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Supplementary Materials for “Covariate-Adjusted
Tensor Classification in High Dimensions”
Yuqing Pan, Qing Mai, and Xin Zhang

A Additional Simulation Results

Recall that we include various popular and state-of-the-art classification methods as com-
petitors in Sections [6] & [7]1 We used the following R packages that implement our compet-
ing methods in numerical studies: penalizedLDA for (1-FDA, sparseLDA for SOS, glmnet
for ¢1-GLM, randomForest for Random Forest and penalizedSV M for ¢1-SVM. For other
competitors, we downloaded R code from https://www.ncbi.nlm.nih.gov/pmc/
articles/PMC4714801/#SD1|for MDA and PMDA, MATLAB code from https://
hua—-zhou.github.io/TensorReqg/|for CP-GLM, and MATLAB code from http://

www.scholat.com/portalPaperInfo.html?paperID=25520&Entry=laizhihui

for STDA. The author of (L1 and Schonfeld, 2014)) kindly provides the code for CMDA and
DGTDA.

For methods with only one tuning parameter, we select the tuning parameter based on the
error rates on validation set. For methods with multiple tuning parameters, we select them as
follows. For random forest, we tuned the number of variables randomly selected as candidate in
each split and used 400 ensembled trees. For STDA, we did a grid search on both the reduced
tensor dimension and penalty parameter. For CMDA and DGTDA, we let the reduced tensor
have the same dimension on each mode in simulation and ADHD, and we fixed the reduced

dimension to be 10 x 2 in the CSA data.


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4714801/#SD1
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4714801/#SD1
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4714801/#SD1
https://hua-zhou.github.io/TensorReg/
https://hua-zhou.github.io/TensorReg/
https://hua-zhou.github.io/TensorReg/
http://www.scholat.com/portalPaperInfo.html?paperID=25520&Entry=laizhihui
http://www.scholat.com/portalPaperInfo.html?paperID=25520&Entry=laizhihui
http://www.scholat.com/portalPaperInfo.html?paperID=25520&Entry=laizhihui
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A.1 Variable Selection for results for Models (C1-C3i)

In Table we compare the variable selection results of CATCH, ¢,-FDA, SOS as well as ¢;-
GLM and ¢,-SVM. For each methods, two tasks are considered: one with only tensor predictor
X (or vec(X)), and one with both tensor X and covariates U. It turns out that CATCH results
in higher TPR and relatively lower FPR than others. Comparing the performance of methods
with and without covariates, we found that CATCH with covariates has much higher TPR com-
pared to CATCH without covariates, except in (C3a), where there is no dependence relationship
between the covariates and the tensor. Meanwhile, in (C3b), the covariates have not influence

on the classification by themselves, but help with the variable selection in X nonetheless.

A.2 Higher dimension tensors

To demonstrate the applicability of CATCH in higher dimensional tensor data, we further con-
sidered variants of models (C1)—(C3) where we increase the tensor dimensions from 30x 36 x 30
to 80 x 80 x 80, that is 512, 000 voxels in total. Parallel to models (C1)—(C3) in the paper, we
now have three new models (C1H)—(C3H) where the sample size are also increased slightly
from ny = 75 to ny = 100 in each class. Many methods (CMDA, DGTDA, RF, ¢;-SVM)
become practically inapplicable because of the prohibitive computational costs. Therefore, we
only compare CATCH with ¢;-FDA, /¢;-logistic regression, GP-GLM and DGTDA. The clas-
sification errors are summarized in Table [A.2] and the variable selection in Table [A.3] Not
surprisingly, CATCH continues to achieve better accuracy and variable selection than the com-

petitors.

B The Autism Spectrum disorder (ASD) dataset

In this section we study a real data example similar to the ADHD data in the paper, where
we have a three-way tensor predictor from structural magnetic resonance imaging (MRI) and

additional covariates (age and sex). The original data is from the Autism Brain Imaging Data
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Cl C2 C3 C3a C3b C3i

Rate(%) TPR FPR TPR FPR TPR FPR TPR FPR TPR FPR TPR FPR
CATCH 498 00 534 00 606 01 698 01 643 0.1 581 0.1
without U (2.0) (0.0) (1.9) (0.0) (1.4) (0.0) (1.2) (0.0) (1.0) (0.0) (1.4) (0.0)
CATCH 921 0.1 669 01 694 0.1 612 01 732 0.1 70.0 0.1

0.7) (0.0) (0.1) (0.0) (1.0) (0.0) (1.0) (0.0) (1.2) (0.0) (1.1) (0.0
¢,-FDA  96.0 339 100 258 100 24.0 100 21.8 100 209 979 288
without U (2.0) (2.0) (©) (L.5) (©) (d.5 (@© (©0.8) (O (09 @14 (25
¢,-FDA  96.0 347 100 254 100 24.0 100 21.7 100 209 979 288
withU (200 (2.1) (© (5 (@© @5 (@O (©8) (O (09 14 253
SOS 268 00 558 01 534 01 613 01 548 0.1 580 0.1
without U (1.0) (0.0) (1.0) (0.0) (1.1) (0.0) (1.1) (0.0) (1.0) (0.0) (1.1) (0.0)
SOS 269 00 559 01 534 01 604 01 548 00 579 0.1
withU  (1.0) (0.0) (1.0) (0.0) (1.1) (0.0) (1.1) (0.0) (1.0) (0.0) (1.1) (0.0)
¢y logistic 208 00 541 0.0 51.1 00 571 00 521 0.1 589 0.1
without U (0.1) (0.0) (1.7) (0.0) (1.2) (0.0) (1.1) (0.1) (1.1) (0.1) (1.1) (0.0)
¢y logistic 214 0.1 539 00 506 00 595 01 501 0.1 5838 0.1
withU  (0.9) (0.0) (1.1) (0.0) (1.2) (0.0) (1.0) (0.0) (1.1) (0.1) (1.1) (0.0)
¢ SVM 439 0.1 559 0.1 313 01 561 03 436 0.1 565 0.12
without U (0.2) (0.0) (0.3) (0.0) (0.0) (0.0) (0.1) (0.0) (0.1) (0.0) (0.25) (0.00)
¢ SVM 810 05 559 0.1 314 0 687 04 747 02 565 0.2
withU  (0.3) (0.0) (0.3) (0.0) (0.1) (0.0) (0.1) (0.0) (0.3) (0.0) (0.25) (0.0)

Table A.1: Variable selection results for Models (C1-C3) & (C3a), (C3b), (C3i). True Positive
Rate (TPR) and False Positive Rate (FPR) are defined in [6.I] Means and standard errors (in
parentheses) are based on 100 replicates.

Exchange (ABIDE) (available at http://fcon_1000.projects.nitrc.org/indi/
abide/), where the goal is to study the characterizations of Autism Spectrum disorder (ASD)
among 23 laboratories. We use the dataset from New York University that contains n = 182
observations of 78 ASD subjects and 104 normal controls. For each subject, a 91 x 109 x 91
tensor predictor is provided. We remove the fibers with all zero variables or limited nonzero
variables, which lie on the outer shell of the tensor, so that the (nonzero) tensor predictor has
dimension 71 x 89 x 71. We record the 5-fold and 10-fold cross validation errors in Table B.1l
Given the large dimension and slow speed of SOS, we complete 100 replicates for CATCH but

only 20 replicates for SOS.


http://fcon_1000.projects.nitrc.org/indi/abide/
http://fcon_1000.projects.nitrc.org/indi/abide/
http://fcon_1000.projects.nitrc.org/indi/abide/

Error rate (%) ClH C2H C3H
7I(xX,U) X (X,U) X (XU X

Baves 558 NA 1122 NA 834 NA

y 022) NA (032) NA (030) NA
10.03 3033 16.11 20.01 1058 17.12
CATCH 0.36) (0.44) (0.37) (0.65) (0.35) (0.62)
4333 4384 2923 2902 1671 1722

CP-GLM (1.01) (1.20) (1.15) (1.28) 0.57 0.73
4959 4951 5039 5058 4644 4647
DGTDA (0.50) (0.48) (0.52) (0.52) (0.45) (0.45)
/FDA 4375 4372 3459 3459 356 3557
! 0.47) (0.47) (0.51) (0.51) (0.52) (0.51)
/GLM 3375 3375 16.63 1663 13.62 13.61
! (0.53) (0.53) (0.38) (0.38) (0.35) (0.35)

Table A.2: Higher dimension simulations. We apply these methods on using only tensor and
both tensor and covariates two scenarios. Due to memory limitation, results are recorded from
100 replicates and each replicate has 100 test observations.

X CIH C2H C3H
TPR FPR TPR FPR TPR FPR
69.5 001 5663 000 578 0.00
CATCH | h 65y 0.00) (1.97) (0.00) (1.93) (0.00)
[ FDa | 985 SLIS 100 2446 100 4561
(1.41) (3.21) (0.00) (1.25) (0.00) (3.01)
(.GLM | 195 000 5863 000 5581 000
(0.90) (0.00) (1.04) (0.00) (0.98) (0.00)
X.U) CIH C2H C3H
) TPR FPR TPR FPR TPR FPR
9269 001 70.00 001 7538 001
CATCH | 73) (0.00) (1.12) (0.00) (1.12) (0.00)
98 5181 100 2446 100 4622
¢,-FDA
(1.41) (3.22) (0.00) (1.25) (0.00) (3.02)
I tosistic | 195 000 5863 0.00 5588  0.00
17108 (0.90) (0.00) (1.04) (0.00) (0.98) (0.00)

Table A.3: Variable selection results.

56 Classification of ASD in this dataset is more difficult than ADHD study, given the subtle

s7 relationship between brain anatomy and autism. Classification of ASD has error rates over 40%
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Error rate (%) CATCH SOS Random guess

5 fold 43.89  48.57 49.53
(0.31) (0.29) (0.04)
10 fold 43.77 4891 49.06

(0.29)  (0.31) (0.04)

Table B.1: ASD data analysis. Error rates and standard error (in parentheses) of 5-fold and
10-fold cross validation.

across literature. It is shown that the error rate of SOS is very close to random guessing rate,

while CATCH performs much better.

C Technical Details for Example 1) and some related results

First, we prove the following Proposition [C.1] Although Proposition [C.I]is a well-known result

in the LDA literature, we still present its proof for completeness.

Proposition C.1. ForY € {1,2}, W € R?, assume that (W,Y) follows a linear discriminant
analysis model in the sense that W | Y = k ~ N (i, Q). Further assume that m; = my = 1/2.
Then the lowest classification error rate possible is

V(6 — )T (¢ — Cl))
2

1—d( (C.1)
where P is the cumulative distribution function of the standard normal random variable.

Proof of Proposition|[C.1} It is well-known that the best classifier under this model classifies

an observation to Class 2 if and only if (W — %)Tﬂ_l(cg — (1) > 0. It is easy to show that

Pr((W — S0, ¢y > 0]y = ) 2
= Pr((W-— S ‘; C2)TQ—1(¢’2 —¢)<0|Y =2) (C.3)
= 1= q)< \/(CQ - Cl)T;z_l(CQ - C1)> (C4)
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Hence, the classification error rate is

_C1+C2

Pr(W—=>==)"27 (G = G) > 0|V =) Pr(Y = 1) (C.5)

L opr((W - o ; 21 01(¢y =€) < 0| Y = 2) Pr(Y = 2) (C.6)
e g, .
O

Define R(U, X) as the lowest classification error rate possible if we build the classifier
based on X and U, and similarly, R(X) as that based only on X. For simplicity, we consider the
binary classification case with equal class probability of 0.5, and assume that gt # po because

otherwise (U, X) are jointly independent of Y and the best classifier is random guessing.
Lemma C.1. For K =2, ¢1 = ¢o, m1 = mo, @ # 0 and py # po, we have R(U, X) < R(X).
Proof of Lemma Straightforward calculation shows that

U oy O, Q1
( vec(X) ) ¥ =k~ N (( Wi + QX (1) P ) ’ ( Qa1 Qo )) ’ €8

where Qll . ‘I’, ng = 912—1 = ‘I’a(M+1), QQQ = ®%j\42m + aEMH)\Iloz(MH).

By Proposition|C.T|and applying the block inverse formula, we have

VAL A
RU,X) = 1-a (%) , (C.9)
where we have used the fact that ¢; = ¢, and,
Ar = (po— )" Dy (B2 — 1) (C.10)

Ao = (p2— p1) {05 Qo1 (11 — Q12055 Q1) ' Q12055 H o — ). (C.11)

It is easy to see that A; > 0, Ay > 0 under our assumptions.

On the other hand, by (C.§), (vec(X),Y") also follows the LDA model. Hence, because of
D1 = P2,

(C.12)
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where A is the same as defined in (C.10). Because A, > 0, we must have R(U, X) < R(X).
O

Technical Details for Example E]. From straightforward calculation, we have,

l+a* o> 00 «a
o> 1+4+a®> 0 0 «
EQECOV<<VGCISX>>|Y): 0 0 100
0 0 010
o o 001
Therefore, 3, = cov(vec(X) | V) is the upper left 4 x 4 block of X,,. It is thus easy to verify
that,
1 0 00 -—a 1100
0 1 00 e 1100
st'=10 0 10 0 , Sl =L-24+a )7t
@ 0 00O
0 0 01 0 000 0
—a —a 0 0 1+2a?
Then from Proposition|C.1|and LemmalC.1} we have, R(X,U) = R(X1;,U - \/(251)11> =

1—®(1); R(X11) =1—®(cov }(Xy; | Y)) =1 —®(1/3/1 + a?); because ;' (E(vec(X) |
Y = 2) — E(vec(X) | Y = 1)) contains two nonzero elements, R(X) = R(X11, Xo1) =
1 —@( (2;1)11) =1—®(v2+a?/v2+2a?). m

D Proofs for all Lemmas and Propositions

Proof of Proposition[I} First, note that (2.5) is equivalent to

Y = arg max {log (me/m1) + log ?jg?ig

Under the model in (2.1), we have that, within Class k, the probability density function for
(U,X) is

} (D.1)

1 1 1

f (U X) W eXp(—é(U _ d)k)T\I,_l(U - ¢k)) . det(27T ®mz}\/[ Em)l/Q

1 _ _ _ -
.exp(—évecT(X —aXarnU — ) (@021,2,,)  'vee(X — axar4)U — py)) (D.2)

We have the desired conclusion by substituting (D.2)) into (D.T). O
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Proof of Lemma[Il Under the CATCH model, the negative log-likelihood up to additive and

scaling constants can be written as

g(a I’Ll?"'?l’bK?E)

~ log|X|+n~ ZZtr{E Vec ,uk—a>_<(JV[+1)Ui)vecT(Xi—uk—ai(MH)Ui)},
k=1Yi=

where 3 = ¥, ® - - - ® ;. Then we can first see that the MLE for g, (since it only appears
in the log-likelihood of class k) is

ﬁk = Xk - a;((M—H)Uk;
then the partially minimized ¢(cx, w1, . . ., i, 2) becomes

la,X) =~ log|X

+ nt Ztr {E_lvec (iz — a>_<(M+1)I~Ji> vec' <)~(’ — a>_<(M+1)I~Ji)} ,
i=1

where the second term no longer depends on £ explicitly and the centered data is defined as

X = X — X, and U’ = U’ — U, for observation i in class k. Also, notice that

vec (XZ — ai(M+1)ﬁi> = vee(X') — a{MH)fJi.
It is thus clear that the likelihood function under the CATCH model coincides with that of the
tensor response regression model (Li and Zhang, [2017) with the modified X as response and
the modified Z as predictor and with the same form of (partial) likelihood. Therefore, we have

the desired conclusion. L]

Proof of Lemma2l Write W = [Z; Q}/ SO o ,/°]. Then we have that all the entries in Z

are independent of each other.

E(W ;W) = ]1/2{ Zi) (R )z } QL2 (D.3)
I#j
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Define V =@Q),,; @and H = E {Z(j)(®l;£j Ql)Z{j)}. Then we have

hij = E(; vnZinZi) = { 0 ifi £ (D.4)

It follows that H = tr(V) - I. Then because of tr(V) = [],; tr(£%), we have the desired
conclusion.

]

Lemma D.1. For each j = 1,...,p, we can define a sequence {s,,,m = 2,..., M + 1} as

m

follows: syr1 = j and s,, = $,,4+1 mod (]—L.:_l1 pi)form =2, ... M. Then

1 1
() =)y = vee( Q) Somsin) (D.5)
m=M m=M

where j; = sy mod py and j,, = | i;"_ﬁlp}form =2,...,M.
=1 g

Proof of Lemma By the definition of Kronecker product, we have that, for two matrices

2, € R, Q, € R, we have
<QQ ® Ql)-j = VeC(QZ.(%W ® Ql,'(j mod Pl))‘ (D6)

where we restrict that « mod b = b if a is divisible by b. Hence, we have

By %), ={2y® Ey-1--0X1)}; (D.7)
= Bt @ (Bp-1-- @ 1)y, (D.8)
m=1
= Q) S (D.9)
m=M
where the last equality is obtained by recursively applying (D.6). O

Proof of Lemma[3l For simplicity, we only present the proofs for no covariate case. Without
loss of generality, assume that the observations are arranged such that Y’ = 1fori = 1,...,ny;

Yi=2fori=mn; +1,...,n1 + no and so on.
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121 Define X, as the np_,, X p,, matrix obtained by stacking the observations X(m),i =

122 1,...,n.

(Inl - nll]-m 1721) 2 Ip—m T 0

A= (D.10)
0 o (I, — iln,{ 1, )®L,

m By B0, X, o (X)X}, where

X?m) = o =AXm) (D.11)
Xz(m) — MK

12 It follows that ., is positive semi-definite, and rank (%) = rank(X7,,)). It leaves to show that

1

n

s rank(X(, ) = P
126 Because rank(A) = (n — K)p_p,, while X(,,) is randomly sampled from a continuous

1

n

7 distribution, we have that, when (n — K)p_,, > p;,, with a probability of 1, X,,)- is column

128 full-rank, i.e, rank:(X?m)) = pn,- Consequently, with a probability of 1, f)m is full rank. L]

120 Proof of Lemmaldl Set the partial derivative of £(C,, ..., Cg) with respect to Cy, to be zero

130 and we have

AL(Cs,...,Cx)

=2[C; 2o, ..., k] — 2(pp, — 1) =0 (D.12)
0C;,
131 Solve this equation for k = 2, ..., K and we have that (B, - - - , B) minimizes £(Cs, ..., Ck).
132 D

133 Proof of Lemmaf5l By Lemma 1 in Mai et al.| (2017), we have that, given 3./, j’ # j, the

1

w
X

solution of 3.; to (4.1)) is

K
. 1 ~ A
argmin Y~ (B — Bi) + =18, (D.13)
Bi 93jj
~ Upi — U1) — 0133 ~ N
135 where §;; = Py IJ)A Zl# ; kl. Because ¥ = ¥, ® - - - ® 31, by Lemma|D.1|we
0jj
136 have v
> 0Bk = Bl B0 = [ T (D.14)
I#j m=1

10
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Sm+1

Jm = [Hm_lp} form = 2,...,M and j; = s, mod p;. And we have the first part of

conclusion, {@.5] 4.6). By checking the subgradients we can easily obtain the second part of
conclusion, (4.7). [

Proof of Lemmal6l We first consider the computational cost for (4.8). For each j, by Lemma|D.1]

we need M — 1 operations to find 71, ..., ja. Additional M — 1 operations are needed to find
1Y, Gnjinjin- Ttleaves to calculate [BY; 5\31,-]‘1, e §M7.jbfﬂ, which is equal to (®}71:M§]In,.jm)vec(Bi).

Since B? is sparse with at most d; nonzero entries, it suffices to find the d; corresponding el-

ements in (®,17L:M§In’,jm). For any j/, it takes M — 1 operations to find 5/ . m = 1,..., M
such that [TY_, Gy jrmjn = (®7171:M§In,-jm>j" The calculation of [[Y_, G, jim;,. is again

O(M — 1). Hence, the calculation of [BI; il,ma e ,f]M.jM]], k=2 ..., Kis OMKd).
The computational cost for soft-thresholding is lower. Hence, for each j, the computational

cost is O(M K d;). The update for all j has the computational cost of O(N K d;p). O

E Proof for Theorem[I|(Convergence analysis for Algorithm [I))

In this section, we present the results in Theorem
Our proofs reply on the following definitions and propositions in [T'seng (2001). For a
generic objective function

N

Fx1 o xn) = fo(xi,xn) + Y ful(xi) (E.1)

k=1
where fo : R+ s R U {oo} and some f;, : R™ — RU{oco},k=1,...,N.

We have the following definitions:

Definition E.1 (Gateaux-differentiable (Bertsekas, |2016)). For a function F' : RP — R, its

Gateaux derivative is defined as

. Fx+2Xy) - F(x)
! (- —
Flxy) = lim 3

(E.2)

If F'(x;y) exists for all y at x, then F' is Gateaux-differentiable at x.

11
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Definition E.2 (Stationary points (Tseng, 2001)). A point z is stationary for function h if
g(z;d) > 0 for any d, where

h(x + Ad) — h(x)

g(z;d) = hr)\n\lglf 3 (E.3)

Definition E.3 (Regular (Tseng, 2001)). A function f is regular at z if
f'(z;d) >0, foranyd = (dy, . ..,dy) such that f'(z;(0,...,dg,---,0)) >0,k=1,..., N.
(E.4)

We will also use the following propositions.

Proposition E.1 (A simplified version of Lemma 3.1 in [Tseng (2001)). If fo is Gdteaux-

differentiable., f is regular at each z.

Proposition E.2 (A simplified version of Theorem 4.1 in Tseng (2001)). Assume that the level
set X0 = {x : f(x) < f(x°)} is compact, where X" is the initial value of the algorithm, and
that f is continuous on X°. Further assume that f(xy,...,Xy) is pseudoconvex in (X, X;) for
all i,k € {1,...,N}, and if f is regular at every x, then the solution generated by the cyclic

coordinate descent method converges to a stationary point of f.
We make use of these results to prove Theorem|[I]

Lemma E.1. If S is positive definite, the set B° = {B: L(B) < L(B°)} is compact for any

3°, where

K P
L(B) =Y BiZB — 281w — 1) + 2D 18] (E.5)
k=2 j=1

Proof. Because L(/3) is continuous, B° must be closed. It suffices to verify that B° is bounded.

When 3 is invertible, it is easy to see that, for any 3 € R?,

BISEB, — 20 — 1) By > —(D — 0S5y, — D) (E.6)

12



174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

It follows that, for any 3 € B°,

K p
= G- ) B - 9) A Y 18] < L(8) < L(B) (E.7)
k=2 j=1
which implies that
p 1 K N
> UIBsl < 3 > (O —0)'E (B — 1) + L(B°) for any B € B (E.8)
j=1 k=2
Therefore, B° is bounded and hence compact. O]

Proof of Theorem[I. Let

K
fo(B) =D ABIZBx — 2(wi — v1) Bi, f5(B,) = MByl.i=1,....p (B9

k=2
Apparently L(8) = fo(B)+>_7_, fi(B.)- Because fy(0) is differentiable, by Proposition
we have that L((3) is regular at each 3. By Lemma 3] if (n — K)p_,,, > py, for any m, with
a probability of 1, S is positive definite. Combine this fact with Lemma and we have
B = {B: L(B) < L(B")} is compact. Further note that L(3) is continuous and convex. By
Proposition the blockwise coordinate descent algorithm converges to a stationary point of

L(B). Because L(/3) is strictly convex, the stationary point is the global minimizer. O

F Technical Lemmas for the proof of Theorems 2|and

Our proofs rely on the following result that is well-known in the literature; see |Bickel and

Levina (2004) for example.

Lemma F.1. For bivariate normal random variables (Zi, Z)",, i.i.d. with mean zero and
bounded variances, there exists €y > 0 such that for any ¢, ¢, 0 < € < €y, with a probability

greater than 1 — 2 exp(—Cne?), we have

1

|E§Zi ~BZ| <e (F.1)
1 - o

— YAYA Y S AVAS RS F.2
|n; 142 (1 2)|_E (F.2)
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190 In what follows, we prove some large deviation inequalities for matrix/tensor normal distri-

191 butions.

w2 Lemma F.2. For Z' € RP*P2, 7' ~ TN(0,1,,,L,,),i = 1,...,n, iid, and A € RP"*PL g
193 diagonal matrix with diagonal elements A1, ..., A, > 0, there exists ¢g > 0 such that for any

104 0 < € < €y, we have

1 <& . ) 1 ) ) Cnp2e
Pr(|— S (Z)AZ' — —E((Z')AZ)|ax > €) < 203 exp(—mpig)  (E3)

np1 = 4 =1 )‘l

195 Proof of Lemma [E2l Note that
1 . 1 . .
SN NZVAZ — —E(Z)AZ) | (F4)
I ST (2 A
1 p1 A A
= m%ﬂ%ZZAlZJSZm (p_z)\ZZlZsZZk” = max L(s, k) (E.5)
s et =1 1= S’

196 We analyze L(s, k) under two scenarios: s = k and s # k. We first consider the case s = k.

n p1
(s,s) = |—ZZ)\Z (Zi)*—E (Z%Z/\Z(ZZS)Q) (F.6)
=1

(L0 Rl

197 Because (Z/,)? ~ x2(1), we have, for any ¢t > 0, Ee"N(Zi.)* = (1 — 2\;t)~/2. Thanks to

19 the independence among Z, for (i,1), we have

Efexp(t ) | Z N(Zi))Y =] —2xn0) 2 (F.7)

i=1 I=1 =1
199 It follows from Chernoff bound that
( iZ)\l (Zi)}*—E (i i N(Zi )2> > e) (F.8)
i=1 =1 -
p1 p1
< <H(1 - 2)\lt)"/2> exp(—tn » A — tnpie) (F.9)
=1 =1
1
200 It can be verified that, for 0 < ¢t < — BV , we have
!
(1 —2)M8) 712 < exp(\t 4 40712) (F.10)

14



201 It follows that

1 - 1 i\2
Z)\l Z1)? Z)\Z(le) =€
i=1 1=1 b1

=1

pP1
< exp(z 4NInt? — tnpye)
I=1

2 2
npi€
= o ee )
202 where the last equality is obtained by letting ¢t = 3 gplf JvR

Similarly, we can show that

n 2 .2
( ZZN Z1)? — (Z N(Z, > —6> < exp(— 02?1;)-
1=1"1

=1 [=1

Cnpie?

203 Hence, for any s, Pr(L(s, s) > €) < 2exp(—=p; )\2).
=17

1 o
204 Now we consider the case s # k, where L(s, k) = |[— Y"1 > 71 N Z[, Z},].
np1
205 Note that

Elexp(t\Z,Z}),)) = E {Elexp(t\Z},Z},) | Zii)}

o (PN
R S G R} Vi

206 By the Chernoff bound, we have that

n pi
1

Pr(— ZZ)‘ZleZlk >e€) < {H (1 = A2 tH) ™Y exp(—tnpye)

n
(e e —— =1

1
207 It can be verified that, if t? < SYvA then we have
1

(1= AP%) 712 < exp(2X7t?)

208 It follows that

. npl
Pr—g E VAN A >¢€) < ex QnE /\2 — tnpie) = ex
np; e 141s 41k p P1 p( Szpl )\2)

15

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)

(F.16)

(F.17)

(F.18)



209

210

211

212

213

2

4

2

5

2

6

2

7

218

219

220

p1€
o AYLN
Similarly, we can show that

if we take t =

n pi

1 S
Pr(— N2 2 < —e) < exp(—
(nplzz 1ZisZy, < —€) < exp(

i=1 [=1

Consequently, Pr(L(s, k) > €) < 2exp(—
Therefore, apply the union bound and we have

n

2.2

Cnpie

Ty (F.19)
121 AT

%) for any s # k.

p1 2
=1 )‘l

Pr(HL Z(Zi)TAZi - iE((Z")TAZZ')HHMX >€) < Pr(me}tﬁx L(s, k) > €)(F.20)

npr b1
Cnp3e? )
i AT

< 2pjexp(—

(F.21)

]

Lemma F.3. Consider W1, ... W™ € RP1**Pu j i d. with the distribution TN(0, 31,35, . ..

where diagonal elements of 3.,,,, m = 1,..., M, are all ones. Define

n

1

% = > (W) (W)

L

_ RN
By = ;ZWQ‘
=1

)

(F.22)

(F.23)

where p_; =[], j Dm Then there exists €g > 0 such that for any 0 < € < €y, with probability

2 2
C’np_. ;€
PP

greater than 1 — 2p§ exp(— ), we have

S 1/2
125 = 5 llmax < 121726

(F.24)

)EM)’

In the meantime, for 2 /n < € < €, with a proabability greater than 1—2p* exp(—Cn*p_;€?),

we have

1 . _
||f#(j)#{j)||max < Ao
DP—j

where \.y Is the largest eigenvalue of 331, . . .

16

max

S

1/2
[T

(F.25)



221 Proof of Lemma By definition, we have

S VAR A SEA (F.26)
222 where Z' ~ TN(0,L,,...,I,,). Further decompose ®,.;3,, = TAL'", where A is a diago-
223 nal matrix with diagonal elements \;,/ = 1,...,p_; and I' is an orthonormal matrix. It is easy
224 to see that \; < \M -1,

225 We first show (F:24)). Note that

S 21 = ; 1/2
3 =5 (np_j D (Zi) (@mri Zm) (Z(j))T> )/ (F.27)
=1
1/2 1 - 7i 7i 1/2
%) (np jZ< <j>)A(Z(j>)T> X; (F.28)
=1

226 Where Z%j) = Z; T By properties of matrix normal distribution, we have ZZ( i~ TN(.I,,L, ),
227 and hence is still a matrix with 1.i.d standard normal random variables. Consequently,

n

- 1/2 1 7i 7i 7i 7i
15 = Zjllmax < HEJ-/ [l Z(Z(j))A(Z(j))T — B(Z{;)) A(Z(})) [l max (F.29)

[
By Lemma [F:2] we have
~ i i T R i AT 2 Can—je2
Pr(f|— Z( WIAZG)" — —E(Z{;)) AZ(;) |max > €) < 2p5 GXP(—T/\Q)
np—; .3 P—;j =1\
228 And the conclusion follows.
229 Now we show (F.25)). Note that
o~ RE $1/2
poil = 3 Z Zij) (@ T Z Zi;)'s) (E30)
— = Zz ZZZ x/? (E31)
- = 2,7,(j)A;1{j)2j/ (F.32)

17



230 Where fi(;) = ZZ ) ZZ . Therefore,

P—j
1/2 ~ ~ 1/2 ~ ~
|GGG Imax < 1B IR 1B AR lmax = 151 ||%n;akx|ZAzu<j>,5lu(j>,m (F33)

2
< ||El/ 2 max o Z )\l,u st Z )\l,u (k) (F.34)
=1
< |IZ5 maXZ)\zM e S A maXZu (F.35)
=1
231 For the term )7 { lii;).s1» nOte that n . it o ~ X*(p-;). Then by the Chernoff bound,

232 there exists ¢y > 0 such that for 2/n < € < €, we have

1
Pr(}T > liyya > €) =Pr(n Z [ij).1 — P—j > Mp_j€ — P—j) (F.36)
=1
b
< Pr(nz,ﬂ%jw —p_j >np_je/2) < exp(—Cn’p_;e?) (F.37)
=1
233 And the conclusion follows. L]
2« Lemma F.4. For matrices Em,im € RP7, define omax = MaX ik |Om ikl If ||§)m
235 2 ||max < € < MaXy, jk |Om ji| form =1,..., M, then we have

15 = 3|max < M2M M1 (F.38)

rnax

26 where S =@ _ S and ¥ =L _ B,

Proof of Lemma [F4.
M
HE - z3||max = X Hrlnax ’ H Om.jm . km — H Um,jmﬁm’ (F39)
M m-—1
= maX | Z H 7]Ikl O-m Jrn m Um ]rn 'm H O-l,]]kl (F40)
Jmokm,m=
m=1 [=1 l=m+1
M
S Pk maX Z | H max{|o-ly.]l7kl| |0-l1.]l)kl }(O-ma.]mykm O-majm,km)| (F'41)
G o=l M I#m
< M2 éfaxle (F.42)
237 D

18



238

240

241

242

243

244

245

246

Lemma F.5. Consider random variables (W, V) where W € R, V € R?and V ~ N(0,),
W |V =v~ N(a'v,c?). Given n independent samples {W*', V'}"_, define

n -1 n
a= (% > Vi(vi)T> <% > Vivw') (F43)
=1 =1

Then

2

~ _ _ Cne
Pr (& = s > 2007 (14 197 - 18]1)e) < 26 exp(~ =) + 2qexp(~2Cne)
(F.44)

where 6 = E(VIV).

~ 1 o ~ 1 o
Proof Lemma[E5l Write @ = =" V/(V')Tandd = — > " | V'W". By Lemma for
n n
any (7, k), we have

Pr(|@jr — wjr| > €) < 2exp(—Cne?) (F.45)
Pr(|25\k — 6 > €) < 2exp(—Cne?) (F.46)
Consequently,
~ 9 Cné
Pr([€2 = @l > ) < 26°exp(—_-) (F47)
Pr(||g— 0)|oo > €) < 2qexp(—Cne?) (F.48)
It follows that
la—ale = [970-270e=Q"0-0)+ Q-2  (F49)
< QM 4ll0 = 8lloe + 127 = 271 - (18] (F.50)
< (197 = Q7Y+ IQ7)IS — 8l + 127 = 718l (ESD)
Now note that
10 -7l = Q7Y Q-Q Y, < Q7L Q- QL -7, (ES52)

< (@7 -7+ eI - Q- 127, (F.53)

19



247 It follows that if ||(AZ — Qs <efore< m, we must have
127 -7 < 2127 (F.54)
248 Hence, under the event ||(AZ — Q| <, ||3\— 0|/ < €, we have
16 — llmax < 202711 (1 + 127 |1 - [1]]o0)e. (F.55)
249 U

250 Lemma F.6. Consider (V, W) where V. € RI, W € RP*"*PM_ Assume that V ~ N(0,2),
51 W |V =v ~ TN(aXsnV,X1,...,38u). Given n independent samples {V', W'},
252 deﬁne

~ 1 ¢ i vy =1 1 - ity
Qjyjpr = (E ZV (V )T) 1(5 ZV Vle"'jM) (F56)
i=1 i=1
S (A I ¢ i i i i\T
(@) = o~ ;(W — ax () V) () (W' = ax ey V[ (F.57)
< 1 - i - i i - iNT
E](a) = — ZZI(W — aX(M+1)V )U)(W — aX(M+1)V )(]) (F58)
253 Then we have
~ ~ ne
Pr(||Z;(@) — Ej()|lmax > ¢%€) < Cpg? exp(—C’?) (F.59)
254 Proof of Lemma [F.6l Define events:
51 = {||6¢j1,..jM — ajl...jMHOO S ¢ for all {jh e ,jM}} (F60)
IEN i\2
& = {rrg}XEZ;(W(j),sl) <146} (F61)
1,
& = {max— ZI(V, 2 <1+¢€} (F.62)

2
255 By Lemma Pr(&) > 1 —2p(¢? exp(—C’ne—Q) + gexp(—2Cne?)). By Lemma we
q
256 have Pr(&y) > 1 — pexp(—Cne?), Pr(€3) > 1 — gexp(—Cne?). Hence,

2
Pr(&,NENE;) > 1 — 20pg? eXp(—C'n;—2) (F.63)
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257 In what follows we assume that £ N & N &3 has happened.

258 Straightforward calculation shows that

1 _
= - Z W(].)((a —a) x4V )(J)
pfj =1
+ ((Oé - a)i(MH)Vi)(J)(WZ(J))T
np—;

I A BN (A i N i v i
+ ( Z(ax(MH)V )iy (@xarry V)i — Z(O‘X(MH)V Jo) (X aryV )Ej)>
=1

. n .
i=1 P=j 32

Li+ Lo+ Ls

259 We analyze these three terms one by one.

n P-j
[ L1]lmax = max|

sk nijZW sil(ee =) Xy V'] ).l

i=1 [=1

W 0AX [0tk g — Oty iy [l oo maX " ZZ\W]> al IV

i=1 =1

ZZ Wiyl Val VY2

1=1 [=1

IN

VAN

max ||ak1 kv T akl kMHOOmaX
ki,...km P—j

IN

klr’na’i(M Hakl kv T akl“-kMHOO H}g%x np_; ZZ{ ),sl /2+QHV1H }

=1 [=1

RS i @ i
(e 3o g 007

i=1 i=1

IA

IA

Cq’e

260 Hence, || L1 ||max < Cq%c. Meanwhile, L, = L]. Hence, || La|/max = || L1||lmax < Cg?e.
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261

262

263

264

266

2|

(<2

7

For L3, note that

Ls

HL4||maX

IN

IN

IN

<

1 ~ v i ~ = i
. (@ — )Xy V') gy (@x 4y V') (F.64)
i=1
1 ¢ v i ~ z i
+np_j Z(QX(M+1)V )(])((a — a)X(]\/[_H)V )-{]) (F.65)
i=1
Ly+ Ls (F.66)
1 n P-j
max — 1> ) (@ — @)Xy V) g - @y V'] (F.67)
® =1 1=1
max Hakl ----- by = Oy, kM”oo'( maX ||ak1 ..... kMHoo‘f‘G) (F.68)
1,k k1,...,
n P-j
S v (F.69)
np,j i=1 l=1
¢
E(krfl.?lz(MHakl 77777 kas lloo + €) max EZ (F.70)
2(] 6( max Hakl ~~~~~ kMHOO—i_G) (F.71)
k1, ks
Cq’e (F.72)

Similarly we can provide a bound for || Ls||max. Putting all the pieces together, we have the

desired conclusion.

< QZeXp —Cnr}) < 2K exp(—Cnn?

TN
ne > 5 where n; =

min )

7Tkn

as

k=1

22

G Proofs for Theorems 1 and 2

min )

\——Wk\

]

Now we consider the CATCH model in (2.1} 2.2)). Throughout this section, we assume that
i1

greater than 1 — 2K exp(—Cnr?

1(Y" = k). Note that this event happens with a probability

Tk

?) (G.1)

(G.2)



268

270

271

272

273

274

275

276

277

278

279

where we apply Hoeffding’s inequality.

R 1 ) o o~ 1 ) o )
Define p;, = - Yoyvice(X = ax)U'), Eﬁ“ = » > yick (X = ax U —
i) (XF — ax (a41)U* — ﬁk){j). We have the following lemma.

Lemma G.1. For 0 < ¢ < min{e, %} we have

2

q; ) + 2K exp(—C'mrfmn)

Pr([|a — almax > €) < 2¢°pexp(— (G.3)

Proof of Lemma The proof is similar to that of Lemma|F.5]and is hence omitted here. [
2

Lemma G.2. With a probability greater than 1 — C¢*p exp(—C’n—Z) — 2K exp(—Cnn?,), we
q
have
[k — Bk llmax < (2 + [|@rllc)ge fork=1,.... K (G.4)
Proof of Lemma Note that
||ﬁ’k - “k”max (GS)
1 i A= i 1 i - i
< ||n—k Z(Xz —axpU) - - Z(X — aX (1)U |l max (G.6)
Yiek Yiek
1 . _ .
— i ) — 7
+||nk: Z (X CXX(M+1)U ) #’k”max (G )
Yiek
< (@ — )X (v+1) B |lmax + [[(@ — @) X (ar11) (@1, — D)l max (G.8)
1 ) _ )
— X' — ax U — max GJ9
+”nk ;k( ax1)U") — | (G.9)
< (24 |orlleo)ge (G.10)
TN ~ ~ 1 i _ i
under the event n;, > T’ ||a_aHmax <, H¢k—¢k||max <e Hn_k Zyi:k(X _aX(MH)U )_
|l max < €. Combine Lemma|[G.1] with LemmalF.1]and we have the desired conclusion.
U]

4
Lemma G.3. There exists ¢y > 0 such that for — < € < €, we have
TN

2

q; )42K exp(—~Cnr2,,)

(G.11)

Pr(|]2§k)—2j]\max > O¢%) < Qp? exp(—Cnp_;e*)+Cq’p exp(—

23



250 Proof of Lemma For simplicity, write

E' = X' — aX U — (G.12)
281 Throughout this proof, we assume that the following events have happened:
& = Al Z E{)(EL)" = 3 /lmax < €} (G.13)
np_ —j vie
& = {||a_a|max<€} (G.14)
& = {—Z( (n)? <1+e, foranyl,t} (G.15)
R yizk

& = {n—k YZk 1[5 < (14 €)q} (G.16)
E = {lltr — pr|lmax < €, for any k} (G.17)
& = {||ldr — Prllmax < €, forany k} (G.18)

When ny, > ;r’“" . by Lemma|F.3, Pr(£f) < 2p? exp(—Cnp_;€®). By Lemma(G.1} Pr(ES) <
-—)- By standard Chernoff bound, Pr(£§) < 2pexp(—Cne?), Pr(€f) < 2qexp(—Cne?),

2¢%p exp(—
Pr(&Y) < 2pexp(—Cne?), Pr(EY) < 2qexp(—Cne?). Hence, all these events happen simul-
taneously with a probability greater than

2
- Cpexp(—Cne?) — 2K exp(—Cnn
2

mln)

1-— 2p§ exp(—Cnp_;e?) — 2¢°pexp(—

1

S (k [~ i i Sz i
Eg ) — ' Z (X — ax(MH)U — [,Lk)(J)<X — aX(M+1)U — Hk){])
nkp’J Yi=k
= E’ Ni EZ (a —a)x U’ + —
NgpP—j ; nkp j ; (M+1) (£ “k))(J)
1 . P r
nip_j Z ((Oé a) (M+1) U’ + (:u‘k - l'l’k))( ) ((a - a)X(M‘H)U + (/"’k - /’l’k))(j)
Yi=k
= L5 -+ L6 + L7

24



282 Under events £,—&gy, we have, for L5,

15 = 2 llmax < €

283 For Lg,
|Lo|lmax < Z E(j) (e — @)% (1) U] ) lmax
n KP—j 5o
+ E ﬁk 0 max
I 3 By (o= A |
284 We analyze these two terms separately. First,
El a a)>< M+1 UZ] j ||max
nkp - sz (M+1) ¥ 1)
= max| Yo > Elulla = @)% o Ul
,S nEp— —j Viek t=1
< e— O‘Hmaxmgxn Z Z|E])lt| U] (st
’ WP=j 3y =1
< e — &l max - max Z Z E(] i)
l,s ngp—j S —
1 ~. q .
< lae — @l ppax { max — El )+ = U2
& { e Y E ;k|| uz}
< 21+ ¢%)e
285 Second,

25

(G.19)

(G.20)

(G.21)

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)



286

287

~ NT
vy YZ B (1t = 1) )l mas (G.28)
= H%%ﬂnkp y Z ZE(] (ke — i) (), st (G.29)
yi=k t=1
<l — Brllmax - maX n Z Z |E lt’ (G.30)
RP—j v =
<l — Bllmax - maX Z ‘E]) il (G.31)
< [lp = Bk anae - max Z at) Z 12 (G.32)
< [lbak = Bkl max e Z ya)? < 2e (G33)
Therefore,
[ Le|lmax < 2(2+¢ ) (G.34)
For L, we further decompose it to be
1 ~\ O % S\ O i\ T
Ly = —— Y ((@=a)xamUY), ((@—-a@)xuuU) (G.35)
kD J YViek
2 .
+ Y- (@ = @)UY ) (i — ) (G.36)
kP—j oo,
1 ~ ~
> (i — ) ) (B — ) (G.37)
I yizg
= Lg + Lg + L10 (G38)
[Ls|lmax = max Z Z a — &) % 41 U]yl (@ — @) % (ar) U] ) st

Ls ngp— ]Yz

k t=1
|a a”max Z Z HUz”l < 2(]262
ngp—j =1

26



288

289

290

291

292

293

294

295

4 ~ ~
[ Lollmax = maX—|Z o — Q)X (nr41)Pr] (e (e — Bk) (5) st (G.39)

l,s p— -i 5

4Ha al!max B
< lemlll (B, — 1) ).t (G.40)
< dfja— allmax : (||¢k||1 +q€) - |1k — por]Imax (G.41)
< 4¢(|| gkl + qe) (G.42)

By Lemma we have that, with a probability greater than 1 — 2p* exp(—Cn?p_;€?),
HLlo”max S €.

Putting all the results together, we have the desired conclusion.

. 4
Lemma G.4. There exists ¢y > 0 such that for — < € < €, we have
TN

2

Pr(|| £ lmax > CdPe) < 2Kp2 exp(—Cnp_;e)+ CKg*pexp(———)+2K exp(—~Cnrly,)
(G.43)
< a -1
Proof of Lemma[G.dl Because 3; = > 1 | h KEE-]C) , we have
n —
K T K n
S _ k k (k) 5
135 = 2| max = l?_ (7 = ) lmax < (;_1 g) max |57 — 3 [max < €

provided that maxy, | § =¥ |lmax < ¢*e. By Lemma|G.3|we have the desired conclusion. []

4
Lemma G.5. There exists ¢y > 0 such that for — < € < €y, we have
TN

M 2
Pr(|2—X|max > €) < 2K prn exp(—Cnp_pe?)+CM K ¢*pexp(— 26 )+2K M exp(—Cnm

m=1

m1n>

(G.44)
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296

297

299

300

301

302

303

304

305

306

307

308

309

Proof of Lemma Combine LemmalG.4] with Lemma[E4l and we have the desired conclu-

sion.
[
To prove Theorem 2] we define the oracle estimator
K
(Byp™. By =arg  min Y {B} pEBrp —2Tkn — P10) Bro +A Y 18411}
’ ' B2,p,,BK,D ,
k=2 Jj€ED
(G.45)

We also collect two technical propositions proved in Mai et al.| (2017).

Proposition G.1. For a set of real numbers {ay, . .. ,ax}, if S a? < k% < 1, then 3 (a;+
11—k

Yook

b)? as long as b <

~ 1 A
Proposition G.2. If || X—X||max < 2, | (O —01)—(Ve—11) || 0o < €/dfore < min{%, T @A}’
we have that
: -1 —1 pe
~ e(1+ pA
1BYp — Bl < £UTED) (G47)
IBYE" = Bl < 4Xp (G.48)
The following lemmas will be helpful in proving Theorem
Lemma G.6. For (85", -, Bis") defined in (GA3), if
K
max(} {(Epe pBLE™); — By — ) P2 < A2 (G.49)
k=2

A(oracle)

then we have that D = D and Vec(ﬁk)p =B

Proof of Lemma|G.6] When (G.49) is true, B = (Bg?%de), 0),k =2,..., K satisfies the Karush-

Kuhn-Tucker condition. Hence we have the desired conclusion. O]
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311

312

313

314

315

316

317

318

319

1 A

ith
20" 1+ A} W

Proof of Theorem[2l By Lemmas , G.2, &|G.5} forany 0 < € < min{—

a probability greater than

2 2
NP_m€ ne
1 -2K E p2 exp(—C 7 )— CKq pexp{— P } — 2K pexp(—Cne?)
m=1
we have that,
= €
X-X max max S R G.50
IS = Slhnes < 5 175k = sl < = (G.50)

By Lemma|G.6]and (G.438)), it suffices to show that, under the event in (G.50) with a properly
chosen ¢, (G.49) must be true. To this end, note that
0 = /B'DC = (2_1(Vk — Vl))’DC
= —(EDC’DC — ZDC;DE'D"DED?DC)_I(EDC ZB}D(V}%D — Vl,'D) — (Vk,DC — 1/1;1)6‘))

which implies that

Ype B (Ukp — V1.p) = Vi pe — Vi pe (G.51)

Now we assume that (G.50) holds. For any j € D, we have that

(BpepBrE); — (B —D1)] < S pBys — Spe pBrp| + (T — D1j) — (Vg — 1))

where we make use of (G.5T)). Under (G.50), |(Vk; — 74;) — (v — v15)| < e. Meanwhile, it is
easy to show that

A o -
3% = Blp — 5 Spe pEp ot (G52)

where [/3\2,@ = f){,lp(ﬁkp — 1/)171)) and tk,p is the sub-gradient of the group lasso penalty at

Qoracle
Bip - Hence,

Qoracle - S Ao~ =~ 1~
’2730 pBp © — YpepBrp| < |(Xpep8Lp); — (Epe pBrp);| + §|(2DC,DED}Dtk,D)j‘
For the first term,
|(2DC,D132,D)j - (EDC,DIBk,D)l

IEpe,0 = BpepllwlBin —

Ce

IN

+ | Zpep — + HEDC,D(ﬁg,D

IA
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For the second term,

(Zpe 25 pten)i| < 1(Bpe X5 pten)i| + [(Zpe pXp ptrn); — (Bpe pEp'ptep)jl

Now note that

|(EDC,D25,1D€1¢,D)J‘ - (EDC,DEB}D%,DM

< |ZpepEnh — e pEpbllool[ten — trplloe + |E0e pEpb o [trp — tipl

+Epe pE5p — Epe pEpploo| (t,0);]

Because, by (G.43),

~

tr — tij| = |

we have

oracle ) 2 Ao'racle — 3.
by BB,
e T8 Ay
[(Zpe pEppten);] < CoA (G.53)

Combine the bounds for the two terms and we have

S A (oracle ~ ~ A _

(Epe pBip™?); — (B — 1h)| < §|(2DC,DED1Dtk7D)j| +CON (G.54)
1+ pA o o . .
Lete = 1 A. Condition (C1) and Proposition |G.1| together imply that there exists a
4
1 A
generic constant M, > 0, such that when A\ < My(1 — &), (G.49) holds. Let ¢ = —ZSD A and
4

we have the first conclusion.
By the first conclusion, if {
[vec(By,) — vec(By)||s — O.

Proof of Theorem[3 By Lemmas ,

a probability greater than

1 -2K Zp?n exp(—C

m=1

d’log (pd)
n

NP — €

d2

/2 & A < byin, A — 0, we have that D = D and

]

G.2

L &|(G.5

1

}, with

L forany 0 < € < min{2—,
¥

) — CKq¢*pexp{—

30

Cne?

P } — 2Kpexp(—Cne?)




330

332

333

334

335

336

337
338
339

340

341
342

343

344
345

346
347

348

350
351

352
353
354

355
356

357
358

we have that the events in (G.50) have happened. Meanwhile, by the Bernstein inequality, with

a probability greater than 1 — 2K exp(—Cne?), we have that
‘%k - 7Tk’ S € (GSS)

By the proofs of Theorem 2 in [Mai et al.| (2017), we have that (G.50) & (G.53) imply

1 A
|R,—R| < O\Y3, Let A = —Z P2 \ and we have the first conclusion. The second conclusion
'
is a direct consequence of the first conclusion. 0
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