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Modern applications in medical imaging often include high-dimensional
predictors and spatially dependent responses in the non-Euclidean space. For
example, in imaging-genetics studies, our objective is to study the relation-
ship between single-nucleotide polymorphisms (SNPs), a high-dimensional
predictor vector, and diffusion tensor imaging (DTI) responses, which are
thousands to millions of voxel-wise 3× 3 symmetric positive definite (SPD)
matrices. In this paper, We develop a fast and pragmatic method of regress-
ing spatially associated random responses on a high-dimensional predictor
set. Specifically, we focus on two related problems: fast variable screening
of high-dimensional predictors and smoothing techniques for non-Euclidean
spatially associated responses. Under a Fréchet regression framework (which
handles regression of SPD matrix-variate responses on covariates in Eu-
clidean space), we propose a two-stage approach, where a screening method
(using distance covariances in metric spaces) is employed to mitigate high-
dimensionality (Stage 1), followed by deriving a closed-form solution that
powers elegant smoothing of the spatially associated SPD responses (Stage
2). We investigate the finite-sample properties of our method using synthetic
data generated under various settings, and present illustration via analysis of
an imaging-genetics (DTI responses with genetic and demographic predic-
tors) dataset, derived from the Alzheimer’s Disease Neuroimaging Initiative
2. Code for implementing our proposed method is available in the GitHub
link: https://github.com/leiyan-ly/Frechet-regression.

1 Introduction Diffusion tensor (magnetic resonance) imaging (DTI), which presents
a rotationally-invariant description of the shape of water diffusion (O’Donnell and Westin,
2011), has been used extensively to investigate the microstructure of white matter of the
brain (Soares et al., 2013). Aging and pathological processes of the central nervous system
can alter the microstructure of affected tissues. Since the diffusion of water within tissues is
sensitive to these tissue microstructural changes, this technique has been used to study var-
ious neurological disorders, such as Alzheimer’s disease (AD; Stebbins and Murphy, 2009;
Esrael et al., 2021). Unlike conventional imaging data, DTI generates a 3 × 3, symmetric,
positive definite (SPD) matrix at each voxel, proportional to the covariance matrix of the
local three-dimensional (3D) Brownian motion of water molecules (Dryden, Koloydenko
and Zhou, 2009). Unlike the isotropic (equal in all directions, with no directionality) diffu-
sion process manifested in water molecules within a cup, microscopic tissue heterogeneity
triggers anisotropic diffusion, such as faster (or, slower) diffusion measured parallel (or, per-
pendicular) to the axons in a white matter fiber tract. The diffusion tensor characterizes this
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anisotropy, and its decomposition into eigenvectors and eigenvalues provides insight into the
orientation and quantity of diffusion, respectively. The three orthogonal eigenvectors estab-
lishes the local fiber coordinate system, while the three eigenvalues represent the diffusivity
in the direction of each eigenvector. Positive eigenvalues ensure non-negative diffusivity in
all directions (negative diffusivity is improbable), and aligns with the intrinsic properties of
diffusion processes (Mori, 2007; Alexander et al., 2007). Taken together, the eigenvectors
and eigenvalues define an ellipsoid that represents an isosurface of the (Gaussian) diffusion
probability (O’Donnell and Westin, 2011).

The motivation for this paper comes from DTI data generated under the Alzheimer’s
Disease Neuroimaging Initiative 2 (ADNI2) Study, which recorded diffusion tensors at a
large number of voxels, along with genetic variations, e.g., single nucleotide polymorphisms
(SNPs). Our central objective is to construct a regression framework for this DTI data (from
ADNI2) with diffusion tensors Y as the response collected at the voxel level within a spe-
cific region of interest (ROI), and the SNPs and other available demographic information as
predictors X. Along the way, the two key clinical goals that we plan to achieve are (a) iden-
tifying important predictors (e.g., which SNPs are related to AD status?), and (b) detecting
regions of differences in the brain between two groups (e.g., AD versus normal controls),
thereby revealing abnormal topological organization (Lo et al., 2010).

The DTI data from ADNI2 presents newer challenges while employing existing statistical
methods. To begin with, it contains over half a million SNPs and fewer than 200 subjects.
Even after successful preprocessing steps, the number of SNPs from candidate disease genes
is usually greater than the sample size, leading to complications in conducting fast and reli-
able variable selection from a high-dimensional predictor set when the response is a complex
object, such as the SPD matrices from DTI. By eliminating irrelevant predictors, we can im-
prove the accuracy and interpretability of statistical models and reduce overfitting (Chowd-
hury and Turin, 2020). Furthermore, previous studies (Xue, Bowman and Kang, 2018) have
revealed that proximally-located/neighboring voxels may exhibit similar neuronal activity
and similar disease status (compared to distally-located voxels), and incorporating this spa-
tial dependence generally improves the precision of estimates by borrowing strength from
other regions, leading to efficient and valid inference (Spence et al., 2007; Lan et al., 2022).
Existing spatial smoothing methods are mostly model-based and designed for real-valued
responses. Directly incorporating SPD matrix-valued responses and spatial information in a
non-parametric/model-free way is more desirable, within the framework of random object
(non-Euclidean) response regression (Petersen and Müller, 2019; Jeon, Park and Van Kei-
legom, 2021). Finally, the sheer size of voxels in the DTI data calls for the development of
scalable algorithms for screening over the predictor domain, and smoothing over the response
domain. This motivates our computationally efficient, two-stage method, that addresses these
challenges effectively.

In the existing literature, diffusion tensors are routinely converted to fractional anisotropy
(FA), a commonly-used scalar quantity (Ennis and Kindlmann, 2006). FA is a projection of
the eigenvalues to a univariate response, quantifying the degree of anisotropy in the diffusion
process. FA lies between 0 and 1, with higher/lower values implying enhanced/disrupted con-
nectivity between regions. Many variable selection methods are suitable for scalar responses
(Fan and Lv, 2010; Graña et al., 2011; Demirhan et al., 2015; Kronlage et al., 2018; Heinze,
Wallisch and Dunkler, 2018), and several Bayesian models have been proposed to incorporate
spatial information for univariate modeling (Woolrich et al., 2004; Johnson et al., 2013; Re-
ich et al., 2018). However, these univariate mappings lose statistical information contained in
the matrix structure as different diffusion tensors could have the same scalar projections. To
this end, matrix-variate models have been proposed via parameterizing the diffusion tensors
as matrix-variate random distributions (Schwartzman, 2016; Lee and Schwartzman, 2017;
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Lan, Reich and Bandyopadhyay, 2021), which has shown promise in capturing the spatial
dependence, and detecting disease prevalence at neighboring voxels (Wu et al., 2013; Xue,
Bowman and Kang, 2018). Recently, Lan et al. (2022) studied how predictors affect diffusion
tensors using geostatistical regression models. Existing methods for modeling DT responses
are overtly parametric, relying on the assumed distributions, e.g., Wishart. Moreover, these
matrix-variate models are not equipped to screen out inactive predictors, and incorporate
spatial information within a unified framework, thereby failing to address the complexities
related to modeling the ADNI2 DTI data.

To alleviate the aforementioned challenges, we cast the problem within the Fréchet re-
gression (FR) framework proposed by Petersen and Müller (2019), and propose a two-stage
modeling that involves screening, and smoothing. FR is flexible in that it handles complex
types of responses (e.g., distribution functions, SPD matrices, and Riemannian manifold-
valued data) by associating the (conditional) barycenter (Fréchet mean) of the responses Y
to predictors X in Euclidean space. FR does not require the response to follow any particular
distribution, but only assumes some mild conditions on the geometry of the metric space.
Recently, several methods have been developed for random objects valued in metric space.
For example, Dubey and Müller (2019) extended analysis of variance for random objects
by deriving a central limit theorem for the Fréchet variance, while Qi Zhang and Li (2023)
introduced sufficient dimension reduction methods in the context of FR, thereby offering a
valuable visual inspection tool for employing FR. Furthermore, Lin, Müller and Park (2023)
proposed an additive regression model for SPD matrix-valued response and scalar predic-
tors that capitalizes on the inherent Abelian group structure characterizing the manifold of
the SPD space. However, when the number of predictors p is large, it is important to select
the subset of predictors that drives the changes in the response. Very recently, Tucker, Wu
and Müller (2023) proposed Fréchet ridge selection operator (FRiSO), which can perform
variable selection by imposing a sparsity-encouraging penalty in the optimization step of FR.
Unfortunately, the method is computationally expensive as the number of tuning parameters
is proportional to the number of predictors.

Our two-stage method proceeds as follows. Inspired by Li, Zhong and Zhu (2012) and
Lyons (2013), we propose a fast, and easy to implement screening method for the high-
dimensional predictors in Stage 1, which only requires the distance functions within covari-
ances in the estimation. We also establish the sure screening property (Fan and Lv, 2008)
under very general conditions. The proposed screening method is flexible, generalizable,
widely applicable to a variety of random object-valued responses, and is thus not limited
to SPD matrix responses, or DTI data. In Stage 2, we propose a smoothing method specif-
ically designed to handle spatially associated SPD matrix responses. The method is based
on the weighted Fréchet mean, which fits into the FR framework but makes no restrictive
model assumptions. We derive a closed-form solution for the smoothed matrix, leading to a
highly efficient and scalable algorithm. Our proposal offers several advantages over existing
methods, such as (a) direct modeling of the SPD matrix response, bypassing often-restrictive
underlying assumptions, such as lognormal (Schwartzman, 2016), or Wishart distributions
(Lee and Schwartzman, 2017), and (b) efficient inclusion of spatial information, without re-
lying on specific modeling assumptions.

The rest of this paper is organized as follows. In Section 2, we propose our two-stage
model, study the theoretical properties, and outline the implementation algorithm. After eval-
uating the finite sample properties of our method via simulation studies in Section 3, we illus-
trate our method via application to the ADNI2 data in Section 4. Finally, Section 5 concludes,
alluding to future directions. Additional numerical results and technical proofs are relegated
to the Supplementary Materials (Yan et al., 2024).
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2 Method We present our two-stage method for modeling DTI data as the responses in
regression. In Section 2.1, we propose a flexible and computationally efficient variable selec-
tion procedure and study its statistical properties. In Section 2.2, we introduce a smoothing
method that accounts for spatial dependence and enhances the efficiency of global Fréchet
regression for spatially-associated SPD responses. Finally, Section 2.3 details the implemen-
tation algorithm and discusses tuning parameter selection.

2.1 Stage I: Variable screening in regression of object-valued response on high-
dimensional predictor Our proposed general screening procedure is based on distance
covariances for random objects data defined in metric spaces of the strong negative type.
Although X ∈ Rp in our applications, we state our screening procedure in a more general
setting where X consists of p predictors in metric space. Let X= {X1, . . . ,Xp} be predictor
objects taking values in X =

∏p
k=1Xk, with Xk ∈ Xk for all 1≤ k ≤ p, and Y be response

objects taking values in (Y, dY). The distance function associated with each Xk is dXk
and

a product metric dX can be defined on X , according to Deza and Deza (2009). Our distance
covariance (DC) screening method is widely applicable to various types of responses, includ-
ing but not limited to SPD matrices, probability distributions, and spherical data, all of which
are demonstrated in simulations in Section 3.2. We begin with a review of FR and DC in
metric spaces in Subsection 2.1.1, leading to development of the variable screening method
in Subsection 2.1.2, followed by a discussion of its theoretical properties in Subsection 2.1.3.

2.1.1 Background The pioneering work of Petersen and Müller (2019) introduced FR,
a regression tool that can be applied to complex responses in general metric spaces. In FR,
X represents the Euclidean space Rp; µ and Σ denote population mean and covariance of
X, respectively, and x, Y denote realizations of X,Y. The key idea of FR is to find the
conditional expectation of Y given X. However, we are not able to directly generalize the
classic conditional expectation to this setting, since a metric space does not have an algebraic
structure. Based on the definition of the Fréchet mean (Fréchet, 1948),

ω⊕ = argmin
ω∈Y

E[d2Y(Y, ω)]

Petersen and Müller (2019) introduced the global FR as

(2.1) Y(x) = argmin
ω∈Y

M(ω,x), M(ω,x) = E[s(X,x)d2Y(Y, ω)],

where, the weight function s(z,x) = 1+ (z−µ)TΣ−1(x−µ). The global FR is equivalent
to multiple linear regression, if (Y, dY) is the Euclidean space. Given a sample {(xi, Yi) : i=
1,2, . . . , n}, an estimator of Y(x) is given by

(2.2) Ŷ(x) = argmin
ω∈Y

n∑
i=1

[1 + (x− x)T Σ̂−1(xi − x)]d2Y(Yi, ω),

where, x and Σ̂ are the sample mean and sample covariance matrix, respectively.
To conduct variable selection within FR, the aforementioned FRiSO (Tucker, Wu and

Müller, 2023) initiates individually penalized ridge regression in terms of squared distances,
where the estimation involves solving a sequence of constrained optimization problems that
are computationally expensive and complex, rendering it infeasible under high-dimensional
settings. This motivates our proposal of DC based variable screening.

Lyons (2013) introduced DC defined on general metric spaces. For separable metric spaces
(X , dX ) and (Y, dY), let θ be the probability measure on the product space X ×Y , and µ :=
π1(θ), ν := π2(θ) be, respectively, the marginal probability measures on X and Y , where π1
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and π2 are the coordinate projections onto the marginal spaces. For any k > 0, a finite signed
Borel measure on (X , dX ) is said to have finite k-th moment if

∫
dkX (x, o)d|µ|(x)<∞, for

some o ∈ X . Once we assume π1(|θ|) and π2(|θ|) have finite first moments, we can define
the DC dcov(θ).

Let X,Y have a joint distribution (X,Y) ∼ θ, with marginals X ∼ µ and Y ∼ ν. We
define dcov(X,Y) := dcov(θ). From Jakobsen (2017), we have
(2.3)
dcov(X,Y) = EdX (X,X′)dY(Y,Y′)+EdX (X,X′)EdY(Y,Y′)−2EdX (X,X′)dY(Y,Y′′),

where, (X,Y), (X′,Y′) and (X′′,Y′′) are mutually independent random objects with the
same distribution θ. From the definition, we do not need to assume the form of the conditional
measure of Y|X. Let {(xi, Yi), i= 1, . . . , n} be a random sample of (X,Y). The V -statistic
estimator of dcov(X,Y) is given by

(2.4) d̂cov(X,Y) = Ŝ1 + Ŝ2 − 2Ŝ3,

where,

Ŝ1 =
1

n2

n∑
i=1

n∑
j=1

dX (xi,xj)dY(Yi, Yj)

Ŝ2 =

 1

n2

n∑
i=1

n∑
j=1

dX (xi,xj)

 1

n2

n∑
i=1

n∑
j=1

dY(Yi, Yj)


Ŝ3 =

1

n3

n∑
i=1

n∑
j=1

n∑
l=1

dX (xi,xl)dY(Yj , Yl).

This estimator is purely data-driven and highly efficient, only requiring computation of dis-
tances between observations. Lyons (2013) showed that dcov(X,Y) can be used as an indi-
cator of independence for a certain subset of metric spaces.

PROPOSITION 1. If (X , dX ) and (Y, dY) are metric spaces of strong negative type, then
dcov(X,Y) = 0 is equivalent to X⊥⊥Y.

More details on DC, including technical reviews on strong negative spaces, are provided
in Supplement A. Due to the simplicity and flexibility of distance covariances for measuring
statistical independence, we are now ready to introduce our variable screening procedure.

2.1.2 Proposed Variable Screening Under high-dimensional settings, the number of
predictors p is one or several orders of magnitude larger than the sample size n. We usu-
ally assume that only a small group of predictors is relevant to the response variable. Without
specifying any regression model, we define the important variables as follows.

DEFINITION 1. A set I ⊆ {1,2, . . . , p} is called the important predictor set if I is the
smallest set satisfying Y ⊥⊥XIc |XI , where XIc = {Xk : k ∈ Ic} and XI = {Xk : k ∈ I}.

The primary goal is to estimate the important predictor set I . We define ωk = dcov(Xk,Y)

and ω̂k = d̂cov(Xk,Y). Our procedure utilizes the DC defined in (2.3) to rank the impor-
tance of Xk to Y. We choose DC, since it allows any regression relationship between X
and Y in the general metric space settings, such as probability density functions, symmetric
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positive definite matrices, or Riemannian manifolds. To proceed, we first compute ω̂k, and
then select the predictors with large ω̂k, i.e., an estimator of I is given by

Î = {k : ω̂k ≥ cn−κ},

where, c and κ are threshold values defined later. However, in practice, we use the following
Lemma 1 with computational complexity O(pn2) to obtain ω̂k, instead of the direct imple-
mentation in (2.4), which requires a higher computational cost of O(pn3). This approach
is analogous to the computation method used for distance covariance in Euclidean space
(Székely, Rizzo and Bakirov, 2007; Chaudhuri and Hu, 2019). The proof of Lemma 1 ap-
pears in Supplement B.

LEMMA 1. Define aij = dX (xi,xj), āi,· = 1/n
∑n

j=1 aij , ā·,j = 1/n
∑n

i=1 aij , ā·· =
1/n2

∑n
i,j=1 aij , Aij = aij − āi,· − ā·,j + ā··, i, j = 1,2, . . . , n. Similarly define bij =

dY(Yi, Yj), b̄i,· = 1/n
∑n

j=1 bij , b̄·,j = 1/n
∑n

i=1 bij , b̄·· = 1/n2
∑n

i,j=1 bij Bij = bij −
b̄i,· − b̄·,j + b̄··, i, j = 1,2, . . . , n. Then we have d̂cov(X,Y) = 1

n2

∑n
i,j=1AijBij , where

d̂cov(X,Y) is defined in (2.4).

2.1.3 Theoretical Properties We now obtain the convergence rate of ω̂k, and prove that
our method has the sure screening property under the following mild assumptions.

ASSUMPTION 1. There exists a positive constant s0 such that for all 0 < s ≤ s0,
E[exp(sd2Xk

(Xk, ok))] < ∞, for k = 1, . . . , p and E[exp(sd2Y(Y, o))] < ∞, where ok ∈
Xk, k = 1, . . . , p and o ∈ Y .

ASSUMPTION 2. The minimum DC of important predictors satisfies mink∈I ωk ≥
2cn−κ, where c > 0 and 0≤ κ < 0.5.

ASSUMPTION 3. (Xk, dXk
) and (Y, dY), k = 1,2, . . . , p are metric spaces of strong neg-

ative type.

We make a few remarks about these assumptions. Assumption 1 is a generalization of
Condition 1 in Li, Zhong and Zhu (2012), and is satisfied when X and Y are bounded,
almost surely. We point out that this is a reasonable condition. For FR, the consistency of
estimators in Petersen and Müller (2019) relies on boundedness of the predictors and re-
sponses, while the variable selection consistency in Tucker, Wu and Müller (2023) also as-
sumes boundedness. If we consider the Euclidean spaces, Assumption 1 holds when X and
Y are sub-exponential distributions. Assumption 2 requires the DC of the active predictors
to be distinguishable from those of the irrelevant variables. This concept is analogous to the
irrepresentability assumption used in high-dimensional inference literature, e.g., Assumption
(3.2) in Lee, Sun and Taylor (2015), which implies active predictors are not overly well-
aligned with the inactive predictors. Similar assumptions are considered by Li, Zhong and
Zhu (2012); Fan and Lv (2008) for real-valued predictors and responses, and serve as an
identifiability condition ensuring identification of the active set. Likewise, Condition B in
Tucker, Wu and Müller (2023) is also about identifiability, which assumes that the global
FR will change, if we exclude any important predictor. Assumption 3 guarantees the equiv-
alence of dcov(Xk,Y) = 0 and independence of Xk and Y. For FR, the predictors are in
Euclidean space. Thus, metric spaces (Xk, dXk

), k = 1, . . . , p are of strong negative type. A
list of metric spaces that satisfy this assumption is provided in Supplement A. Finally, we
have the following Theorem, whose proof is presented in Supplement C.
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THEOREM 1. Suppose Assumptions 1 holds. Then, for any 0< γ < 0.5− κ, there exist
positive constants c1 > 0 and c2 > 0, such that

(2.5) P

(
max
1≤k≤p

|ω̂k − ωk|≥ cn−κ

)
≤O

(
p[exp(−c1n

1−2(γ+κ)) + n exp(−c2n
γ)]
)
.

If we further assume Assumption 2 and 3, then

(2.6) P
(
I ⊆ Î

)
≥ 1−O

(
|I|[exp(−c1n

1−2(γ+κ)) + n exp(−c2n
κ)]
)
,

where, |I| is the cardinality of I .

REMARK 1. The first part of the theorem, (2.5), does not depend on Assumption 3. There-
fore, even if the strong negative type assumption does not hold, our screening method can still
be used to identify important variables with large distance covariance with response, hence
more relevant. Moreover, if Assumption 3 is satisfied, we obtain a stronger result in the sec-
ond part (2.6), which ensures that the response is independent of unimportant variables when
conditioned on the important variables, as defined in Definition 1.

From the above theorem, we now obtain the same sure screening property as in Li, Zhong
and Zhu (2012), but under a more general setting where X and Y are random objects in met-
ric space. To balance the two terms on the right-hand side of (2.5), let γ = (1 − 2κ)/3.
Then, P (max1≤k≤p|ω̂k − ωk|≥ cn−κ) ≤ O(p exp(−c1n

(1−2κ)/3)). Therefore, Theorem 1
indicates our distance covariance screening can handle the non-polynomial dimensionality
of order log(p) = o(n(1−2κ)/3).

In contrast to the variable selection consistency of FRiSO in Tucker, Wu and Müller
(2023) established under fixed-dimension predictor space, our theoretical results allow p to
diverge and provide theoretical guarantees under ultra-high dimensionality. In addition, we
provide a simplified and unified alternative to FRiSO variable selection. For varying response
metric spaces (Y, dY), FRiSO requires optimization algorithms of various types to solve the
objective functions, which are defined using the distance functions dY . However, taking ad-
vantage of distance covariances, our screening procedure is valid for any response metric
space, and bypasses the optimization steps, leading to faster implementation (compared to
the FRiSO). Simulation results presented in Section 3.2 confirm that the proposed method
can be hundreds of thousands of times faster than FRiSO.

2.2 Stage II: Locally Spatial Smoothing for SPD matrix-valued Responses At the con-
clusion of Stage I, the high-dimensional predictor space is drastically reduced to a small
subset of the most desired variables. We are now in a position to fit FR to the SPD matrix-
valued responses, and that constitutes Stage II. However, the traditional FR approach would
ignore accommodating the (possible) spatial association between the responses at each lo-
cation, as observed in our motivating DTI data. Hence, we introduce a simple smoothing
method that accounts for this spatial dependence, and enhances the efficiency of multiple
global FR regression for spatially-associated SPD matrix-valued responses.

Let N be the number of responses, v ∈ {v1, v2, . . . , vN} be a spatial location, Yv and
X = (X1,X2, . . . ,Xp) denote the random object at location v and Euclidean predictor, re-
spectively. Given X = x, Yv(x) is the FR function and Ŷv(x) is the global FR estimator
for the response variable at location v. We assume the response space (Y, dY) is a space of
SPD matrices, accommodating Cholesky distances. A typical DTI dataset includes diffusion
tensors from subjects at various voxels and predictors for each subject. Let n be the num-
ber of subjects, xi = (xi1, xi2, . . . , xip) be predictors of subject i, Yi,v be the observation
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of subject i at voxel v, and Yv = {Yi,v : i = 1,2, . . . , n} be the set of diffusion tensors at
voxel v. Let P1 and P2 be two SPD matrices. Then, we can write P1 = (P

1/2
1 )TP

1/2
1 and

P2 = (P
1/2
2 )TP

1/2
2 using Cholesky decomposition, where P

1/2
1 and P

1/2
2 are upper triangu-

lar, with positive diagonal elements. The Cholesky decomposition distance between P1 and
P2 is defined as ∥P 1/2

1 − P
1/2
2 ∥F , where ∥·∥F is the Frobenius norm. Using the relationship

between the Frobenius norm and trace, we have

dC(P1, P2) = ∥P 1/2
1 − P

1/2
2 ∥F=

√
tr
{
(P

1/2
1 − P

1/2
2 )T (P

1/2
1 − P

1/2
2 )

}
.

Several distance functions can be used for modeling SPD matrices (Dryden, Koloydenko
and Zhou, 2009), including Euclidean distance, log-distance, and Riemannian distance. The
choice of the above Cholesky distance, however, is made intentionally, such that both the FR
fitting and the proposed spatial smoothing steps have closed-form solutions. This property
greatly facilitates the development of efficient algorithms, suitable for large datasets.

We propose a simple non-parametric approach to exploit neighborhood information among
the response SPD matrices. Specifically, we calculate the weighted Fréchet mean of Ŷv(x),
and its neighborhood. For a location v, let J = (j1, j2, j3) be the 3-dimensional coordi-
nates of voxel v. The neighborhood is defined as Nv = {I = (i1, i2, i3) : |ir − jr|≤ 1, r =
1,2,3,I ∈ O} \ J , where O is the set of coordinates for all voxels. The weights are
wJ = 1,wv′ = u, where v′ ∈ Nv , and u ≥ 0 is the user-specified weight. Analogous to the
definition of the Fréchet mean and FR, the spatially smoothed response is obtained by solving
the following optimization problem:

(2.7) Ŷv(x)
Smooth = argmin

ω∈Y

[
d2C(Ŷv(x), ω) +

∑
v′∈Nv

wv′d2C(Ŷv′(x), ω)

]
,

where Ŷv(x) is the fitted value at location v from (2.2). We show in Lemma 2 and 3 below
(proofs appear in Supplement B) that Ŷv(x) and Ŷv(x)

Smooth have closed-form solutions.

LEMMA 2. Let Ŷv(x) = argminω∈Y
∑n

i=1 ri(x)d
2
C(Yi,v, ω), ri(x) = 1+(x−x)T Σ̂−1(xi−

x). We have

Ŷv(x) =

(∑n
i=1 ri(x)Y

1/2
i,v∑n

i=1 ri(x)

)T (∑n
i=1 ri(x)Y

1/2
i,v∑n

i=1 ri(x)

)
.

LEMMA 3. The optimization problem (2.7) has an explicit solution given by:

Ŷv(x)
Smooth =

(
w̃1Ŷv(x)

1/2 +
∑

v′∈Nv

w̃v′Ŷv′(x)1/2

)T (
w̃1Ŷv(x)

1/2 +
∑

v′∈Nv

w̃v′Ŷv′(x)1/2

)
,

where Ŷv(x)
1/2 =

∑n
i=1 ri(x)Y

1/2
i,v /(

∑n
i=1 ri(x)), Ŷv′(x)1/2 =

∑n
i=1 ri(x)Y

1/2
i,v′ /(

∑n
i=1 ri(x)),

ri(x) = 1 + (x − x)T Σ̂−1(xi − x), w̃1 = 1/(1 +
∑

v′∈Nv
wv′), and w̃v′ = wv′/(1 +∑

v′∈Nv
wv′).

The definition of neighborhoods is based on the fact that proximal locations are likely
to have similar effects, and incorporating them into the smoothing method can improve the
accuracy of the analysis, as posited by a variety of neuroimaging studies in the literature
(Spence et al., 2007; Min and Mai, 2022; Wu et al., 2013; Xue, Bowman and Kang, 2018;
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Lan, Reich and Bandyopadhyay, 2021). Following Min and Mai (2022), our neighborhood
Nv is a 3D cube centered at voxel v with side length 3, ensuring that the smoothing method
utilizes local and contiguous spatial information. If neighboring locations do not have all the
26 voxels, Nv contains existing voxels inside the cube. The user-defined weight u allows
control of the degree of smoothness. A larger value gives more weight to neighboring loca-
tions, while a smaller value places more emphasis on the local mean. If u= 0, the smoothing
method reduces to the normal FR.

Our method is highly flexible, allowing for easy integration of other definitions of neigh-
borhoods and weights. For example, adaptive neighborhoods can be defined, where the size
and shape of the neighborhood are adjusted based on the local spatial structure of the data.
Instead of a binary weights strategy, other schemes can also be adopted, such as a Gaus-
sian weighting (Lan et al., 2022) that assigns higher weights to closer neighbors and lower
weights to farther neighbors. Despite these variations, the smoothed regression function
Ŷv(x)

Smooth retains the same closed-form solution, as shown in Lemma 3. Such flexibil-
ity makes our method readily amenable to a variety of applications. Note, Yv(x)

Smooth is the
weighted Fréchet mean of Yv(x) and Yv′(x), combining information from location v and
its neighborhood. If u= 0, Yv(x)

Smooth = Ŷv(x), implying no smoothness. As we increase
u, Yv(x)

Smooth becomes smoother across its neighborhood. In practice, we can use cross-
validation to tune u. However, we observe that this is redundant when there is an underlying
smoothness structure. In the subsequent simulation and data analysis, we observe that the
results are not sensitive to u, when u is in a proper range. Following Min and Mai (2022), we
suggest to choose u ∈ [0.5,1].

2.3 Algorithm and Tuning Parameter Selection Combining the variable screening pro-
cedure we developed in Subsection 2.1 and the smoothing method in Subsection 2.2 , we
obtain a two-stage method for DTI analyses. The first stage of our method involves vari-
able selection, followed by fitting the global FR on a voxelwise basis. Subsequently, for each
voxel, the spatial information is incorporated by averaging its adjacent voxels. We summarize
the two-stage method in Algorithm 1.

We discuss the choice of the model size d in Stage I. According to Theorem 1, the ideal
estimated set of important predictors Î depends on c and κ. However, the true values of c and
κ are unknown. Based on the sparsity assumption that only o(n) predictors are truly related
to the response variables, we can select variables with the largest d distance covariance as
suggested by Fan and Lv (2008). Therefore, we introduce two rules to determine the model
size d in practice. The first choice is d= ⌊n/log(n)⌋, where ⌊a⌋ denotes the integer part of
a. This strategy is widely used in variable screening literature (Fan and Lv, 2008; Li, Zhong
and Zhu, 2012; Cui, Li and Zhong, 2015; Liu, Li and Wu, 2014). The second rule is based on
the Bayesian information criterion (BIC), defined as

BIC = log(
1

n

n∑
i=1

dY(Ŷi, Yi)
2) +

d

n
log(n),

where Ŷi is the Fréchet regression estimator using d variables and the squared distance
d2Y(·, ·) is used to resemble the squared errors in the usual linear regression. Specifically,
if we use the Euclidean distance, then the BIC reduces to the standard BIC in a linear regres-
sion model. The model size with the smallest BIC is selected.
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Algorithm 1: Smoothed Global Fréchet Regression with Variable Selection
Input : A DTI dataset (xi, Yi,v), i= 1, . . . , n, v ∈ {v1, . . . , vN}, sparsity level d,

weights vector wv = {wv′ : v′ ∈Nv}, v ∈ {v1, . . . , vN}
Output: Smoothed estimations Ŷv(x)

Smooth, v ∈ {v1, . . . , vN}
1 Stage I:
2 for v ∈ {v1, v2, . . . , vN} do
3 compute DC ω̂k = d̂cov(Xk,Yv) using Lemma 1;
4 select variables with the largest d DC and denote them by xI ;
5 fit a global Fréchet regression of Yv on xI and get the estimate Ŷv(xI) by

Lemma 2;
6 end
7 Stage II:
8 for v ∈ {v1, v2, . . . , vN} do
9 compute smoothed estimation Ŷv(xI)

Smooth by Lemma 3;
10 end

3 Simulations The efficacy of the proposed two-stage method is assessed by demon-
strating its effectiveness on synthetic datasets generated under spatial dependence and with
high-dimensional predictors. In Subsection 3.1, we simulate DTI datasets employing the spa-
tial Wishart process model to illustrate how the smoothing step improves prediction when
responses are spatially dependent. Next, in Subsection 3.2, we evaluate the efficiency of
our screening method on data simulated from three types of FR models, viz, SPD matrices
with Cholesky metric, one-dimensional probability distributions with Wasserstein metric, and
spherical data with geodesic distance.

3.1 Data generation: Spatial Wishart Process Model For simulating spatially-dependent
DTI datasets, we utilize the spatial Wishart process (SWP) model of Lan et al. (2022). Al-
though our method is model-free and does not exploit this specific model information, we
observe encouraging performance. Let xi denote the predictor vector for subject i, and Yi,v
be the corresponding 3 × 3 SPD matrix (response) for subject i ∈ {1,2, . . . , n} at voxel
v ∈ {v1, v2, . . . , vN}, following a Wishart distribution W(Σi(v),m). We decompose Yi,v as

(3.8) Yi,v = Li(v)Ui(v)Li(v)
T ,

where, Li(v) is the lower triangular matrix from the Cholesky decomposition of Σi(v), and
Ui(v) is random Wishart matrix with mean I3. The Wishart matrix Ui(v) is the residual
term and assumed spatially dependent. We use a SWP with degree of freedom m, cross-
covariance matrix I , and correlation function K(v, v′|ϕ) = exp(−∥v − v′∥2/ϕ) to generate
{Ui(v), v ∈ 1,2, . . . , vN} for i ∈ {1,2, . . . , n}. The covariate vector xi is now regressed on
the lower triangular Li(v) through its elements as follows:

log likk(v) = xT
i βkk(v), likl(v) = xT

i βkl(v) k > l,

where, likl is the element at row k column l of Li(v), βkl(v) = [β1kl(v), β2kl(v), . . . , βpkl(v)]
T

is the vector of spatially-correlated coefficients. Define

β(v) = [β11(v)
T , β22(v)

T , β33(v)
T , β21(v)

T , β31(v)
T , β32(v)

T ]

following a mean-zero Gaussian process with cross-covariance σ2I and dependence func-
tion K(v, v′|ϕ) = exp(−∥v − v′∥2/ϕ). We generate DTs on a 20× 20 grid with spacing of
1 between adjacent points. Each point represents a voxel and we can assign coordinates to
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voxels. Let j(v) = (j1(v), j2(v)) be the coordinate of v, whose neighborhood is defined as
Ωv = {v′ : ∥j(v)− j(v′)∥2≤ 1}. We set sample size n= 200 and simulate predictor X ∈Rp

using the method described in Subsection 3.2 for continuous predictors, with ρ= 0.5. For di-
agonal and off-diagonal elements of Li(v), we use variables X1,X5,X10 and X15,X20,X25.
We set degree of freedom m= 3 and spatial parameter ϕ= 15.

We evaluate four methods for predicting matrices and compare the matrix prediction er-
rors on an independent test set of 200 samples. The methods are (a) compute the Cholesky
decomposition and run LASSO independently on the 6 elements of the decomposition
(LASSO+Cholesky); (b) six linear regressions using variables selected by DC, each cor-
responding to an element of the Cholesky decomposition (DC+Cholesky); (c) FR using vari-
ables selected by DC (DC+Fréchet); and (d) smoothed FR using variables selected by DC
(DC+Fréchet+Smooth). The BIC is utilized to determine the model size in DC screening.
We measure prediction errors as the squared Cholesky distances between predicted and ob-
served matrices, and assume equal neighbor weights (= 0.5) in the smoothing step. The box
plots of mean errors, for p= 1000 and 3000, are presented in Figure 1 (a). The plots reveal
that all three DC-based methods have smaller prediction errors than LASSO+Cholesky, indi-
cating that DC screening outperformed LASSO. DC+Cholesky and DC+Fréchet have similar
performances, while the smoothing step in DC+Fréchet+Smooth further improves the predic-
tions. Compared to p= 1000 (left panel), the reduction of prediction errors due to smoothing
is more prominent when p = 3000 (right panel). We investigate the impact of weights u by
comparing the prediction errors for different values of u. The results, presented in Figure 1
(b), indicate that smoothing improves the prediction performance and remains very stable
for u ≥ 0.5. This suggests that fine-tuning u is unnecessary under the smoothness assump-
tion. The default setting u = 0.5 is more robust to potential violations of the smoothness
assumption. We summarize that the smoothed FR with DC-selected variables provides the
best predictive performance among the competing models. These findings highlight the im-
portance of the proposed screening method under high-dimensionality, as well as the benefits
of smoothing in accommodating spatial dependence.

3.2 Data generation: FR models In this subsection, we generate data utilizing the 3
schemes:

Scheme I: SPD matrices with Cholesky metric. Consider 3 different choices of predic-
tors, i.e., continuous, categorical, and mixed, described later. Given predictors x, the regres-
sion function is given by

(3.9) E[Y|X= x] = E(A)T E(A),

where, E(A) = {µ0+β
∑

i∈I1
xi+σ0+ γ

∑
i∈I2

xi}I + {σ0+ γ
∑

i∈I2
xi}U , I is the M ×

M identity matrix, U = (Uij) is an M ×M matrix with Uij = I{i<j}, and I1,I2 are active
predictor sets. Conditional on X, the random response Y is generated by adding noise as
follows: Y =ATA where A= (µ+ σ)I + σU and with µ|X∼N (µ0 + β

∑
i∈I1

xi, ν1) and
σ|X∼ Gamma((σ0 + γ

∑
i∈I2

xi)
2ν2, ν2/(σ0 + γ

∑
i∈I2

xi)) being independently sampled.
We set µ0 = 3, σ = 3, β = 2, γ = 3, ν1 = 1, ν2 = 2 and M = 3. The active predictors are
I1 = {1,5} and I2 = {1,5,9,13,17,20}. Note, when categorical variables are present in
predictor X (Schemes Ia and Ib), one approach to represent them is by using multiple dummy
variables. Specifically, if X1 is a categorical variable, we can construct a dummy vector X̃1.
In this context, the marginal utility of the grouped variable X̃1 can be defined as the estimated
DC between X̃1 and the response variable Y: ω̂1 = d̂cov(X̃1,Y).

Scheme Ia: Continuous predictors. Here, we let X be continuous. The predictors are
generated following two steps: (1) generate Z= (Z1,Z2, . . . ,Zp)

T from a multivariate nor-
mal distribution with mean zero and covariance matrix Σij = ρ|i−j|, ρ= 0.5, i, j = 1, . . . , p;
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(a) Box-plots of mean matrix prediction errors corresponding to the 4 competing methods (LASSO+Cholesky,
DC+Cholesky, DC+Fréchet and DC+Fréchet+Smooth), for p= 1000, and p= 3000.
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(b) Box-plots of mean matrix prediction errors corresponding to different weights u.

FIG 1. Box plots of mean matrix prediction errors: (a) for different methods and (b) for different choices of weights
in method DC+Fréchet+Smooth.

(2) Xi = 2Φ(Zi), i= 1, . . . , p, where Φ is the cumulative distribution function of the standard
normal distribution.

Scheme Ib: Categorical predictors. Here, we follow the method of Han and Pan (2012)
to generate discrete predictor vector X, with elements taking values 0, 1, and 2. Initially, we
sample Z,Z′ from a multivariate normal distribution with mean zero and covariance matrix
Σij = ρ|i−j|, ρ= 0.5, i, j = 1, . . . , p. Then, each element of Z and Z′ is dichotomized to be 1
with probability uniformly sampled from (0.2,0.8). We set X=Z+Z′.

Scheme Ic: Mixed predictors. Here, the predictors contain both continuous and cate-
gorical variables. First, we generate a continuous variable X1 = |Z|, where Z follows the
standard normal distribution. A binary variable X2 is sampled from the Bernoulli distri-
bution with probability 0.5. To generate a 5-level categorical variable X3, we discretize a
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standard normal distribution at 25, 45, 65, and 85 percentiles. Then, we simulate X4 to Xp

as described in the previous schemes.
Scheme II: Probability distributions with Wasserstein metric. Here, (Y, dY) is a one-

dimensional probability distribution space with Wasserstein metric. The Wasserstein distance
between two probability distributions with cumulative distributions F (·) and G(·) is defined
as

W (F,G) =

√∫ 1

0
(F−1(t)−G−1(t))2dt.

The predictor vector X= (X1,X2, . . . ,Xp)
T is generated following the simulation settings

in Tucker, Wu and Müller (2023) in two steps: (1) Generate Z = (Z1,Z2, . . . ,Zp)
T from

a multivariate normal distribution with mean zero and covariance matrix Σij = ρ|i−j|, ρ =
0.5, i, j = 1, . . . , p; (2) Then, Xi = 2Φ(Zi)− 1, i= 1, . . . , p, where Φ is the cumulative dis-
tribution function of the standard normal distribution. The regression function is defined as

(3.10) E[Y(·)|X= x] = µ+ σΦ−1(·),

where, µ|X∼N (µ0+β
∑

i∈I1
xi, ν1) and σ|X∼ Gamma((σ0+γ

∑
i∈I2

xi)
2/ν2, ν2/(σ0+

γ
∑

i∈I2
xi)). The additional parameters are set as µ0 = 0, σ0 = 3, β = 3/4, γ = 1, ν1 = 1 and

ν2 = 0.5. The important predictors are I1 = {1,5,9,13,17,20} and I2 = {1}. This corre-
sponds to the response distribution, on average, being a normal distribution with parameters
linearly on X.

Scheme III: Spherical data. We consider the situation where the random object responses
lie in a Riemannian manifold object space. To be precise, let Y = S2 be the unit sphere in
R3 with geodesic distance d(Y,Y′) = arccos((Y′)TY). The predictors are generated in the
same way as in previous examples; first generate Z = (Z1,Z2, . . . ,Zp)

T from a multivari-
ate normal distribution with mean zero and covariance matrix Σij = ρ|i−j|, ρ = 0.5, i, j =
1, . . . , p and then let Xi = Φ(Zi), i= 1, . . . , p, where Φ is the cumulative distribution func-
tion of the standard normal distribution. The regression function is defined as
(3.11)

E[Y|X= x] =

(√
1− x25 cos(π(x1 + x5 + x9)),

√
1− x25 sin(π(x1 + x5 + x9)), x5

)
.

To generate a random sample (xi,Yi), i = 1, . . . , n, we first sample predictor vector xi as
above and a bivariate normal random vector ui on the tangent space Tm⊕(xi)Y . Let ∥·∥2 be
the Euclidean norm. The response is generated as

Yi = Expm⊕(xi)(ui) = cos(||ui||2)m⊕(xi) + sin(||ui||2)
ui

||ui||2
,

where Expp is the exponential map on the manifold for the tangent plane at point p ∈ S2. The
components of ui are generated as independent normal random variables with mean 0 and
standard deviation σU = 0.2.

Under high-dimensional settings, we set the sample size n = 200 and let the number of
covariates p be 1000 and 3000 for all examples. We repeat each experiment 500 times and
assess the performance by the following criteria: (1) S , the minimum model size to include
all important variables, and we report the 5%, 25%, 50%, 75%, and 95% percentiles of S ;
(2) Ps, the proportion that an individual active predictor is selected for a given model size d;
(3) Pa, the proportion that all important predictors are selected for a given model size d.

When the response is SPD matrices, we compare our method with two competing meth-
ods, where we (a) consider the fractional anisotropy (FA, Scheipl, Gertheiss and Greven,
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2016), the more popular scalar response in DTI research (quantifying water diffusion di-
rection hypothesized to be associated with white matter integrity and myelination) and use
group LASSO to select variables (henceforth, LASSO+FA); and (b) compute the Cholesky
decomposition and run group LASSO independently on the 6 elements of the decomposition
(henceforth, LASSO+Cholesky). For (a), we compute the FA of a 3× 3 SPD matrix using
the formula

FA =

√
1

2

√
(λ1 − λ2)2 + (λ2 − λ3)2 + (λ3 − λ1)2√

λ2
1 + λ2

2 + λ2
3

,

where λ1, λ2, λ3 are the eigenvalues. For (b), a variable is considered important, if its coeffi-
cient is nonzero in one of the six LASSO estimations.

Tables 1 and 2 present the simulation results for S , Ps and Pa. For ease of presentation,
we use SPD continuous, SPD categorical, and SPD mixed to represent the Schemes Ia, Ib
and Ic, respectively. The percentiles in Table 1 imply that the minimum model size to ensure
the inclusion of all important variables is small with high probability. Table 2 reveals that
the proportions the active predictors selected by DC are close to 1 for varying model size d,
which supports the sure screening property of our method. We observe that LASSO+FA has
the worst performance, which is not surprising since FA only uses eigenvalue information. On
the other hand, LASSO+Cholesky selects all the important variables. However, the average
model sizes d̄ are very large when the predictors are not continuous. DC can achieve 100%
selection rate under much smaller model sizes. In particular, the results from Schemes Ib
and Ic (where categorical variables are included) reveal that all active predictors, including
the grouped variables, can be selected almost perfectly. Thus, our findings suggest that DC
screening is highly efficient for selecting grouped predictors.

Under low-dimensional settings, we compare DC with FRiSO. For Scheme III (spherical
data), we set the sample size n = 100 and the number of predictors p = 9 due to the ineffi-
ciency of FRiSO. The important variables are (X1,X5,X9). For all the other models, we let
n= 200, p= 20. The important variables are (X1,X5,X9,X13,X17,X20). The results from
the variable selection averaged over 100 datasets are summarized in Table D.1 in Supplement
D. While FRiSO demonstrated superior performance compared to our method, it comes at
the cost of significantly longer computation time, which can be hundreds of thousands of
times longer. For example, FRiSO needs more than 24,000 seconds to converge while DC
gives the results in 0.03 seconds. Furthermore, DC screening is capable of producing com-
parable outcomes when the model size is slightly larger than the number of active variables.
Therefore, DC is very efficient and reliable, while FRiSO is a computationally expensive
method, whose application to high-dimensional settings is practically impossible.

Overall, our study suggests that the use of DC screening is a highly efficient and reliable
technique for solving high-dimensional FR problems. Although FRiSO is effective in low-
dimensional scenarios, our testing reveals that DC screening provides competitive results at
a significantly faster rate. Furthermore, our screening approach can be directly applied to
grouped predictors, as shown in Scheme Ib, whereas FRiSO is limited in this context.
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TABLE 1
Table entries are the 5%, 25%, 50%, 75% and 95% percentiles of S , corresponding to the 5 schemes: SPD

continuous, SPD categorical, SPD mixed, Probability: Wasserstein, and Spherical, when p= 1000 and 3000.
While the spherical scheme comprises 3 active variables, all others consist of 6.

Problem Size #active variables Scheme
Percentiles

5% 25% 50% 75% 95%

p= 1000 6 SPD continuous 6 6 8 9 13

SPD categorical 6 6 8 12 37

SPD mixed 6 6 7 11 28

Probability: Wasserstein 6 7 10 14 42

3 Spherical 3 3 3 4 5

p= 3000 6 SPD continuous 6 6 8 10 15

SPD categorical 6 7 12 22 90

SPD mixed 6 6 7 11 28

Probability: Wasserstein 6 8 11 19 72

3 Spherical 3 3 3 4 5

TABLE 2
Table entries are the selection rates of each variables Ps × 100 (denoted by the columns X1, X5, X9, X13,

X17, and X20) and selection rates of all active variables Pa × 100 (denoted by column ‘All’), under the 5 data
generation schemes, i.e., SPD continuous, SPD categorical, SPD mixed, Probability density (Wasserstein

metric), and Spherical, when p= 1000 and 3000. The d1, d2, d3 are model sizes when we use DC, and d̄ is the
average number of selected variables for LASSO+FA and LASSO+Cholesky.

Model Size/
p= 1000 p= 3000

Method X1 X5 X9 X13 X17 X20 All X1 X5 X9 X13 X17 X20 All

SPD Continuous d1 = 6 99.6 99.6 79.6 73.6 82.6 75.4 28.4 99.4 99.4 78.2 72.6 83.8 76.2 28.0

d2 = 10 100 100 96.8 94.6 97.4 94.6 83.4 100 100 96.4 93.4 96.6 94.8 81.4

d3 = 15 100 100 99.8 99.2 99.8 99.6 98.4 100 100 99.0 98.6 99.2 98.4 95.2

FA d̄= 169 99.8 99.2 99.6 100 100 99.8 99.0 100 99.8 100 100 100 99.8 99.6

Chol d̄= 33 100 100 100 100 100 100 100 100 100 100 100 100 100 100

SPD Categorical d1 = 6 98.8 99.4 77.0 76.0 84.4 72.0 27.4 98.2 99.0 69.8 68.0 75.4 63.2 14.8

d2 = 12 99.8 100 93.4 93.2 96.2 90.0 75.8 99.8 99.8 87.2 86.2 91.0 82.8 54.4

d3 = 25 100 100 97.0 97.0 98.8 96.2 89.8 99.8 100 94.0 92.8 96.8 92.0 78.0

FA d̄= 180 90.0 92.2 99.8 99.6 99.6 100 85.2 77.8 80.2 96.2 97.2 97.4 96.2 62.0

Chol d̄= 137 100 100 100 100 100 100 100 100 100 100 100 100 100 100

SPD Mixed d1 = 6 100 99.2 79.0 79.8 83.0 77.4 33.4 100 98.8 73.4 70.2 75.8 71.6 17.8

d2 = 12 100 100 95.2 94.0 95.8 94.8 80.8 100 99.6 89.6 88.6 92.4 89.0 64.4

d3 = 25 100 100 98.8 98.4 98.6 98.6 94.4 100 100 94.8 95.0 97.0 96.4 84.2

FA d̄= 162 96.4 90.8 99.8 99.4 100 99.2 88.4 93.0 81.8 96.6 96.2 97.2 97.6 75.0

Chol d̄= 80 100 100 100 100 100 100 100 100 100 100 100 100 100 100

Probability Density d1 = 6 100 77.2 76.2 71.6 76.8 72.2 13.6 100 71.6 73.2 67.6 80.0 71.4 11.6

d2 = 15 100 95.0 96.4 95.2 97.6 93.8 79.4 100 91.2 92.8 92.6 95.0 92.8 68.6

d3 = 30 100 97.2 99.2 98.0 99.2 98.6 92.6 100 96.2 96.4 95.6 98.0 96.4 83.6

Sphere Data d1 = 3 84.0 100 84.2 68.6 85.2 100 83.2 69.0

d2 = 4 95.2 100 94.4 89.6 95.8 100 92.6 88.4

d3 = 5 99.0 100 98.4 97.4 98.6 100 97.4 96.0
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4 Application: ADNI2 Data In this section, we illustrate our method via application
to a dataset obtained from the Alzheimer’s Disease Neuroimaging Initiative 2 (ADNI2; see
https://adni.loni.usc.edu/ for more information). In the ADNI2 baseline scan, there are 169
subjects: 29 are clinically normal (CN), 29 have significant memory concern (SMC), 48 have
early mild cognitive impairment (EMCI), 24 have late mild cognitive impairment (LMCI),
and 39 have Alzheimer’s disease (AD). Our focus is on four brain regions: the left corti-
cospinal tract (CST), left frontopontine tracts (FPT), right CST, and right FPT. This dataset
includes both DTI and genetic data. The genetic data comprise SNPs that belong to AD can-
didate genes. Based on the ADNI2 database, 357 SNPs from 33 targeted genes are obtained
after quality control and imputation steps, as described in Szefer et al. (2017). Then, we fol-
low the preprocessing steps as in Greenlaw et al. (2017) to focus on 294 SNPs. Therefore, our
297 predictors are sex, age, group (CN, SMC, EMCI, LMCI, and AD) index, and these 294
SNPs. Primarily, we aim to demonstrate the effectiveness of distance covariance screening.
While our approach provides voxel-wise distance covariance screening results, we aim to find
the set of most important variables that generates the maximum impact in the prediction of
the 3× 3 spd responses. Our strategy is to select the top 20 important predictors, voxel-wise,
using our approach. Then, after pooling the selections for all voxels, selection frequencies of
the 297 predictors will be computed.

Setting the model size d= 20 is a conservative choice between the BIC and the commonly
used size in the literature, e.g., ⌊n/log(n)⌋. The average BIC selected model size of left CST
and left FPT is 6. Given n= 169, the commonly used size is 32. Considering the complexity
of the brain and the substantial amount of noise in DTI data (Carmichael et al., 2013), using
SNPs to predict diffusion tensors is extremely challenging. Therefore, choosing d = 20 al-
lows us to avoid excluding important variables (i.e., more conservative than the BIC selected
d= 6). Additionally, the prediction errors shown in Figure 4 (b) demonstrate that our method
is quite robust to the choice of model size.

Since SNPs, group, and sex are categorical variables, it is natural to code them by dummy
variables. For SNPs, we use 2 dummy variables to code them since they can take on 3 differ-
ent values (0, 1, and 2) to represent the number of minor alleles. When comparing prediction
errors, we use both 3-level and binary codings. Group is coded by 4 dummy variables. Then
we compute the distance covariance between the dummy variables and the diffusion tensor
matrices, and select the variables with large distance covariance. For comparison, we also
evaluate the performance of two alternative methods, LASSO+Cholesky and LASSO+FA, in
selecting relevant variables. These methods serve as benchmarks for assessing the efficacy of
our proposed method.

The frequencies of the top 20 most frequently selected genes (expressed as percentages)
corresponding to the four regions (left CST, left FPT, right CST and right FPT) are summa-
rized in Tables E.1 - E.4 in Supplement E. We observe that using the DC method, Group
and Age are the dominant variables for all regions. Such finding aligns with the conventional
understanding of AD (Guerreiro and Bras, 2015). However, the factor Group is not selected
by other 2 methods, likely due to information loss when using FA responses, or model mis-
specification. Furthermore, the underlined SNPs in the frequency tables have been shown
to be related to AD and memory retention, as revealed from the SNP database (dbSNP) –
a public-domain archive for a broad collection of simple genetic polymorphisms (Kitts and
Sherry, 2014). For instance, prior research studies (McCarthy et al., 2012; Hu et al., 2017)
have demonstrated the significance of rs7945931 and rs4878104 (identified by all three
methods in the region right FPT) to AD risk. Furthermore, our method uniquely selected
rs688 and rs1133174 in the left FPT and CST regions as AD-related SNPs, as revealed
in Bai et al. (2016) and Assareh et al. (2014). The bold SNPs (from the columns correspond-
ing to the 2 competing methods) were also selected by our proposed DC method, in addition

https://adni.loni.usc.edu/
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FIG 2. Venn diagrams of selection frequencies from the 3 competing methods (DC, LASSO+FA, and
LASSO+Cholesky), corresponding to the left CST and left FPT regions.

to several more AD-related SNPs. Figure 2 displays the Venn diagrams of frequency tables,
corresponding to the left CST and left FPT regions, implying that half of the most frequent
SNPs selected by the competing LASSO+Cholesky and LASSO+FA methods were also de-
tected by our proposed DC method.

(a) left CST | DC (b) left CST | LASSO+Cholesky (c) left CST | LASSO+FA

(d) left FPT | DC (e) left FPT | LASSO+Cholesky (f) left FPT | LASSO+FA

FIG 3. Plots of selected voxels (locations) corresponding to specific SNPs (rs3737964 and rs2279339) for
left CST (upper panel) and left FPT (lower panel), respectively. While the selected voxels appear in red, the brain
ROI are colored green. The contiguity measures ρ with a radius of 2 for the regions in the subfigures: (a) 67.7,
(b) 33.2, (c) 28.9, (d) 45.7, (e) 36.0, (f) 14.4.
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Figure 3 depicts the selected regions (voxels) corresponding to specific SNPs (rs3737964
for left CST, and rs2279339 for left FPT), as obtained from the 3 competing selection
methods. While the selected voxels appear in red, the brain regions of interests are shown
in green, and the entire brain serves as the background. We utilize the contiguity measure
as described in Orsi (2023). The contiguity ρ is defined as the average number of selected
voxels within a neighborhood with a given radius of each selected voxel. A larger ρ indicates
more contiguous regions. The contiguity measures with a radius of 2 for the regions in Figure
3 are: (a) 67.7, (b) 33.2, (c) 28.9, (d) 45.7, (e) 36.0, (f) 14.4. We also compute ρ for two addi-
tional radii, with results summarised in Table E.5 in Supplement E. The results indicate that
the regions selected via DC exhibit greater contiguity, and are easier to identify compared
to those selected by other methods. Furthermore, the DC-selected regions cover most of the
regions selected by the other two methods. These regions consist of superficial white mat-
ter, which has been known to play an important role in brain’s cognitive functions (Kirilina
et al., 2020). Figure E.4 (Supplement E) presents plots of selected voxels corresponding to
various SNPs, using the DC method. The plot reveals that SNPs may vary corresponding
to the distinct active regions, with possible overlaps. This observation implies that certain
regions may be influenced by the combined effects of multiple SNPs. The results presented
in these figures provide valuable insights into the effectiveness of the proposed method in
identifying relevant regions associated with genetic variations, and offer newer opportunities
for the discovery of novel genetic associations.

Furthermore, we compare the prediction errors generated employing the two-stage Algo-
rithm 1 to the competing methods. We select two regions, each of size 10×10×10, from the
left CST and left FPT, to compare the out-of-sample testing errors using the leave-one-out
cross-validation (LOOCV). There are two reasons for choosing these two regions instead of
using all voxels. First, approximately 25% of the voxels in the left CST and 14% of the voxels
in the left FPT have a significant portion of zero FA values among all subjects. A zero FA
value indicates the diffusion tensor is isotropic, and thus less meaningful in our framework
of regressing DTI on SNPs. Second, LOOCV is computationally expensive because we need
to fit a non-parametric Fréchet regression model for each voxel and for each leave-one-out
sample. Therefore, we select a region with approximately 1000 voxels that do not have zero
FA values to access the predictive performance using LOOCV. First, let FA be the prediction
target. We consider two methods: (a) LASSO+FA, and (b) linear regression using FA as the
response and variables selected by distance covariance (DC+FA). Next, we consider the 3×3
diffusion tensor be the prediction target, and compare four methods: (c) LASSO+Cholesky,
(d) DC+Cholesky; (e) DC+Fréchet, and (f) DC+Fréchet+Smooth. For methods (a) and (b),
we obtain the predicted diffusion tensor by multiplying the decomposition matrix by its trans-
pose. Then, we compare their prediction errors measured in squared Cholesky distance.

The box plots of LOOCV mean prediction errors are shown in Figure 4. The left and right
panels correspond to the region of left CST and left FPT. We have several findings based
on the results. First, from upper panels, we observe that DC+FA outperforms LASSO+FA.
From the lower panels, we observe DC+Fréchet+Smooth exhibit the best performance, which
supports the assumption that voxels in the brain are influenced by their neighboring voxels.
However, using FR does not improve the prediction accuracy considerably, when compared
to prediction via linear regression of the Cholesky decomposition. One possible reason is
that for this dataset, the relationship between the DTI and predictors can be captured through
linear regressions of the Cholesky decomposition. The average model sizes for LASSO and
DC are 28 and 6 for the region of left CST, and 53 and 5 for the region of left FPT. Even
when setting the model size for DC to a comparable number to LASSO, the prediction errors
remain significantly smaller than LASSO. Second, we explore the impact of the model size d
in DC. Three scenarios are considered: d is selected by BIC, d= 20, and d= 30. Our method
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(a) The third quantiles of LASSO+FA are 0.3 for left CST and 87.2 for left FPT. To better highlight the differences
between the methods, the y-axis has been capped at 0.1 for left CST and 0.15 for left FPT.
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DC+Fréchet+Smooth is abbreviated as Smooth.

FIG 4. Boxplots of mean LOOCV prediction errors corresponding to FA prediction targets (upper panel), and
3× 3 matrix prediction targets (lower panel) measured in Cholesky distances, for 10× 10× 10 regions of left
CST and left FPT. The characters in the parentheses indicate how the model size is selected and the SNPs are
coded as categorical variables with three categories.

shows robust performance across these model sizes, especially when combining DC and
Fréchet regression to predict diffusion tensors. In addition, from Figure E.1 in Supplement E
coding SNPs as a 3-level variable is better than coding them as binary.

Stability measures are computed to compare the variable selection stability of LASSO and
DC. A variable selection algorithm is stable if small changes in data lead to small changes in
the chosen variable subset. For each voxel, there are 169 selected variable subsets since we
use LOOCV. Therefore, we compute the stability measure for each voxel. Three commonly
used measures are Jaccard (Kalousis, Prados and Hilario, 2005), Lustgarten (Lustgarten,
Gopalakrishnan and Visweswaran, 2009), and Nogueira (Nogueira, Sechidis and Brown,
2018). The maximum value of these measures is 1, with values close to 0 indicating in-
stability and values near 1 indicating stability. Figure 5 shows box plots of stability indices
for voxels. The results indicate DC is much more stable than LASSO, regardless of the mea-
sure used. Combining with previous results, DC+Fréchet+Smooth is most desirable since it
has high predictive accuracy, high variable selection stability, and a small number of selected
variables.
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FIG 5. Boxplots of variable selection stability of LASSO (blue) and DC (red), measured using three different
stability indices: Jaccard, Lustgarten, and Nogueira. Values close to 0 indicate instability, while values near 1
indicate stability.

Following this, we demonstrate how the smoothing method aids us to study the differences
between AD and CN groups. First, we select a subject from the CN group, a 73 years old
woman. Then, we create an artificial subject with the same predictors as this subject, except
that the subject is in the AD group. We now fit global FR using the selected 20 variables, and
apply local smoothness with weights (= 0.5) for the neighbors. Figure 6 plots the difference
in predictions between the fake AD subject and real CN subject at selected voxels (denoted in
red) lying in the left CST (upper panel) and left FPT (lower panel) regions, from employing
our proposed method with/without smoothing. The corresponding plots for the right CST and
right FPT regions are presented in Figures E.2 and E.3 in Supplement E. We observe that local
averaging can highlight the important areas in the brain. Several voxels that appear in the right
panel plots (without smoothing) form contiguous regions in the left panel (when smoothing
is applied), demonstrating the power of smoothing. Using smoothing, we are able to detect
spatially contiguous regions since the small separated regions surrounded by inactive regions
will be smoothed by the neighbors, and thus become undetectable.
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(a) left CST with smoothing (b) left CST without smoothing

(c) left FPT with smoothing (d) left FPT without smoothing

FIG 6. Plots of the differences in prediction between a real subject (73 year old woman) in the Control group from
the ADNI data and a fake subject in the AD group (with same covariates as the real subject), at selected voxels
(denoted in red) in the left CST (upper panel), and left FPT (lower panel) regions, obtained by fitting our method
(with/without smoothing).

5 Conclusion In this paper, we proposed a novel variable screening and spatial smooth-
ing methodology for fitting complicated biomedical matrix-variate responses that arises in
DTI research. Based on distance covariances in metric spaces, the implementation of the
variable screening method does not require solving optimization problems and model speci-
fication, which makes it efficient and flexible. We believe our proposal is the maiden attempt
to perform variable screening in a high-dimensional FR framework, and enjoys the promising
property of sure screening under mild assumptions. For spatially correlated responses in the
form of SPD matrices, we developed a smoothing method that aggregates spatial informa-
tion in adjacent matrices, leading to a closed-form solution. We empirically demonstrate the
efficacy of both techniques (variable screening and smoothing) on both simulated and real
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data, and emphasize that our approach is versatile, and generalizable beyond DTI to different
types of biomedical data.

The results presented in this paper motivate a number of future directions. From a method-
ological perspective, our current method selects variables with the largest d distance covari-
ance. Given this ad-hoc choice, it is unclear whether all of the active predictors are selected
or not, and it may include many inactive predictors. Therefore, future research pertains to
developing a threshold selection procedure. A related interesting problem is establishing
theoretical properties of the size of Î . From the definition, the size depends on unknown
constants c and κ, making it challenging to provide a precise bound within the current theo-
retical framework. This issue has not been addressed in existing variable screening literature
for simpler data structures (Fan and Lv, 2008; Li, Zhong and Zhu, 2012; Cui, Li and Zhong,
2015; Liu, Li and Wu, 2014; Pan et al., 2019). Consequently, new mathematical tools need to
be developed to tackle this problem. Additionally, the current variable screening procedure
treats each response as independent, while adjacent responses tend to have the same set of
important variables, indicating the potential to integrate response dependence into the proce-
dure. Therefore, it is imperative to enhance the strength of the current screening method by
accommodating spatial dependence between responses.

From an application perspective, our proposed approach can be applied to DTI data
with other representations such as fiber orientation distribution (Zhu, Blumenthal and Lowe,
1997). While the overwhelmingly complex data representations in metric spaces prohibit ap-
plication of well-utilized statistical modeling tools, the FR framework provides an elegant so-
lution and alleviates the shortcomings. Yet, the computational burden and scalability of these
approaches for addressing high-dimensionality bottlenecks (arising in neurological studies)
and in deriving meaningful inference require closer examination, to be pursued elsewhere.
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