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A Additional Simulation Results5

Recall that we include various popular and state-of-the-art classification methods as com-6

petitors in Sections 6 & 7. We used the following R packages that implement our compet-7

ing methods in numerical studies: penalizedLDA for `1-FDA, sparseLDA for SOS, glmnet8

for `1-GLM, randomForest for Random Forest and penalizedSVM for `1-SVM. For other9

competitors, we downloaded R code from https://www.ncbi.nlm.nih.gov/pmc/10

articles/PMC4714801/#SD1 for MDA and PMDA, MATLAB code from https://11

hua-zhou.github.io/TensorReg/ for CP-GLM, and MATLAB code from http://12

www.scholat.com/portalPaperInfo.html?paperID=25520&Entry=laizhihui13

for STDA. The author of (Li and Schonfeld, 2014) kindly provides the code for CMDA and14

DGTDA.15

For methods with only one tuning parameter, we select the tuning parameter based on the16

error rates on validation set. For methods with multiple tuning parameters, we select them as17

follows. For random forest, we tuned the number of variables randomly selected as candidate in18

each split and used 400 ensembled trees. For STDA, we did a grid search on both the reduced19

tensor dimension and penalty parameter. For CMDA and DGTDA, we let the reduced tensor20

have the same dimension on each mode in simulation and ADHD, and we fixed the reduced21

dimension to be 10× 2 in the CSA data.22
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A.1 Variable Selection for results for Models (C1–C3i)23

In Table A.1 we compare the variable selection results of CATCH, `1-FDA, SOS as well as `1-24

GLM and `1-SVM. For each methods, two tasks are considered: one with only tensor predictor25

X (or vec(X)), and one with both tensor X and covariates U. It turns out that CATCH results26

in higher TPR and relatively lower FPR than others. Comparing the performance of methods27

with and without covariates, we found that CATCH with covariates has much higher TPR com-28

pared to CATCH without covariates, except in (C3a), where there is no dependence relationship29

between the covariates and the tensor. Meanwhile, in (C3b), the covariates have not influence30

on the classification by themselves, but help with the variable selection in X nonetheless.31

A.2 Higher dimension tensors32

To demonstrate the applicability of CATCH in higher dimensional tensor data, we further con-33

sidered variants of models (C1)–(C3) where we increase the tensor dimensions from 30×36×3034

to 80× 80× 80, that is 512, 000 voxels in total. Parallel to models (C1)–(C3) in the paper, we35

now have three new models (C1H)–(C3H) where the sample size are also increased slightly36

from nk = 75 to nk = 100 in each class. Many methods (CMDA, DGTDA, RF, `1-SVM)37

become practically inapplicable because of the prohibitive computational costs. Therefore, we38

only compare CATCH with `1-FDA, `1-logistic regression, GP-GLM and DGTDA. The clas-39

sification errors are summarized in Table A.2, and the variable selection in Table A.3. Not40

surprisingly, CATCH continues to achieve better accuracy and variable selection than the com-41

petitors.42

B The Autism Spectrum disorder (ASD) dataset43

In this section we study a real data example similar to the ADHD data in the paper, where44

we have a three-way tensor predictor from structural magnetic resonance imaging (MRI) and45

additional covariates (age and sex). The original data is from the Autism Brain Imaging Data46
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Rate(%)
C1 C2 C3 C3a C3b C3i

TPR FPR TPR FPR TPR FPR TPR FPR TPR FPR TPR FPR
CATCH 49.8 0.0 53.4 0.0 60.6 0.1 69.8 0.1 64.3 0.1 58.1 0.1

without U (2.0) (0.0) (1.9) (0.0) (1.4) (0.0) (1.2) (0.0) (1.0) (0.0) (1.4) (0.0)

CATCH 92.1 0.1 66.9 0.1 69.4 0.1 61.2 0.1 73.2 0.1 70.0 0.1
(0.7) (0.0) (0.1) (0.0) (1.0) (0.0) (1.0) (0.0) (1.2) (0.0) (1.1) (0.0)

`1-FDA 96.0 33.9 100 25.8 100 24.0 100 21.8 100 20.9 97.9 28.8
without U (2.0) (2.0) (0) (1.5) (0) (1.5) (0) (0.8) (0) (0.9) (1.4) (2.5)
`1-FDA 96.0 34.7 100 25.4 100 24.0 100 21.7 100 20.9 97.9 28.8
with U (2.0) (2.1) (0) (1.5) (0) (1.5) (0) (0.8) (0) (0.9) (1.4) (2.5)

SOS 26.8 0.0 55.8 0.1 53.4 0.1 61.3 0.1 54.8 0.1 58.0 0.1
without U (1.0) (0.0) (1.0) (0.0) (1.1) (0.0) (1.1) (0.0) (1.0) (0.0) (1.1) (0.0)

SOS 26.9 0.0 55.9 0.1 53.4 0.1 60.4 0.1 54.8 0.0 57.9 0.1
with U (1.0) (0.0) (1.0) (0.0) (1.1) (0.0) (1.1) (0.0) (1.0) (0.0) (1.1) (0.0)
`1 logistic 20.8 0.0 54.1 0.0 51.1 0.0 57.1 0.0 52.1 0.1 58.9 0.1
without U (0.1) (0.0) (1.7) (0.0) (1.2) (0.0) (1.1) (0.1) (1.1) (0.1) (1.1) (0.0)
`1 logistic 21.4 0.1 53.9 0.0 50.6 0.0 59.5 0.1 50.1 0.1 58.8 0.1

with U (0.9) (0.0) (1.1) (0.0) (1.2) (0.0) (1.0) (0.0) (1.1) (0.1) (1.1) (0.0)
`1 SVM 43.9 0.1 55.9 0.1 31.3 0.1 56.1 0.3 43.6 0.1 56.5 0.12

without U (0.2) (0.0) (0.3) (0.0) (0.0) (0.0) (0.1) (0.0) (0.1) (0.0) (0.25) (0.00)
`1 SVM 81.0 0.5 55.9 0.1 31.4 0 68.7 0.4 74.7 0.2 56.5 0.2
with U (0.3) (0.0) (0.3) (0.0) (0.1) (0.0) (0.1) (0.0) (0.3) (0.0) (0.25) (0.0)

Table A.1: Variable selection results for Models (C1–C3) & (C3a), (C3b), (C3i). True Positive
Rate (TPR) and False Positive Rate (FPR) are defined in 6.1. Means and standard errors (in
parentheses) are based on 100 replicates.

Exchange (ABIDE) (available at http://fcon_1000.projects.nitrc.org/indi/47

abide/), where the goal is to study the characterizations of Autism Spectrum disorder (ASD)48

among 23 laboratories. We use the dataset from New York University that contains n = 18249

observations of 78 ASD subjects and 104 normal controls. For each subject, a 91 × 109 × 9150

tensor predictor is provided. We remove the fibers with all zero variables or limited nonzero51

variables, which lie on the outer shell of the tensor, so that the (nonzero) tensor predictor has52

dimension 71× 89× 71. We record the 5-fold and 10-fold cross validation errors in Table B.1.53

Given the large dimension and slow speed of SOS, we complete 100 replicates for CATCH but54

only 20 replicates for SOS.55

3

http://fcon_1000.projects.nitrc.org/indi/abide/
http://fcon_1000.projects.nitrc.org/indi/abide/
http://fcon_1000.projects.nitrc.org/indi/abide/


Error rate (%)
C1H C2H C3H

(X,U) X (X,U) X (X,U) X

Bayes
5.58 NA 11.22 NA 8.34 NA

(0.22) NA (0.32) NA (0.30) NA

CATCH 10.03 30.33 16.11 20.01 10.58 17.12
(0.36) (0.44) (0.37) (0.65) (0.35) (0.62)

CP-GLM
43.33 43.84 29.23 29.02 16.71 17.22
(1.01) (1.20) (1.15) (1.28) 0.57 0.73

DGTDA
49.59 49.51 50.39 50.58 46.44 46.47
(0.50) (0.48) (0.52) (0.52) (0.45) (0.45)

`1-FDA
43.75 43.72 34.59 34.59 35.6 35.57
(0.47) (0.47) (0.51) (0.51) (0.52) (0.51)

`1-GLM
33.75 33.75 16.63 16.63 13.62 13.61
(0.53) (0.53) (0.38) (0.38) (0.35) (0.35)

Table A.2: Higher dimension simulations. We apply these methods on using only tensor and
both tensor and covariates two scenarios. Due to memory limitation, results are recorded from
100 replicates and each replicate has 100 test observations.

X
C1H C2H C3H

TPR FPR TPR FPR TPR FPR

CATCH 69.5 0.01 56.63 0.00 57.8 0.00
(2.82) (0.00) (1.97) (0.00) (1.93) (0.00)

`1-FDA
98 51.18 100 24.46 100 45.61

(1.41) (3.21) (0.00) (1.25) (0.00) (3.01)

`1-GLM
19.5 0.00 58.63 0.00 55.81 0.00

(0.90) (0.00) (1.04) (0.00) (0.98) (0.00)

(X,U)
C1H C2H C3H

TPR FPR TPR FPR TPR FPR

CATCH 92.69 0.01 70.00 0.01 75.38 0.01
(0.73) (0.00) (1.12) (0.00) (1.12) (0.00)

`1-FDA
98 51.81 100 24.46 100 46.22

(1.41) (3.22) (0.00) (1.25) (0.00) (3.02)

`1-logistic
19.5 0.00 58.63 0.00 55.88 0.00

(0.90) (0.00) (1.04) (0.00) (0.98) (0.00)

Table A.3: Variable selection results.

Classification of ASD in this dataset is more difficult than ADHD study, given the subtle56

relationship between brain anatomy and autism. Classification of ASD has error rates over 40%57
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Error rate (%) CATCH SOS Random guess

5 fold
43.89 48.57 49.53
(0.31) (0.29) (0.04)

10 fold
43.77 48.91 49.06
(0.29) (0.31) (0.04)

Table B.1: ASD data analysis. Error rates and standard error (in parentheses) of 5-fold and
10-fold cross validation.

across literature. It is shown that the error rate of SOS is very close to random guessing rate,58

while CATCH performs much better.59

C Technical Details for Example 1 and some related results60

First, we prove the following Proposition C.1. Although Proposition C.1 is a well-known result61

in the LDA literature, we still present its proof for completeness.62

Proposition C.1. For Y ∈ {1, 2},W ∈ Rp, assume that (W, Y ) follows a linear discriminant63

analysis model in the sense that W | Y = k ∼ N(ζk,Ω). Further assume that π1 = π2 = 1/2.64

Then the lowest classification error rate possible is65

1− Φ(

√
(ζ2 − ζ1)TΩ−1(ζ2 − ζ1)

2
) (C.1)

where Φ is the cumulative distribution function of the standard normal random variable.66

Proof of Proposition C.1. It is well-known that the best classifier under this model classifies67

an observation to Class 2 if and only if (W− ζ1+ζ2
2

)TΩ−1(ζ2 − ζ1) > 0. It is easy to show that68

Pr((W − ζ1 + ζ2
2

)TΩ−1(ζ2 − ζ1) > 0 | Y = 1) (C.2)

= Pr((W − ζ1 + ζ2
2

)TΩ−1(ζ2 − ζ1) < 0 | Y = 2) (C.3)

= 1− Φ(

√
(ζ2 − ζ1)TΩ−1(ζ2 − ζ1)

2
) (C.4)
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Hence, the classification error rate is69

Pr((W − ζ1 + ζ2
2

)TΩ−1(ζ2 − ζ1) > 0 | Y = 1) Pr(Y = 1) (C.5)

+ Pr((W − ζ1 + ζ2
2

)TΩ−1(ζ2 − ζ1) < 0 | Y = 2) Pr(Y = 2) (C.6)

= 1− Φ(

√
(ζ2 − ζ1)TΩ−1(ζ2 − ζ1)

2
) (C.7)

70

Define R(U,X) as the lowest classification error rate possible if we build the classifier71

based on X and U, and similarly,R(X) as that based only on X. For simplicity, we consider the72

binary classification case with equal class probability of 0.5, and assume that µ1 6= µ2 because73

otherwise (U,X) are jointly independent of Y and the best classifier is random guessing.74

Lemma C.1. For K = 2, φ1 = φ2, π1 = π2, α 6= 0 and µ1 6= µ2, we have R(U,X) < R(X).75

Proof of Lemma C.1. Straightforward calculation shows that76 (
U

vec(X)

)
| (Y = k) ∼ N

((
φk

µk + α×̄(M+1)φk

)
,

(
Ω11 Ω12

Ω21 Ω22

))
, (C.8)

where Ω11 = Ψ,Ω12 = ΩT
21 = Ψα(M+1),Ω22 = ⊗m=1

m=MΣm + αT
(M+1)Ψα(M+1).77

By Proposition C.1 and applying the block inverse formula, we have78

R(U,X) = 1− Φ

(√
∆1 + ∆2

2

)
, (C.9)

where we have used the fact that φ1 = φ2, and,79

∆1 = (µ2 − µ1)
TΩ−122 (µ2 − µ1) (C.10)

∆2 = (µ2 − µ1)
T{Ω−122 Ω21(Ω11 −Ω12Ω

−1
22 Ω21)

−1Ω12Ω
−1
22 }(µ2 − µ1). (C.11)

It is easy to see that ∆1 > 0,∆2 > 0 under our assumptions.80

On the other hand, by (C.8), (vec(X), Y ) also follows the LDA model. Hence, because of81

φ1 = φ2,82

R(X) = 1− Φ(

√
∆1

2
) (C.12)
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where ∆1 is the same as defined in (C.10). Because ∆2 > 0, we must have R(U,X) < R(X).83

84

Technical Details for Example 1. From straightforward calculation, we have,

Σa ≡ cov

((
vec(X)

U

)
| Y
)

=


1 + α2 α2 0 0 α
α2 1 + α2 0 0 α
0 0 1 0 0
0 0 0 1 0
α α 0 0 1

 .

Therefore, Σb ≡ cov(vec(X) | Y ) is the upper left 4 × 4 block of Σa. It is thus easy to verify

that,

Σ−1a =


1 0 0 0 −α
0 1 0 0 −α
0 0 1 0 0
0 0 0 1 0
−α −α 0 0 1 + 2α2

 , Σ−1b = I4 − (2 + α−2)−1 ·


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 .

Then from Proposition C.1 and Lemma C.1, we have,R(X, U) = R(X11, U) = 1−Φ
(√

(Σ−1a )11

)
=85

1−Φ(1); R(X11) = 1−Φ (cov−1(X11 | Y )) = 1−Φ(1/
√

1 + α2); because Σ−1b (E(vec(X) |86

Y = 2) − E(vec(X) | Y = 1)) contains two nonzero elements, R(X) = R(X11, X21) =87

1− Φ

(√
(Σ−1b )11

)
= 1− Φ(

√
2 + α2/

√
2 + 2α2).88

D Proofs for all Lemmas and Propositions89

Proof of Proposition 1. First, note that (2.5) is equivalent to90

Ŷ = arg max
k=1,...,K

{log (πk/π1) + log
fk(U,X)

f1(U,X)
} (D.1)

Under the model in (2.1), we have that, within Class k, the probability density function for91

(U,X) is92

fk(U,X) =
1

det(2πΨ)1/2
· exp(−1

2
(U− φk)

TΨ−1(U− φk)) ·
1

det(2π ⊗m=1
m=M Σm)1/2

· exp(−1

2
vecT(X−α×̄(M+1)U− µk)(⊗m=1

m=MΣm)−1vec(X−α×̄(M+1)U− µk)) (D.2)

We have the desired conclusion by substituting (D.2) into (D.1).93
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Proof of Lemma 1. Under the CATCH model, the negative log-likelihood up to additive and94

scaling constants can be written as95

`(α,µ1, . . . ,µK ,Σ)

' log |Σ|+ n−1
K∑
k=1

∑
Y i=k

tr
{
Σ−1vec

(
Xi − µk −α×̄(M+1)U

i
)

vecT
(
Xi − µk −α×̄(M+1)U

i
)}
,

where Σ = ΣM ⊗ · · · ⊗Σ1. Then we can first see that the MLE for µk (since it only appears96

in the log-likelihood of class k) is97

µ̂k = Xk −α×̄(M+1)Uk,

then the partially minimized `(α,µ1, . . . ,µK ,Σ) becomes98

`(α,Σ) ' log |Σ|

+ n−1
n∑
i=1

tr
{

Σ−1vec
(
X̃i −α×̄(M+1)Ũ

i
)

vecT
(
X̃i −α×̄(M+1)Ũ

i
)}

,

where the second term no longer depends on k explicitly and the centered data is defined as99

X̃i = Xi −Xk and Ũi = Ui −Uk for observation i in class k. Also, notice that100

vec
(
X̃i −α×̄(M+1)Ũ

i
)

= vec(X̃i)−αT
(M+1)Ũ

i.

It is thus clear that the likelihood function under the CATCH model coincides with that of the101

tensor response regression model (Li and Zhang, 2017) with the modified X̃ as response and102

the modified Z̃ as predictor and with the same form of (partial) likelihood. Therefore, we have103

the desired conclusion.104

Proof of Lemma 2. Write W = JZ; Ω
1/2
1 , . . . ,Ω

1/2
m K. Then we have that all the entries in Z105

are independent of each other.106

E(W(j)W
T
(j)) = Ω

1/2
j

{
E(Z(j)(

⊗
l 6=j

Ωl)Z
T
(j))

}
Ω

1/2
j (D.3)
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Define V =
⊗

l 6=j Ωl and H = E
{

Z(j)(
⊗

l 6=j Ωl)Z
T
(j)

}
. Then we have107

hij = E(
∑
k,l

vklZikZjl) =

{ ∑
i vii if i = j

0 if i 6= j
(D.4)

It follows that H = tr(V) · I. Then because of tr(V) =
∏

l 6=j tr(Ωl), we have the desired108

conclusion.109

110

Lemma D.1. For each j = 1, . . . , p, we can define a sequence {sm,m = 2, . . . ,M + 1} as111

follows: sM+1 = j and sm = sm+1 mod (
∏m−1

i=1 pi) for m = 2, . . . ,M . Then112

(
1⊗

m=M

Σm)·j = vec(
1⊗

m=M

Σm,·jm) (D.5)

where j1 = s2 mod p1 and jm = d sm+1∏m−1
i=1 pi

e for m = 2, . . . ,M .113

Proof of Lemma D.1. By the definition of Kronecker product, we have that, for two matrices114

Ω1 ∈ Rq1 ,Ω2 ∈ Rq2 , we have115

(Ω2 ⊗Ω1)·j = vec(Ω2,·d j
p1
e ⊗Ω1,·(j mod p1)). (D.6)

where we restrict that a mod b = b if a is divisible by b. Hence, we have116

(ΣM ⊗ · · · ⊗Σ1)·j = {ΣM ⊗ (ΣM−1 · · · ⊗Σ1)}·j (D.7)

= ΣM,·jM ⊗ (ΣM−1 · · · ⊗Σ1)·sM−1
(D.8)

=
m=1⊗
m=M

Σm,·jm , (D.9)

where the last equality is obtained by recursively applying (D.6).117

Proof of Lemma 3. For simplicity, we only present the proofs for no covariate case. Without118

loss of generality, assume that the observations are arranged such that Y i = 1 for i = 1, . . . , n1;119

Y i = 2 for i = n1 + 1, . . . , n1 + n2 and so on.120
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Define X(m) as the np−m × pm matrix obtained by stacking the observations Xi
(m), i =121

1, . . . , n.122

A =

 (In1 − 1
n1

1n11
T
n1

)⊗ Ip−m · · · 0
. . .

0 · · · (In1 − 1
nK

1nK
1T
nK

)⊗ Ip−m

 (D.10)

By (3.6), Σ̂m ∝ (X∗(m))
TX∗(m), where123

X∗(m) =

 Xi
(m) − µ̂1

· · ·
Xi

(m) − µ̂K

 = AX(m) (D.11)

It follows that Σ̂m is positive semi-definite, and rank(Σ̂) = rank(X∗(m)). It leaves to show that124

rank(X∗(m)) = pm.125

Because rank(A) = (n − K)p−m, while X(m) is randomly sampled from a continuous126

distribution, we have that, when (n −K)p−m > pm, with a probability of 1, X(m)∗ is column127

full-rank, i.e, rank(X∗(m)) = pm. Consequently, with a probability of 1, Σ̂m is full rank.128

Proof of Lemma 4. Set the partial derivative of L(C2, . . . ,CK) with respect to Ck to be zero129

and we have130

∂L(C2, . . . ,CK)

∂Ck

= 2JCk; Σ2, . . . ,ΣKK− 2(µk − µ1) = 0 (D.12)

Solve this equation for k = 2, . . . , K and we have that (B2, · · · ,BK) minimizesL(C2, . . . ,CK).131

132

Proof of Lemma 5. By Lemma 1 in Mai et al. (2017), we have that, given β·j′ , j
′ 6= j, the133

solution of β·j to (4.1) is134

arg min
β·j

K∑
k=2

1

2
(βkj − β̃kj)2 +

λ

σ̂jj
‖β·j‖ (D.13)

where β̃kj =
(ν̂kj − ν̂1j)−

∑
l 6=j σ̂ljβkl

σ̂jj
. Because Σ̂ = Σ̂M ⊗ · · · ⊗ Σ̂1, by Lemma D.1 we135

have136 ∑
l 6=j

σ̂ljβkl = JBj
k; Σ̂1,·j1 , · · · , Σ̂M,·jM K, σ̂jj =

M∏
m=1

σ̂m,jmjm (D.14)
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jm = d sm+1∏m−1
i=1 pi

e for m = 2, . . . ,M and j1 = s2 mod p1. And we have the first part of137

conclusion, (4.5, 4.6). By checking the subgradients we can easily obtain the second part of138

conclusion, (4.7).139

Proof of Lemma 6. We first consider the computational cost for (4.8). For each j, by Lemma D.1,140

we need M − 1 operations to find j1, . . . , jM . Additional M − 1 operations are needed to find141 ∏M
m=1 σ̂m,jmjm . It leaves to calculate JBj

k; Σ̂1,·j1 , · · · , Σ̂M,·jM K, which is equal to (⊗1
m=MΣ̂T

m,·jm)vec(Bj
k).142

Since Bk
j is sparse with at most dt nonzero entries, it suffices to find the dt corresponding el-143

ements in (⊗1
m=MΣ̂T

m,·jm). For any j′, it takes M − 1 operations to find j′m,m = 1, . . . ,M144

such that
∏M

m=1 σ̂m,j′mjm = (⊗1
m=MΣ̂T

m,·jm)j′ . The calculation of
∏M

m=1 σ̂m,j′mjm is again145

O(M − 1). Hence, the calculation of JBj
k; Σ̂1,·j1 , · · · , Σ̂M,·jM K, k = 2, . . . , K is O(MKdt).146

The computational cost for soft-thresholding is lower. Hence, for each j, the computational147

cost is O(MKdt). The update for all j has the computational cost of O(NKdtp).148

E Proof for Theorem 1 (Convergence analysis for Algorithm 1)149

In this section, we present the results in Theorem 1.150

Our proofs reply on the following definitions and propositions in Tseng (2001). For a151

generic objective function152

f(x1, . . . ,xN) = f0(x1, . . . ,xN) +
N∑
k=1

fk(xk) (E.1)

where f0 : Rn1+···+nN 7→ R ∪ {∞} and some fk : Rnk 7→ R ∪ {∞}, k = 1, . . . , N .153

We have the following definitions:154

Definition E.1 (Gâteaux-differentiable (Bertsekas, 2016)). For a function F : Rp 7→ R, its155

Gâteaux derivative is defined as156

F ′(x; y) = lim
λ↘0

F (x + λy)− F (x)

λ
(E.2)

If F ′(x; y) exists for all y at x, then F is Gâteaux-differentiable at x.157
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Definition E.2 (Stationary points (Tseng, 2001)). A point z is stationary for function h if158

g(z; d) ≥ 0 for any d, where159

g(z; d) = lim inf
λ↘0

h(x + λd)− h(x)

λ
(E.3)

Definition E.3 (Regular (Tseng, 2001)). A function f is regular at z if160

f ′(z; d) ≥ 0, for any d = (d1, . . . ,dN) such that f ′(z; (0, . . . ,dk, · · · , 0)) ≥ 0, k = 1, . . . , N .

(E.4)

We will also use the following propositions.161

Proposition E.1 (A simplified version of Lemma 3.1 in Tseng (2001)). If f0 is Gâteaux-162

differentiable., f is regular at each z.163

Proposition E.2 (A simplified version of Theorem 4.1 in Tseng (2001)). Assume that the level164

set X0 = {x : f(x) ≤ f(x0)} is compact, where x0 is the initial value of the algorithm, and165

that f is continuous on X0. Further assume that f(x1, . . . ,xN) is pseudoconvex in (xk,xi) for166

all i, k ∈ {1, . . . , N}, and if f is regular at every x, then the solution generated by the cyclic167

coordinate descent method converges to a stationary point of f .168

We make use of these results to prove Theorem 1.169

Lemma E.1. If Σ̂ is positive definite, the set B0 = {β : L(β) ≤ L(β0)} is compact for any170

β0, where171

L(β) =
K∑
k=2

βT
kΣ̂βk − 2βT

k(νk − ν1) + λ

p∑
j=1

‖β·j‖ (E.5)

Proof. Because L(β) is continuous, B0 must be closed. It suffices to verify that B0 is bounded.172

When Σ̂ is invertible, it is easy to see that, for any βk ∈ Rp,173

βT
kΣ̂βk − 2(ν̂k − ν̂1)

Tβk ≥ −(ν̂k − ν̂1)
TΣ̂−1(ν̂k − ν̂1) (E.6)
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It follows that, for any β ∈ B0,174

−
K∑
k=2

(ν̂k − ν̂1)
TΣ̂−1(ν̂k − ν̂1) + λ

p∑
j=1

‖β·j‖ ≤ L(β) ≤ L(β0) (E.7)

which implies that175

p∑
j=1

‖β·j‖ ≤
1

λ

K∑
k=2

(ν̂k − ν̂1)
TΣ̂−1(ν̂k − ν̂1) + L(β0) for any β ∈ B0. (E.8)

Therefore, B0 is bounded and hence compact.176

Proof of Theorem 1. Let177

f0(β) =
K∑
k=2

{βT
kΣ̂βk − 2(νk − ν1)

Tβk}, fj(β·j) = λ‖β·j‖, j = 1, . . . , p (E.9)

Apparently L(β) = f0(β)+
∑p

j=1 fj(β·j). Because f0(β) is differentiable, by Proposition E.1,178

we have that L(β) is regular at each β. By Lemma 3, if (n − K)p−m > pm for any m, with179

a probability of 1, Σ̂ is positive definite. Combine this fact with Lemma E.1 and we have180

B0 = {β : L(β) ≤ L(β0)} is compact. Further note that L(β) is continuous and convex. By181

Proposition E.2, the blockwise coordinate descent algorithm converges to a stationary point of182

L(β). Because L(β) is strictly convex, the stationary point is the global minimizer.183

F Technical Lemmas for the proof of Theorems 2 and 3184

Our proofs rely on the following result that is well-known in the literature; see Bickel and185

Levina (2004) for example.186

Lemma F.1. For bivariate normal random variables (Zi
1, Z

i
2)
n
i=1, i.i.d. with mean zero and187

bounded variances, there exists ε0 > 0 such that for any ε, ε, 0 < ε < ε0, with a probability188

greater than 1− 2 exp(−Cnε2), we have189

| 1
n

n∑
i=1

Zi
1 − EZ1| ≤ ε (F.1)

| 1
n

n∑
i=1

Zi
1Z

i
2 − E(Zi

1Z
i
2)| ≤ ε (F.2)
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In what follows, we prove some large deviation inequalities for matrix/tensor normal distri-190

butions.191

Lemma F.2. For Zi ∈ Rp1×p2 , Zi ∼ TN(0, Ip1 , Ip2), i = 1, . . . , n, i.i.d., and Λ ∈ Rp1×p1 a192

diagonal matrix with diagonal elements λ1, . . . , λp1 ≥ 0, there exists ε0 > 0 such that for any193

0 < ε < ε0, we have194

Pr(‖ 1

np1

n∑
i=1

(Zi)TΛZi − 1

p1
E((Zi)TΛZi)‖max > ε) ≤ 2p22 exp(− Cnp

2
1ε

2∑p1
l=1 λ

2
l

) (F.3)

Proof of Lemma F.2. Note that195

‖ 1

np1

n∑
i=1

(Zi)TΛZi − 1

p1
E((Zi)TΛZi)‖max (F.4)

= max
s,k
| 1

np1

n∑
i=1

p1∑
l=1

λlZ
i
lsZ

i
lk − E(

1

p1

p1∑
l=1

λlZ
i
lsZ

i
lk)| ≡ max

s,k
L(s, k) (F.5)

We analyze L(s, k) under two scenarios: s = k and s 6= k. We first consider the case s = k.196

L(s, s) = | 1

np1

n∑
i=1

p1∑
l=1

λl(Z
i
ls)

2 − E

(
1

p1

p1∑
l=1

λl(Z
i
ls)

2

)
| (F.6)

Because (Zi
ls)

2 ∼ χ2(1), we have, for any t > 0, Eetλl(Zi
ls)

2
= (1 − 2λlt)

−1/2. Thanks to197

the independence among Zi
ls for (i, l), we have198

E{exp(t
n∑
i=1

p1∑
l=1

λl(Z
i
ls)

2)} =

p1∏
l=1

(1− 2λlt)
−n/2 (F.7)

It follows from Chernoff bound that199

Pr

(
1

np1

n∑
i=1

p1∑
l=1

λl(Z
i
ls)

2 − E

(
1

p1

p1∑
l=1

λl(Z
i
ls)

2

)
≥ ε

)
(F.8)

≤

(
p1∏
l=1

(1− 2λlt)
−n/2

)
exp(−tn

p1∑
l=1

λl − tnp1ε) (F.9)

It can be verified that, for 0 < t <
1

4λl
, we have200

(1− 2λlt)
−1/2 ≤ exp(λlt+ 4λ2l t

2) (F.10)
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It follows that201

Pr

(
1

np1

n∑
i=1

p1∑
l=1

λl(Z
i
ls)

2 − E

(
1

p1

p1∑
l=1

λl(Z
i
ls)

2

)
≥ ε

)
(F.11)

≤ exp(

p1∑
l=1

4λ2l nt
2 − tnp1ε) (F.12)

= exp(− np21ε
2

16
∑p1

l=1 λ
2
l

) (F.13)

where the last equality is obtained by letting t =
p1ε

8
∑p1

l=1 λ
2
l

.202

Similarly, we can show that

Pr

(
1

p1

n∑
i=1

p1∑
l=1

λl(Z
i
ls)

2 − E

(
p1∑
l=1

λl(Z
i
ls)

2

)
≤ −ε

)
≤ exp(− Cnp

2
1ε

2∑p1
l=1 λ

2
l

).

Hence, for any s, Pr(L(s, s) ≥ ε) ≤ 2 exp(− Cnp
2
1ε

2∑p1
l=1 λ

2
l

).203

Now we consider the case s 6= k, where L(s, k) = | 1

np1

∑n
i=1

∑p1
l=1 λlZ

i
lsZ

i
lk|.204

Note that205

E[exp(tλlZ
i
lsZ

i
lk)] = E

{
E[exp(tλlZ

i
lsZ

i
lk) | Zi

lk]
}

(F.14)

= E

{
exp

(
t2λ2l (Z

i
lk)

2

2

)}
=

1√
1− λ2l t2

(F.15)

By the Chernoff bound, we have that206

Pr(
1

np1

n∑
i=1

p1∑
l=1

λlZ
i
lsZ

i
lk ≥ ε) ≤ {

p1∏
l=1

(1− λ2l t2)−n/2} exp(−tnp1ε) (F.16)

It can be verified that, if t2 ≤ 1

2λ2l
, then we have207

(1− λ2l t2)−1/2 ≤ exp(2λ2l t
2) (F.17)

It follows that208

Pr(
1

np1

n∑
i=1

p1∑
l=1

λlZ
i
lsZ

i
lk ≥ ε) ≤ exp(2n

p1∑
l=1

λ2l t
2 − tnp1ε) = exp(− np21ε

2

8
∑p1

l=1 λ
2
l

) (F.18)
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if we take t =
p1ε

4
∑p1

l=1 λ
2
l

.209

Similarly, we can show that210

Pr(
1

np1

n∑
i=1

p1∑
l=1

λlZ
i
lsZ

i
lk ≤ −ε) ≤ exp(− Cnp

2
1ε

2∑p1
l=1 λ

2
l

) (F.19)

Consequently, Pr(L(s, k) > ε) ≤ 2 exp(− Cnp
2
1ε

2∑p1
l=1 λ

2
l

) for any s 6= k.211

Therefore, apply the union bound and we have212

Pr(‖ 1

np1

n∑
i=1

(Zi)TΛZi − 1

p1
E((Zi)TΛZi)‖max > ε) ≤ Pr(max

s,k
L(s, k) > ε)(F.20)

≤ 2p22 exp(− Cnp
2
1ε

2∑p1
l=1 λ

2
l

) (F.21)

213

Lemma F.3. Consider W1, . . . ,Wn ∈ Rp1×···×pM i.i.d. with the distribution TN(0,Σ1,Σ2, . . . ,ΣM),214

where diagonal elements of Σm, m = 1, . . . ,M , are all ones. Define215

Σ̂j =
1

np−j

n∑
i=1

(Wi
(j))(W

i
(j))

T (F.22)

µ̂(j) =
1

n

n∑
i=1

Wi
(j) (F.23)

where p−j =
∏

m6=j pm Then there exists ε0 > 0 such that for any 0 < ε < ε0, with probability216

greater than 1− 2p2j exp(−
Cnp2−jε

2∑p−j

l=1 λ
2
l

), we have217

‖Σ̂j −Σj‖max ≤ ‖Σ1/2
j ‖21ε (F.24)

In the meantime, for 2/n < ε < ε0, with a proabability greater than 1−2p2 exp(−Cn2p−jε
2),218

we have219

‖ 1

p−j
µ̂(j)µ̂

T
(j)‖max ≤ λM−1max ‖Σ

1/2
j ‖21ε (F.25)

where λmax is the largest eigenvalue of Σ1, . . . ,ΣM .220
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Proof of Lemma F.3. By definition, we have221

Wi = JZi; Σ
1/2
1 , . . . ,Σ

1/2
M K (F.26)

where Zi ∼ TN(0, Ip1 , . . . , IpM ). Further decompose ⊗m6=jΣm = ΓΛΓT, where Λ is a diago-222

nal matrix with diagonal elements λl, l = 1, . . . , p−j and Γ is an orthonormal matrix. It is easy223

to see that λl ≤ λM−1max .224

We first show (F.24). Note that225

Σ̂j = Σ
1/2
j

(
1

np−j

n∑
i=1

(Zi
(j)) (⊗m6=jΣm) (Zi

(j))
T

)
Σ

1/2
j (F.27)

= Σ
1/2
j

(
1

np−j

n∑
i=1

(Z̃i
(j))Λ(Z̃i

(j))
T

)
Σ

1/2
j (F.28)

where Z̃i
(j) = Zi

(j)Γ. By properties of matrix normal distribution, we have Z̃i
(j) ∼ TN(0, Ipj , Ip−j

),226

and hence is still a matrix with i.i.d standard normal random variables. Consequently,227

‖Σ̂j −Σj‖max ≤ ‖Σ1/2
j ‖21 · ‖

1

np−j

n∑
i=1

(Z̃i
(j))Λ(Z̃i

(j))
T − E(Z̃i

(j))Λ(Z̃i
(j))

T‖max (F.29)

By Lemma F.2, we have

Pr(‖ 1

np−j

n∑
i=1

(Z̃i
(j))Λ(Z̃i

(j))
T − 1

p−j
E(Z̃i

(j))Λ(Z̃i
(j))

T‖max > ε) ≤ 2p2j exp(−
Cnp2−jε

2∑pj
l=1 λ

2
l

)

And the conclusion follows.228

Now we show (F.25). Note that229

µ̂(j)µ̂
T
(j) = Σ

1/2
j (

1

n

n∑
i=1

Z̃i
(j))(⊗m 6=jΣm)(

1

n

n∑
i=1

Z̃i
(j))

TΣ
1/2
j (F.30)

= Σ
1/2
j (

1

n

n∑
i=1

Z̃i
(j))Λ(

1

n

n∑
i=1

Z̃i)TΣ
1/2
j (F.31)

= Σ
1/2
j µ̃(j)Λµ̃T

(j)Σ
1/2
j (F.32)
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where µ̃(j) =
1

n

∑n
i=1 Z̃i

(j). Therefore,230

‖µ̂(j)µ̂
T
(j)‖max ≤ ‖Σ1/2

j ‖21‖µ̃(j)Λµ̃T
(j)‖max = ‖Σ1/2

1 ‖21 max
s,k
|
p−j∑
l=1

λlµ̃(j),slµ̃(j),kl| (F.33)

≤ ‖Σ1/2
j ‖21 max

s,k

1

2
(

p−j∑
l=1

λlµ̃
2
(j),sl +

p−j∑
l=1

λlµ̃
2
(j),kl) (F.34)

≤ ‖Σ1/2
j ‖21 max

s

p−j∑
l=1

λlµ̃
2
(j),sl ≤ λM−1max ‖Σ

1/2
j ‖21 max

s

p−j∑
l=1

µ̃2
(j),sl (F.35)

For the term
∑p−j

l=1 µ̃
2
(j),sl, note that n

∑p−j

l=1 µ̃
2
(j),sl ∼ χ2(p−j). Then by the Chernoff bound,231

there exists ε0 > 0 such that for 2/n < ε < ε0, we have232

Pr(
1

p−j

p−j∑
l=1

µ̃2
(j),sl > ε) = Pr(n

p−j∑
l=1

µ̃2
(j),sl − p−j > np−jε− p−j) (F.36)

≤ Pr(n

p−j∑
l=1

µ̃2
(j),sl − p−j > np−jε/2) ≤ exp(−Cn2p−jε

2) (F.37)

And the conclusion follows.233

Lemma F.4. For matrices Σm, Σ̂m ∈ Rpm , define σmax = maxm,j,k |σm,j,k|. If ‖Σ̂m −234

Σm‖max ≤ ε ≤ maxm,j,k |σm,jk| for m = 1, . . . ,M , then we have235

‖Σ̂−Σ‖max ≤M2MσM−1max ε (F.38)

where Σ̂ = ⊗1
m=MΣ̂m and Σ = ⊗1

m=MΣm.236

Proof of Lemma F.4.

‖Σ̂−Σ‖max = max
jm,km,m=1,...,M

|
M∏
m=1

σ̂m,jm,km −
M∏
m=1

σm,jm,km | (F.39)

= max
jm,km,m=1,...,M

|
M∑
m=1

(
m−1∏
l=1

σl,jlkl)(σ̂m,jmkm − σm,jmkm)(
M∏

l=m+1

σ̂l,jlkl)| (F.40)

≤ max
jm,km,m=1,...,M

M∑
m=1

|
∏
l 6=m

max{|σ̂l,jl,kl |, |σl,jl,kl |}(σ̂m,jm,km − σm,jm,km)| (F.41)

≤ M2MσM−1max ε (F.42)

237
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Lemma F.5. Consider random variables (W,V) where W ∈ R, V ∈ Rq and V ∼ N(0,Ω),238

W | V = v ∼ N(αTv, σ2). Given n independent samples {W i,Vi}ni=1, define239

α̂ =

(
1

n

n∑
i=1

Vi(Vi)T

)−1(
1

n

n∑
i=1

ViW i

)
(F.43)

Then240

Pr
(
‖α̂−α‖max > 2‖Ω−1‖1(1 + ‖Ω−1‖1 · ‖δ‖∞)ε

)
< 2q2 exp(−Cnε

2

q2
) + 2q exp(−2Cnε2)

(F.44)

where δ = E(VW ).241

Proof Lemma F.5. Write Ω̂ =
1

n

∑n
i=1 Vi(Vi)T and δ̂ =

1

n

∑n
i=1 ViW i. By Lemma F.1, for242

any (j, k), we have243

Pr(|ω̂jk − ωjk| > ε) ≤ 2 exp(−Cnε2) (F.45)

Pr(|δ̂k − δk| > ε) ≤ 2 exp(−Cnε2) (F.46)

Consequently,244

Pr(‖Ω̂−Ω‖1 > ε) ≤ 2q2 exp(−Cnε
2

q2
) (F.47)

Pr(‖δ̂ − δ‖∞ > ε) ≤ 2q exp(−Cnε2) (F.48)

It follows that245

‖α̂−α‖∞ = ‖Ω̂−1δ̂ −Ω−1δ‖∞ = ‖Ω̂−1(δ̂ − δ) + (Ω̂−1 −Ω−1)δ‖∞ (F.49)

≤ ‖Ω̂−1‖1‖δ̂ − δ‖∞ + ‖Ω̂−1 −Ω−1‖1 · ‖δ‖∞ (F.50)

≤ (‖Ω̂−1 −Ω−1‖1 + ‖Ω−1‖1)‖δ̂ − δ‖∞ + ‖Ω̂−1 −Ω−1‖1‖δ‖∞ (F.51)

Now note that246

‖Ω̂−1 −Ω−1‖1 = ‖Ω̂−1(Ω− Ω̂)Ω−1‖1 ≤ ‖Ω̂−1‖1 · ‖Ω− Ω̂‖1 · ‖Ω−1‖1 (F.52)

≤ (‖Ω̂−1 −Ω−1‖1 + ‖Ω−1‖1)‖Ω− Ω̂‖1 · ‖Ω−1‖1 (F.53)
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It follows that if ‖Ω̂−Ω‖1 < ε for ε <
1

2‖Ω−1‖1
, we must have247

‖Ω̂−1 −Ω−1‖1 ≤ 2‖Ω−1‖21ε (F.54)

Hence, under the event ‖Ω̂−Ω‖1 < ε, ‖δ̂ − δ‖∞ < ε, we have248

‖α̂−α‖max ≤ 2‖Ω−1‖1(1 + ‖Ω−1‖1 · ‖δ‖∞)ε. (F.55)

249

Lemma F.6. Consider (V,W) where V ∈ Rq,W ∈ Rp1×···×pM . Assume that V ∼ N(0,Ω),250

W | V = v ∼ TN(α×̄(M+1)v,Σ1, . . . ,ΣM). Given n independent samples {Vi,Wi}ni=1,251

define252

α̂j1···jM = (
1

n

n∑
i=1

Vi(Vi)T)−1(
1

n

n∑
i=1

ViW i
j1···jM ) (F.56)

Σ̂j(α̂) =
1

np−j

n∑
i=1

(Wi − α̂×̄(M+1)V
i)(j)(W

i − α̂×̄(M+1)V
i)T
(j) (F.57)

Σ̂j(α) =
1

np−j

n∑
i=1

(Wi −α×̄(M+1)V
i)(j)(W

i −α×̄(M+1)V
i)T
(j) (F.58)

Then we have253

Pr(‖Σ̂j(α̂)− Σ̂j(α)‖max > q2ε) ≤ Cpq2 exp(−Cnε
q2

) (F.59)

Proof of Lemma F.6. Define events:254

E1 = {‖α̂j1···jM −αj1···jM‖∞ ≤ ε for all {j1, . . . , jM}} (F.60)

E2 = {max
s,l

1

n

n∑
i=1

(W i
(j),sl)

2 ≤ 1 + ε} (F.61)

E3 = {max
l

1

n

n∑
i=1

(V i
l )2 ≤ 1 + ε} (F.62)

By Lemma F.5, Pr(E1) ≥ 1− 2p(q2 exp(−Cnε
2

q2
) + q exp(−2Cnε2)). By Lemma F.1, we255

have Pr(E2) ≥ 1− p exp(−Cnε2),Pr(E3) ≥ 1− q exp(−Cnε2). Hence,256

Pr(E1 ∩ E2 ∩ E3) ≥ 1− 2Cpq2 exp(−Cnε
2

q2
) (F.63)
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In what follows we assume that E1 ∩ E2 ∩ E3 has happened.257

Straightforward calculation shows that258

Σ̂j(α̂)− Σ̂j(α)

=
1

np−j

n∑
i=1

Wi
(j)((α− α̂)×̄(M+1)V

i)T
(j)

+
1

np−j

n∑
i=1

((α− α̂)×̄(M+1)V
i)(j)(W

i
(j))

T

+

(
1

np−j

n∑
i=1

(α̂×̄(M+1)V
i)(j)(α̂×̄(M+1)V

i)T
(j) −

1

np−j

n∑
i=1

(α×̄(M+1)V
i)(j)(α×̄(M+1)V

i)T
(j)

)
≡ L1 + L2 + L3

We analyze these three terms one by one.259

‖L1‖max = max
s,k
| 1

np−j

n∑
i=1

p−j∑
l=1

W i
(j),sl[(α− α̂)×̄(M+1)V

i](j),kl|

≤ max
k1,...,kM

‖αk1···kM − α̂k1···kM‖∞max
s,l

1

np−j

∑
i=1

p−j∑
l=1

|W i
(j),sl| · ‖Vi‖1

≤ max
k1,...,kM

‖αk1···kM − α̂k1···kM‖∞max
s,l

1

np−j

∑
i=1

p−j∑
l=1

|W i
(j),sl| ·

√
q‖Vi‖2

≤ max
k1,...,kM

‖αk1···kM − α̂k1···kM‖∞max
s,l

1

np−j

∑
i=1

p−j∑
l=1

{(W i
(j),sl)

2/2 + q‖Vi‖22}

≤ ε

(
max
s,l

1

n

n∑
i=1

(W i
(j),sl)

2 + max
l

q2

n

n∑
i=1

(V i
l )2

)
≤ Cq2ε

Hence, ‖L1‖max ≤ Cq2ε. Meanwhile, L2 = LT
1. Hence, ‖L2‖max = ‖L1‖max ≤ Cq2ε.260
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For L3, note that261

L3 =
1

np−j

n∑
i=1

((α̂−α)×̄(M+1)V
i)(j)(α̂×̄(M+1)V

i)T
(j) (F.64)

+
1

np−j

n∑
i=1

(α×̄(M+1)V
i)(j)((α̂−α)×̄(M+1)V

i)T
(j) (F.65)

≡ L4 + L5 (F.66)

‖L4‖max = max
k,s

1

np−j
|

n∑
i=1

p−j∑
l=1

((α̂−α)×̄(M+1)V
i)(j),kl · α̂T

(j),slV
i| (F.67)

≤ max
k1,...,kM

‖α̂k1,...,kM −αk1,...,kM‖∞ · ( max
k1,...,kM

‖αk1,...,kM‖∞ + ε) (F.68)

· 1

np−j

n∑
i=1

p−j∑
l=1

‖Vi‖21 (F.69)

≤ ε( max
k1,...,kM

‖αk1,...,kM‖∞ + ε) max
l

q2

n

n∑
i=1

(V i
l )2 (F.70)

≤ 2q2ε( max
k1,...,kM

‖αk1,...,kM‖∞ + ε) (F.71)

≤ Cq2ε (F.72)

Similarly we can provide a bound for ‖L5‖max. Putting all the pieces together, we have the262

desired conclusion.263

G Proofs for Theorems 1 and 2264

Now we consider the CATCH model in (2.1, 2.2). Throughout this section, we assume that265

nk >
πkn

2
, where nk =

∑n
i=1 1(Y i = k). Note that this event happens with a probability266

greater than 1− 2K exp(−Cnπ2
min), as267

Pr(nk <
πkn

2
, k = 1, . . . , K) ≤

K∑
k=1

Pr(|nk
n
− πk| >

πk
2

) (G.1)

≤ 2
K∑
k=1

exp(−Cnπ2
k) ≤ 2K exp(−Cnπ2

min) (G.2)
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where we apply Hoeffding’s inequality.268

Define µ̂k =
1

nk

∑
Y i=k(X

i − α̂×̄(M+1)U
i), Σ̂

(k)
j =

1

nkp−j

∑
Y i=k(X

i − α̂×̄(M+1)U
i −269

µ̂k)(j)(X
i − α̂×̄(M+1)U

i − µ̂k)
T
(j). We have the following lemma.270

Lemma G.1. For 0 < ε < min{ε0,
πmin

2
}, we have271

Pr(‖α̂−α‖max > ε) ≤ 2q2p exp(−Cnε
2

q2
) + 2K exp(−Cnπ2

min) (G.3)

Proof of Lemma G.1. The proof is similar to that of Lemma F.5 and is hence omitted here.272

Lemma G.2. With a probability greater than 1−Cq2p exp(−Cnε
2

q2
)−2K exp(−Cnπ2

min), we273

have274

‖µ̂k − µk‖max ≤ (2 + ‖φk‖∞)qε for k = 1, . . . , K (G.4)

Proof of Lemma G.2. Note that275

‖µ̂k − µk‖max (G.5)

≤ ‖ 1

nk

∑
Y i=k

(Xi − α̂×̄(M+1)U
i)− 1

nk

∑
Y i=k

(Xi −α×̄(M+1)U
i)‖max (G.6)

+‖ 1

nk

∑
Y i=k

(Xi −α×̄(M+1)U
i)− µk‖max (G.7)

≤ ‖(α̂−α)×̄(M+1)φk‖max + ‖(α̂−α)×̄(M+1)(φk − φ̂k)‖max (G.8)

+‖ 1

nk

∑
Y i=k

(Xi −α×̄(M+1)U
i)− µk‖max (G.9)

≤ (2 + ‖φk‖∞)qε (G.10)

under the event nk >
πkn

2
, ‖α̂−α‖max ≤ ε, ‖φ̂k−φk‖max ≤ ε, ‖ 1

nk

∑
Y i=k(X

i−α×̄(M+1)U
i)−276

µk‖max ≤ ε. Combine Lemma G.1 with Lemma F.1 and we have the desired conclusion.277

278

Lemma G.3. There exists ε0 > 0 such that for
4

πkn
< ε < ε0, we have279

Pr(‖Σ̂(k)
j −Σj‖max > Cq2ε) ≤ 2p2j exp(−Cnp−jε2)+Cq2p exp(−Cnε

2

q2
)+2K exp(−Cnπ2

min)

(G.11)
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Proof of Lemma G.3. For simplicity, write280

Ẽi = Xi −α×̄(M+1)U
i − µk (G.12)

Throughout this proof, we assume that the following events have happened:281

E4 = {‖ 1

np−j

∑
Y i=k

Ẽi
(j)(Ẽ

i
(j))

T −Σj‖max < ε} (G.13)

E5 = {‖α̂−α‖max < ε} (G.14)

E6 = { 1

nk

∑
Y i=k

(Ẽi
(j),lt)

2 < 1 + ε, for any l, t} (G.15)

E7 = { 1

nk

∑
Y i=k

‖Ui‖22 ≤ (1 + ε)q} (G.16)

E8 = {‖µ̂k − µk‖max < ε, for any k} (G.17)

E9 = {‖φ̂k − φk‖max < ε, for any k} (G.18)

When nk > πkn
2

, by Lemma F.3, Pr(EC4 ) ≤ 2p2j exp(−Cnp−jε2). By Lemma G.1, Pr(EC5 ) ≤

2q2p exp(−Cnε
2

q2
). By standard Chernoff bound, Pr(EC6 ) ≤ 2p exp(−Cnε2), Pr(EC7 ) ≤ 2q exp(−Cnε2),

Pr(EC8 ) ≤ 2p exp(−Cnε2), Pr(EC9 ) ≤ 2q exp(−Cnε2). Hence, all these events happen simul-

taneously with a probability greater than

1− 2p2j exp(−Cnp−jε2)− 2q2p exp(−Cnε
2

q2
)− Cp exp(−Cnε2)− 2K exp(−Cnπ2

min)

Σ̂
(k)
j =

1

nkp−j

∑
Y i=k

(Xi − α̂×̄(M+1)U
i − µ̂k)(j)(X

i − α̂×̄(M+1)U
i − µ̂k)

T
(j)

=
1

nkp−j

∑
Y i=k

Ẽi
(j)(Ẽ

i
(j))

T +
2

nkp−j

∑
Y i=k

Ẽi
(j)

(
(α− α̂)×̄(M+1)U

i + (µ̂k − µk)
)T

(j)

+
1

nkp−j

∑
Y i=k

(
(α− α̂)×̄(M+1)U

i + (µ̂k − µk)
)
(j)

(
(α− α̂)×̄(M+1)U

i + (µ̂k − µk)
)T

(j)

≡ L5 + L6 + L7
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Under events E4–E9, we have, for L5,282

‖L5 −Σj‖max ≤ ε. (G.19)

For L6,283

‖L6‖max ≤ ‖ 1

nkp−j

∑
Y i=k

Ẽi
(j)[(α− α̂)×̄(M+1)U

i](j)‖max (G.20)

+‖ 1

nkp−j

∑
Y i=k

Ẽi
(j)(µk − µ̂k)

T
(j)]‖max (G.21)

We analyze these two terms separately. First,284

‖ 1

nkp−j

∑
Y i=k

Ẽi
(j)[(α− α̂)×̄(M+1)U

i](j)‖max (G.22)

= max
l,s
| 1

nkp−j

∑
Y i=k

∑
t=1

Ẽi
(j),lt[(α− α̂)×̄(M+1)U

i](j),st| (G.23)

≤ ‖α− α̂‖max max
l,s

1

nkp−j

∑
Y i=k

∑
t=1

|Ẽi
(j),lt| · ‖Ui](j),st‖1 (G.24)

≤ ‖α− α̂‖max ·max
l,s

{
1

nkp−j

∑
Y i=k

p−j∑
t=1

(Ẽi
(j),lt)

2 +
q

nkp−j

∑
Y i=k

p−j∑
t=1

‖Ui‖22

}
(G.25)

≤ ‖α− α̂‖max

{
max
l,t

1

nk

∑
Y i=k

(Ẽi
(j),lt)

2 +
q

nk

∑
Y i=k

‖Ui‖22

}
(G.26)

≤ 2(1 + q2)ε (G.27)

Second,285
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‖ 1

nkp−j

∑
Y i=k

Ẽi
(j)(µk − µ̂k)

T
(j)‖max (G.28)

= max
l,s
| 1

nkp−j

∑
Y i=k

p−j∑
t=1

Ẽi
(j),lt(µk − µ̂k)(j),st| (G.29)

≤ ‖µk − µ̂k‖max ·max
l

1

nkp−j

∑
Y i=k

p−j∑
t=1

|Ẽi
(j),lt| (G.30)

≤ ‖µk − µ̂k‖max ·max
l,t

1

nk − 1

∑
Y i=k

|Ẽi
(j),lt| (G.31)

≤ ‖µk − µ̂k‖max ·max
l,t

1

nk − 1

√∑
Y i=k

(Ẽi
(j),lt)

2
∑
Y i=k

12 (G.32)

≤ ‖µk − µ̂k‖max max
l,t

√
2

nk

∑
Y i=k

(Ẽi
(j),lt)

2 ≤ 2ε (G.33)

Therefore,286

‖L6‖max ≤ 2(2 + q2)ε (G.34)

For L7, we further decompose it to be287

L7 =
1

nkp−j

∑
Y i=k

(
(α− α̂)×̄(M+1)U

i
)
(j)

(
(α− α̂)×̄(M+1)U

i
)T

(j)
(G.35)

+
2

nkp−j

∑
Y i=k

(
(α− α̂)×̄(M+1)U

i
)
(j)

(µ̂k − µk)
T
(j) (G.36)

+
1

p−j

∑
Y i=k

(µ̂k − µk)(j)(µ̂k − µk)
T
(j) (G.37)

≡ L8 + L9 + L10 (G.38)

‖L8‖max = max
l,s

1

nkp−j

∑
Y i=k

p−j∑
t=1

[(α− α̂)×̄(M+1)U
i](j),lt[(α− α̂)×̄(M+1)U

i](j),st

≤ ‖α− α̂‖2max

nkp−j

∑
Y i=k

p−j∑
t=1

‖Ui‖21 ≤ 2q2ε2
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‖L9‖max = max
l,s

4

p−j
|
p−j∑
t=1

[(α− α̂)×̄(M+1)φ̂k](j),lt(µk − µ̂k)(j),st| (G.39)

≤ 4‖α− α̂‖max

p−j

p−j∑
t=1

‖φ̂k‖1 · |(µ̂k − µk)(j),st| (G.40)

≤ 4‖α− α̂‖max · (‖φk‖1 + qε) · ‖µ̂k − µk‖max (G.41)

≤ 4ε2(‖φk‖1 + qε) (G.42)

By Lemma F.3, we have that, with a probability greater than 1 − 2p2 exp(−Cn2p−jε
2),288

‖L10‖max ≤ ε.289

Putting all the results together, we have the desired conclusion.290

291

Lemma G.4. There exists ε0 > 0 such that for
4

πkn
< ε < ε0, we have292

Pr(‖Σ̂j−Σj‖max > Cq2ε) ≤ 2Kp2j exp(−Cnp−jε2)+CKq2p exp(−Cnε
2

q2
)+2K exp(−Cnπ2

min)

(G.43)

Proof of Lemma G.4. Because Σ̂j =
∑K

k=1

nk − 1

n−K
Σ

(k)
j , we have293

‖Σ̂j −Σj‖max = ‖
K∑
k=1

nk
n

(Σ̂
(k)
j −Σj)‖max ≤

(
K∑
k=1

nk
n

)
max
k
‖Σ̂(k)

j −Σj‖max ≤ q2ε

provided that maxk ‖Σ̂(k)
j −Σj‖max ≤ q2ε. By Lemma G.3 we have the desired conclusion.294

Lemma G.5. There exists ε0 > 0 such that for
4

πkn
< ε < ε0, we have295

Pr(‖Σ̂−Σ‖max > ε) ≤ 2K
M∑
m=1

p2m exp(−Cnp−mε2)+CMKq2p exp(−Cnε
2

q2
)+2KM exp(−Cnπ2

min)

(G.44)
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Proof of Lemma G.5. Combine Lemma G.4 with Lemma F.4 and we have the desired conclu-296

sion.297

298

To prove Theorem 2, we define the oracle estimator299

(β̂(oracle)
2,D , · · · , β̂(oracle)

K,D ) = arg min
β2,D,··· ,βK,D

K∑
k=2

{βT
k,DΣ̂βk,D− 2(ν̂k,D− ν̂1,D)Tβk,D+λ

∑
j∈D

‖β·j‖}

(G.45)

We also collect two technical propositions proved in Mai et al. (2017).300

Proposition G.1. For a set of real numbers {a1, . . . , aN}, if
∑N

i=1 a
2
i ≤ κ2 < 1, then

∑N
i=1(ai+301

b)2 as long as b <
1− κ√
N

.302

Proposition G.2. If ‖Σ̂−Σ‖max <
ε

d
, ‖(ν̂k−ν̂1)−(νk−ν1)‖∞ < ε/d for ε < min{ 1

2ϕ
,

λ

1 + ϕ∆
},303

we have that304

‖Σ̂DC ,DΣ̂−1DD −ΣDC ,DΣ−1DD‖∞ <
ϕε

1− ϕε
(G.46)

‖β̂0
k,D − β0

k,D‖1 <
ϕε(1 + ϕ∆)

1− ϕε
(G.47)

‖β̂oracle
k,D − βk,D‖∞ ≤ 4λϕ (G.48)

The following lemmas will be helpful in proving Theorem 2305

Lemma G.6. For (β̂(oracle)
2,D , · · · , β̂(oracle)

K,D ) defined in (G.45), if306

max
j∈Dc

[
K∑
k=2

{(Σ̂DC ,Dβ̂
(oracle)
k,D )j − (ν̂kj − ν̂1j)}2]1/2 < λ/2 (G.49)

then we have that D̂ = D and vec(B̂k)D = β̂(oracle)
k,D .307

Proof of Lemma G.6. When (G.49) is true, β̂k = (β̂(oracle)
k,D , 0), k = 2, . . . , K satisfies the Karush-308

Kuhn-Tucker condition. Hence we have the desired conclusion.309
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Proof of Theorem 2. By Lemmas F.4, G.2, & G.5, for any 0 < ε < min{ 1

2ϕ
,

λ

1 + ϕ∆
}, with

a probability greater than

1− 2K
∑
m=1

p2m exp(−Cnp−mε
2

d2
)− CKq2p exp{−Cnε

2

d2q2
} − 2Kp exp(−Cnε2)

we have that,310

‖Σ̂−Σ‖max ≤
ε

d
, ‖µ̂k − µk‖max ≤

ε

d
. (G.50)

By Lemma G.6 and (G.48), it suffices to show that, under the event in (G.50) with a properly311

chosen ε, (G.49) must be true. To this end, note that312

0 = βDC = (Σ−1(νk − ν1))DC

= −(ΣDC ,DC −ΣDC ,DΣD,DΣD,DC )−1(ΣDCΣ−1D,D(νk,D − ν1,D)− (νk,DC − ν1,DC ))

which implies that313

ΣDCΣ−1D,D(νk,D − ν1,D) = νk,DC − ν1,DC (G.51)

Now we assume that (G.50) holds. For any j ∈ DC , we have that314

|(Σ̂DC ,Dβ̂
(oracle)
k,D )j − (ν̂k − ν̂1)| ≤ |Σ̂DC ,Dβ̂

oracle
k,D −ΣDC ,Dβk,D|+ |(ν̂kj − ν̂1j)− (νkj − ν1j)|

where we make use of (G.51). Under (G.50), |(ν̂kj − ν̂1j)− (νkj − ν1j)| ≤ ε. Meanwhile, it is315

easy to show that316

β̂oracle
k,D = β̂0

k,D −
λ

2
Σ̂DC ,DΣ̂D,Dt̂k,D (G.52)

where β̂0
k,D = Σ̂−1D,D(ν̂k,D − ν̂1,D) and t̂k,D is the sub-gradient of the group lasso penalty at317

β̂oracle
k,D . Hence,318

|Σ̂DC ,Dβ̂
oracle
k,D −ΣDC ,Dβk,D| ≤ |(Σ̂DC ,Dβ̂

0
k,D)j − (ΣDC ,Dβk,D)j|+

λ

2
|(Σ̂DC ,DΣ̂−1D,Dt̂k,D)j|

For the first term,319

|(Σ̂DC ,Dβ̂
0
k,D)j − (ΣDC ,Dβk,D)|

≤ ‖Σ̂DC ,D −ΣDC ,D‖∞‖β̂0
k,D − βk,D‖∞ + ‖Σ̂DC ,D −ΣDC ,D‖∞‖βk,D‖∞ + ‖ΣDC ,D(β̂0

k,D − βk,D)‖∞

≤ Cε
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For the second term,320

|(Σ̂DC ,DΣ̂−1D,Dt̂k,D)j| ≤ |(ΣDC ,DΣ−1D,Dtk,D)j|+ |(Σ̂DC ,DΣ̂−1D,Dt̂k,D)j − (ΣDC ,DΣ−1D,Dtk,D)j|

Now note that321

|(Σ̂DC ,DΣ̂−1D,Dt̂k,D)j − (ΣDC ,DΣ−1D,Dtk,D)j|

≤ ‖Σ̂DC ,DΣ̂−1DD −ΣDC ,DΣ−1DD‖∞‖t̂k,D − tk,D‖∞ + ‖ΣDC ,DΣ−1DD‖∞‖t̂k,D − tk,D‖

+‖Σ̂DC ,DΣ̂−1DD −ΣDC ,DΣ−1DD‖∞|(tk,D)j|

Because, by (G.48),322

|t̂kj − tkj| = |
β̂oracle
kj

‖β̂oracle
·j ‖

− βkj
‖β·j‖

| ≤
2‖β̂oracle

·j − β·j‖
‖β̂oracle
·j ‖

≤ Cλϕ

we have323

|(Σ̂DC ,DΣ̂−1D,Dt̂k,D)j| ≤ Cϕλ (G.53)

Combine the bounds for the two terms and we have324

|(Σ̂DC ,Dβ̂
(oracle)
k,D )j − (ν̂k − ν̂1)| ≤

λ

2
|(ΣDC ,DΣ−1DDtk,D)j|+ Cλ2 (G.54)

Let ε =
1 + ϕ∆

4ϕ
λ. Condition (C1) and Proposition G.1 together imply that there exists a325

generic constant M0 > 0, such that when λ < M0(1− κ), (G.49) holds. Let ε =
1 + ϕ∆

4ϕ
λ and326

we have the first conclusion.327

By the first conclusion, if {d
2 log (pd)

n
}1/2 � λ � bmin, λ → 0, we have that D̂ = D and328

‖vec(B̂k)− vec(Bk)‖∞ → 0.329

Proof of Theorem 3. By Lemmas F.4, G.2, & G.5, for any 0 < ε < min{ 1

2ϕ
,

λ

1 + ϕ∆
}, with

a probability greater than

1− 2K
∑
m=1

p2m exp(−Cnp−mε
2

d2
)− CKq2p exp{−Cnε

2

d2q2
} − 2Kp exp(−Cnε2)

30



we have that the events in (G.50) have happened. Meanwhile, by the Bernstein inequality, with330

a probability greater than 1− 2K exp(−Cnε2), we have that331

|π̂k − πk| ≤ ε (G.55)

By the proofs of Theorem 2 in Mai et al. (2017), we have that (G.50) & (G.55) imply332

|Rn−R| ≤ Cλ1/3. Let λ =
1 + ϕ∆

4ϕ
λ and we have the first conclusion. The second conclusion333

is a direct consequence of the first conclusion.334
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