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Supplement A: Definition of Distance Covariance in Metric Spaces

Lyons (2013) introduced distance covariance (DC) defined on general metric spaces. Let (X, dy) and
(Y, dy) be two separable metric spaces, 6 be the probability measure on the product space X x Y,
and p := m(0),v := ma(f) be marginal probability measures on X and ). Here, m; and 7 are the
coordinate projections onto the marginal spaces. For any k > 0, a finite signed Borel measure on
(X,dx) is said to have finite k-th moment if [ dk (z,0)d|u|(z) < oo, for some 0 € X. Let M*(X)
denotes the space of all finite signed measures on (X, B(X)) with finite k-th moment, M**(X,)) be
the space of all finite signed measures  on (X x Y, B(X) @ B(Y)) for which 71(]0]) € M*(X) and
m2(|0])) € M*(Y), M1(X) be the space of all probability measures on (X, B(X)), and M;(X x Y) be
the space of all probability measures on (X x YV, B(X) ® B())). When we put both a subscript and
superscript, it denotes the intersection. For example. M11 ’1(2( x V) is the space of all probability
measures 6 on (X x V,B(X) ® B(Y)), such that m1(|0]) € M*(X) and m2(|0]) € M'(Y). For any
w € M(X), the mapping a, : X — R is given by

ap(z) = / dax (0, 9)dp(y),

and the mapping D : M1 (X) — R by

D) = [ au@ydn(e) = [ dtar. )i x plar, o)
Finally, we define d, : X x X — R by

du(z1,20) = dx (21, 22) — au(21) — au(z2) + D(p).

We define a metric space (X, dx) is of negative type, if Y31, 37| aiajdy(zi,z5) < 0 for any
n € Naxze X" aeR"with >.' ; a; = 0. A metric space (X,dy) of negative type, is of strong
negative type if D(uy — pe) = 0 <= 1 = ug, for all probability measures pi, po with finite first
moment. When both (X, dx) and (), dy) are metric spaces of strong negative type, dcov(f) equals
to zero if and only if 8 = p x v.

The following spaces are of strong negative type.

 Separable Hilbert space (Theorem 3.16 Lyons (2013)).
o Separable Hilbert spaces with distance ||||?" for 0 < 7 < 1 (Theorem 4.2 Dehling et al. (2020)).

o Non-separable Hilbert space that the dimension is a cardinal of measure zero (Remark 3.17
Lyons (2013)).

o Real hyperbolic space (Lyons, 2014).
o Separable spaces (LP, [|-[[P") with 0 <p <2 and 0 < r < 1 (Lyons, 2021).

« Subsets of the unit-radius sphere S™, centered at the origin of R"*!, which contains at most
one pair of antipodal points (Lyons, 2020).

Theorem 3.6 in Meckes (2013) shows the following metric spaces have negative type.
o A% where A is a metric space of negative type and 0 < o < 1.

e Two-dimensional real normed spaces.



e Metric spaces with at most four points.

o Ultrametric spaces.

» Round spheres (with the geodesic distance).
e Complex hyperbolic space.

o Weighted trees.

According to Lyons (2013), if (X, d) has negative type, then (X,d") has strong negative type when
0 < r < 1. Therefore, all the above metric spaces have strong negative type when we change their
distance from d to d".

Supplement B: Proof of Lemmas

B.1 Lemma 1

Following the proof of statement (2.18) in Székely et al. (2007), it is easy to prove the result.

B.2 Lemma 2

Let Y; be M x M SPD matrices, w; be positive numbers representing the weights for Y;. We are
interested in the following optimization problem:

argmanwldC Yi, w). (B.1)
we T

Without loss of generality, we assume . w; = 1. Define B= Yo w Yl/ Then we have
n
Zwid%(Yi,w sztr( y1/2 TY1/2 (w 1/2)Ty;1/2 B (Yil/2)Tw1/2 i (wl/Q)Tw1/2)
i=1
_ Z witr (7YY < BTYM - (v B + B7B)
7 (2
Ttr ((wl/Q)Twl/Q _ (w1/2)T§ _BTL2 4 §T§>
n
= widg(Y;, B"B) + di(w, B" B)
i=1

Therefore, we obtain

argmmede Y;,w) = argmin d2 (w, BT B) (B.2)
wet T we

Note that (2 is the set of SPD matrices and BT B is a SPD matrix. Thus, the solution to (B.1) is
simply w = BT B. Let w; = w;(x) and Y; = Y;,. We immediately obtain Lemma 2.
B.3 Lemma 3

Let n — 1 be the number of neighbors and we label neighbors from 1 to n — 1. Let wy = w;,t =
1,2,...,n—1, and w, = w, = 1. Then the optimization (2.7) can be rewritten in the form of (B.1).
Then according to the proof of Lemma 2, we proved Lemma 3.



Supplement C: Proof of Theorem 1

Define
Sk = Eka(Xk,X,’C)dy(Y,Y’),
Ske = FEdx, (Xk,X,’c)Edy(Y,Y’),
Sks = Fdx, (Xk,X,’g)dy(Y,Y”),
and

1 n n
S = 3 DO du (ki wry)dy (i, 35),

i=1 j=1
Ska = ﬁzzdé’(k($ki7$kj) ﬁzzdy(yw}’ﬂ )
i=1 j=1 i=1 j=1
N 1 n n n
Sks = 3 Z Z Z Ao, (@i, Tt )dy (Y5, Y1)
i=1 j=1 I=1

Then, we have R R R
Wk = Sk1 + Sk2 — 2Sk3, Wk = Sk1 + Sk2 — 25k3.

To find the convergence rate of Wy, we study each term separately. Let us start with Si;. We define

. 1
Sk = —— dek (This Thj )y (Yis ¥ 5)
nin—1)

which is a U-statistic. By Cauchy-Schwarz inequality, we have

S < \/Edgfk (Xi, X, E(Y,Y").

According to assumption 1 and Jensen’s inequality, we know Ed%(k (Xk, X},) < o0 and Ed3,(Y,Y') <
oo, which implies S < oo for k = 1,...,p. For any given € > 0, there exists a larger enough n such
that Sg1/n < e. Then, we have

Thus, to establish the uniform consistency of §k1, it suffices to show the consistency of §,’;1 Let
hi((xki, ¥i), (T, Y;)) = da, (Tki, ij)dy(yi, y;) be the kernel of the U-statistic §Zl We can decom-
pose hp into two parts: hy = hi1(hy > M) + h11(hy < M), where M is specified later. Then we
rewrite §;1 as

5t = s D (0. (15,3%7)) % 100010, (13, 37)) < M)
i#]
+ % > ha((@his yi), (@rg, ¥7)) X Lha((zhis i), (2r5,¥5)) > M)
n(n—1)
i#]

. Q* O
=: Sp11+ Sk12-



Similarly, we have
Sp1 = Edx, (Xi, X},)dy(Y,Y)
+ Eh((Thi, yi), (Trjs ¥5)) X L(ha((Tris ¥i)s (Tr5,y5)) > M)
=: Sk1,1 + Sk1,2-

It is easy to see that §;1 1> §;€‘1 , are unbiased estimator of Si1,1 and Sgq 2. Using Markov’s inequality,
for any ¢ > 0, we have

P(§Z1,1 —Sk11>€) = P(t(§21,1 — Sk11) > te)
= P(exp(t(Sf1,1 — Sk11) = exp(te))
g Elexp(t(S}y.1 — Sk1,1))] (C.3)
- exp(te)
= exp(—te) exp(—tSkLl)E[exp(tS\zu)].

Serfling (2009, section 5.1.6) showed a U-statistic with symmetric kernel can be represented as an
average of averages of independent and identically distributed random variables. To be precise,
let x1,...,z, be a sample, and h(zy,...,x,) be a symmetric kernel of a U-statistic U,. Define
m = |n/u] to be the greatest integer smaller than n/u and W (zy,...,z,) = 1/m[h(z1,...,24) +
h(Zusts -5 Tou) +- -+ h(Tmu—ut1, - - - Tmu)]. Then, we have Uy, = 1/n!) y Wy, ..., 2;i,), where
I1,, is the set of all permutations (i1, ...,4,) of (1,...,n). Apply this result to §,‘;171 and let m = [n/2],
we have

~ 1
Sk1,1 = ﬁzwl((xil’yi1)7"'7(::C'l'n?}I’L'n))
M

— %Z%[hl((ﬂfip}’il),($i2,yi2))1(h1 < M) NI
T,

+ hl((xi2m717yi2mfl)7 (xi2m7yi2m))1(h1 < M)]

1= L s (),
B r=1

We know exp(-) is a convex function. It follows from Jensen’s inequality that

exp (71‘ Z th((xiuyh)? R (xiwyin))) = % Z E[exp(tW1((Z'i1,}’i1)7 Y (xzmyzn)))]
I,

I,

Then, we have

-~ 1
Blexp(tSii1)] < — > Elexp(tWi((@iy, ¥i)s - (Tin, ¥i)))]
I,
1 L0400
_M;E exp <tm;hl 1(h"” < M)

exp (t; Z hgr)l(hgr) < M))]

r=1

=F

=FE" [exp (t/mhgr)l(hgr) < M))] , for any 1 <r <m.

Serfling (2009, section 5.6.1, A) proved the following lemma.



Lemma 1. Let p=E(Y), if P(a<Y <b) =1, then

Elexp(s(Y — p))] < exp (52 8“ ) Vs > 0.

Using Lemma 1, we have

27712
Blesp(t/mfi10” < 31) - Sl < exv (g )

n'g

S Y 2

Continue (C.3),
P(Si1 = Sk = €) < exp(—te) exp(~tSja) E™ [exp (t/mh{"1(]” < M) |

= exp(—te) E™exp(—t/mSi1)| E™ [exp (t/mh )1(h( ) < M))}

= exp(—te) E™ [exp <t/m[h§r)1(hg " < — Sk1.1] }
t2 M2
< exp (—te—i— 8 > .

Let t = 4em/M?, we have P(§Zl71 — Sp11 = €) < exp (—2¢*m/M?). By symmetry of §21,1’ the
convergence rate is given by

~ 2¢2m
P(]SZLI — Sk1,1]> €) < 2exp <— e > . (C.4)

Now let’s study §,’;1 5. By Cauchy-Schwartz inequality,
Stio = E? h((kis ¥i)s (@5, ¥5)) X L(ha (@, ¥3), (Thjs y5)) > M)

< E[hi((zri, ¥i), (2, i) EL* (B3 Tk, yo), (rg5 y5)) > M)]
= E[h (@i, yi)s (@rg, )P (P (zrir y4), (Ths> y5)) > M),

With Markov’s inequality, for any 0 < s’ < 2sq,

P(hy((zra, i), (215, y7)) > M) < E[exp@’hl(egg;% (215, ¥7)]

Thus, we have

Elexp(s'hi (ki ¥i): (Th. ¥5)))] _ (C.5)

SI%I,Q S E[h%((xkl)YZ)ﬂ (xkj’y]))] GXP(S/M)

According to assumption 1, E[h}((zgi,y:), (zkj,y;))] is finite. Note that for some of € Xj,0 € Y

P ((Tkis yi)s (Thg ) = dag, (Tkis Thg ) dy (Y, ¥5)
< [(dx, (whiy 08) + da, (215, 01))(dy (yi, 0)dy (¥, 0))]
< 2 [d%, (i, k) + d%, (w15, o)) [d5(yi, 0) + A3 (y, 0)]}
< 2{[d%, (zki, o) + d% (z1j, o) + d3(yi, 0) + d(y;, 0)]*1/4}
= dy, (i, o) + d%, (Trj, 08) + d3(yi, 0) + d3(yj, 0).

1/2

6



In the three inequalities, we first use the triangle inequality, then (a + b)? < 2(a® + b?), and last
lab|< (a + b)?/4 . Using this result and Cauchy-Schwartz inequality,

B[R (i, yi), (21, ¥5))] < Blexp(s'[d%, (zxi, 01) + d%, (21, 08) + d3)(yi, 0) + d3(y;,0)])]
< {Elexp(25'd%, (w1i, o)) Elexp(25'd%, (v, or))]}/2
x {Elexp(2s'd3(yi, 0))] Elexp(25'd3) (v, 0))]} /2
= E[exp(&s”d%‘g]c (zki» 0x))] Elexp(28'd3, (v, 0))]
< o0,

where in the last inequality, we use the assumption 1. Let M = cn”, where 0 <7 <0.5—-£,0 <k <
0.5. According to (C.5), Sk1,2 < €/2 when n is large enough. This implies that P(|S}; 5 — Sk1,2[>

€) < P(\gzl o|> €/2). Therefore, it suffices to bound P(]§ZLQ]2 €/2). We state that

~ M
{18012 5} € { (o0 + B3 (50:0) > . for some i}

To prove this, suppose d%(k (Tki, ok)+d§,(yi, 0) < % for all 4. ThenAhl((a:ki, Vi), (@, y5)) < dgfk (Tki, 0k)+
dfyk(xkj,ok) + d%,(yi,o) + dg,(yj,o) < M. By the definition of Sy, , = 1/(n(n — 1) 32, ; 1l(h1 >
M), we have S, , = 0, which contradicts to the event {‘521,2‘> 6/2}. By Markov’s inequality,

P <d/2vk (Tgi, 0n) = V M/2> < E[exp(sd%gk (Tgi,or))] /exp(sM/4), for any s > 0. According to assump-
tion 1, there exists a constant C such that
E[exp(sd%(k (ki o0r))] < C. Thus, P (dg(k (Tpi, 0) > \/M/2) < Cexp(—sM/4). Using similar argu-

ment, it is easy to show P (d%,(yi, 0) >V M/2> < Cexp(—sM/4). Therefore, we have

P (d%, (wi, o) + d3y(yi,0) > M/2) < P (d%ck(fﬂki?%) > \/M/2> + P (di(yi,o) > \/M/2>
< 2C exp(—sM/4).

It follows that R
P(|Sk1 21> €/2) <nP (dgyk(xki,ok) + d3(yi,0) > M/2)

(C.6)
< 2nCexp(—sM/4).
Combining (C.4) and (C.6), we have
P(|Sk1 — Skl> 4e) < P(ISky — Si1|> 2e)
= P(’(gkku — Sk1,1) + (3\;1,2 — Sk1,2)[> 2€)
< P(’S\zl,l — Sk1,1|> €) + P(|§Zl,2 — Sk12]>€)
< 2exp(—2e*m/M?) + 2nC exp(—sM /4).
Recall that m = |n/2| and M = ¢cn”,
P(|Si1 — Sp1|> 4€) < 2exp(—€2c2n'~27) + 2nC exp(—scn™ /4). (C.7)

Next, we study §k2- Recall that

n n

Sa = %szé‘(k(xkiaxkj) %szy(yiuyj)

i=1 j=1 i=1 j=1

=: Sk2,15%2,2-



Similarly,
Edyx, (Xy, X;.)Edy(Y,Y') =: Sp21Sk2,2-

We wish to bound P(\gm’l — Sk2,1|> €) and P(\§k2,2 — Sk2,2|> €) as we did before. For S 1, we will

~

follow the same argument for Sy1,1. Define S, = 1/(n(n —1)) 32, i dx, (zyi, Tx;). 1t is easy to see

§,’;2 | is a U-statistic with a symmetric kernel. By assumption 1, Sko1/n < € for sufficiently large n.
Then,

~ ~ n-—1 n—1 1
P(|Sk21 — Sk2,1|> 2¢) = P ( Ska,1 = Ska,1 e 5k2,1n' > 26)

n—1 Sk2,1>

> 2¢ —
n n

<P (’gitu — Sk2,1
< P(\§Zz,1 — Sk2,1|> €).

Let ho(zki, k) = dx, (@i, xrj) be the kernel of the U-statistic §Z2’1. Similarly, we divide ho into
two parts hg = hol(hy > M) + hal(ho < M). Then we can rewrite §22 1

~ 1
Ston = ——— > ha(@ki, o)1 (ha (ks xa;) < M)
n(n —1) oy
1
+ — Zh2<33kiaxkj)1(h2($ki7xkj) > M)
n(n—1) oy
=: Ska,1.1 T Ska,1,2-
Similarly, we divide Sj2 1 into two parts

Sk21 = Elho(@ki, ki) L(ho(Tgis 215) < M)
+ Elho(2pi, vr;) 1(h2(2ks, 21j) > M)
=:Sk2,1,1 + Sk2,1,2-

For S 211> We can obtain the exact same bound for 5 11 asin (C.4) since we only use some properties
of U-statistic in the derivation. It is easy to show

-~ 2¢2m
P(Ska,1,1 — Sk2,1,1= €) < 2exp <—Mg> : (C.8)

Using Cauchy-Schwarz inequality and Markov’s inequality, for any 0 < s’ < 2s,

Sta1.2 < Eh3(zki, 2xy) | E[1% (ho(2ki, mr5) > M)
= E[h3(xki, xij) | P(ho(xpi, xj) > M)
< E[h3(zyi, 2xj) | Elexp(s'ho(zpi, 2xj))] Jexp(s'M).
Note that ho((zk, zkj)) = dx, (ki 2rj) < dx,(Tri,0r) + dx, (k). 0), where op € Ay. Accord-
ing to assumption 1 and the fact that exp(s'dx, (i, or)) < exp(s’ max(l,d%(k (zki,0k))), we have

Elexp(s'dx, (zki, 01))] < oo. Therefore, Elexp(s'ha(xyi,xr;))] < oo. Then, for any € > 0, Ska12 <
€/2 for large enough n when we let M = cn?. This means

P([Sk2,1,2 = Sk2,12[> €) < P(|Ska12/> €/2).



Thus, it suffices to bound P(|§;§2 12> €/2). We state that

€

M
> 5} - {ka(xkiaOk) >

{|SZQ,1,2

To see this, suppose dy, (Tk;, 0x) < M /2 for all i. Then ho(xyi, tx;) < dx, (i, or)+dx, (T, 01) < M,
which means S}, ; , = 0. This contradicts to the event {|S},,|> €/2}. By Markov’s inequality and
assumption 1, for any 0 < s < 2sg, there exists a constant C' such that

P(dy, (i, o) > M/2) < Elexp(sdiy, (wri; or))]/exp(sM? [4) < Cexp(—sM? /4).

, for some z} .

It follows that
P(S5y15]> €/2) < nP(dx, (xxi,00) > M/2) < 2nC exp(—sM?/4). (C.9)
Combining (C.8) and (C.9), we have
P(|Sk2,1 — Sko1|> 4€) < P(1Sf1 — Ska|> 2€)
< P(1Sf21,1 — Sk211[> ) + P(1Sfa1, — Skz12/> €)
< 2exp(—2€*m/M?) + 2nC exp(—sM?/4).
Since m = |n/2|, M = cn?,
P(|§k271 — Sk2.1|> 4e€) < 2exp(—€*c 2! ) + 2nC exp(—sc?n?7 /4). (C.10)
Using the same argument, we can get the convergence rate of §k272,
P(|§k2’2 — Spaa|> de) < 2exp(—e2c 2t 7)) + 2nC exp(—sc®n?7 /4). (C.11)
According to Jakobsen (2017, Lemma 2.5), Sgo1 = Edx(Xk, X},) < 00 and Spa o = Edy(Y,Y’) < oo.
Thus, there exists a constant C' such that max{maxy, Sk 1, Sk2,2} < C. Then,
P(|(Ska,1 — Sk2,2)Sk2,2|> €) < P(|§k271 — Sa2|> €/C)
< 2exp(—C2e¢ 201727 /16) 4 2nC exp(—sc*n?7 /4),
P(|(Sk22 — Sk2,2)Sk2,1|> €) < P(|§k272 — Ska2|> €/C)
< 2exp(—C2e2¢ 201727 /16) 4 2nC exp(—sc?n?7 /4),
and
P(\(gkz,l - Sk2,1)(§k2,1 — Sk2,1)|> €) < P(\§k2,1 — Sk2.1|> Ve) + P(\§k2,1 — Sk2.1|> Ve)
< 4exp(—ec?n'7%7/16) + 4nC exp(—sc*n?7 /4)
Note that
§k271§k2,2 — Sk215k2,2 = (§k271 — Sk2,1)Sk2,2 + Sk2,1(§k2,2 — Sk2,2) + (§k2,1 - Sk?,l)(§k2,1 — Sk2.1)-
Then we have
P(|Sk2 — Skal> 3€) = P(|§k2,1§k2,2 — Sk2,15k2,2|> 3€)
< P(|<§k2,1 — Sk2,1)Sk2,2|> €)
+ P(\Sk2,1(§k2,2 — Sk2.2)|> €) (C.12)
+ P(|(Sk2,1 — Sk2,1)(Sk21 — Sk2,1)|> €)
< 8exp(—C%2c¢?n'727/16) + 8nC exp(—sc*n®) /4),

9



where the last inequality holds when € 1s sufficiently small and C' is sufficiently large.

Last, let’s study Skg Recall Sk;g = n3 S Ej L)y A (Thi, T )dy (yj, y1)- Note that dx, (zki, Te1)dy (¥, ¥1)
is not symmetric. Thus, our first step is to define a U-statistic with a symmetric kernel, which can
be done by averaging all permutations of indices of 4, j,l. To be precise, we define

. 1
Sks = > dx (@i 2r)dy (yi, y5)
n(n —1)(n —2) oy
1 1
T i —1(n-2) > il (i wr)dy(y5,71) + dov, (w0, 28y)dy (v1, )
it
+ dx, (Trjs Tr)dy (i, y1) + da, (Trj, Tri)dy (y1, ¥i)
+ dx, (T, 21 )dy (i, y5) + dag, (T, 2ri)dy (Y5, ¥i)]
6
= h iy Yis iy Yis ’ ’
n(n—1)(n —2) Z 3(This ¥i5 Thjs Y5 This Y1)

i<j<l

where hg is defined as the average inside the summation in the second equality. Then 3’\23 is a

U-statistic with a symmetric kernel. Following the same argument for gZp we decompose hg as
hs = h3l(hs < M)+ h31(hs > M). Thus, we have

~ 6
Sks = n =)= Z hs ki, ¥ii Thjy Y55 Trts Y1) L(hs(Thi, i Thgo Y55 Trt, yi) < M)
<j<l
6
h iy Yis > Yjs ) 1(h iy Yis i Yjs ) > M
+ D=2 Z;d 3(This ¥ii Thjs Y55 Tut> Y1) 1(hs ki, ¥ii Thjs Y5 Tht, 1) )

. ax O
=: Sk31 + Sks.2s

and
Sks = Elh3(xri, ¥i; ki, Y5 rt, Y1) L3 (This Yis Ty ¥ Tht Y1) < M)

+ E[h3(Tkis Yis Thjs Y Tkt Y1) (3 (Xki, Yis Thjs Y5 Thts Y1) > M)
=: Sk3,1 + Sk3,2-

Following the same argument for deriving bound of P(|§k171 — Sk1,1|> €), we have
P(|S}5, — Skaal> €) < 2exp(—e*m//M?), (C.13)
where m’ = [n/3]. Next, we study §,’;3 5- As before, we wish to bound h3. Recall that hi((zki, i), (Trj,¥5)) =
A, (i, 2hj )y (¥i,¥5) < d%, (This o) + d% (g, 0k) + d3(yi, 0) + d3(y 4, 0). Then,
hs(Tki, ¥ii Thjy Y55 Thts Y1) = g[dxk(ﬂﬁkiwkl)dy(}’j,}’l) + dx, (2, Tk ) dy (1, ¥ 5)

+ dx, (Trj, xr)dy (yi, y1) + da, (Tkj, Tri)dy (Y1, yi)
+ dx, (21, 2rj)dy (i, ¥5) + da (T, 2ri)dy (Y5, ¥i)]

4
< g[d%(k (Tkis o) + da, (@15, 08) + 3, (Thr, 08)
+ d%;(yi, 0) + d%;(yj, O) + d%;(yl, O)]
By Cauchy-Schwarz inequality, for any 0 < s’ < 2sq),
Siso < EIh3(ki, ¥is Tajy Y5 @, YO P(hs (@i, ¥is T, Y53 Tht, Y1) > M)

2
3
< E[h3(ki, ¥i; Thj, Y5 Tht, Y1) Elexp(s' b (T, yis Tk ¥ i3 Tht, y1))] Jexp(s'M).

10



According to assumption 1, Elexp(s'hs(xi, yi; Trj, ¥j; Tri, ¥1))] < 00. Let M = cn?, we know Sig o <
€/2, for large n. Then, P(|S}3 5 — Sk32|> €) < P(|S;;32/> €/2). Note that

{

If d?yk(ﬂ?ki,Ok) + dy(yi,0) < M/2 for all i, ha(zki, yi; Tkj ¥ Tr Y1) < 4/6(M/2 x 3) < M, which
contradicts to \5’\;3722 €/2. We know P (d%(k (Zkis 0k) + d3(yi, 0) > M/2) < 2Cexp(—sM/4). Thus,

~ M
Sisa| > S) {d%(kmi,ow Fdy(yi0) > o for some }

P(\§Z3’2\2 €/2) <nP (dg(k(xki,ok) + d3(yi,0) > M/2) < 2nC exp(—sM/4),

which means
P(|Sk32 — Sk3z2]> €) < 2nCexp(—sM/4). (C.14)

Combining (C.13) and (C.14), we have

P(|Si5 — Skal> 2€) < P(|§Z3,1 — Sk3,1|> €) + P(|§1}k3,2 — Sk3,2|> €)
< 2exp(—2¢22n' " /3) 4+ 2nC exp(—scn? /4).

It is easy to show that

=~ 1 n—1)(n—-2) (4, 1 4,
Sks = 3 > du, (ki o) dy (v, 1) = % <Sk3 + QSk—1> :

— n n—
4,7,
< 46)

= P(|(n— 1)(n — 2)/n*(8}5 — Sks) = (3n = 2)/n° S
+(n—1)/n*(Siy = Sp1) + (n — 1) /n*Spa|> 4e)
< P(ISfs — Skal> €) + P(|Sf; — Sial> )
< 2exp(—c22n727/6) + 2nC exp(—scn? /4)
+ 2exp(—c?e?nt =27 /4) + 2nC exp(—scen? /4)
< 4exp(—c 262072 /6) 4 4nC exp(—scn? /4),

Then,
P(|§k3 - Sk3|2 46) =P (

(n B 1)(” B 2) aox 1 aox
- 9 Sk3 + mskl - Sk3

n

(C.15)

where the first inequality holds when n is large enough such that (3n — 2)/n?Sgz < € and (n —
1)/n2Sk1 <e.
Combining (C.7), (C.12) and (C.15), we have
P(|@y, — w|> €) = P(|(Sk1 + Sk2 — 25k3) — (Sk1 + Sk2 — 25k3)|> €)
< P(|Sk1 — Sk1|> €/4) + P(ISk2 — Sal> €) + P(|Sks — Sks|> €/4)
< 2exp(—e2c 2727 /4%) 4 2nC exp(—scn? /4)
+ 8exp(—C?2c?n'"27/(16 - 32 - 42)) + 8nC exp(—sc’n?7 /4)
+ dexp(—c 221 727/(6 - 42 - 42)) 4 4nC exp(—sen? /4).

Therefore,
P(|&r — w|> €) < O(exp(—c1e2n'™27) + nexp(—can?)), (C.16)
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Figure E.1: Boxplots of mean matrix prediction errors measured in Cholesky distances, for the
10 x 10 x 10 regions of left CST and left FPT. The red and blue boxplots correspond to SNPs,
coded as a 3-level categorical variable, and binary variable, respectively. The method used is
DC+Fréchet+Smooth with the model size selected by BIC.

for some constants ¢; and co. Let € = en™", where 0 < kK + v < 0.5. We have
P | max |0 — wi|> en™ | < p max P(|o, — w|>en™
(lékﬁp’ F iE ) - plﬁkﬁp (I 12 ) (C.17)
< O(p[exp(—cln172(7+“)) + nexp(—can’))).
Thus, we proved the first part of Theorem 1.
Now we prove the second part. Under assumption 3, distance covariance can be used to test

independence. According to definition 1, if Z & f, there exist some k € Z such that W, < en”. It
follows from assumption 2 that |Wy — wg|> cn®. Then, we have

{T ¢TI} C{|&k — wi|> en™* for some k € T}
Let A, = {maxez|@y — wi|< en™*} C {Z C Z}. Thus,

P(ZI CT)> P(Ay)
=1— P(A%)
>1—|Z|P(|wg — wg|> en™")
> 1 — O(Z|[exp(—c1n'~20H9)) 4 nexp(—con™))).

(C.18)

Supplement D: Simulation Results

Supplement E: Tables and Figures from additional analysis of the
ADNI data
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Table D.1: The selection rates of each variables P x 100 and selection rates of all active variables
P, x 100. The di, ds are model sizes when we use DC. For sphere data, we let n = 100,p = 9 due to
the inefficiency of FRiSO, and the important variables are (X7, X5, Xg). For all the other models,
n = 200, p = 20. In the Time column, we present selection time + fitting time for DC method.

Model Size/Method X1 X5 X9 Xi3 Xir X All Time(sec)
SPD Continuous di =6 98 99 81 67 79 81 22 0.7940.45
dy =9 100 100 97 92 97 95 82 0.7940.46

FRiSOd=6 100 100 100 100 100 100 100 1193
SPD Categorical dy =6 99 100 8 8 90 79 48 0.764+0.45
dy =8 100 100 95 96 98 93 82 0.7640.46

FRiSOd=6 100 100 100 100 100 100 100 1180
SPD Mixed dy =6 100 100 91 8 90 91 63 0.7440.45
dy =8 100 100 97 100 98 99 94 0.7440.46

FRiSOd=6.1 100 100 100 100 100 100 100 1114
Probability Density dy =6 00 72 73 73 79 78 11 9.8140.04
dy =12 100 95 98 99 97 97 86 9.8140.06

FRiSO d =12.5 100 100 100 100 100 100 100 5841
Sphere Data dy =3 99 97 100 96 0.0344.66
do =4 100 100 100 100  0.0345.03

FRiSO d =34 100 100 100 100 24695

13



Table E.1: Frequencies (expressed as percentages) of the top 20 most frequently selected genes in
addition to other covariates (age, group and gender) corresponding to the left CST region, obtained
from the DC method. SNPs are coded as a 3-level categorical variable. The underlined SNPs are
those that are related to the progression of AD from previous research, while the bolded SNPs
(corresponding to the columns for the competing LASSO+Cholesky, and LASSO+FA methods)
imply that they were also selected by the DC method.

DC LASSO + Cholesky LASSO + FA

Name frequency (%) Name frequency (%) Name frequency (%)
age 73.5 age 79.0 age 34.4
group 35.6 gender 35.9 gender 9.7
rs3737964 28.0 rs7095427 19.6 rs3737964 6.6
gender 26.9 rs3737964 194 rs2756271 4.7
rs6584778 26.5 rs13288561 19.0 rs3093660 4.4
rs11594752 26.3 rs2756271 18.7 rs6584778 4.1
rs11814145 24.0 rs28455654 18.1 rs2245123 4.0
rs2245123 21.5 rs10502262 17.8 rs13288561 3.8
rs7095427 20.4 rs3093660 17.7 rs10746816 3.7
rs11193188 20.1 rs2239942 17.5 rs383902 3.7
rs10491052 19.5 rs1475524 174 rs11117959 3.4
rs13288561 19.4 rs1941375 16.7 rs1427282 3.4
rs1133174 19.1 rs2025677 16.3 rs11594752 3.3
rs4846051 18.0 rs2279339 16.1 rs1883235 3.0
rs1475524 17.8 rs11594752 15.9 rs4846051 3.0
rs10746816 17.3 rs383902 15.8 rs7095427 2.9
rs2756271 17.3 rs2418834 15.8 rs1475524 2.9
rs4918255 17.0 rs4936637 15.3 rs3026845 2.8
rs3093660 16.7 rs3026845 15.2 rs10491052 2.8
rs2569537 16.5 rs7101373 15.2 rs11817518 2.8
group 5.7 group 0.6
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Table E.2: Frequencies (expressed as percentages) of the top 20 most frequently selected genes in
addition to other covariates (age, group and gender) corresponding to the left FPT region, obtained
from the DC method. SNPs are coded as a 3-level categorical variable. The underlined SNPs are
those that are related to the progression of AD from previous research, while the bolded SNPs
(corresponding to the columns for the competing LASSO+Cholesky, and LASSO+FA methods)
imply that they were also selected by the DC method.

DC LASSO + Cholesky LASSO + FA

Name frequency (%) Name frequency (%) Name frequency (%)
age 74.0 age 79.9 age 40.8
gender 41.5 gender 47.8 gender 16.1
group 38.4 rs28455654 20.0 rs11218301 3.9
rs6584778 23.2 rs2025677 17.9 rs2279339 3.8
rs1883235 23.2 rs7095427 17.7 rs7769173 3.7
rs2245123 21.3 rs7945931 17.6 rs1941375 3.7
rs4846051 19.8 rs1941375 17.5 rs7945931 3.6
rs2279339 18.4 rs2279339 17.3 rs1883235 3.5
rs7945931 18.3 rs2239942 16.9 rs13288561 3.5
rs2274606 17.7 rs13288561 16.9 rs383902 3.3
rs11218301 17.4 rs1883235 16.6 rs1473180 3.2
rs3118862 17.1 rs1475524 16.5 153093663 3.2
rs720273 16.6 rs6584778 16.3 rs1014306 3.1
rs84853 16.5 rs1473180 15.9 rs744970 3.1
rs1133174 16.4 rs13430599 15.6 rs7095427 3.0
rs10746816 16.2 rs3118862 15.5 rs11678252 3.0
rs688 16.2 rs720273 15.5 rs4846051 3.0
rs28455654 16.1 rs1049432 15.4 rs28455654 3.0
rs7095427 15.9 rs7101373 15.3 rs10502262 2.9
rs5930 15.4 rs5930 15.2 rs13430599 2.9
group 6.3 group 0.9
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Table E.3: Frequencies (expressed as percentages) of the top 20 most frequently selected genes in
addition to other covariates (age, group and gender) corresponding to the right CST region, obtained
from the DC method. SNPs are coded as a 3-level categorical variable. The underlined SNPs are
those that are related to the progression of AD from previous research, while the bolded SNPs
(corresponding to the columns for the competing LASSO+Cholesky, and LASSO+FA methods)
imply that they were also selected by the DC method.

DC LASSO + Cholesky LASSO + FA

Name frequency (%) Name frequency (%) Name frequency (%)

age 73.9 age 80.0 age 32.7
gender 31.9 gender 39.2 gender 11.2
group 31.1 rs7095427 214 rs3737964 5.1
rs7095427 24.5 rs3093660 19.4 rs13430599 4.4
rs1133174 24.0 rs13430599 18.5 rs3093660 4.0
rs11594752 23.4 rs2756271 18.3 rs2756271 3.9
rs3737964 22.1 1s2239942 17.8 rs7095427 3.9
rs10746816 21.8 rs1427282 17.5 rs11117959 3.7
rs6584778 214 rs10502262 17.4 rs3026845 3.5
153026845 20.3 rs1133174 17.3 rs720273 3.4
rs11814145 19.6 rs10503814 17.3 rs10503814 3.3
rs2756271 17.5 rs3026845 17.1 rs383902 3.3
rs11193188 17.4 rs28455654 16.8 1$2239942 3.1
rs2245123 17.1 rs1941375 16.7 rs1427282 3.1
rs1427282 17.0 rs3737964 16.6 rs1475524 3.1
rs13430599 17.0 rs13288561 16.6 16584778 3.0
rs10503814 16.8 rs3118862 16.2 rs1883235 3.0
rs1475524 16.7 rs1475524 15.9 rs11594752 2.9
rs3093660 16.6 rs11117959 15.5 rs16871253 2.9
rs11817518 16.6 rs1473180 15.3 rs1133174 2.9
group 4.4 group 0.3
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Table E.4: Frequencies (expressed as percentages) of the top 20 most frequently selected genes in
addition to other covariates (age, group and gender) corresponding to the right FPT region, obtained
from the DC method. SNPs are coded as a 3-level categorical variable. The underlined SNPs are
those that are related to the progression of AD from previous research, while the bolded SNPs
(corresponding to the columns for the competing LASSO+Cholesky, and LASSO+FA methods)
imply that they were also selected by the DC method.

DC LASSO + Cholesky LASSO + FA

Name frequency (%) Name frequency (%) Name frequency (%)

age 72.8 age 82.2 age 42.0
gender 43.5 gender 49.1 gender 17.2
group 35.6 rs7095427 20.3 rs7095427 4.4
rs6584778 28.6 rs1941375 19.5 11218301 4.1
rs2245123 24.0 rs7945931 19.3 rs1883235 3.9
rs2274606 234 rs6584778 18.4 rs7945931 3.9
rs1883235 22.3 rs2756271 18.3 rs7769173 3.9
rs1133174 20.6 rs4878104 17.6 rs1891385 3.8
rs10746816 20.4 1s5930 17.5 rs4846051 3.7
rs720273 18.4 1s2239942 17.5 rs10503814 3.7
155930 18.3 rs28455654 17.4 rs4878104 3.6
rs7095427 17.9 rs13430599 17.3 rs6584778 3.4
rs4846051 17.7 rs1427282 17.1 rs1941375 3.4
rs7945931 17.4 rs13288561 17.1 rs2274606 3.4
rs3118862 17.0 rs1883235 17.0 rs7901596 3.3
rs4878104 16.9 rs1571344 16.7 1s2239942 3.3
rs12245545 16.8 rs720273 16.7 rs720273 3.3
rs6457131 16.8 rs10502262 16.6 rs12034383 3.3
rs1571344 16.6 rs7901596 16.6 rs12001404 3.3
rs3026845 16.1 rs3118862 16.5 rs10502262 3.2
group 5.6 group 0.8
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Figure E.2: Plots of the differences in prediction between a real subject (73 year old woman) in the
Control group from the ADNI data and a fake subject in the AD group (with same covariates as

the real subject), at selected voxels (denoted in red) in the right CST region, obtained by fitting our
method (with/without smoothing).
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Figure E.3: Plots of the differences in prediction between a real subject (73 year old woman) in the
Control group from the ADNI data and a fake subject in the AD group (with same covariates as

the real subject), at selected voxels (denoted in red) in the right FPT region, obtained by fitting our
method (with/without smoothing).
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Figure E.4: Plots of selected voxels (locations) corresponding to specific SNPs (rs6584778,
rs7095427, rs11193188, rs2245123, rs4846051 and rs7945931) for left CST (upper panel) and
left FPT (lower panel), respectively, obtained from fitting our DC model. While the selected voxels
appear in red, the brain ROI are colored green.

radius neighborhood size  (a) (b) (¢ (d) (e) (f)

r=1 26 171 94 84 | 131 9.7 5.0
r=2 124 67.7 33.2 289 | 45.7 36.0 144
r=3 342 160.6 74.7 62.4 | 100.8 84.9 29.2

Table E.5: The contiguity measure p for various radii, representing the average number of selected
voxels within a neighborhood of radius r around each selected voxel. A larger p indicates more con-
tiguous regions, with the maximum possible p equal to the number of voxels within the neighborhood
of radius r, as shown in the second column. The columns correspond to the subfigures in Figure
3. Subfigures (a) and (d) correspond to regions selected by DC; (b) and (e) correspond to regions
selected by LASSO+Cholesky; (c) and (f) correspond to regions selected by LASSO+FA.

19



References

Dehling, H., Matsui, M., Mikosch, T., Samorodnitsky, G., and Tafakori, L. (2020). Distance covari-
ance for discretized stochastic processes. Bernoulli 26, 2758 — 2789.

Jakobsen, M. E. (2017). Distance Covariance in Metric Spaces: Non-Parametric Independence
Testing in Metric Spaces. Master’s thesis, University of Copenhagen.

Lyons, R. (2013). Distance covariance in metric spaces. The Annals of Probability 41, 3284-3305.

Lyons, R. (2014). Hyperbolic space has strong negative type. Illinois Journal of Mathematics 58,
1009-1013.

Lyons, R. (2020). Strong negative type in spheres. Pacific Journal of Mathematics 307, 383-390.

Lyons, R. (2021). Second errata to “distance covariance in metric spaces”. The Annals of Probability
49, 2668-2670.

Meckes, M. W. (2013). Positive definite metric spaces. Positivity 17, 733-757.
Serfling, R. J. (2009). Approzimation Theorems of Mathematical Statistics. John Wiley & Sons.

Székely, G. J., Rizzo, M. L., and Bakirov, N. K. (2007). Measuring and testing dependence by
correlation of distances. The annals of statistics 35, 2769-2794.

20



	A Definition of Distance Covariance in Metric Spaces
	B Proof of Lemmas
	B.1 Lemma 1
	B.2 Lemma 2
	B.3 Lemma 3

	C Proof of Theorem 1
	D Simulation Results
	E Tables and Figures from additional analysis of the ADNI data

