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This document contains the supplementary materials for the paper “Robust Covariance As-

sisted Tensor Response Regression”. It provides additional technical lemmas and proofs for The-

orem 1 of the paper.

1 Additional Lemmas

Let Ei ∼ t(0,Σ, ν). By definition, Ei can be written as 1/
√
GiQi, where Qi ∼ N(0,Σ).

Lemma 1 (Wang et al. (2023)). Let γi = 1/
√
Gi and ti = γ2i tr(Σ)/p. Then we have

P(|1
p

vec(Ei)
Tvec(Ei)− ti| ≥ εi/2|γi) ≤ 2 exp{−cpmin(

c1ε
2
i

γ4i
,
c2εi
γ2i

)}. (1)

Let t̃i = ‖Yi − B̂OLS×̄M+1Xi‖F/p, which is the inverse of ω̂i.

Lemma 2. We have maxi |t̃iGi− tr(Σ)/p| = O(
√

log(n)/p) with probability at least 1− 4n−C1 .

Proof. Let G = BT
(M+1), and Ĝ and ĜOLS be defined similarly, and ti = γ2i tr(Σ)/p. We first

decompose t̃i as follows.

t̃i =
1

p
vec(Ei)

Tvec(Ei) +
2

p
ET
i (ĜOLS −G)Xi +

1

p
((ĜOLS −G)Xi)

T (ĜOLS −G)Xi

≤ 1

p
vec(Ei)

Tvec(Ei) +
2

p

√
vec(Ei)Tvec(Ei)

√
((ĜOLS −G)Xi)T (ĜOLS −G)Xi

+
1

p
((ĜOLS −G)Xi)

T (ĜOLS −G)Xi.
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It follows that

P(|t̃i − ti| ≥ 2ε) ≤ P(|1
p
vec(Ei)

Tvec(Ei)− ti| ≥ ε/2)

+ P(
2

p

√
vec(Ei)Tvec(Ei)

√
((ĜOLS −G)Xi)T (ĜOLS −G)Xi ≥ ε)

+ P(
1

p
((ĜOLS −G)Xi)

T (ĜOLS −G)Xi ≥ ε/2)

≤ 2P(|1
p
vec(Ei)

Tvec(Ei)− ti| ≥ ε/2) + 2P(
1

p
((ĜOLS −G)Xi)

T (ĜOLS −G)Xi ≥ ε/2).

Let ε∗i = A
√

log(n)/pti, where A > 1/(
√
C1c1tr(Σ)/p). By Lemma 1, we have

nP(|1
p
ET
i Ei − ti| ≥ ε∗i /2 | G1, · · · , Gn) ≤ 2n−C1

for a positive constant C1. By taking expectation with respect to G1, · · · , Gn on both sides of last

inequality, we have

nP(|1
p
ET
i Ei − ti| ≥ εi/2) ≤ 2n−C1 .

Then note that
√
n(ĜOLS −G) | (G1, · · · , Gn) ∼ TN(0,Σ,Σ−1X,G).

It follows that

(ĜOLS −G)Xi | (G1, · · · , Gn) ∼ N(0,XT
i Σ−1X,GXi/n ·Σ)

Then by Lemma 1, we have

P(|1
p

((ĜOLS −G)Xi)
T (ĜOLS −G)Xi −XiΣ

−1
X,GXiti/n| ≥ εi/2 | G1, · · · , Gn) ≤ 2 exp{−c̃pmin(

c̃1ε
2
i

γ4i
,
c̃2εi
γ2i

)}

Let ε∗i = A
√

log(n)/pti, where A > 1/(
√
C1c̃1tr(Σ)/p), we have

nP(
1

p
((ĜOLS −G)Xi)

T (ĜOLS −G)Xi ≥ ε∗i /2 + c3Mxqti/n) ≤ 2n−C1 .

Then let ε = ε∗i + 2c3Mxqti/n, Di = {|t̃i− ti| ≤ εi/2} and D =
⋂
iDi. By Union bound, we have

P(Dc) ≤ 2nP(|1
p
ET
i Ei− ti| ≥ εi/2)+2nP(

1

p
((ĜOLS−G)Xi)

T (ĜOLS−G)Xi ≥ εi/2) ≤ 4n−C1

It follows that maxi |t̃iGi− tr(Σ)/p| = O(
√

log(n)/p+ 1/n), with probability at least 1− 4n−C1

for a constant C1 > 0.

A direct conclusion follows from Lemma 2 is |ω̂i/Gi−p/tr(Σ)| = O(
√

log(n)/p+1/n) with

probability at least 1− 4n−C1 .
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Lemma 3. Let Zi ∈ Rp1×···×pM , i = 1, · · · , n, are i.i.d random varibales from TN(0, Ip1 , · · · , IpM ),

A ∈ Rp−m×p−m be a positive and symmetric definite matrix whose eigenvalues are bounded

above by a constant c, and αi, i = 1, · · · , n, are positive constants. Then for any fixed vector

x ∈ Spm−1 = {x : x ∈ Rpm , ‖x‖ = 1}and any ε ≥ 0, we have

P(| 1

np−m

n∑
i=1

αix
T (Zi)(m)A(Zi)

T
(m)x−

tr(A)
∑n

i=1 αi
np−m

| ≥ ε)

≤ 2 exp{−Cnp−m min (
ε2

16c2
∑n

i=1 α
2
i /n

,
ε

4cmaxi αi
)}.

Proof. Let P∆PT be the eigenvalue decomposition of A, where ∆ is a p−m×p−m diagonal matrix

whose i-th diagonal elements is δi. Let (Wi)(m) = (Zi)(m)P. We know that vec((Wi)(m)) ∼

N(0, Ip). Then we have

1

np−m

n∑
i=1

αix
T (Zi)(m)A(Zi)

T
(m)x =

1

np−m

n∑
i=1

αix
T (Wi)(m)∆(Wi)

T
(m)x

=
1

np−m

n∑
i=1

p−m∑
l=1

αiδlx
T (Wi)(m),l(Wi)

T
(m),l

=
1

np−m

n∑
i=1

p−m∑
l=1

αiδlx
T (Wi)(m),l(Wi)

T
(m),lx,

where W(m),l is the l-th column of W(m). Note that xT (Wi)(m),l ∼ N(0, 1) and xT (Wi)(m),l are

independent for l = 1, · · · , p−m and i = 1, · · · , n.

By Bernstein’s inequality, we have

P(| 1

np−m

n∑
i=1

p−m∑
l=1

αiδlx
T (Wi)(m),l(Wi)

T
(m),lx−

1

p−m
tr(A)| ≤ ε)

≤ 2 exp{−Cp−m min (
ε2

16
∑n

i=1

∑p−m

l=1 α
2
i δ

2
l /(np−m)

,
ε

4 maxl δl maxi αi
)}.

Since maxl δl ≤ c, we have the desired conclusion.

Lemma 4. Let Zi ∼ TN(0, Ip1 , · · · , IpM ), for i = 1, · · · , n, independently, and

L = Σ1/2
m {

p

np−mtr(Σ)

n∑
i=1

αi(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m .
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We have

P(‖L− pm
∑n

i=1 αi
ntr(Σm)

Σm‖2 ≥ ε) ≤ exp(C1pm − C2np−m min(ε2/(
n∑
i=1

α2
i /n), ε/max

i
αi)),

for some constant C1 and C2.

This lemma follows from Lemma 3.

Lemma 5. For m = 1, · · · ,M , ‖Σ̂m − pm
tr(Σm)

Σm‖2 = O(
√

pm
np−m

+
√

log(n)/p +
√

1/n) with

probability at least 1− C1n
−C2 − C3 exp(−pm).

Proof. We decompose Σ̂m in the following ways:

Σ̂m =
1

np−m

n∑
i=1

ω̂i(Yi −B×̄(M+1)Xi)(m)(Yi −B×̄(M+1)Xi)
T
(m)

+
1

np−m

n∑
i=1

ω̂i(Yi −B×̄(M+1)Xi)(m){(B− B̂OLS)×̄(M+1)Xi}T(m)

+
1

np−m

n∑
i=1

ω̂i{(B− B̂OLS)×̄(M+1)Xi}(m)(Yi −B×̄(M+1)Xi)
T
(m)

+
1

np−m

n∑
i=1

ω̂i{(B− B̂OLS)×̄(M+1)Xi}(m){(B− B̂OLS)×̄(M+1)Xi}T(m)

= L1 + L2 + L3 + L4.

Note that Yi−B×̄(M+1)Xi = Ei = 1√
Gi

Σ1/2Zi, where Zi ∼ TN(0, Ip1 , · · · , IpM ). We can further

decompose L1 in the following ways:

L1 = Σ1/2
m {

1

np−m

n∑
i=1

ω̂i/Gi(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m

= Σ1/2
m {

p

np−mtr(Σ)

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m

+ Σ1/2
m

1

np−m

n∑
i=1

{(ω̂i/Gi −
p

tr(Σ)
)(Zi)(m)(

⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m

= L11 + L12.

By Lemma 4, we know that

P(‖L11 −
pm

tr(Σm)
Σm‖2 ≥ ε) ≤ exp(C1pm − C2np−mε

2),
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Let ε2 = (C1 + 1)pm/(np−mC2), we have

P(‖L11 −
pm

tr(Σm)
Σm‖2 ≥ ε) ≤ exp(−pm). (2)

For L12, we have

‖L12‖2 ≤ max
i
|ω̃i/Gi −

p

tr(Σ)
|‖Σ1/2

m {
1

np−m

n∑
i=1

(Zi)(m)(
⊗
m′ 6=m

Σm′)(Zi)
T
(m)}Σ1/2

m ‖

=
tr(Σ)

p
max
i
|ω̃i/Gi −

p

tr(Σ)
|‖L11‖2

Then we know that

‖L1 −
pm

tr(Σm)
Σm‖2 ≤ ‖L11 −

pm
tr(Σm)

Σm‖2 + ‖L12‖2 ≤ ‖L11 −
pm

tr(Σm)
Σm‖2

+
tr(Σ)

p
max
i
|ω̃i/Gi −

p

tr(Σ)
|(‖L11 −

pm
tr(Σm)

Σm‖2 + ‖ pm
tr(Σm)

Σm‖2)

By Lemma 2,

‖L1 −
pm

tr(Σm)
Σm‖2 = O(

√
pm/(np−m)) +O(

√
log(n)/p+ 1/n),

with probability at least 1− 4n−C1 − exp(−pm).

Next, we consider the term L4. Note that

L4 =
1

np−m

n∑
i=1

ω̂i{(B− B̂OLS)×̄(M+1)Xi}(m){(B− B̂OLS)×̄(M+1)Xi}T(m)

=
p

np−mtr(Σ)

n∑
i=1

Gi{(B− B̂OLS)×̄(M+1)Xi}(m){(B− B̂OLS)×̄(M+1)Xi}T(m)

+
1

np−m

n∑
i=1

(ω̂i/Gi −
p

tr(Σ)
)Gi{(B− B̂OLS)×̄(M+1)Xi}(m){(B− B̂OLS)×̄(M+1)Xi}T(m)

= L41 + L42

Becasue
√
n(B̂OLS −B) | (G1, · · ·Gn) ∼ TN(0,Σ1, · · · ,ΣM ,Σ

−1
X,G).

By Lemma 4, we have

P(‖L41 −
pm
∑n

i=1 XT
i ΣX,GXiGi/n

ntr(Σm)
Σm‖2 ≥ ε | G1, · · · , Gn)

≤ exp
{
C1pm − C2n

2p−m min
( ε2∑n

i=1(GiXT
i Σ−1X,GXi)2/n

,
ε

maxi(GiXT
i Σ−1X,GXi)

)}
.
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Note that Xi are bounded, the eigenvalue of ΣX,G are lower bounded byC3, Gi ∼ χ2
ν/ν, which im-

plies
∑n

i=1G
2
i /n are upper bounded by some constant and maxiGi are upper bounded by clog(n)

with high probablity. Here we let ε2 = (C1 + 1)pm/(C2n
2p−m). We have

‖L41‖2 = 1/n ·O(1 +

√
pm
np−m

)

with probability at least 1− exp(−pm). For L42, we have

‖L42‖2 ≤ max
i
|ω̃i/Gi −

p

tr(Σ)
|‖

n∑
i=1

Gi{(B− B̂OLS)×̄(M+1)Xi}(m){(B− B̂OLS)×̄(M+1)Xi}T(m)‖

=
tr(Σ)

p
max
i
|ω̃i/Gi −

p

tr(Σ)
|‖L41‖2

Thus,

‖L4‖2 = O(1/n+

√
pm
np−m

+
√

log(n)/p)

with probability at least 1− 4n−C1 − exp(−pm).

Next, we consider L2 and L3. Let X ∈ Rq×n be the stacked sample matrix of Xi, E ∈

Rp1×···×pM×n be the stacked sample tensor of Ei, and W ∈ Rn×n be a diagonal matirx with the i-th

diagonal element to be ω̂i. We have

‖L2‖2 = ‖ 1

np−m
{(B̂OLS −B)×M+1XW1/2}(m){E×M+1 W1/2}T(m)‖2

≤ 1

np−m
‖{(B̂OLS −B)×M+1XW1/2}(m){(B̂OLS −B)×M+1XW1/2}T(m)‖

1/2
2

· ‖{E×M+1 W1/2}(m){E×M+1 W1/2}T(m)‖
1/2
2

≤ 1

np−m
‖

n∑
i=1

ω̂i{(B̂OLS −B)×̄M+1Xi}(m){(B̂OLS −B)×̄M+1Xi}T(m)‖
1/2
2 ‖

n∑
i=1

ω̂i(Ei)(m)(Ei)
T
(m)‖

1/2
2

=
√
‖L1‖2‖L4‖2.

It follows that

‖L2‖ = O(
√

1/n+

√
pm
np−m

+
√

log(n)/p)

with probability at least 1−8n−C1−2 exp(−pm). Note that L3 = LT
2 , we have the same conclusion

for L3.

Lemma 6. The estimated envelope score satisfies that |φ̂l − φl| = O(maxm
√
pm/(np−m) +√

1/n+
√

log(n)/p) with probability at least 1−4n−C1−C2 exp(−C3CM)−C4

∑M
m=1 exp(−pm),

for all l = 1, · · · , p.
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Proof. For any fixed l,

|φ̂l − φl| = |‖JB̂; v̂
(1)
l1
, · · · , v̂(M)

lM
K‖2 − ‖JB; v

(1)
l1
, · · · ,v(M)

lM
K‖2|,

for some (l1, · · · , lM). Note that

|‖JB̂; v̂
(1)
l1
, · · · , v̂(M)

lM
K‖2 − ‖JB; v

(1)
l1
, · · · ,v(M)

lM
K‖2|

≤ ‖JB̂; v̂
(1)
l1
, · · · , v̂(M)

lM
K− JB; v̂

(1)
l1
, · · · , v̂(M)

lM
K‖2 + ‖JB; v̂

(1)
l1
, · · · , v̂(M)

lM
K− JB; v

(1)
l1
, · · · ,v(M)

lM
K‖2

≤ ‖JB̂−B; v̂
(1)
l1
, · · · , v̂(M)

lM
K‖2 + ‖(⊗1

m=M v̂
(m)
lm
−⊗1

m=MV
(m)
lm

)TBT
(M+1)‖2

= ‖(⊗1
m=M v̂

(m)
lm

)T (B̂−B)T(M+1)‖2 + ‖(⊗1
m=M v̂

(m)
lm
−⊗1

m=Mv
(m)
lm

)TBT
(M+1)‖2

= I + II.

We first consider term II . By Theorem 2 in Yu et al. (2015), we know that

‖ sin Θ(vlm , v̂lm)‖F ≤
2‖Σ̂m −Σm‖2

∆
,

for a positive constant ∆. It follows that

‖Pv̂lm
−Pvlm

‖F ≤
2
√

2‖Σ̂m −Σm‖2
∆

. (3)

Then note that

‖P⊗1
m=M v̂

(m)
lm

−P⊗1
m=Mv

(m)
lm

‖F

≤ ‖(⊗2
m=MPv̂lm

)⊗ (Pv̂l1
−Pvl1

)‖F +
M−1∑
k=2

‖(⊗k+1
m=M(Pv̂lm

−Pvlm
)(⊗1

m=j−1Pvlm
)‖F

+ ‖(Pv̂lM
−PvlM

)⊗ (⊗1
m=M−1Pvlm

)‖F .

By Lemma 5, we have

‖P⊗1
m=M v̂

(m)
lm

−P⊗1
m=Mv

(m)
lm

‖F = O(max
m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

with probability at least 1−MC1n
−C2 − C3

∑M
m=1 exp(−pm).

Hence

II ≤ ‖P⊗1
m=M v̂

(m)
lm

−P⊗1
m=Mv

(m)
lm

‖F‖B(M+1)‖2 = O(max
m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

Then we consider term I . Recall that

B̂T
(M+1) = (

1

n

n∑
i=1

ω̂ivec(Yi)X
T
i )(

1

n

n∑
i=1

ω̂iXiX
T
i )−1.
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Then we have

‖(⊗1
m=M v̂

(m)
lm

)T (B̂−B)T(M+1)‖2

≤ ‖ 1

n

n∑
i=1

ω̂i(⊗1
m=M v̂

(m)
lm

)T (vec(Yi)−BT
(M+1)Xi)X

T
i ‖2‖(

1

n

n∑
i=1

ω̂iXiX
T
i )−1‖−12

Firstly, note that

‖ 1

n

n∑
i=1

ω̂iXiX
T
i ‖2 ≤ ‖

1

n

n∑
i=1

(ω̂i/Gi − p/tr(Σ))GiXiX
T
i ‖2 + ‖ p

ntr(Σ)

n∑
i=1

GiXiX
T
i ‖2

≤ (−max
i
|(ω̂i/Gi − p/tr(Σ))|+ p/tr(Σ))‖ 1

n

n∑
i=1

GiXiX
T
i ‖2

By Lemma 2, the smallest eigenvalue of ‖ 1
n

∑n
i=1 ω̂iXiX

T
i ‖2 is lower bounded by a positive con-

stant with probability at least 1− 4n−C2 .

Then note that

‖ 1

n

n∑
i=1

ω̂i(⊗1
m=M v̂

(m)
lm

)T (vec(Yi)−BT
(M+1)Xi)X

T
i ‖2

≤ ‖ 1

n

n∑
i=1

(ω̂i/Gi − p/tr(Σ))Gi(⊗1
m=M v̂

(m)
lm

)T (vec(Yi)−BT
(M+1)Xi)X

T
i ‖2+

‖ p

ntr(Σ)

n∑
i=1

Gi(⊗1
m=M v̂

(m)
lm

)T (vec(Yi)−BT
(M+1)Xi)X

T
i ‖2

= I1 + I2.

For I2, we have

P(I2 ≥ ε) = P(‖ p

ntr(Σ)

n∑
i=1

√
GiQiX

T
i ‖2 ≥ ε),

where Qi ∼ N(0, (⊗1
m=M v̂

(m)
lm

)TΣ(⊗1
m=M v̂

(m)
lm

)) (as a result of data splitting). Since all the ele-

ments of Xi are upper bounded byMx,
√
Gi is sub-Gaussian and independent of Qi, by Bernstein’s

inequality, I2 ≤ CM
√

1/n with probability at least 1− exp(−C1CM).

For term I1, we have

I1 ≤ max
i
|ω̂i/Gi − p/tr(Σ)|I2.

By Lemma 2, we have I1 = O(
√

log(n)/p+
√

1/n)
√

1/nwith probability at least 1−exp(−C1CM)−

4n−C2 .

To sum up, we have |φ̂l−φl| = O(maxm
√
pm/(np−m)+

√
1/n+

√
log(n)/p) with probability

at least 1− 4n−C1 − C2 exp(−C3CM)− C4

∑M
m=1 exp(−pm).
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The Lemma tells that we can correctly select the subspace dimension with high probability.

Let η̂ be an estimated basis matrix of FΣ(B) obtained by the proposed algorithm in sample and η

is a basis matrix for FΣ(B). Combine this fact with Lemma 5 and Theorem 2 in Yu et al. (2015),

we have the following result.

Lemma 7. For positive integers C1, C2, and C3,

‖Pη̂ −Pη‖2 = O(
√

1/n+

√
pm
np−m

+
√

log(n)/p)

with probability at least 1−MC1n
−C2 − C3

∑M
m=1 exp(−pm).

Denote j-th column of η as ηj = ⊗1
m=Mvmj , where vmj is an eigenvector of PΓmΣmPΓm . By

Theorem 2 in Yu et al. (2015), we know that

‖ sin Θ(vmj, v̂mj)‖F ≤
2‖Σ̂m −Σm‖2

∆
,

for a positive constant ∆. It follows that

‖Pv̂mj
−Pvmj

‖F ≤
2
√

2‖Σ̂m −Σm‖2
∆

. (4)

Then note that

‖Pη̂j
−Pηj

‖F ≤ ‖(⊗2
m=MPv̂mj

)⊗ (Pv̂1j
−Pv1j

)‖F +
M−1∑
k=2

‖(⊗k+1
m=M(Pv̂mj

−Pvmj
)(⊗1

m=j−1Pvmj
)‖F

+ ‖(Pv̂Mj
−PvMj

)⊗ (⊗1
m=M−1Pvmj

)‖F .

By Lemma 5, we have

‖Pη̂j
−Pηj

‖F = O(max
m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

with probability at least 1−MC1n
−C2 − C3

∑M
m=1 exp(−pm). It follows that

‖Pη̂ −Pη‖F = O(max
m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

with probability at least 1−MC1n
−C2 − C3

∑M
m=1 exp(−pm).
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2 Proof of Theorem 1

Proof. Recall that

B̂CATL =
R∑
j=1

JB̂; v
(1)

l
(j)
1

(v
(1)

l
(j)
1

)T , · · · ,v(M)

l
(j)
M

(v
(M)

l
(j)
M

)T K,

and η̂ is a basis matrix of FΣ(B), we have (B̂CATL
(M+1))

T = Pη̂B̂T
(M+1), where

B̂T
(M+1) = (

1

n

n∑
i=1

ω̂ivec(Yi)X
T
i )(

1

n

n∑
i=1

ω̂iXiX
T
i )−1.

By definition BT
(M+1) = PηBT

(M+1). We have

‖B̂CATL
(M+1) −BT

(M+1)‖2 = ‖Pη̂B̂T
(M+1) −PηBT

(M+1)‖2

≤ ‖Pη̂(B̂T
(M+1) −BT

(M+1))‖2 + ‖(Pη̂ −Pη)BT
(M+1)‖2

≤ ‖η̂T (B̂T
(M+1) −BT

(M+1))‖2 + ‖Pη̂ −Pη‖2‖BT
(M+1)‖2.

By Lemma 7, we have

‖Pη̂ −Pη‖F = O(max
m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

with probability at least 1 −MC1n
−C2 − C3

∑M
m=1 exp(−pm). Also, since αrk are all bounded,

we have

‖Pη̂ −Pη‖2‖BT
(M+1)‖2 = O(max

m

√
pm
np−m

+
√

log(n)/p+
√

1/n)

with probability at least 1−MC1n
−C2 − C3

∑M
m=1 exp(−pm).

For the first term of right hand side, we have

‖η̂T (B̂T
(M+1) −BT

(M+1))‖2 ≤ ‖
1

n

n∑
i=1

ω̂iη̂
T (vec(Yi)−BT

(M+1)Xi)X
T
i ‖2‖

1

n

n∑
i=1

ω̂iXiX
T
i ‖−12 .

Then note that

‖ 1

n

n∑
i=1

ω̂iη̂
T (vec(Yi)−BT

(M+1)Xi)X
T
i ‖2

≤ ‖ 1

n

n∑
i=1

(ω̂i/Gi − p/tr(Σ))η̂T (vec(Yi)−BT
(M+1)Xi)X

T
i ‖2

+ ‖ p

ntr(Σ)

n∑
i=1

Giη̂
T (vec(Yi)−BT

(M+1)Xi)X
T
i ‖2

= I1 + I2
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For term I2,

P(I2 ≥ ε) = P(‖ p

ntr(Σ)

n∑
i=1

√
GiQiX

T
i ‖2 ≥ ε),

where Qi ∼ N(0, η̂TΣη̂) (as a result of data splitting). Since all the elements of Xi are upper

bounded by Mx,
√
Gi is sub-Gaussian and independent of Qi, by Bernstein’s inequality, I2 ≤

CM
√

1/n with probability at least 1− exp(−C1CM).

For term I1, we have

I1 ≤ max
i
|ω̂i/Gi − p/tr(Σ)|I2.

By Lemma 2, we have I1 = O(
√

log(n)/p+
√

1/n)
√

1/nwith probability at least 1−exp(−C1CM)−

4n−C2 .

Finally, note that

‖ 1

n

n∑
i=1

ω̂iXiX
T
i ‖2 ≤ ‖

1

n

n∑
i=1

(ω̂i/Gi − p/tr(Σ))GiXiX
T
i ‖2 + ‖ p

ntr(Σ)

n∑
i=1

GiXiX
T
i ‖2

≤ (−max
i
|(ω̂i/Gi − p/tr(Σ))|+ p/tr(Σ))‖ 1

n

n∑
i=1

GiXiX
T
i ‖2

By Lemma 2, the smallest eigenvalue of ‖ 1
n

∑n
i=1 ω̂iXiX

T
i ‖2 is lower bounded by a positive con-

stant with probability at least 1− 4n−C2 .

To sum up

‖B̂CATL −B‖F = O(
√

1/n+ max
m

√
pm
np−m

+
√

log(n)/p)

with probability at least 1− 4n−C1 − C2 exp(−C3CM)− C4

∑M
m=1 exp(−pm).
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