
m ⊗ · · · ⊗ Σ̂−1m+1 ⊗ Σ̂−1m−1 ⊗ · · · ⊗ Σ̂−11 )(si(m))

T},

N̂m = (n
∏
l 6=m

pl)
−1

K∑
k=1

∑
Y i=k

{(Xi −X)(m)(Σ̂
−1
M ⊗ · · · ⊗ Σ̂−1m+1 ⊗ Σ̂m−1 ⊗ · · · ⊗ Σ̂1)(X

i −X)T(m)}

=
1

n
∏

l 6=j pl

n∑
n=1

(Xi −X)(m){Σ̂−1m ⊗ · · · Σ̂−1(m+1) ⊗ Σ̂−1(m−1) ⊗ · · · ⊗ Σ̂−11 }(Xi −X)T(m).

The by plugging in all the envelope estimator, we have

µk − µ = JXk −X; P̂1, . . . , P̂MK
B̂k = Jµ̂k − µ̂1; Σ̂

−1
1 , . . . , Σ̂−1m K

= JJ(Xk −X1); P̂1, . . . , P̂MK; Γ̂1Ω̂
−1
1 Γ̂T

1 + Γ̂01Ω̂
−1
01 Γ̂T

01, · · · , Γ̂mΩ̂−1m Γ̂T
m + Γ̂0mΩ̂−10mΓ̂T

0mK
= JXk −X1; Γ̂1Ω̂

−1
1 Γ̂T

1 , . . . , Γ̂MΩ̂−1M Γ̂T
MK.

S11



S4 Proofs for Theorems

S4.1 Proof for Theorem S1
Firstly, we need the

√
n-consistency of the estimator Σ̂m used in the one-step algorithm. Assume

(Xi, Y i), i = 1, . . . , n are independent and identically distributed according to TDA model in sec-
tion 3.1, we prove that the estimator Σ̂m in (3.7) is

√
n-consistent estimate for Σm,m = 1, . . . ,M .

First we note that given Y = k, the mode-mmatricization X̃i
(m) ≡ (Xi−µk)(m) ∈ Rpm×(

∏
l 6=m pl), i =

1, . . . , n are i.i.d. from a matrix normal distribution with mean 0 and covariances Σm (row covari-
ance matrix) and ∆m ≡ ΣM ⊗ · · · ⊗Σm+1 ⊗Σm−1 ⊗ · · · ⊗Σ1 (the column covariance matrix).
Then follows Gupta and Nagar (2018), we have the following second-order moments:

E(X̃i
(m){X̃i

(m)}T |Y = k) = Σmtr(∆m)

where tr(·) is the trace operator of matrices. Next, we note that the following starting value is a√
n-consistent for Σm up to a scaler difference due to tr(∆m),

Σ̂m =
1

n
∏

l 6=m pl

K∑
k=1

∑
Y i=k

(Xi −Xk)(m)(X
i −Xk)

T
(m).

The scalar difference can be resolved after normalizing Σ̂ = τΣ̂m ⊗ · · · ⊗ Σ̂1 according to the
scaler

τ =
1

n
∏

l 6=m pl

K∑
k=1

∑
Y i=k

vec(X̃i)Σ̂−1vec(X̃i)T

at the end of iteration. Therefore, Σ̂m in (3.7) is a
√
n-consistent estimator for Σm.

From Cook and Zhang (2016) (Proposition 6) we know that if M̂ and Û are
√
n-consistent

estimators for M > 0 and U ≥ 0, the the 1D algorithm minimizer Ĝ = arg min
GTG=Iu

log |GTM̂G| +

log |GT (M̂+Û)−1G| produce
√
n-consistent estimator for the projection onto the envelope EM(U).

If we look at the objective function (3.8), Σ̂m is a
√
n-consistent estimator for Σm and N̂m =

(n
∏

j 6=m pj)
−1∑n

i=1(X
i −X)(m)Σ̂

−1
−m(Xi −X)T(m) is analogous to (M̂ + Û). Then we have

N̂m − Σ̂m = (
∏
j 6=m

pj)
−1

K∑
k=1

π̂k(Xk −X)(m)Σ̂
−1
−m(Xk −X)T(m) (S10)

which is analogous to Û. If we define µ̃ = {µ1 − µ, . . . ,µK − µ} ∈ Rp1×···×pM×K and D =

diag(π1, . . . , πK), Cm = Jµ̃; Σ
−1/2
1 , . . . ,Σ

−1/2
m−1 , Ipm ,Σ

−1/2
m+1 , . . . ,Σ

−1/2
M ,D1/2K, then N̂m − Σ̂m =

(
∏

j 6=m pj)
−1{Ĉm}(m){Ĉm}T(m), where

Ĉm = JX̃; Σ̂
−1/2
1 , . . . , Σ̂

−1/2
m−1 , Ipm , Σ̂

−1/2
m+1 , . . . , Σ̂

−1/2
M , D̂1/2K.

with X̃ = {X1 − X, . . . ,XK − X} ∈ Rp1×···×pM×(K−1). We claim that N̂m − Σ̂m is a
√
n-

consistent estimators for {Cm}(m){Cm}T(m) up to an scaling constant (
∏

j 6=m pj)
−1. Moreover,

S12



denote µ̃∗ = {µ2 − µ1, . . . ,µK − µ1} ∈ Rp1×···×pM×(K−1) and D∗ = diag(π2/π1, . . . , πK/π1),
we have span({Cm}(m){Cm}T(m)) = span({Bm}(m){Bm}T(m)), where

{Bm} = Jµ̃∗; Σ−1/21 , . . . ,Σ
−1/2
m−1 , Ipm ,Σ

−1/2
m+1 , . . . ,Σ

−1/2
M , {D∗}1/2K.

Therefore, by Proposition 6 in Cook and Zhang (2016), PΓ̂os
m

is a
√
n-consistent estimator

for the projection onto the envelope EΣ̂m
({Cm}(m){Cm}T(m)) = EΣm({Bm}(m){Bm}T(m)). By the

definition of {Bm
k }(m) and the property of Tucker operator, we have

{Bm}(m) = {B}(m)(Σ
−1/2
1 ⊗ · · · ⊗Σ

1/2
m−1 ⊗Σ

1/2
m+1 ⊗ · · · ⊗Σ

1/2
M ⊗ IK−1) (S11)

which implies span({Bm}(m)) = span(B(m)) and hence EΣm(span({Bm}(m))) = EΣm(span(B(m)).
Since B̂os = JB̂MLE,PΓ̂os

1
, . . . ,PΓ̂os

m
K, therefore B̂os is also a

√
n-consistent estimator for B.

S4.2 Proofs for Theorem 1
Since we have

h =

(
{βk}Kk=2

vech(Σ)

)
, φ =

(
{βk}Kk=2

{vech(Σm)}Mm=1

)
, ξ =


vec(Γm)Mm=1

vec(ηk)
K
k=2

vech(Ωm)Mm=1

vech(Ω0m)Mm=1

 . (S12)

hMLE = h(φ̂) contains the MLE estimator of µk and the Kronecker covariance estimator from
Manceur and Dutilleul (2013). Thus ĥMLE = h(φ̂) and ĥenv = h(ξ̂) is the MLE under the en-
velope assumption. Since h = h(φ) = h(ε) is overparameterized, by the conclusion of Shapiro
(1986),

√
n(ĥMLE−hTrue) → N(0,U) with U = H(HTJhH)†HT and

√
n(ĥenv−hTrue)→ N(0,V)

with V = K(KTJhK)†KT . Matrix Jh is the inverse of covariance matrix of the standard MLE
of TDA model we denote as ĥ∗ = ((β̂∗2)T , . . . , (β̂∗K)T , vech(S)T ), where S is MLE under vector-
ized tensor LDA model and β̂∗2 = S−1vec(Xk −X1). The asymptotic covariance matrix of ψ̃1 =
(vec(X1)

T , . . . , vec(XK)T , vech(S)T )T is J−11 , with J1 = diag{π1Σ−1, . . . , πKΣ−1, 1
2
ET
p (Σ−1 ⊗

Σ−1)Ep}, here p =
∏M

m=1 pm and Ep ∈ Rp2×p(p+1)/2 is the expansion matrix such that vec(Σ) =

Epvech(Σ). Then the asymptotic covariance J−12 of ψ̃2 = (vec(X2 − X1)
T , . . . , vec(XK −

X1)
T , vech(S)T )T is J−12 = L1J

−1
1 LT

1 , where the L1 = diag{(−1K−1, IK−1)× Ip, Ip(p+1)/2} is the
linear map between the estimators ψ̃2 = L1×ψ̃1. Thus J−12 = diag

[
A⊗Σ, {1

2
ET
p (Σ−1 ⊗Σ−1)Ep}−1

]
,

where A ∈ R(K−1)×(K−1) is a symmetric matrix has diagonal elements (π−1k + π−11 ) and off-
diagonal π−11 , and A−1 has diagonal elements πi(1 − πi) and −πiπj for off-diagonal elements.
Then the asymptotic covariance ĥ∗ can be calculated from one to one mapping from ψ2 to h.
Since vec(µk − µ1) = Σβk, then

∂vec(µk − µ1)

∂βk
= Σ,

∂vec(µk − µ1)

∂(vech(Σ))
= (βTk ⊗ Ip)Ep (S13)

Thus Jh = GJ2G, where G = ∂ψ2

∂h
=

(
I(K−1)p ⊗Σ (βT ⊗ Ip)Ep

0 Ip(p+1)/2

)
, whereβ = (β2, . . . ,βK) ∈

Rp×(K−1). A straight forward calculation shows that

Jh =

(
A−1 ⊗Σ (A−1βT ⊗ Ip)Ep

ET
p (βA−1 ⊗ Ip) ET

p (βA−1βT ⊗Σ−1)Ep + 1
2
ET
p (Σ−1 ⊗Σ−1)Ep

)
(S14)
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Therefore the asymptotic covariance ĥ∗ is J−1h = W.

Moreover H = ∂h(φ)
∂φ

=

(
I(K−1)p 0

0 ( ∂vech(Σ)
∂vech(Σ1)

, · · · , ∂vech(Σ)
∂vech(Σm)

)

)
. And K = ∂h(ε)

∂ε
, for the

element of K, we have

∂βk
∂vec(ηk)

= (ΓM ⊗ · · · ⊗ Γ1) (S15)

∂βk
∂vec(Γm)

=
∂(ΓM ⊗ · · · ⊗ Γ1)vec(ηk)

∂vec(Γm)
(S16)

∂βk
∂Ωm

=
∂βk
∂Ω0m

= 0, (S17)

∂vech(Σ)

∂vech(Σm)
= Cp

∂vec(Σ)

∂vec(Σm)
Epm , (S18)

where Cp ∈ Rp(p+1)/2×p2 is the contraction matrix such that vech(Σ) = Cpvec(Σ). Notice in
(S18). For m = 1 and m = M , we can use the formulas from Fackler (2005) for the derivatives.
For 1 ≤ m ≤M − 1, there is only elementwise derivatives.

We have H(HTJhH)†HT = J
−1/2
h H(HTJ

1/2
h J

1/2
h H)†HTJ

1/2
h J

−1/2
h = J

−1/2
h P

J
1/2
h H

J
−1/2
h and

similarly K(KTJhK)†KT = J
−1/2
h P

J
1/2
h k

J
−1/2
h , and K = ∂h(ε)/∂ε = ∂h(φ)/∂φ× ∂φ(ε)∂ε =

H×∂φ(ε)∂ε. Thus span(J
1/2
h K) ⊆ span(J

1/2
h H), with P

J
1/2
h K

= P
J
1/2
h H

P
J
1/2
h K

= P
J
1/2
h K

P
J
1/2
h H

.

U−V = H(HTJhH)†HT −K(KTJhK)†KT

= J
−1/2
h (P

J
1/2
h H
−P

J
1/2
h K

)J
−1/2
h

= J
−1/2
h P

J
1/2
h H

Q
J
1/2
h K

J
−1/2
h ≥ 0

W −U = J
−1/2
h J

−1/2
h −H(HTJhH)†HT

= J
−1/2
h (Q

J
1/2
h h

)J
−1/2
h ≥ 0

Therefore, since vec(β) is the upper left block of h, the result of Theorem 1 follows.

S4.3 Proofs for Theorem 2
Given fixed Γ, we have βk = (ΓMΩ−1M ΓT

M ⊗ · · · ⊗ Γ1Ω
−1
1 ΓT

1 )vec(Xk −X1). Since (vec(X2 −
X1)

T , . . . , vec(XK − X1)
T )T ∼ N(0,A ⊗ Σ), therefore vec(β̂Γ) has covariance matrix A ⊗

[(ΓMΩ−1M ΓM)⊗ · · · ⊗ (Γ1Ω
−1
1 Γ1)]. The conclusion follows.

S4.4 Proofs for Theorem 3
Recall that `(µ2, . . . ,µk) = log |Σ|+ tr(Σ−1

∑K
k=1

∑
Y i=k vec(Xi−µk)vec(Xi−µk)T

n
). We define a mini-

mum discrepancy function,

F (h, ĥ∗) = log |Σ|+ tr(Σ−1S)− log |S| − tr(S−1S), (S19)
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where S is the MLE under vectorized tensor LDA model without separable covariance structure
assumption for Σ. Also h = h(φ) = h(ξ), and ĥ∗ the MLE under the vectorized tensor LDA
model without separable covariance structure assumption on Σ. Since ĥ∗ is a smooth function of
sample estimators, and the sample estimators are asymptotically normal by Central Limit Theorem.
Therefore by delta method, we have avar(

√
nĥ∗) = Ξ. Since (i) F (h, ĥ∗) ≥ 0 for all h and ĥ∗;

(ii) F (h, ĥ∗) = 0 if and only if h = ĥ∗; (iii) F (h, ĥ∗) is twice continuously differentiable in
h and ĥ∗. Then by Proposition 4.1 of Shapiro (1986), we have consistency results of ĥMLE and
ĥenv. Moreover, we have W = avar(

√
nĥMLE) = H(HTJhH)†HTJhΞJhH(HTJhH)†HT and

U = avar(
√
nĥenv) = K(KTJhK)†KTJhΞJhK(KTJhK)†KT .

We have

Ξ−W = Ξ−H(HTJhH)†HTJhΞJhH(HTJhH)†HT

= J
−1/2
h

[
J
1/2
h ΞJ

1/2
h −P

J
1/2
h H

J
1/2
h ΞJ

1/2
h P

J
1/2
h H

]
J
−1/2
h

W −U = J
−1/2
h P

J
1/2
h H

J
1/2
h ΞJ

1/2
h P

J
1/2
h H

J
−1/2
h − J

−1/2
h P

J
1/2
h K

J
1/2
h ΞJ

1/2
h P

J
1/2
h K

J
−1/2
h

= J
−1/2
h (P

J
1/2
h H

J
1/2
h ΞJ

1/2
h P

J
1/2
h H
−P

J
1/2
h K

J
1/2
h ΞJ

1/2
h P

J
1/2
h K

)J
−1/2
h

= J
−1/2
h P

J
1/2
h H

(J
1/2
h ΞJ

1/2
h −P

J
1/2
h K

J
1/2
h ΞJ

1/2
h P

J
1/2
h K

)P
J
1/2
h H

J
−1/2
h .

The conclusion follows.

S5 Proof for Theorem 4

S5.1 Auxiliary Lemmas
Some auxiliary lemmas are presented in this section as the preparation for proving Theorem 4. We
first review the technical assumptions presented in Section 4.2 of the main paper.

• (A1) The eigenvalues of Σm, m = 1, · · · ,M , are all bounded between positive constants c1
and c2.

• (A2) The smallest non-zero eigenvalue of Um is bounded below by c3.

• (A3) ‖µk − µ‖F ≤ c4.

• (A4) The differences of any eigenvalue of PΓmΣmPΓm against all those of QΓmΣmQΓm are
greater than c5.

• (A5) c6/K ≤ nk/n ≤ c7/K, for k = 1, · · · , K.

Lemma S2 (Vershynin (2018), Section 2.8, Bernstein inequality). LetX1, · · · , Xn be independent,
mean zero, sub-exponential random variables, and a = (a1, · · · , an) ∈ Rn. Then, for every t ≥ 0,
we have

P
(
|

n∑
i=1

aiXi| ≥ t
)
≤ 2 exp{−cmin

( t2

K2‖a‖22
,

t

K‖a‖∞
)
},

where K = maxi ‖Xi‖ψ1 .
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Lemma S3 (Vershynin (2018), Lemma 5.2). The ε-covering number N (Sn−1, ε) of the unit Eu-
clidean sphere Sn−1 equipped with the Euclidean metric satisfies for every ε > 0 that

N (Sn−1, ε) ≤ (1 + 2/ε)n.

Lemma S4 (Vershynin (2018), Lemma 5.4). Let A be a symmetric n×n matrix, and letNε be an
ε-net of Sn−1. When ε < 1/2,

‖A‖2 = sup
x∈Sn−1

|〈Ax,x〉| ≤ (1− 2ε)−1 sup
x∈Nε
|〈Ax,x〉|.

Lemma S5 (Yu et al. (2015), Theorem 2). Let Σ, Σ̂ be symmetric, with eigenvalues λ1 ≥ · · · ≥ λp
and λ̂1 ≥ · · · ≥ λ̂p, respectively. Fix 1 ≤ r ≤ s ≤ p and assume that min(λr−1−λr, λs−λs+1) >
0, where λ0 = ∞ and λp+1 = −∞. Let d = s − r + 1, and let V = (vr, · · · ,vs) ∈ Rp×d and
V̂ = (v̂r, · · · , v̂s) ∈ Rp×d have orthogonal columns satisfying Σvj = λjvj and Σ̂v̂j = λ̂jv̂j for
j = r, · · · , s. Then

‖ sin Θ(V̂,V)‖F ≤
2d‖Σ̂−Σ‖2

min(λr−1 − λr, λs − λs+1)
,

where Θ(V̂,V) is a d × d diagonal matrix whose j-th diagonal entry is the j-th principal angle
and sin Θ(V̂,V) is defined entrywise.

Lemma S6. Let Z ∈ Rp1×···×pM follow TN(0, Ip1 , · · · , IpM ) and A ∈ Rp−m×p−m be a positive
and symmetric definite matrix whose eigenvalues are bounded above by a constant c. Then for any
fixed vector x ∈ Spm−1 = {x : x ∈ Rpm , ‖x‖ = 1}and any ε ≥ 0, we have

P(| 1

p−m
xTZ(m)AZT

(m)x−
1

p−m
tr(A)| ≤ ε) ≥ 2 exp{−Cp−m min (

ε2

16c2
,
ε

4c
)}.

Proof. Let P∆PT be the eigenvalue decomposition of A, where ∆ is a p−m×p−m diagonal matrix
whose i-th diagonal elements is δi. Let W(m) = Z(m)P. We know that vec(W(m)) ∼ N(0, Ip).
Then we have

1

p−m
xTZ(m)AZT

(m)x =
1

p−m
xTW(m)∆WT

(m)x

=
1

p−m
xT

p−m∑
l=1

δlW(m),lW
T
(m),lx

=
1

p−m

p−m∑
l=1

δlx
TW(m),lW

T
(m),lx,

where W(m),l is the l-th column of W(m). Note that xTW(m),l ∼ N(0, 1) and xTW(m),l are
independent for l = 1, · · · , p−m. Taking expectation on both sides of last equation, we have

E(
1

p−m
xTZ(m)AZT

(m)x) = E(
1

p−m

p−m∑
l=1

δlx
TW(m),lW

T
(m),lx) =

1

p−m

p−m∑
l=1

δl =
tr(A)

p−m
.
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By Bernstein’s inequality (Lemma S2), we have

P(| 1

p−m

p−m∑
l=1

δlx
TW(m),lW

T
(m),lx−

1

p−m
tr(A)| ≥ ε)

≤ 2 exp{−Cp−m min (
ε2

16
∑p−m

l=1 δ
2
l /p−m

,
ε

4 maxl δl
)}.

By the assumption that the largest eigenvalues of A is bounded above by c, we have maxl δl ≤ c.
Then using the fact K = maxl ‖xTW(m),l‖ψ1 ≤ 4, we get the desired conclusion.

Lemma S7. Let Zi ∼ TN(0, Ip1 , · · · , IpM ), for i = 1, · · · , n, independently, and

L = Σ1/2
m {

p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m .

There exists a constant ε0, such that when ε ≤ ε0, we have

P(‖L− pm
tr(Σm)

Σm‖2 ≥ ε) ≤ exp(C1pm − C2np−mε
2),

where p =
∏M

m=1 pm and p−m =
∏

j 6=m pj , for some constant C1 and C2.

Proof. By Assumption (A1), we know that the largest eigenvalue of
⊗

m′ 6=m Σm′ is bounded above
by some constant C. By the same techniques used in Lemma S6, we have

P(|x p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)x

T − pm
tr(Σm)

| ≥ ε)

≤ 2 exp{−Cnp−m
ε2(tr(Σ)/p)2

16
}.

(S20)

for any fixed vector x ∈ Spm−1 = {x : x ∈ Rpm , ‖x‖ = 1} when ε is smaller than some constant
ε0.

Let N1/4 be a 1/4-net of Spm−1. By Lemma S4, we have

‖ p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m) −

pm
tr(Σm)

‖2

≤ 2 max
x∈N1/4

|〈( p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m) −

pm
tr(Σm)

)x,x〉|

= 2 max
x∈N1/4

|x p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)x

T − pm
tr(Σm)

|.

Then by Lemma S3, we know that the cardinal ofN1/4 is smaller or equal to 9pm . The union bound
and (S20) tell us

P( max
x∈N1/4

|x p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)x

T − pm
tr(Σm)

| ≥ ε)

≤ 9pm · 2 exp{−Cnp−m
ε2(tr(Σ)/p)2

16
}.
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It follows that

P(‖ p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m) −

pm
tr(Σm)

‖2 ≥ ε) ≤ 9pm · 2 exp{−Cnp−m
ε2(tr(Σ)/p)2

64
},

which implies

P(‖L− pm
tr(Σm)

Σm‖2 ≥ ‖Σm‖2ε) ≤ 9pm · 2 exp{−Cnp−m
ε2(tr(Σ)/p)2

64
}.

Since ‖Σm‖2 is assumed to be bounded by c1 and c2, we have

P(‖L− pm
tr(Σm)

Σm‖2 ≥ ε) ≤ exp(C1pm − C2np−mε
2),

for some constant C1 and C2.

Lemma S8. Let Z ∼ TN(0, Ip1 , · · · , IpM ) and

L = Σ1/2
m {

1

p−m
Z(m)(

⊗
m′ 6=m

Σm′)Z
T
(m)}Σ1/2

m .

There exists a constant ε0, such that when ε ≤ ε0, we have

P(‖L−
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp(C1pm − C2p−mε

2),

and when ε > ε0,

P(‖L−
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp(C1pm − C2p−mε),

for some constant C1 and C2.

The proof for this lemma is similar to that for Lemma S7. We omit it here.

Lemma S9. If pm/(np−m) = o(1), we have ‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2 = O(

√
pm
np−m

+ 1
n
) with

probability at least 1− 2 exp{−C1pm(C3 − 1)} for some C3 > 1.

Proof. Recall that

Σ̃m =
1

np−m

K∑
k=1

∑
Y i=k

(Xi −Xk)(m)(X
i −Xk)

T
(m).

We decompose Σ̃m in the following ways,

Σ̃m =
1

np−m

K∑
k=1

∑
Y i=k

(Xi − µk)(m)(X
i − µk)T(m) +

1

np−m

K∑
k=1

∑
Y i=k

(Xi − µk)(m)(µk −Xk)
T
(m)

+
1

np−m

K∑
k=1

∑
Y i=k

(µk −Xk)(m)(X
i − µk)T(m) +

1

np−m

K∑
k=1

∑
Y i=k

(µk −Xk)(m)(µk −Xk)
T
(m)

= L1 + L2 + L3 + L4.

S18



Note that when Y i = k, vec(Xi−Xk) = Σ1/2Zi, where Σ = ⊗1
m=MΣm, and Zi ∼ TN(0, Ip1 , · · · , IpM ).

We have

L1 = Σ1/2
m {

1

np−m

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m .

By Lemma S7, we know that

P(‖L1 −
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp(C1pm − C2np−mε

2),

for some sufficient small ε. Let ε2 = C1pmC3/(np−mC2), where C3 > 1, we have

P(‖L1 −
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp(−C1pm(C3 − 1)).

Then we consider L2, note that

L2 =
1

np−m

K∑
k=1

[
{
∑
Y i=k

(Xi − µk)(m)}(µk −Xk)
T
(m)

]
.

We have

‖L2‖2 ≤
K∑
k=1

{ 1

nk
‖ 1
√
nkp−m

∑
Y i=k

(Xi − µk)(m)‖2‖
√
nk√
p−m

(µk −Xk)(m)‖2}

=
K∑
k=1

1

nk

√
‖ 1

nkp−m

∑
Y i=k

(Xi − µk)(m)

∑
Y i=k

(Xi − µk)T(m)‖2‖
nk
p−m

(µk −Xk)(m)(µk −Xk)T(m)‖2.

(S21)
Since

∑
Y i=k vec(Xi − µk)/

√
nk ∼ N(0,Σ), we have

‖ 1

nkp−m

∑
Y i=k

(Xi − µk)(m)

∑
Y i=k

(Xi − µk)T(m)‖2 = ‖ 1

p−m
Σ1/2
m Z(m)(

⊗
m′ 6=m

Σm′)Z
T
(m)Σ

1/2
m ‖2,

for Z ∼ N(0, Ip1 , · · · , IpM ). By Lemma S8, and let ε = C1pmC3/(p−mC2) (We assume that
C1pmC3/(p−mC2) ≥ ε0 here. If not, we can let ε2 = C1pmC3/(p−mC2) and will reach the same
results.), where C3 > 1, we have

P(‖ 1

nkp−m

∑
Y i=k

(Xi−µk)(m)

∑
Y i=k

(Xi−µk)T(m)−
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp{C1pm(C3−1)}.

Hence

‖ 1

nkp−m

∑
Y i=k

(Xi − µk)(m)

∑
Y i=k

(Xi − µk)T(m)‖2 ≤ ‖
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 + ε ≤ C4 + ε,

with probability at least 1− exp{C1pm(C3 − 1)}.
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Then note that vec(X − µk) ∼ N(0,Σ/nk), by Lemma S8 and let ε = C1pmC3/(p−mC2),
where C3 > 1, we have

P(‖ nk
p−m

(µk−Xk)(m)(µk−Xk)
T
(m)−

∏
m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε) ≤ exp{C1pm(C3−1)}. (S22)

Hence, we have
‖ nk
p−m

(µk −Xk)(m)(µk −Xk)
T
(m)‖2 ≤ C5 + ε.

with probability at least 1 − exp{C1pm(C3 − 1)}. By (S21) and the assumption c6K ≤ nk/n ≤
c7K, we have

‖L2‖2 = O(

√
pm
np−m

+
1

n
),

with probability at least 1− 2 exp{C1pm(C3 − 1)}. Since L3 = LT
2 , we have the same conclusion

for L3.
Finally, note that

‖L4‖2 ≤
K∑
k=1

1

nk
‖ nk
p−m

(µk −Xk)(m)(µk −Xk)
T
(m)‖2.

By (S22), we have ‖L4‖2 = O(
√

pm
np−m

+ 1
n
) with probability at least 1− 2 exp{C1pm(C3 − 1)}.

To sum up, ‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2 = O(

√
pm
np−m

+ 1
n
) with probability at least 1 −

2 exp{−C1pm(C3 − 1)} for some C3 > 1.

Note that Σ̃m is consistency for
∏
m′ 6=m tr(Σm′ )

p−m
times Σm. The constant

∏
m′ 6=m tr(Σm′ )

p−m
will not

affect the estimation of the envelope basis because we only need the eigenvalues of it. But the we
need a unbiased estimation in the parameter Bk. Note that E(

⊗1
m=M Σ̃m) = (tr(Σ)/p)M−1Σ.

Thus, we need to eliminate the effect of (tr(Σ)/p)M−1 in the estimation of Σ. Let α = tr(Σ)/p,
by Lemma S9, we have |tr(Σ̃m)/pm − α| = O(

√
pm
np−m

+ 1
n
). Then we let α̃ = tr(Σ̃m)/pm and

Σ̃ = 1/α̃M−1
⊗1

m=M Σ̃m. The following lemma shows that Σ̃ is consistent for Σ.

Lemma S10. For a constant C3 > 1, ‖Σ̃−Σ‖2 = O(maxm
√

pm
np−m

+ 1
n
) with probability at least

1−KM exp{−C1pm(C3 − 1)}.

Proof. Firstly, note that

‖
1⊗

m=M

Σ̃m − αM−1Σ‖2 ≤ ‖(⊗2
m=MΣ̃m)⊗ (Σ̃1 −

∏
m′ 6=1 tr(Σm′)

p−1
Σ1)‖2

+
M−1∑
j=2

‖(⊗j+1
m=MΣ̃j ⊗ (Σ̃j −

∏
m′ 6=j tr(Σm′)

p−j
Σj)(⊗1

m=j−1

∏
m′ 6=m tr(Σm′)

p−m
Σm)‖2

+ ‖(Σ̃M −
∏

m′ 6=M tr(Σm′)

p−M
ΣM)⊗ (⊗1

m=M−1

∏
m′ 6=m tr(Σm′)

p−m
Σm)‖2,
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and ‖Σ̃m‖2 ≤ ‖Σ̃m−
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2 +

∏
m′ 6=m tr(Σm′ )

p−m
‖Σm‖2. By Lemma S9 and Assumption

(A1), we have

‖
1⊗

m=M

Σ̃m − αM−1Σ‖2 = O(max
m

√
pm/(np−m) + 1/n).

with probability at least 1−KM exp{−C1pm(C3 − 1)}. Then note that

‖Σ̃−Σ‖2 = ‖1/α̃M−1
1⊗

m=M

Σ̃m −Σ‖2

= ‖1/α̃M−1
1⊗

m=M

Σ̃m − αM−1/α̃M−1Σ + (αM−1/α̃M−1 − 1)Σ‖2

≤ 1/α̃M−1‖
1⊗

m=M

Σ̃m − αM−1Σ‖2 + |(αM−1/α̃M−1 − 1)|‖Σ‖2,

we have ‖Σ̃−Σ‖2 = O(maxm
√

pm
np−m

+ 1
n
) with probability at least 1−KM exp{−C1pm(C3−

1)}.

Lemma S11. Suppose that pm/(np−m) = o(1). For a constant C3 > 1, ‖Ûm − Um‖2 =

O(
√

pm
np−m

+
√

1
n
) with probability at least 1−K exp{−C1pm(C3 − 1)}.

Proof. Recall that

Ûm =
1

p−m

K∑
k=1

nk
n

(Xk −X)(m)(Xk −X)T(m).

Note that vec(Xk−X) ∼ N(µk−µ, (1/nk+1/n)Σ). By Lemma S8, letting ε = C1pmC3/(p−mC2),
we have

P(‖ n

p−m
{(Xk −X)(m) − (µk − µ)(m)}{(Xk −X)(m) − (µk − µ)(m)}T −

c1
∏

m′ 6=m tr(Σm′)

p−m
Σm‖2 ≥ ε)

≤ exp{−C1pm(C3 − 1)}.

It follows that

‖ n

p−m
{(Xk −X)(m) − (µk − µ)(m)}{(Xk −X)(m) − (µk − µ)(m)}T‖2 ≤ C4 + ε.

Thus, ‖ 1√
p−m
{(Xk − X)(m) − (µk − µ)(m)}‖2 = O(

√
pm
np−m

+
√

1
n
) with probability at least

1− exp{−C1pm(C3 − 1)}.
Then we have

‖ 1

p−m
(Xk −X)(m)(Xk −X)T(m) −

1

p−m
(µk − µ)(m)(µk − µ)T(m)‖2

≤ ‖ 1

p−m
(Xk −X− µk + µ)(m)(Xk −X− µk + µ)T(m)‖2 + 2‖ 1

p−m
(Xk −X− µk + µ)(m)(µk − µ)T(m)‖2

= O(
pm
np−m

+
1

n
+

√
pm
np−m

+

√
1

n
) = O(

√
pm
np−m

+

√
1

n
),
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with probability at least 1− exp{−C1pm(C3 − 1)}.
Note that the last inequality is equivalent to

‖Ûm −Um‖2 = O(

√
pm
np−m

+

√
1

n
),

with probability at least 1−K exp{−C1pm(C3 − 1)}.

Next we will show two lemmas about the consistency of the estimated envelope score. We
first review the definitions of the envelope scores and introduce some additional notations. Let
Vm = (vm1 , · · · ,vmpm) be the eigenvalues of Σm with the corresponding eigenvalues satisfies that
λm1 ≥ · · · ≥ λmpm , and V̂m = (v̂m1 , · · · , v̂mpm) be the eigenvalues of Σ̃m with the corresponding
eigenvalues satisfies that λ̂m1 ≥ · · · ≥ λ̂mpm . Define Am = {l | φml 6= 0}, then we have Sm =
span({vl | l ∈ Am}). We organize the envelope scores in the descending order φm(1) ≥ φm(2) ≥
· · · ≥ φm(pm). Since the dimension of the envelope subspace is dm, we know that when j ≥ dm + 1,
φm(j) = 0. Define PAm be the projection matrix onto the subspace spanned by {vl | l ∈ Am},
and PÂm be the projection matrix onto the subspace spanned by {v̂l | l ∈ Am}. By Assumption
(A2), the smallest non-zero eigenvalue of Um is bounded below by c3. Thus φm(dm) ≥ c3. Also,

by Assumption (A3), we have ‖Um‖2 ≤ c4. We define the estimated envelope score as φ̂ml =

(v̂ml )T Û(m)v̂
m
l .

We first consider the case where the eigenvalues λml , l ∈ Am are all distinct and are different
from λmj , j ∈ Acm. The distinction between eigenvalues λmj , j ∈ Acm are not required. Define
∆ = minl∈Am,j 6=l{|λml − λmj |}. By Assumption (A5), ∆ ≥ c5.

Lemma S12. The estimated envelope score satisfies that |φ̂ml −φml | = O(
√
pm/(np−m) +

√
1/n)

with probability at least 1− C2K exp{−C1pm(C3 − 1)}.

Proof. By Lemma S5, we know that when l ∈ Am,

sin Θ(vml , v̂
m
l ) ≤

2‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
.

It follows that

‖v̂ml − vml ‖2 ≤
2
√

2‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
. (S23)

Then note that

|φ̂ml − φml | ≤ |(v̂ml )T Û(m)v̂
m
l − (vml )TUmvml |

≤ |(v̂ml )T (Û(m) −Um)v̂ml |+ |(v̂ml − vml )TUm(v̂ml − vml )|+ 2|(vml )TUm(v̂ml − vml )|
≤ ‖(Û(m) −Um)‖2 + 3‖Um‖2‖(v̂ml − vml )‖2.

Combined with Lemmas S9 and S11, we know that when l ∈ A, |φ̂ml −φml | = O(
√
pm/(np−m) +√

1/n) with probability at least 1−K exp{−C1pm(C3 − 1)}.
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Then we prove that when j ∈ Ac, φ̂mj = O(umpm/(np−m) +
√

1/n). A direct results follows
from (S23) is

‖PÂm −PAm‖F ≤
2
√

2um‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
.

Note that PÂmv̂mj = 0, we have

‖PAmv̂mj ‖2 ≤ ‖(PAm −PÂm)v̂mj ‖2 + ‖PÂmv̂mj ‖2 ≤
2
√

2um‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
.

Then note that

(v̂mj )T Ûmv̂mj ≤ (v̂mj )TUmv̂mj + ‖Û(m) −Um‖2
= (v̂mj )T (PAm + QAm)Um(PAm + QAm)v̂mj + ‖Û(m) −U(m)‖2
= (v̂mj )TPAmUmPAmv̂mj + ‖Û(m) −Um‖2
≤ ‖PAmv̂mj ‖22‖Um‖2 + ‖Û(m) −Um‖2.

By Lemmas S9 and S11, we know that

(v̂mj )T Û(m)v̂
m
j = O(umpm/(np−m) +

√
1/n)

with probability at least 1−K exp{−C1pm(C3 − 1)}, for j ∈ Acm.
To sum up, we have |φ̂ml − φml | = O(

√
pm/(np−m) +

√
1/n) with probability at least 1 −

C2K exp{−C1pm(C3 − 1)}.

Next, we first consider the case where the eigenvalues λml , l ∈ Am are not all distinct but are
different from λmj , j ∈ Acm. Define ∆ = minl∈Am,j∈Acm{|λml − λmj |}. Again, by Assumption (A5),
we have ∆ ≥ c5.

Lemma S13. When l ∈ Am, φ̂ml are bounded below by some constant C, and when l ∈ Acm,
φ̂ml = O(

√
umpm/(np−m) +

√
1/n) with probability at least 1− C2K exp{−C1pm(C3 − 1)}.

Proof. By Lemma S5, we know that when l ∈ Am,

‖ sin Θ(vmÂm ,v
m
Am)‖F ≤

2
√
um‖Σ̃m −

∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
.

It follows that

‖PÂm −PAm‖2 ≤
2
√

2um‖Σ̃m −
∏
m′ 6=m tr(Σm′ )

p−m
Σm‖2

∆
. (S24)

For any l ∈ Am, we have

(v̂ml )T Û(m)v̂
m
l ≥ (v̂ml )T Û(m)v̂

m
l − ‖Û(m) −Um‖2

= (v̂ml )T (PAm + QAm)Û(m)(PAm + QAm)v̂ml − ‖Û(m) −Um‖2
= (v̂ml )TPAmÛ(m)PAmv̂ml − ‖Û(m) −Um‖2
≥ ‖v̂ml PAm‖22λmin(Um)− ‖Û(m) −Um‖2.
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Also, note that

‖v̂ml PAm‖2 ≥ ‖v̂ml PÂm‖2 − ‖PÂm −PAm‖2 = 1− ‖PÂm −PAm‖2.

Combined with Lemmas S9 and S11, we know that φ̂ml = (v̂ml )T Û(m)v̂
m
l ≥ C with probability at

least 1−K exp{−C1pm(C3 − 1)}.
When l ∈ Acm, the proof for φ̂ml = O(umpm/(np−m) +

√
1/n) with probability at least

1−K exp{−C1pm(C3 − 1)} is analogus to that in Lemma S12. We omit the details. Thus, when
c3 in Assumption (A2) satisfies that c3 � umpm/(np−m) +

√
1/n, we can correctly select the

envelope dimensions.

Lemma S14. For some constant C3 > 1, |ĉk − ck| = O(maxm
√
umpm/(np−m) +

√
u/n), with

probability at least 1− C4KM exp{−C1pm(C3 − 1)}.

Proof. Recall that ck = log(πk/π1) − 〈Bk,
µk+µ1

2
〉 = log(πk/π1) − vec(µk)

TΣ−1vec(µk)/2 +
vec(µ1)

TΣ−1vec(µ1)/2.
Since I(Y i = k) is sub-Gaussian, we have

P(|π̂k − πk| ≥ t) ≤ exp{−Cnt2}.

Let t = M/
√
n, we have

|π̂k − πk| = O(
1√
n

),

with probability at least 1− exp(−CM) for arbitrary constant CM . Then note that

2|log(π̂k/π̂1)− log(πk/π1)| ≤ |π̂k − πk|+ |π̂1 − π1|.

We have
|log(π̂k/π̂1)− log(πk/π1)| = O(

1√
n

),

with probability at least 1− 2 exp(−CM).
Define ∆k = vec(µk)

TΣ−1vec(µk), and ∆̂k = vec(Xk)
TPΓ̂Σ̃−1PΓ̂vec(Xk). As is shown in

the proof of Theorem S3, we have

‖PΓ̂ −PΓ‖2 = O(max
m

√
umpm/(np−m) +

√
1/n),

and
‖Σ̃−1 −Σ−1‖2 = O(max

m

√
umpm/(np−m) +

√
1/n).

with probability at least 1−KM exp{−C1pm(C3 − 1)}.
Note that

|∆̂k −∆k| ≤ ‖vec(Xk)
TPΓ̂Σ̃−1(PΓ̂vec(Xk)−PΓvec(µk))‖2 + ‖vec(Xk)

TPΓ̂(Σ̃−1 −Σ−1)PΓvec(µk)‖2
+ ‖(vec(X

T

k )PΓ̂ − vec(µTk )PΓ)Σ−1PΓvec(µk)‖2.

For PΓ̂vec(Xk)−PΓvec(µk), we have

‖PΓ̂vec(Xk)−PΓvec(µk)‖2 ≤ ‖PΓ̂(vec(Xk)− vec(µk))‖2 + ‖(PΓ̂ −PΓ)vec(µk)‖2
≤ ‖Γ̂Tvec(Xk − µk)‖2 + ‖PΓ̂ −PΓ‖2‖vec(µk)‖2.
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Since X are normally distributed, we know that
∑

Y i=k(Xi−Xk) are independent with Xk, which
implies that Σ̃m, m = 1, · · · ,M are independent with µk, k = 1, · · · , K. Therefore, Γ̂ are
independent with Xk. Then we know that given Γ̂, Γ̂Tvec(Xk − µk) ∼ N(0, Γ̂TΣΓ̂/nk). So
‖Γ̂Tvec(Xk − µk)‖2 = O(

√
u/n).

Then we know that

‖PΓ̂vec(Xk)−PΓvec(µk)‖2 = O(max
m

√
umpm/(np−m) +

√
u/n)

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}. It follows that

|∆̂k −∆k| = O(max
m

√
umpm/(np−m) +

√
u/n)

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}.
To sum up, we have |ĉk − ck| = O(maxm

√
umpm/(np−m) +

√
u/n), with probability at least

1− C4KM exp{−C1pm(C3 − 1)}.

S5.2 Main Proofs for Theorem 4
We divide the three conclusions in Theorem 4 into the following three theorems and prove them
one by one.

Theorem S2. Under Assumptions (A1)-(A5), for a constant C3 > 1, we have

‖PΓ̂m
−PΓm‖F = O(

√
umpm/(np−m) +

√
1/n),

with probability at least 1− 2K exp{−C1pm(C3 − 1)}.

Proof. In Lemma S13, showed that we can select the envelope dimensions and the envelope ba-
sics correctly with probability at least 1 − K exp{−C1pm(C3 − 1)}. Then by (S24) and Lemma
S9, we have ‖PΓ̂m

− PΓm‖F = O(
√
umpm/(np−m) +

√
1/n) with probability at least 1 −

2K exp{−C1pm(C3 − 1)}.

Theorem S3. Under Assumptions (A1)-(A5), for a constant C3 > 1, we have

‖B̂k −Bk‖2 = O(max
m

√
umpm/(np−m) +

√
u/n),

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}.

Proof. Let δ = vec(µk − µ1). We have

vec(Bk) = Σ−1δ = PΓΣ−1PΓδ.

Next we will show that ‖Σ̃−1 − Σ−1‖2 = O(maxm
√
pm/(np−m) +

√
1/n), ‖PΓ̂ − PΓ‖ =

O(maxm
√
umpm/(np−m) +

√
1/n), and ‖PΓ̂δ̂−PΓδ‖ = O(maxm

√
umpm/(np−m) +

√
1/n),

with high probability.
Firstly, we have

‖Σ̃−1 −Σ−1‖2 = ‖Σ̃−1(Σ̃−1 −Σ)Σ−1‖2
≤ (‖Σ̃−1 −Σ−1‖2 + ‖Σ−1‖2)‖Σ̃−Σ‖2‖Σ‖2.
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By Lemma S10, we know that when maxm
√
pm/(np−m) +

√
1/n→ 0, we have

‖Σ̃−1 −Σ−1‖2 = O(max
m

√
pm/(np−m) +

√
1/n) (S25)

with probability at least 1−KM exp{−C1pm(C3 − 1)}.
By the same technique in S10, we have

‖PΓ̂ −PΓ‖2 ≤ ‖(⊗2
m=MPΓ̂m

)⊗ (PΓ̂1
−PΓ1)‖2 +

M−1∑
j=2

‖(⊗j+1
m=MPΓ̂m

)⊗ (PΓ̂j
−PΓj)(⊗1

m=j−1PΓj)‖2

+ ‖(PΓ̂M
−PΓM )⊗ (⊗1

m=M−1PΓm)‖2.

Note that ‖PΓ̂m
‖2 ≤ ‖PΓ̂m

−PΓm‖2 + ‖PΓm‖2. By Theorem S2, we have

‖PΓ̂ −PΓ‖2 = O(max
m

√
umpm/(np−m) +

√
1/n). (S26)

with probability at least 1−KM exp{−C1pm(C3 − 1)}.
For PΓ̂δ̂ −PΓ̂δ, we have

‖PΓ̂δ̂ −PΓ̂δ‖2 ≤ ‖PΓ̂(δ̂ − δ)‖2 + ‖(PΓ̂ −PΓ)δ‖2
≤ ‖Γ̂T (δ̂ − δ)‖2 + ‖PΓ̂ −PΓ‖2‖δ‖2.

Since X are normally distributed, we know that
∑

Y i=k(Xi−Xk) are independent with Xk, which
implies that Σ̃m, m = 1, · · · ,M , are independent with µk, for k = 1, · · · , K. Therefore, Γ̂ are
independent with δ̂. Then we know that given Γ̂, Γ̂T (δ̂ − δ) ∼ N(0, (1/nk + 1/n1)Γ̂

TΣΓ̂). It
follows that ‖Γ̂T (δ̂−δ)‖2 = O(

√
u/n) with probability at least 1−2 exp(−cM) for some constant

cM . By Assumption (A3), we have ‖δ‖2 ≤ c for some constant c. Then by (S26) and ‖δ‖2 ≤ c for
some constant c, we know that

‖PΓ̂δ̂ −PΓδ‖2 = O(max
m

√
umpm/(np−m) +

√
u/n) (S27)

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}. Finally, note that

‖B̂k −Bk‖2 = ‖PΓ̂Σ̃−1PΓ̂δ̂ −PΓ̂Σ−1PΓδ‖2
≤ ‖PΓ̂Σ̃−1‖2‖PΓ̂δ̂ −PΓδ‖2 + ‖PΓ̂Σ̃−1 −PΓΣ−1‖2‖PΓδ‖2
≤ ‖PΓ̂‖2‖Σ̃

−1‖2‖PΓ̂δ̂ −PΓδ‖2 + (‖PΓ̂‖2‖Σ̃
−1 −Σ−1‖2 + ‖PΓ̂ −PΓ‖2‖Σ−1‖2)‖δ‖2.

By the condition that ‖δ‖2 ≤ c, (S25), and (S27), we know that

‖B̂k −Bk‖2 = O(max
m

√
umpm/(np−m) +

√
u/n)

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}.
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Theorem S4. Under Assumptions (A1)-(A5), for some constant C3 > 1, we have

|R̂−R| = O(max
m

√
umpm/(np−m) +

√
u/n)

with probability at least 1− C4KM exp{−C1pm(C3 − 1)}.

Proof. Define lk = ck + 〈Bk,X〉, l̂k = ĉk + 〈B̂k,X〉, and events

B1 = {|ĉk − ck| ≤ C∗1(max
m

√
umpm/(np−m) +

√
u/n)},

B2 = {‖B̂k −Bk‖2 ≤ C∗2(max
m

√
umpm/(np−m) +

√
u/n)}.

Assume that the event B1 ∩ B2 has happened. By Theorem S3 and Lemma S14, we have

P(B1 ∩ B2) ≥ 1− C4KM exp{−C1pm(C3 − 1)}.

For any ε > 0,

|R̂−R| ≤ P(Ŷ (B̂k, π̂k, k = 1, · · · , K) 6= Ŷ (Bk, πk, k = 1, · · · , K))

≤ 1− P(|l̂k − lk| < ε/2, |lk − lk′| > ε/2, for any k, k′)

≤ P(|l̂k − lk| ≥ ε/2 for some k) + P(|lk − lk′ | ≤ ε for some k, k′).

For X in each class, lk− lk′ is normally distributed with variance vec(Bk−Bk′)
TΣvec(Bk−Bk′).

Hence, by Markov inequality,

P(|lk − lk′| ≤ ε for some k, k′) ≤
∑
k′′

P(|lk − lk′| ≤ ε | Y = k′′)πk′′

≤
∑
k,k′,k′′

πk′′
Cε

{vec(Bk −Bk′)TΣvec(Bk −Bk′)}1/2

≤ CK2ε.

Also, notice that conditional on training data, l̂k − lk is normally distributed with mean µ(k, k′) =

ĉk − ck + vec(µk′)
T (vec(B̂k −Bk)) and variance vec(B̂k −Bk)

TΣvec(B̂k −Bk). By Chernoff
bound ,we have

P(|l̂k − lk| ≥ ε/2 for some k) =
∑
k′

πk′P(|l̂k − lk| ≥ ε/2 | Y = k′)

≤ 2c1K exp{− c2(ε/2− µ(k, k′))2

maxk vec(B̂k −Bk)TΣvec(B̂k −Bk)
}.

Let ε = C∗3(maxm
√
umpm/(np−m) +

√
u/n), where (C∗3/2− C∗1)/(λmax(Σ)C∗2) = cM , then on

event B1 ∩ B2, we have

|R̂−R| ≤ CC∗3K
2(max

m

√
umpm/(np−m) +

√
u/n) + exp(−cM).

Since last equation holds for any cM , we know that |R̂−R| = O(maxm
√
umpm/(np−m)+

√
u/n)

on event B1 ∩ B2.

Combine Theorems S2, S3, and S4 together, we have Theorem 4 in the main paper.
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