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This document contains the supplementary materials for the paper “Robust Covariance As-
sisted Tensor Response Regression”. It provides additional technical lemmas and proofs for The-

orem 1 of the paper.

1 Additional Lemmas
Let E; ~ t(0, X, v). By definition, E; can be written as 1/1/G;Q;, where Q; ~ N (0, X).

Lemma 1 (Wang et al. (2023)). Let v; = 1/v/G; and t; = 7?tr(2) /p. Then we have

1 2 ore
P(|=vec(E;) vec(E;) — t;] > ¢;/2|7:) < 2exp{— cpmm(clf1 , Cz; )} (1)
p Yo T
Lett; = |Y; — BoLS X pr+1X ||/ p, which is the inverse of &;.

Lemma 2. We have max; [t;G; — tr(X) /p| = O(y/log(n)/p) with probability at least 1 — 4n=C",

Proof. Let G = B[}, ), and G and GO be defined similarly, and t; = 2tr(X)/p. We first
decompose ; as follows.
~ 1

2 o 1 A~ A~
t; = —vec(Ey) vec(E;) + “EF (GO — G)X; + —((G°"® — G)X,))T (G — G)X;
p p p

< 1Vec(E )V vec(E;) + = \/VeC E;)Tvec(E; )\/((GOLS — G)X;)T(GOLS — G)X;
p
1
p

+ =((G°™ - G)X;) (GOLS - G)X,.



It follows that

~ 1
P([T; — ;] > 2¢) < P(|=vec(E;)Tvec(E;) — ti] > ¢/2)
p

+ P(;\/vec(Ei)Tvec(Ei)\/ (GOLS — G)X,)T(GOLS — G)X, > o)

+ P(;((GOLS — @)X)T(GO - G)X, > ¢/2)

< 2] ;vec(Ei)Tvec(Ei) 4] e/2) + 2]@(;((6;%5 — @)X)T(GO — G)X; > ¢/2).

Let ¢ = Ay/log(n)/pt;, where A > 1/(\/Cicitr(X)/p). By Lemma we have
1
nP(|-E[E; — t;| > €;/2| Gy, ,Gp) < 207
p

for a positive constant C';. By taking expectation with respect to GGy, - - - , GG,, on both sides of last
inequality, we have

1
nP(|~ETE; — t;| > ¢;/2) < 2n~ .
p

Then note that
V(GO — G) | (G, -+, Gy) ~ TN(0, 2, Sxle).

It follows that
(GO = G)X; | (Gy,-++,Go) ~ N(0,XTSZ X, /- 3)

Then by Lemma(I] we have

1 ~ ~
IP(\I—?((GOLS - G)X)T(G% — G)X; — Xz-Z);&GXit,-/n\ >€/2| Gy, ,Gy) < 2exp{—épmin(

Let ef = Ay/log(n)/pt;, where A > 1/(v/C1¢1tr(X)/p), we have
1

nP(=((GO" — G)X,)T (GO — G)X; > €/2 + csM,qti/n) < 2n 1.
p

Then let € = €' + 2c3 Mqt; /n, D; = {|t; —t;| < ¢;/2} and D = (), D;. By Union bound, we have
1 1,4 ~

P(D°) < 2nP(|-E'E; — t;| > €;/2) +2nP(= ((G°" — G)X,)T (G — G)X; > ¢;/2) < 4n~ @
p p

It follows that max; |£;G; — tr(X) /p| = O(y/log(n)/p + 1/n), with probability at least 1 — 4n~1

for a constant C; > 0. L]

A direct conclusion follows from Lemmais 0;/Gi —p/tr(2)| = O(y/log(n)/p+1/n) with

probability at least 1 — 4n~¢1.
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Lemma3. LetZ; € RP>PM 4 =1 ... n,areii.drandomvaribales from TN(0,L, ,--- ,L,,,),
A € RP-m*P-m be a positive and symmetric definite matrix whose eigenvalues are bounded
above by a constant ¢, and «;, © = 1,--- ,n, are positive constants. Then for any fixed vector

x € 8Pl = {x:x € R ||x|| = 1}and any € > 0, we have

ZO"L o A(Z)]x — Lmloﬂ > ¢)

np m = np—m

62 €

16¢2 >0 a2 /n’ demax; o

< 2exp{—Cnp_,, min (

Proof. Let PAPT be the eigenvalue decomposition of A, where A isa p_,, X p_,, diagonal matrix
whose i-th diagonal elements is 6;. Let (W) = (Z;)(m)P. We know that vec((W;) () ~
N(0,I,). Then we have

Zal Z:) ) A(Zi) yx = Zaz W) () A (W) x

npmz'l npmil

n P-m

= D> adix (Wi (Wil

n
pmilll

n P-m

- np_m Z Z aix ( (Wi)(Tm)JX’

1=1 [=1

where W ,,) ; is the {-th column of W ,,). Note that x” (W;) (), ~ N(0,1) and x (W) (), are
independentfor/ =1,--- ;p_,andi=1,--- ,n
By Bernstein’s inequality, we have

n pP-m

1
Z Z azélx z (m), l(Wi){m),ZX o p—tI'(A)| < E)

i=1 I=1 -m

npm

62 €

<2 —Cp_p, mi n
< 2exp{—Cp mln(lGZi:l P 0262 [ (np_m)’ 4maxlélmaxiozi)}

Since max; §; < ¢, we have the desired conclusion. OJ

Lemmad4. Let Z; ~ TN(0,1,,,--- ,L,,,), fori=1,---  n, independently, and

L= 1/2{ Zazz (X =) (Zi) oy Y2012

m'#£m



P(HL - ; m||2 > 6) < eXp(Clpm - Can mmln 2/ ZQQ/TL E/maxaz))
=1

for some constant C and Cs.

This lemma follows from Lemma/[3]

LemmaS. Form=1,---,

X~ wimy Zmlle = O(y /b=~ + /log(n) /p + \/1/n) with
probability at least 1 — Cin~%% — Cs exp(—py,).

Proof. We decompose f]m in the following ways:

M+1)Xz')(m) (Yi —Bx (M+1)Xi)?m)

n

1 =N _ ~ _
p” Gi(Yi = BX (a1 X3) my{ (B = BO™) X (a1 1y Xi } oy
moi=
- Zwl — BO) X (a1 Xi by (Y5 = BX a0y X))
moi=1
o sz — B) X (X { (B — BO™) x (a0 X}

:L1+L2+L3+L4.

Note that Yz _B>_<(M+1)Xz = Ez = (Oalpla e 7I

1
decompose L; in the following ways:

L, = 21/2{ ZwZ/G ) () T )(Zi) () 1202

/;ém
L S B @ S
(E /#m
+21/2 Z{ %/ G, Z;) ) ® ., m)}zl/Q
P—m 5= m'#m
= Ly + Lqa.

By Lemma 4] we know that

P(HLH - trngmm)EmHQ > E) < eXp(Clpm - CQHP—m€2)>



Let e = (Cy + 1)pm/(np_nCs), we have

Pm
P(||L —2 >¢€) < ). 2
([T — (= |2 > €) < exp(—pm) (2)
For L5, we have
~ p 1/2 1 1/2
L < /Gy — ——||2 E Ym 2
|| 12”2 ~ m;aX|w/ tr<2)||| m {np_m o, @n ”
tr(X) - D
= 5 G, — ——|||L
PR i/ tr(E)'” 112
Then we know that
I — Sl < Lty — — 2B l2 + [Lizfla < L1t — e Sl
tr(X,,) - tr(X%,,) - tr(X%,,)
tr(X) N p Pm Pm
G — 2 (L — 23 [l + |22,
+ miax |CU/ tr(E) |(|| 11 tr(Em) ||2 + Htr(Zm) ||2)
By Lemma[2]

Hh—E%J&M=OW%WW%»+QW%WM+UW

Cq

with probability at least 1 — 4n~“* — exp(—p,).

Next, we consider the term L,. Note that

Zwl ]/E)\’OLS);((M.A,_l)Xz}(m){(B - ]/‘S’OLS);((M*‘UXZ‘}%;”)

i=1

”P m
= np tr Z G{(B ]’_D;OLS)Q(MH)Xi}(m){(B _ ]§OLS>>2(M+1)Xi}{m)

n

- > (@/Gi - r@))G{(B B) X (414X }omy £ (B — BO™) X (a4 X}

MP—m =

=Ly + Ly

Becasue

\/ﬁ(ﬁOLS —B) | (Gy,---G,) ~TN(0, %4, , Ei?@)‘
By Lemmaf] we have

Pm Z?:l XZTEX,GXiGi/n
ntr(X,,)

P(|| Ly — Enle > €l Gy, Gy)

62 €

S (GXTERX0)? /n’ max; (G XT B3 X;) )}

< exp {C1pm — Con’p_y, min (
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Note that X, are bounded, the eigenvalue of ¥x (; are lower bounded by C's, G; ~ X2 /v, which im-
plies Y7 | G?/n are upper bounded by some constant and max; G; are upper bounded by clog(n)
with high probablity. Here we let €2 = (C} + 1)p,,/(Con®p_,,). We have

Lalls = 1/n-O(1 4, /-27)

nP—m

with probability at least 1 — exp(—p,,). For Ly, we have

~ D g ~ - =~ -
|Lasllz < max|@:/Gi — @H! > GA(B = B) X () Xi by { (B — BOS) X a1y X} |
i=1

tr(X)

——|||LL
tr(z)m 41”2

Thus,
Lalls = O(1/n + # + /log(n)/p)

with probability at least 1 — 4n~ 1 — exp(—py).

Next, we consider Ly and L. Let X € R?*" be the stacked sample matrix of X;, E €
RP1>xPm > he the stacked sample tensor of E;, and W € R"*" be a diagonal matirx with the i-th
diagonal element to be ;. We have

1

L2 = \rm{<ﬁ0LS — B) X a1 XW ) {B xarn W20 11
< {(BO™ — B)x pr XW2} (y {(BO™ — B) xpr s XW2}T 1572
: ||{E $ar41 WY (B X a1 W2 [
<l > BB — B X (B~ B) %Xt 1] sz

=1

= V/||La 2/ La |2
It follows that

Lol = O/ 1n+ [+ log(n) )

with probability at least 1 —8n~¢* —2 exp(—p,,). Note that L3 = LI, we have the same conclusion

for L.

Lemma 6. The estimated envelope score satisfies that ](}5; — ¢l = O(maxy, \/Pm/(Mp_m) +
V/1/n++/log(n)/p) with probability at least 1 —4n=¢* — Cy exp(—C3C)s) — 042 _1 exp(—pm),
foralll=1,--- ,p.
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Proof. For any fixed [,

N =S ~(1 ~(M 1 M
60— ol = [IIB: 9, 901 — 1[Bs vy, v Tl

for some (I3, - ,l5r). Note that

B ¥+ Ve = IIB: vy vt ]l

<IB; %, VT = By VT + 1[B: 9, 9] = [Bivi v ]l
<|IIB - B9, T + [(®hoa V™ — @b V) Bl 2

= [(@hr V) (B = B llz + [(@hoa Vi = @havir ) Blygin
=I1+1I
We first consider term /7. By Theorem 2 in Yu et al. (2015), we know that

215, — ol
A )

Isin©(vi,., %, <

for a positive constant A. It follows that

X 3

1P, =Py, lIr <

Then note that

P om — P, (m>HF
m

1
®m:M l ® m=M l

< ||( Q= MPVl )® (Pcll - Vz |F + Z || k+1 Pcz - PVzm)<®71n:j—1PVzm)”F

+(Pg,, =Py, ) ® (®%:M71Pvlm)\|n

By Lemma 5] we have

Pm
P, oow =P, llr=O0(max,/—"—++/log(n)/p++/1/n)
O =M Vi, O = Vi, m np_m

with probability at least 1 — MCin= — C5 "M exp(—pm).

Hence

TPy oo =Py ool Boarsnlle = Omax [+ log(n) o + /1)

m=M "1

Then we consider term /. Recall that

1~
By = ZMV@C ?)(E > aXx X))
i=1



Then we have

1(@hen V)T (B = B)fy 4 ll2
< ||E Z@z‘((@i@:M%\i’:))T(Vec(Yi) _B(TM+1 DXT1all(= ZWZX XT)L|;
=1

Firstly, note that

n

1 e _ 1 N
IIEZMXZ-X?HQ < ||5 Z(wi/Gi —p/tr(2))G X XT |2 + ||
=1

=1

ZG XX,

< (= max [(@;/Gi — p/tr(%))] +p/t1“(2))||ﬁ Z GiXiX{ |

By Lemmal 2| the smallest eigenvalue of ||+ " | ©;X;XT]|; is lower bounded by a positive con-
stant with probability at least 1 — 4n =2,
Then note that
12 Sl S oY) — Bl XOXT

=1
n

1 ~ ~(m
< 1= D 2 (@i/Gi = p/r(E) G0 i) (vee(Yi) = Bl X)X [lo+
=1

ZG bV (vee(Y ) — Bl Xo) XT |15

=1 —l—IQ.

ntr

For I,, we have

P(Iy > €) =

Xi 2> e),

where Q; ~ N(0, (®} _ lem))TE(@)l MVI )) (as a result of data splitting). Since all the ele-
ments of X; are upper bounded by M,,, /G is sub-Gaussian and independent of Q;, by Bernstein’s
inequality, I, < Cys+/1/n with probability at least 1 — exp(—C,C\y).

For term [;, we have

By Lemma we have I; = O(y/log(n)/p++/1/n)+/1/n with probability at least 1 —exp(—C;Cy)—

4n =2,

To sum up, we have |<$l—¢l| = O(max,, /pm/(Mp-m)++/1/n++/log(n)/p) with probability
atleast 1 — 4n~C1 — Cyexp(—C3Ch) — Cy oM exp(—pum)-



The Lemma tells that we can correctly select the subspace dimension with high probability.
Let 7) be an estimated basis matrix of Fs(B) obtained by the proposed algorithm in sample and 0
is a basis matrix for Fx(B). Combine this fact with Lemma |5|and Theorem 2 in Yu et al.| (2015,

we have the following result.

Lemma 7. For positive integers C, Cy, and Cs,

IP; — Pyl = O(/1/n + %* log(n)/p)

with probability at least 1 — MCyn=% — C3 "M exp(—pp).

Denote j-th column of 1 as 1; = @ _  Vmj» Where v,,,; 1s an eigenvector of Py 3, Pr . By

Theorem 2 in|Yu et al.| (2015)), we know that

21= — ol
A )

$in ©(Ving, Vi) 7 <

for a positive constant A. It follows that

IPs,, — Py, I < XA @
Then note that
IP5, = Poyllr < [(®5-nPs,,,) ® (Pey, — Py, )llr + Z (@520 (Pe,, = Py ) (@51 Pyl e
+1(Poy, = Puy,) @ (®71n:M_1Pvmj)||F-

By Lemma 5] we have

[Py, — P | = O [P g+ /1)
with probability at least 1 — MC1n~% — Cs Zm L €xp(—py,). It follows that

[Py~ Pyl = Olmae [ L2 1 fiogln) o+ v/17)
with probability at least 1 — MC1n= — C5 M exp(—pum).

O



2 Proof of Theorem 1

Proof. Recall that

5 CA’ v vM) (M)
BEATE Z[[B V,m( lm)Tv"' m( o) ),

J=1
and 7) is a basis matrix of Fx(B), we have (B(CA*}_T&)) =P; B(M+1) where
1 n
X7 ~ T\-1
B (i) Z wivee(Y:)X5)(~ Z; w; X;X; )
By definition B(,, ) = P, B(,, ). We have
IBEIY — Bl ll2 = PaBl11) — PuBlygyll2
< ||P7AI(B{M+1) BTM+1 )||2 + ||( -P )B{MH)H?
< 10" By = Blagn)ll2 + [P7 = Pyll2 Blasiyll2-
By Lemma(7] we have

[P5 — Pl = Olmax - /logn) p ++/1/n)

—m

with probability at least 1 — MCin~% — Cs Zm 1 €Xp(—py,). Also, since a4, are all bounded,

we have
Pm
1P5 — PylllBlyriyll2 = O(mgX\/W +/log(n)/p+v/1/n)
with probability at least 1 — MCyjn~= — Cy Zm L exp(—Dpm).

For the first term of right hand side, we have

1o R, _
177 (Bly1y) — Blyan)llz < ||5 Zme(VeC(Yi)—B<TM+1)Xz')XiTH2H;ZwiXiXiTHQl.

Then note that

I
I~ > @ (vee(Ys) = Blyryny Xo) X7 |z
=1

1 . A
< ”ﬁ > (@i/Gi — p/te(2)7" (vec(Y:) — By 1) X)X |2

=1

= Z Gin" (vee(Y:) — Bl Xo) X7 ||z
=1+ ]2

10



For term I,

PL 2 ) = Bl D VGQXT 2 2 0)
=1

where ; ~ N(0,7737) (as a result of data splitting). Since all the elements of X; are upper
bounded by M,, \/G; is sub-Gaussian and independent of Q;, by Bernstein’s inequality, I, <
C M\/l/_n with probability at least 1 — exp(—C1Cy).

For term [, we have

I, <max|w;/G; — p/tr(X)| L.

By Lemma we have I; = O(y/log(n)/p++/1/n)+/1/n with probability at least 1 —exp(—C;Cyy)—
4n~C",
Finally, note that

n

1 & 1 P
= XX, < - ©;/G; — p/tr(2) G X, XE G X XT
I 2 EX Xl < 11 3@/ G = pfx(ENGXX] o + 7y D GXX ]

< (= max|(@/G: — p/x(S)| + p/a(D)]5 3 GXXT s

By Lemma the smallest eigenvalue of ||+ " | &;X;X7]|, is lower bounded by a positive con-

stant with probability at least 1 — 4n =2,

To sum up

||]§CATL_B||F:O( 1/n+mﬁx‘/%+ log(n)/P)

with probability at least 1 — 4n~1 — Cy exp(—C5C)) — Cy Zf\::l exp(—pm).
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